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Taf flattering xmmct in which the Glasgr/u) Edition of Newton's Prin- 
cipia has been received; a .second impression lieuig already on the verge 
of publipition; has indneed tlte projectors and editor of that work; to 
render, as they humbly conceive, tliciv Inboors still wore acceptable, by 
presenting these additiunal volumes to ti>u public. From amongst the 
several testimonies of die esteem in whieJj their fnruiet' endeavours imvc 
been held, it may suflice, to avoid the charge of scil^eulogy, to select the 
fidlowiug, which, coming from die high authority of Fnnch inalhematiCBl 
criticism, most be considered at once as the more dedrivu and impartial. 
It has been said by one of the first geometers of France, that ** Xy«dition 
de Glasgow feit hnnneur auz presses de cetlc viile. indui>uk>usc. On pent 
afllrmer quo jatneis Tart typograpbiqoe ne rendit un plus bcl bummage 
a la memoire de Newton. Le tnkrite de rimpression, quolqne tics-rcmar' 
quabk, n'est pas ee qiie les edkeurs ont reeherche av«c le plus de soin, 
pour tant !e matwid de leas trmreil, ils pouvaicut s'en rappnrter d t’b4>i- 
IHe de ieur artistes: mais te dtoix des mmllenres editions, la revision la 
phis scnipidease du teiite et des dprouvesrla reclierche ^cr faulcs 

qni poarntientdcfa^pper iadnoan lectenr studieux, ct passer inapcrfiics 
ce travail cot i sdeitdemt 4a Fint^ligmce et dm seYmr, voile c« qui didve 
cette editiott aii>des8as de teetes ceileaqin I'ont 

“ Les editeura de Gliagoer ne s'ctalsot cbsrgf-s qee d'on travail da re- 
tisbn, y/ft SmiBurei' 0t eomjd^er reeuare des 
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com»hvitateiirfi i/s attraieni sans doule emplesfS, comme ew^ les trasiastx des 
su.'cesssw s tie Newton sur les qu^ions traities dam le livre des Principes, 

" Lej dcscctuians cic Newton sont nombre»x« et leur geqe(|logie est 
prouvtie par des titi-es iucontestiblos; ceux qni vhrent aiyourd’bui verraieiit 
sans doute avec satisfaction que I'on format sn taUeao ^ leur faiuille) cn 
reunissant les productions les plu^ rernarquaUcis dolt^^vrage de Newton 
a fourni le gerine : que cc livre immortel soit entoar6 de toot ce Ton peut 
regardcr comme ses dcveloppeniens : Tcali ten meilleur oommentaire. 
L'edittun de Glasgow jumdrait donc -4tre eantimeet et prodigjiemement 
enriehieJ' , . 

'Hie same philosopher takes occasion agidh to remark, that ** he jdtta' 
beau monnmeut que Von poisse blever A la gloire de Newton, Vest one 
bonne edition de ses ouvrages : et il Itebnant que les ARglais:4m aient 
Itiiss^ ce soin aux nations etlrang^res. Los presses de Olaagow vieonent 
de reparer, cn partie, le tort de la nation Anglaise : la nouvelle edition 
dcs P’incipes est efiectivement la plus Mlet la plm correcte et lafitut com- 
mode qtti ait parujtisqtdici. La collation dee anciennes editions, la revi- 
sion des calctils, &c. ont btb confiees d an habile nrnthemalicien et rien 
n*a l‘tb nbgligb poor bviter toutes les erreurs et todtes les oimssions. 

** 11 faut esperer que les editeurs eontimmvfd feur beUe estfr^isei et 
qt^ils y scrota assez eneouragh pour nous domaert rum setdemmU torn les 
ouorages de Newtmt mats cem des saoans qtu ord eompliU ses tsravauxJ* 

The enconragemeat hero anticipated has not been withheld, por has 
the idea of improving and completing the comments «f The. Jesuits”, 
cohtained in the Glasgow Newton, 'escoped us, btemiieh as IdSn^ Jbefore 
these hints were promulgated, bad the ibUowing isoidc, wldch. is opmposed 
principally as a sujscedaneimi to the ibn^, been and |Mntly writ- 
ten. It is at least, however, a pleai^ the jasti^ of.our 

own conceptions, to have encounterf^ eva^ ilg^ dbe^edA-.^ese aflei:- 
teggestbns. The plan the vrorkl^ ncsiriiMiess, |a seveinl respects, 
'a deviation from that here so fercbly^ rteonMHuddcL . . - 
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wpf^ng BtuRttous steps in tbe very eonciae demonstrations the fttro- 
pesitionsy sad mostradng them by every conceivable devit«^ as eaqr M 
ctn be Retired by students even of but moderate eapacitieit rlt is nidver^ 
s^Iy kqown, that Newtou composed this wonderful work in a very baaty 
manner, merely selecting from a huge mass of papers such discoveries as 
would succeed eadb- other as the connecting links of one vast ciiai8» but 
without giving himself the trouble of explaining to the work! the mode of 
fabricating those links. His comprehensive mind could,' by die- fteU^ 
exertion of its powers, condense into one view many sylto^sms of a pro* 
posidon even hcretotbrc uncontemplated. What difficulties, then, io hi» 
would seem his own discoveries ? Surely none ; and tbe modesty, for 
which lie is proverbially remarkable, gave him in hia own esUmatioii so 
little the advantage of the rest of created beings, that he dmaOMl these 
difficulties as easy to others as to himself: the lamentable consequence of 
wliich humili^ has been, that he hunself is scarcely comprehended at this 
day—a century from the biitli of the IViiicipia. 

' We have had, in tlie first place, the Lectures of Whiston, who des- 
cantatiot even respectably in his lectures delivered at Cambridge, upon 
the discoveries of his master. Then there follow even lower and leas 
competent interpreters of this great prophet of scieace-4br such Newton 
must have been held in those dark days of knowledge— >wbom it would be 
time mis'spcnt’to dwell upon. But tbe first, it would, seem, who properly 
estimated the Princi|>in, was CSairaut. After a lapse of nearly half a cen- 
tury, this^ distinguished geometer not only acknowledged the truths of the 
Frincipia, but even extended the dommn of Newton and of Matheinnticnl 
Srience. But even CkibMBt did not condescend to explain his views and 
perceptions to the rest of manktud, &rther timn by publishing his own 
diMoveries. For thesd lae CMe a vari d^t of gratitude, but should have 
been still trien lii|^y bad he bestowed upon us a sort of run- 

ning Commentary en the .F^lhcipia. It is generally supposed, indeed, 
■ fliat the greater pwtiott^ the Gomtnentiiy colled Madame Cbastellct’s, 
.intdaeioCytfaiL^ T^best tilings, liowever/'of that work are alto- 
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gedier unworthy of so great a nsostcr ; at iIm 4MMib.4A(Mi!lQg ^10 piHftipr* 
ance was not one of his own eeeldiig. Ai any (tta^ lUb amrfc dial Ml 
deserve the name of a Camaaciilary on the Brhdlilfak. Xbe J«M mif 
safely be affirmed of many other prOdoetioRs iatendad to AKOitalf iNkts* 
ton. Pcmiiertoa’s View, aitbpngh a bulky toma^ is litita «ioi« iban 
a «ol(^. Madsurih’s ipacaktioas also do tdaodatt ,tha 

dark passigaa of the Prinditia, although arritleii mote lonna^tefy for 
dtat puipoaft This is also a heavy uniMddble peifkraiaiiiDe^. and ndl 
worthy a place on the saine dkdf wiA^ the other works of that great 
geometer. Another great niatlieitaatician, scarealy iaierbr to Madanrin, 
has also laboared unprofitably hi the same field. Umerson’s ConuAente 
is a book as small in taloe as h is hi boik, affiMding no helps tvorth the 
perusal to the student Thoipe’s notes to die'First Book of file Princi- 
pia, however, are of a higher character, and in numy instances do< retdfy 
facilitate the reading of Newton. Jd^l^s notes upon certain sections deserve 
the same conunendadon ; and pciuse oai^ not to be withheld from several 
other conunenttitMS, who have toeiir or less succeeded lia making small 
portions of the Frincipia more aeoesiibie to the stiident-Hiiich as the Rev. 
Mr. Newton’s work, Mr. Carr’s, _Mr» Wilkinson’s, Mr. Lardner'i^ Sue. 
It must be confessetl, however, that all these fall far short in value of the 
very learned labours, contoined in the Glasgow Newteti, d* the Jesuits 
Le Seur snd Jacquier, a&d their great cOac$nto^ Much remain#^ 
ever, to be added even to this erudite produedon, and sabeequent^ to its 
first appearance much has been excogitated, principally by the 'natheme* 
Ucians of Cambridge, that fbcus.«f semneq, and native land of the Prtaci- 
pia, of which, ui the oomposidioa of the fodowiag. pages, the author faea 
ISierally avmled lumselfi The most vilniible metier thns afforded ate the 
Tutorial tf filSl in mrcnladqq at Of iwfaick.aiie.nspd m 

explain»y( Newton to . the st|idei|^ .by the ^mititor 

confitsses to have had abundance^ and alsotblutve used .them so fiur m apfig- 
sd auxiliary to his own resources. BatatdmsamediMitmimt^mttfiip- 
ed, tki^ Utile has b^ dm aasistaoca lunea derive^ orii^iqdee^ 
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otW lsnOw» flounw^ ttlindi from the hM*9 boM «OMMii%r,«ir 
Maitd. '* .-f. ' ■ ' j 

The pi^Q of tba wm* beiitg to netEe thoM {ttAi of NewtMB owy Oi f ite h 
^TOquifOdto be rea4 «l Cambridge ood Dublin, llM imdMn idT ilio 
Pfitieipia wbkh it better read in the .elementary wotht- M lieciMntet, 
vis. the prelimtnary Definittont^ Wwt of Motion, and dieir CotoHarim^ 
bos been disregarded. For Jike reasons the fourth and fifth aeotiona batrb 
been but little dwelt upon. The eleventh section and third book, batn 
not met with die attention thdr importance and. intricacy wordd aeeni ti> 
demand, pnrtl}' Irom the circumstance of an excdSentTreatiaeon Physiet^ 
by Hr. Aire}’, having soperseded the necesid^ «f smdi hibouraj and 
partly because in the second volnme the reader 'OQl find the same nibjecta 
treated after the easier and mote comprdhenaive mofiiods of Loj^oce. 

The first section of the first booh has been oxpltuned at great length, 
and it is presumed that, for the first time, tfae tthfe principles of what has 
been so long a subject of contention in the scientific world, have there 
been fiifiy established. It is humbly thought (for in these intricate specu- 
lations it is folly to be proudly confident), that what has been coiuidcred 
in so many lighu and so variously denominated Flnxions, Ultimate Ratios, 
Dififerential Culcuhis, Calculus of Derivations, &c. &c. is here laid down 
on a basis too firm to be shaken by future controversy. It is also hoped 
that the text of this section, hitherto held almost impenetrably tdrscore^ is 
now laid open to the view of most students. The same merit it is with some 
confidence anticipated will be awarded to the illustrations of the 2nd, Srd, 
0th, Ttb, 8tb, and Odi sections, which, ahhoagh not so recondite, require 
mudr explanation, and many of^tibnjdilfps to lie sup^died in the demon- 
stration of almost every ^ro^ition. Many of the tiitings in the first 
vrdume are near to the but very probably not original in reality— 

so vast andverimu are ^ of sdiaaea already accumolate<l. Sufitco 

it to observe^ tiuit if fiuy prdeb loefbl in nnlodting .die treasures .of the 
Frinripia, the autbof inU Mat satisfied die meed of approbation, 

W discriminating and im- 

paH^public. 
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. The Moond vplame is desigaed to a sort of Afifksildix or 
ment to the Principia. It givM the piiiteqpel Sboorttm of lii^ac^ end, 
indeed, will be found of great service as ^ introdaotion to ^the entire 
perusal of the immortal woric of that autbojr— d» Meeani^4s CdestK. 
This volume is pre^iced by much useful matter rdative to die Integrar 
tion of ParUal Differences- and other difficnU brafli^tM of Abstract Ma« 
tbematics, those pbwmfiil faxiliacies in the higher departments of Phymcal 
Astronomy, and which appear in almost .every -pege of the Mecapique 
Celeste. These and other preparations, designed to fiicy^te the com- 
prehension of the Newton of these days, will^ it is presume^ be found 
fully acceptable to the more advanced* seeders^ who . may be prosecuting 
.'esearches even in the remotest and most hidden rec^tacles of science ; 
and, indeed, the author trusts he is by no means unreasonably exorbitant 
in his expectations, when he pr^icates t)t himself that throughout the 
oitdcrtaking he has proved himself a labourer not unworthy of reward. 


THE AUTHOR. 
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iiECTION I. BOOK L 

• 1. THfs section is inirocliiotoi*y to the siicceetUng part of the work. It 
comprehends the substance of the mcttiod of Exhaustions of the AiicientSy 
and also of the Modern Tlicories, vaiioiisly dcnomhiate4 Ftuxtcnst Dif^ 
ferential Calculus^ Calculus t)f Derivations^ J^tmctions^ &c, «&c. l^ke 
them it treats of the relations which Indefiiiite quantities bear to one ano-» 
tber, and conducts in general by a nearer route to precisely the same 
results. 

2, In what preced ‘js tliis section, ^nife quantities only are considered, 
such os the spaces described by bodies moving uniformly in Jlnitc limes 
with finite velocities ; or at most, those described by bodies whose mo- 
tions are uni/bnnly mceUraUdU But what follows relates Ut the motions 
of bodies accelerated accoirding to various hypotheses, and requires the 
consideration of quantities sadeiinitely small or great, or of such whose 
Hados, by thv decrease or increase, coi^ually approximate to certain 
Zdmidng Values, tn^ th^ cannot; reads be the quantities ever so 
much dimisashed or augment These Limiting JRatias are called by 
Newton, Prime smd Ultamale Batios,*’ ^ime Baiio meaning the Limit 
from whicb the Batia €»f two quantities diver^^ and UUimate Ratio that 
the Ratio To prevent ^biguity, the term i/- 

tnSUng 4^1^ vSD sidisequeiit]^ be used tturonghoot this Commentary. 
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/ : LEMMA I. 

X QrANT^tife AND THE Ratios OF QUANTITIES.'] Hereby Newton 
vv'ou!() Infer the trutli of the l.cmxna not only for quantities mensurable 
Ijv IfUi^gr>s^ but also for such as may be denoted by Ftdgar lYatiions, 
I'lu iieressity or use of tlie distinction is none ; there being just as much 
ro::^oa for specifying all other sorts of quantities. The truth of the Lemma 
does nut depeiul upon the sj}rcie.s of quantities, but upon their confor- 
ioity 'Aith iIk Ibllowiiig conditions, vi/. 

-1, '.riKit tiiey iiud continually to rqualilij^ and approach nearer to each 
other than by tmy ^iven difference. They must tend continually to equa* 
lity, that every Italic of their successive corresponding values must be 
nearer and iK\jrcr a Ratio of Equality, the number of these convergen- 
cies being u about end. By given diffh imee is merely meant any that can 
be assigned or proposed, 

5. Finite Time.j Newton obviously introduces the idea of time in this 
tnunciation, to show illustratively that he supposes the quantities to cou- 
Ycrge conlinujilly to equality, without ever actually reaching or passing that 
state ; and siiict? to iix such an idea, he says, before the end of that 
time,” it was nu'reover necessary to cunsider the time Finite. Hence 
our author would avoid the charge of Fallacia Supposiiionisf^ or of 

shffiivg the hirpothesis.^^ Eor it is contended that if you frame certain 
relations between actual c|uantities, and afterwards deduce conclusions 
from such relations on the supposition of the quantities having vanished, 
such conclusions are illogicaily deduced, and ought no more to subsist 
than the quantities themselves. 

In the Scholiura at the end of this Section lie is more explicit. He 
says, The nUimate liatiosy in xnkich quatiiiiies vanish^ are not in reality the 
Ratios Iff Ultimate quantities ; btU the Limits to *which the Ratios qtian* 
tities continually decreasing always approach which they never can pass 
beyond or arrive at^ unless the quantities arc continually and ini^nitely 
diminished. Aiter all, however, neither our, Author himself nor any of 
his Commentators, though much has been advanced upon the subject, baa 
obviated this objection. Bishop Berkele/a ingenious criticisiii$. in the 
Analyst remain to this day unanswered* He therein &cetiottsfy denomiif 
nates die resultSi obtained fi'om the siqiposidon that the quandtiei^ bafiut 
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considered finite and real, have vanished, tlie ** Ghosts Departed 
Quantifies and it must be admitted there is reasoi^as well as wit in tlie 
appellation* The fact is, Newton himself, if we may judge from his own 
words in the above cited Scholium, where he says, If two quantities 
whose DiFFEiiiiNCE IS GIVEN are augmented ccmtinually, their Ultimate 
Ratio will be a Ratio of Equality,” had no knowledge of the true nature 
of lus Method of Prime and Ubimate Ratios. If there be meaning in 
words, he plainly supposes in this passage, a mere Approximation to be 
the same witii an Uitiimite Ratio. He loses sight of tlie condition 
pressed in Lemma f. namely, that the quantities tend to equaliti/ nearer 
than bif any assi^jrnable dijfe^^ence^ by supposing the dLlltirence of the quan- 
tities continually augmented to be or always the same. In tliis 

sense the whole Earth, compared with the w'liole Earth niinns a grain of 
sand, would coristitule an Uilirnatc Ratio of e(iualiiy ; whereas so long as 
any, the minute it difference exists lietw ccn two quantities, they cannot be 
said to Ih^ more than nearly equal. Bui it is now to be shown, that 

6. Jf two quantities lend continnally to equality^ and tqqyroach to one 
another nearer than by any assignable difference^ their liatio is ULTIMATE* 
LT a Ratio of aesota te equality* This may lie demonstrated us fol- 
lows, even without supposing the quantities ultimately evanescent. 

It is acknowledged by all writers oii Algebra, and indeed self-evident, that 
if in any equation put = 0, there be quantities absolutely different in kind, 
the aggregate of each species is sepig'ately ecjual to 0. For example, if 
A + a + B V 2 + b + C = 0, 

since A + a is rational^ (B + b) V 2 surd and C V — 1 imaginary^ 
they cannot in any way destroy one another by the opposition of signs, 
and therefore 

A + a = 0, B + tis=0, C = 0. 

In the same infuiner, if logarithms^ exponentials^ or any other quantities 
differing essentially from one another constitute on equation like the above, 
they must separately be equal to 0. This being premised, let L, V de- 
note the Limits, whatever they are^ towards which the quantities L + I, 
U + r continually converge, and suppose their difference, in any state ol 
the convergence^ to be D. Then 

L + 1 — L' — r = D, 
orL — L'-l-l — l'-D =jD, 

and lince L, U are fixed and definite, and 1, 1', t) always voriabJe, tli 
former ore independent of the latter, and wc have 
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L — L' = 0, or jj =r 1, accurately. Q. e. d. 

Tiiis wiiy ol' considering tlie question, it is presumed, will be deemed 
free irom every objection. The principle upon which it rests depending 
upon the nature of tlie variable quantities, and not upon their evanescence, 
(as it is equally true even fur constant quantities provided they be of dif- 
ferent natures), it is hoped we have at length hit upon the true and lo- 
gical method of expounding the doctrine of Prime and Vltimute Ratios^ 
or of Fluxions^ or of the Differential Calculus^ &c. 

It may be here J'eniarked, in passing, that the Method of Indetermimte 
CoffeientSf which is at bottom the same as that of Prime and Ultimate 
Ratios, is treated illogically in most books of Algebra. Inste^ul of 
“ shifting the hypothesis,” as is done in Wood, Bonnycastle and others, 
by making x == 0. in the equation 

a. + bx + cx*+dx“+ = 0, 

it is sufficient to know that each term x being indefinitely variable^ is he- 
terogeneous compared with the rest, and consequently that each term 
must equal 0. 

7 . Having esuiblislied the truth of Lemma 1. on incontestable princi- 
ples, we proceed to make such applications as may produce results useful 
to our subsequent comments. As tliese applications relate to the Limits 
of the Ratios of the Differences of Quantities, we shall term, after Leib- 
nitz, the Method of Prime and Uitligtite Ratios, 


THE DIFFERENTIAL CALCULUS. 


8. According to the established notation, let a, b, c, &c., denote oon- 

stunt quantities and s x, &c., variable ones. Also let A s ^ ^ x, 

&c., represent the dilTerence between any two values of z, y, x, &c., re- 
spectively. 

9. Required the Limting or Uliimaie Ratio qf A (a x) m 4 A x, i. e* 
the Limit of the Difference of a ReUamgle haioing one side (a) eonstaitU^ and 


the other (x) variable^ end qf the Offttence cf &ic wiMc side* 

Let L be the Limit soughs and L -f- 1 any valu< ‘whatever of the va-- 
Tying Ratio. Then 


t 4 . 1 ^L(? _ a (X -F A x) - 


.*• by No. 7 - 


L =5 a. 
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In this instance the Ratio is die same for ail values of x. But if hi the 
Limit we change the characteristic A into d| we have 
d (ax) 

■ (1.) 


or 


] 


d (a x) sad x-^ 

d (a x), d X being odled die Differentialt of a x and x respecdvoijr. 

^ A (x ’) 

10. Hequired the Umit of 

Let L be the Limit required, and L + 1 the value of the Ratio gene- 
rally. Then 

T , , _ (X + A x) * — X* __ 

+ AX — 

2 xAx + 

- s 2 x + AX. 

L — 2x + l — Ax=0 
and since L — 2 x jind 1 — Ax arc heterogeneous 
L — 2 X =: 0, 
or 

L = x2 
and 

d(x*) 


dx 


2x 


or 


d (x = 2 X d X 


(C) 


, , . A (x ") 

1 1. Geaerall^i required the Limit qf — ^ 


Let L and L 4- 1 be the Limit of the Ratio and the Ratio itself re- 
spectively. Then 

1 . , 

L + *=Ax”' ax 

== nx-» + x°-» AX + &c. 

and L — n x "-t being essmitially different from the other terms of 
the series and from 1, we luve 

SB L ss n x““’ or d (x“) s n x"“* d'Sr .... 
or in words, 


(d) 
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The Differential of any power or rod of a variable gaantity is equal to 
the froduct of the Differential of the quantify itseff, the same power or 
tool MiNns otie of the quantify^ and the index of the power or root. 

Wc have here supposed the Binomial Theorem as fully established by 
Algebra. It may, however, easily be dononstrated by ^e general prin- 
ciple explained in (T). 

12. From 9 and II we get 

d(ax") = nax“-‘dx (e) 

^ . „A(a.Fbx“-l-cx“-Fex«*-|-«M:.) 

13. Required the Lmit of ; 

Let L be the Limit sought, and L -f- 1 the variable Ratio of the ditite 
differences; then 

T 1 1 A (a + b K " -f c X “ -h &c.) 

L. + 1- 

__ a + ^x + x j^-f c(x-*» A x)“ + fit c. — a — b x** — ex" — &c. 

“■ A X 

=s nbx“~‘ + mcx“~‘ &c. -f-PAx-fQ(Ax)* + &c. 

P, Q, &a being the coefficients of A x, A x * -f- &c. And equating the 
homogeneous determinate quantities, we have 
dfa 4- bx'‘+ cx^-h&c.) 

— iTx”'””" - ^ = nbx“-« + mcx»-» + pexi-* + 8cc...(0 

.. ^ .. „A(a + bx" + cx“ + &c.)^ 

14. Required the Lantt of 

By 11 we have 

d.(a-|-bx“ + cx“-h &c.) » 

~d (r-i-'b x'«”.i.'&c:) =r{a + bx« + cx«-l-&c.)»-' 

and by 13 

d(a-hbx“ + cx“-f &C.) = (n b x”“' -f me x®~* -f- &c.) d x 
d{a + bx“ -h cx“ + &c,)* 

= r(ubx“-' -I- rocx“-‘ + &c.)(a + bx“ (g) 

the limiting Ratio of the Finite Oifiercnces A(a-f-bx*<4‘GX'”-4- &c.), 
A X, that is the Ratio qf the Differentials of a + bx' + cx*"-!- &c., 
and X. 

A-t Bx’‘-^CkW-L 

16. Required the Ratio qf the Differentials qf T' ^ T Kv 

and X, or the Limiting Ratio qf their Finite D^crenees. 

Let L be the Limit required, and L + 1 the.v&rying Ratio. Then 
. , A + B(x4-Ax)»4-C(x-f Ax)"4.&c. A -f- B x « -f- &«. 

^ “ a -h b{x -h Axp + c(x -F Ax)(* + &c. a-J-bx* 
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which being expanded by the Binomial Theorem, and properly reduced 
gives 

Lx(a 4 .bx- + &r.)* + LxiP.Ax 4 .Q(^x)»+&c. + IX{a+bx'+&C 4 

+ P. Ax + Q(Ax^* + &c j[ = (a+ bx' + 0X^*4- &c.) X (nBx”~' 
+ m C X • 4- iic.) — (A + B X " 4- C X "> 4- Sic.) X (» b x ' ' 
4- ^6 c X « 4. &c.) 4. R A X 4. (^' (A x) 4. &c. 

Q being coefficients of a x, {a x) Sic. aiui independent of 

them. 

Now equating tlio>e /iovioifcncous t»jrruN whicli are inileprudcnt of tlio 
powers of a x, wc got 

L(a + b + &e.) ’ = (a + b + &e.) — (n Bx* ' +int ' -v ‘ ‘ ' + 

— (A + 15 x“ + C V + 8cc.) — b X + .C4 ex - ' -f *Scp.) 


and putting u 


A + B X ** + C X *•* + eScc. 

il + 1) X » + c X “ + dc. 


fl u 

2*^ = L, and tlierolor*' 


fl u 

dx = 


(a+bx'+&c.){nBx+’' A+Bx* +&c.)(i'bx'''’*+/4cx" *+&c.) 

(a + b X ' + c X « + Ac.) 

the llatio required. 


16. Hence and 1 1 we have the Katio of tli<‘ Dillerouilals o£ 

(A + B X '• + (^ X *“ + Ac.) 1' , . 1 r 111 

— - . ... andx; and in , short, Iroin what lias al- 

(a + b X • + V X ** + At.; ' ' 


ready boon (!oli\orod ii ia easy to obtain the Uiuio f>l’ IVitrerontials of 
anv Alffchraic Function Xihnf.vir of one variable and of that variabK 
N. B. liv Fundioa of a utr table, is meant a quariiity anvliow iiuulvi.nf^ 
that variable, lii- n ,m was first, used to flenoJe llic Ptiwers fil a qiian- 
tity, as X*, x '*, But it is now med in llie gi ueral souse. 

The quantities next to Algcbryic:.d ones, in point of simplicity, an; Kx- 
poiiential Functions: and we therefore proceed to the investigation o» 
their Differentials. 


17. llrqvired the Hntio of the lJ:/frreniiuls of a ant! x ; or fhc Ltmif^ 
ing Ratio of their Differ ences. 

Let L be the required Limit uml L + 1 the varying then 

A(a') + 

L + 1 = x -= ” 


a A — I 


= a' X 


A X 
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Hut binco 


a > = (1 + a — 1) y 

= 1 + (.-!)• + 


it is easily seen that the coefficient of y in the expansion is 

, ' (1- U’ (?-, i)’- J,„ 

lienee 

a» (a— 1)* (a— 1)» 

L + 1 “ “ Ha— I— ~2 + 8 — &c*) + P(/ix)- + &c.| 

and e<|u;tci!)^ liumogeneous quantities, we have 

<1. (. 1 '^ (a — 1)® (a— 1)» 

= L = fa - 1 - ' -2 ' 3 - &c.} a » 


=: A a (h) 

or the Jtatio the Differentials of ant/ Exponeniial and its exponent is 
equal lo the product of the Exponential and a constant Quantity, 

Hence and from the preceding article^ the Matio of the Differentials of 
atty Jlgebraic Function of Exponentials having the same variable indeXt 
map be foundt The Student may find abtuidance of practice in the Col- 
lection of Examples of the DiiFcrcntial and Integral Calcolus, by Messrs. 
Peacock, Herschel and Babbage. 

Betbre we proceed farther in Oifierentiation of quantities, let us inves- 
tigate the nature of the constant A which enters the equation (h). 

For that purpose, let (the two fim terms have been already found) 
a»=:l + Ax + Px* + Qx=' + 8tc. 

Tlicn, by 13, 
d (a *) 

d 3 r= A + 2Px + 3Qx* + 4Rx» + 8tc. 


But by equation (h) 
~tr "Iso = A a 


X 


a 2 A + A*x+APx® + AQx* + &c. 

A + 2Px + 3Qx» + 4Rx»-h&c. = A + A»x + A Px* + &c. 
and equating honu^eneous quantities^ we get 
2 P = A*, 8 Q = A P, 4 R s= A Q, &c. = &c. 
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whence 

_ A* AP A» AQ A* ^ 

P — 2 » ^ “ 3 - 2. 3’ ^ 4 “ 2. 8. 4 

Therefore, 

A 4 A * A ^ 

a : 1 + A X + -^ x’ + 273 X » + 5 j; X « + &c. 
Again, put A x = 1, then 
i 1 ‘ 1 e 

4? = 1 + 1 *1- 2 + a. 3 + 2. 3. 4 + 

= 2.718281828459 as is easily calculated 
e 

by suppositicm. Hence 


lo^. a 


(a — 1) - V:' 

'2 " + 


=1-1)' , 

3 itc. 


(k) 

log. e "■ * 


a — 1 — 2 T - log. e 

for the system who.c ba.. U v, i lieing tlie characteristic of that system. 
This system Ixiing that which gives 

(e—l)'* (c — D" _ , 

-1-^ 2 + 3 


is caDed Natural front being the most simple. 

Hence tlic cfiuatioii ^h) bcconits 



17 a. Ilcijuiml lh>: il'Hh <f flic Jlif:reu(iah of 1 (x) ami x. 

Let 1 X = u. Thi a . “ = x 
d X - d (0 ^ ^ ® 

d (1 x) _ J JL (m) 

••• dx -e“-x • • • 

In any otlier system whose base is a, we have log. (x) - 

. lL?Sl3 = X 

ope variable. . «:•/ the sines, cosines, tan- 

Befoie we differentiate ^ ^ ^ilh our comments on the 

gents, &c., of drcular arcs, we shall proceed tv.u ^ 

text fts fcv fts Lemma VIII* 
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LEMMA 11. 

18. In No. ccdlinp: L and U Limits of tlie circumscribed and inscribed 
reriilinear figures, and L + I, L' + 1' any other values of them, whose 
variable difference is D, the absolute equality , of L and L' is clearly de- 
monstrated, without the supposition of the bases A 11, B C, C D, D E, 
being infinitely diminished in number and augmented in magnitude. In 
the view there taken of the subject, it is necessary merely to suppose them' 
variabh\ 


LEMMA III. 

ID. This Lkmma is also demonstrable by the same process in No« 6, 
as Lkmma II. 

Cv7\ !. The rectilinear figures cannot possibly coincide with the curvi- 
liiiorir figure, because the rectilinear boundaries albmcndoE, 
n K b L c M d D E cut the curve a b E in the points a, b, c, d, E in 
finite angles. Tlic learned Jesuits, Jacquier and Le Seur, in endeavour- 
ing to remove this difficulty, suppose the foiir poipts a, 1, b, K to coincide, 
and thus to form a small element of the curve. But this is the language 
of Indivisibles, imA quite inadmissible. It is plain that no straight line^ 
or combination of straight lines, can form a cuive line^ so long as we un- 
derstaiiJ by a straight line that which lies evenly between its extreme 
points,*’ and by ii cu/Tc line, ‘‘ that which does not lie evenly between its 
extreme points for ollierwise it would be possible for a line to be 
stmight and not straight at the same time. The truth is manifestly this. 
1 he Limiting Ratio ol the inscribed and circumscribed figures is that of 
equality, because they continually tend to a fixed area^ viZi that of the 
given intermediate curve. But althougli this intermediate curvilinear 
area, is the Limit towards which tlie rectilinear areas continually tend and 
approach nearer than by any difference ; yet it does not follow that the 
rectilinear boundaries also tend to Uie curvilinear one as a limit. The 
rectilinear boundaries are, in fact, entirely heterogeneous with the iitterme* 
diate one, and consequently cannot be equal to it, nor coincide therewith. 
We will now clear up the above, and at the same time introduce a strik- 
ing illustration of. the necessity there exists, of taking into consideration 
the nature of quantities, rather than their evanescence or infinitesiroality* 
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Take the simplest example of Lemma 1L» in the cose of the righN 
angled triangle a E A, hai'ing its two legs A A £ equal. 

The figure being constructed as in the text of Lemma II, it fid- 
lows from that Lemma, that the ITllimate Ratio of the inscribed and cir- 
cumscribed figures ib a ratio of equality ; and moreover it would also 
follow from Cor, L that either of these 
coincided ultimately with the triangle ^ | 

a£A. Ilencc tlicn the ixtcrior bouiitlai 7 

a 1 b m c n d o E coiiiciJos exactly with ^ 

a E tiUimaidjf^ and they arc consequently h | 

equal in the LimiL As wo have only 

strnigiit lines to deal with in this example, j •* 

let us try to asctutahi the exact ratio of j .J/S 1! 

a E to the exteiioi- boundary. d : 

If n ho the indellniie miinber of ctjual [_ 

bases A H, H C, &r., it N ovldeiu, since a U 0 l> 

A a == A 1., that the whole length of 

U 1 b 111 c 1. a o K a 1. X A B. Also since u b = be = &c. 
= V a 1 " + b I ■ = ^ *' ^ ' ~ ^ 

ConsequciUlv, 

albnicniloB'.aK;: ?•. *• . 

Hcucc it is the vmrior boinuUoy eunnol possibly comc.lc ^. U 

a E. Other oviinn.l. > mi, 4.1 bo .•uldin ed, but il nnisl now lie M.flKientlv 
Clear, thu. Newl.-n ccnlimiuloa iho vUh.olc ol the insenbeU iukI 

cirruinscribf.1 iifjm- s. to tiie iniermt-aiatc one, with Iho.r nctiml «oiuu- 
dl" . 1.11 twin. .iour.eing their Ketias on principles oC yroxiinittion 
or rather of E'h:n,/ti<.u, instead of ll.ose, as explanind n. No. h; wli .1 

his obscurities. it s ^ ^ 

die view of removing , monument of human gc- 

generol, the comprehension of inis y 

1 . .- 11 »«. omkined mide.rn.EMMA VII, which re- 
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21. Let the areas of die parallelogranis inscribed in the two figures be 
denoted by 

P, Q, R, fkc. 


i‘» qi 


r, &c. 


respectively ; and let tbem be such that 

P : p : : Q : (] : : R : r, &c. : : m : n. 

Then by compounding these equal ratios, we get 

p^Qq- H + ....:p + q + r + : m: n 

But P + Q + 11 . . . . and p -f- q + ^ + • • • * ^ve with the curvili- 
near areas an ultimate ratio of equality. Consequently these curvilmear 
areas are ui the ^veii ratio of m : n. 

Hence may be found the areas of certain curves, by compariDg their 
incremental rectangles with those of a known area. 

Ex. 1. Jhquii ed the area of the common Apdltmian parahoia comprised 
bchsren ifx veiter and a given ordinate. 

Let a c £ be the paraliola, 
whose vcrte.\' is E, axis 15 A and 
iMfm-ffcctum = a. Then A A' 
being its circumscribing rectan- 
gle, let any number of rectan- 
gles vertically opposite to one 
another bo iiiH'ribcd in the areas 
a E A, a E A', viz. A b, b A' ; 

B c, c B', &c. 


And since 

A b = A K. A B 
A'br: A'l. A' B' =: 
from the equation to the parabola. 

A b a. AB 

'■•AnB - 

Also 





or 


(A a)* — Bb* ssa X AE — a X BE = a X A B 
(Aa + B b) X A' B' = a X A B 
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a X AB 

A ii B b 

AJb ^ A a -f li l> 2 B b -f- K a 
*• A' b - ' Bb ■ = iJ b 

A b 


!S 


Ka 

- 2 + m, 


Hence, since in Uto Limit becomes (ixeil or of tlie same nature with 
the first term, wo have 

A' l> *“ ■" 

ultimately. 

And the same may bo shown of all other corresponding pairs of rec- 
tangles; consequently by Lemma IV. 
a E A : a E A' : : a ; I 
a E A : rectangle A A' . : 2 : 3. 

or the area oj a parabola ;a equal to Uw thirds of its cireumscribitig rve^ 
tangle. 

Ex. 2. To cofrpate the area of a $emielUp$e with that of ' a $mnicirde 
described on the same diamdrr. 


O 



Taking any twe •corresponding inscribed rectangles P N, P' N ; we 
have 

P N : P' N : : P M : F M : : a : b 
a and b being the semiaxes major and minor of the ellipse ; and all other 
correspolidiiig pairs of inscribed rectangles have the same, constant ratio ; 
cx>nsequently by Lemma IV, the semicircle has to the semiellipse the ratio 
of the major to the minor axis. 

As another example, the student may compare Uie area of a cycloiil 
with that of its circumscribing rectangle, in a manner very similar m 

Ex. 1. 

^Tbis method of squaring curves is veiyr limited in its application. U* 

the progtess of our remarks upon this sectioiij^we sltall have to exhibit a 
general way of attaining that object 
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LEMxMA V. 


22 . For tlio ilefiriition of similar rectilinear figures, and the truth of this 
Ll>)3ia as it applies to them, see Euclid’s Elements B. VI, Prop. 4, 19 
and 20, 

Tiie farther consirlcrntion of this Lemma must be deferred to the ex- 
planation of Lemma Vll. 


LEMMA VL 

23. In the demonstration of tliis Lemma, Continued Curvature'* at 
any point, is tacitly defined to be such^ that the arc does not make vcith the 
Intigrnl at that pointy an angle equal to a ^finite rectilinear angle. 

In u Coinincntary on this Lemma if die demonstration be admitted, 
any other definition than this ivS plainly inadmissible, and yet several of 
the Annotators have stretched their ingenitity to substitute notions of 
continued curvature, wholly inconsistent with the above. The fact is, 
this Lemma is so exceedingly obscure, that it is difficult to make any 
thing of it. In the enunciation, Newton speaks of the angle betvaeen the 
chord and tangent ultimately vanishing, and in the demonstration, it is 
tlie angle between iJie arc and tangent tliat must vanish ultimately. So 
that in tlje Limit, it would seem, llie arc and chm'd actually coincide. 
This has not yet been established. In Lemma III, Cor, 2, the coinci- 
dence ultimately of a chord and its arc is implied ; but this conclusion by 
no means follows from the Lemma itself, as may easily be gathered from 
No. 19. The very thing to be proved by aid of this Lemma is, that the 
Ultimate Ratio of the chord to the arc is a ratio of equality, it being 
merely subsidiary to Lem^ia VIL But if it be already consUlered that 
they coincide, of course they are equal, and Lemma VII becomes nothing 
less than argumentum in ciretdo*' ' < 

Newton introduces the idea of curves of “ continued curvature/* or 
such as make no angle with the tangent, to intimate that this Lemma docs 
not apply to curves of‘ non-ermtinued mrocdwre, or to such as do make a 
finite angle with the tangent. At least thU is the, plain meaning of his 
words. But it may be asked, are there any curves whose tangents are 
inclined to them ? The question can only be resolved, by iigain ^mittiBg 
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the arc to be ultimately coincident witli the chord ; and by then showinjj^ 
that curves may be imagined whose chord and tangent uldmatdly shall be 
inclined at a finite angle, llie Ellipse, for Instance, whose iiun(Hr,axis 
is ind^nitelj/ less than its major axis, is a curve of tliat kind; for taking 
the tangent at the vertex, and putting a, b, for the setmaxes,!^ y, z, for 
the ordinate and abscissa, we have 
b - 

y* = -■-> X (2ax — X*) 
and 


y 

X 


■.# / .5 *1 .. 

— v/ — X 1 = — 7*“ V 2 a • X 
a>x avx 


since b is indefinitely smaller than a V x, x is indefinitely greater than 
y, and supposing y to be the tangent cat off by the secant x parallel to 
die axis, x and y are sides of a right angled whose hyjiothenuse is the 
chord. Hence it is pliun the L. opposite x is ultimately indefinitely 
greater thiui the /- opjiosite to y. But tliey are together equal to a right 
angle. Consequently the angle opposite x, or that between the chord and 
tangent, is ultimately finite. Otlier coses might be adduced, but enough 
has been said upon what it appears impossible to explain and establish as 
logical iuul direct demoiisti'ation. We confess our inabilily to do this, 
and feel jiretty confident Uie critics will not accomplish it. 

24. Having exposed the fallacy of Newton’s reasoning in the proof of 
this Lemma, we shall now attempt sometliing by way of substitute;, 

A D ic the torment to the ettrve at the 
point A, and A B its chord. Then if 3 be 
supposed to mme indpinitelp near to A, the 
angle BAD shall ind^nitelp deerease^ pro^ 
vided the curvature he not indefinitely great. 

Draw R D passing through B at right iuk 
gles to AB> and meeting the tangent AD and 
normal A R in the poiutsD and R respective- 
ly. Then since the an^e BAD equals the 
smj^ ARB, if ARB decrease indefinitely 
when B iq^roaches A ; that is, if A R be- 
emne indefinitely greater 'than A B; or 
whlcb ifrdie saniiB thing, if the curvature at A, be not indefinitely great; 
die aa^e BAD abo decreases indefinitely. ' Q#c. d. 

T^c baTe. already exiduned, by. m example in. the last article, what is 
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meant by curvature iiKlofiiiitcly groat. It is the same wiA NewtonAi ex- 
pression “ continued curvature.” The subject will be (hscussed at length 
under Ijemma XI. 

As vanisliitig quantities arc objectionable on account of their nothing- 
ness as it has already been hinted, and it being sufficient to consider va- 
riable quantities, to got their limiting ratios, as capable of indefinite ditnint^ 
//O’!, the above enunciation has been somewhat modified to suit, those 
views. 


LEMMA VII. 

25. 'f hi.-- 1-.EMMA, supposing the two preceding ones to have beeiijully esta^ 
blishtd, woultl iiavc been a masterpiece of ingenuity and elegance. By 
ttie aid of tlie proportionality of the homologous sides of similar curves, 
our author has exhibited ({uantities evanescent by others of any finite 
niagnitiide uliarcvcr, apparently a most ingenious device, and calculated 
to obviate all objections, lliii in the course of our remarks, it will be 
shown that Lemma V cannot be demonstrated without the aid of this 
Lemma. 

First, by supposing A d, A b always finite, the angles at d and b and 
ilu-refore those at D and li which are equal id the former are virtually 
considered finite, or 11 1) ciiUs the chord and tangent at finite angles. 

Hence die i lnborate note upon this subject of Le Scur and Jacquier is 
rendered valueless as a. direct comment. 

Secondly. In the constniction of the figure in this Lemma, the de- 
scription of a figure similar to any given one, is taken for granted. But 
tlic student would perhaps like to know how this can be effected. 

Lotma V, which is only enunciated, from being supposed to be a mere 
corollary to Lem^ma III and Lemma IV, would afford the means immedi- 
ately, were it ihencf^ legitimately deduced. But we have clearly shown 
(Art. 19.) that rectilinear boundaries, consisting of lines cutting inter- 
mediate curve ultimately at finite angles^ cannot be equal idtimafeti^ to die 
curvilinear one, and thence we show that the boon^ries formed h*y ^ 
chords or tangents, as stated in Lemma 111, Cor. 2 and S, jare not ulti- 
mately equal, by consequence of that Lmmma^ to die curvilinear one. 

Newton in Cor. 1, Lemma 111, asserts the ultimate cmnddenc^ Und 
therefore equality of the rectilinear boundary whose omnpnnent lines mst 
/|he curve at finite angles, and thence would estaUidi the suooeeding eoi- 
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olliiriea a fortiori. But the truth is that the corvilmear boundary is the 
liiiiit, as to magnitude, or length, of the tangential and chordal lx>andft> 
ries ; although in the other cose, it is a limit merely in respect of area. 
Yet, we repeat it, that Lsmma V cannot be made to foU^ from thie 
Lemmas preceding it. According to Newton’s implied definition of simi* 
lar curr - ' as explained in the note of Le Seur and Jacquier, they are the 
euroilinear Umils of similar rectilinear figures. So they might be consi- 
dered, if it were already demonstrated that the limiting ratio of the chord 
and arc is a ratio of equality ; but this belongs to Lemma VII. Newton 
himself and ail the commentators whom we have perused, have thifs 
committed a solecism. Even the best Cambridge MSS. and we have 
seen many belonging to the most celebrated private as well as college tu- 
tors in that teamed university, have the same error. Nay most of them 
are still more inconsistent. They ^ve definitions of similar curves wholly 
different from Newton’s notion of diem, and yet endeavour to prove 
Lemma V, by aid of Lemma VII. For the verification of these asset'- 
tions, which may else appear presumptuously gratuitous, let die Cantabs 
peruse dicir MSS. Tlie origin of all tliis may be traced to the falsely 
deduced ultimate cohwidence of the cun'ilinear and rectilinear boundaries^ 
in the corollaries of Lemma III. Sec Art. 19. 

We now give a demonstration of the Lemma without the assistance of 
similar curves, and yet mdependendy of quantifies actually evanescent. 

By hypothesis die secant R D cuts the chord and tangent at finite an- 
• gles. Hence, since 

A + B + I) = 180* 

V. B + L* = 180» — A 

orL-|-l+U+l'= 180“ — A 

L and L' being the limits of B and D and 1, V their variable parta os in 
Art. 6 ; and since by Lemma VI, or rather by Art. 24, A is indefinitely 
diminufiv^ we have, by collecting homogeneous quantities 

L + U = 180“ 

But A B, A D being ultimately not ind^nitely greatt it might easily 
be shown from Euclid that L = L', and ••• A B = A D ultimately, (see 
Art 6 } and the intermediate arc is equal to either of them. ,4 
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OlflEHWrSK, 

li wo retoi' tJic curve to its axis, 

A a, iJ 1‘ being ordiiiatos, &c. as 
in tlie aiuioxfctl diagram. T luiii, 
bj- Kuclid, we liavc 

A D “ = A B ® + B D - + 2 B D. B d 



A 

All- 


1 + BD. 


B D + 2 B d 


A B* 

Ndw. huiee by Art, 24 or VJ, tlie ;i. B A D is indefinitely less 

limn eitlier ol die angles B or 1), B 1> is indefinite compared witli A B 

or A 1). Meiice L being the limit of and 1 its variable part, if we 

extract tlie root of botli sides of the equation and compare homogemms 
torn3S, 'vf .m*t, 

L = I or &c. &c, 

I lat iiy tlius ilenjonstriited that the limiting Ratio of the chords arc 
and tangent^ is a ratio of equality^ whm the secant cuts the chord and tangent 
at FINITE angles^ we must again digi’ess from the main object of this work, 
r » take up the subject of Article 17. By thus deriving the limits of the rati- 
os of iliL- fhii'io clilioivncos of functions and their variables, directly from the 
Lemmas of this Section, and giving to such limits a convenient algorithm 
or notation, wt» sliall not only clear up the doctrine of limits by nume- 
rous cxam])los, but ahu prepare the wny for understanding the abstrustr 
parts of the Princii)iu. This has been before observed. 

Required to Jim! the himit of the Rinile Differences ()f the sine of a cir- 
enlar arr nfid tf ihr err itself or the Ratio if their Differentials^ 

I^et X be the arc., and a x its finiio variable increment Then L being 
the limit required mid L + 1 tlie variable ratio, we have 
j , j _ ^ X _ sin. (x + a x) — sin. x 
^ ~ AX aTx 

— sin. X. coy, (ax) + cos, x. sin, (a x) — sin, x 

"" AX 


= cos. X. 


sin, (a x) sin.x. cos, ax 


sin. X 
A X 


A X AX 

Now by Lemma VII, as demonstrated in the preceding Article^ tlie li- 

^ sin. AX. , ‘ , cos. (a x) sin. x , v 

vUMt pf IS J, anil ^ -f have no dmmte limits. 

*'‘AX AX AX 


A X 


AX 



Book I.] NEWTON’S PRINCIPIA. 

CSonseqoently putting 


19 


we have 


sill, (a x) 
cos. X. — ~~ = cos. X + r, 

A X . 


L + 1 = cos. X + + 


sin.x. cos. AX 


and equating homogeneous terms 
L = cos. X 

or adopting the diiFerential symbols 


A X 


sin. X 

A X 


d. sin. X 

— g— - = cos X 


or 




(a) 


d sin. X = d X. cos. x 
27. Hence and from tlic rules for the differentiation of algebraic, expo- 
nential, &c. functions, we can differentiate all other circular functions of 
one variable, viz. cosines, tungcnis, cotangents, secants, &c. 

Thus, 

d sin. — x) 

\2 J /^ \ • 

= — xj =: sin. 


or 


or 


fir 


d. cos, X 
d X 

d. cos. X 


= sin. X 


L cos. X . ^ 

d X I 

. cos. X = — d X. sin. x ) 


(l>) 


Again, since, for radius 1, which is generally used as being the most simple, 

1 4- tan. = X = sec * V = — 1— 

* ^ cos. “ X 

— 2 cos. X. d. cos. X 


cos. X 


.*. 2 tan. X. d. tan. x = d. 

See 12 (d). Hence and from (b) immediately above, we have 

- d X. sin. X 

tan. X. d. tan. x = 


cos. ^ X 


d. tan. X =r d X. 


cos. * X 


(C) 


Again* 


cot. X Si 


tan. X 


B2 



so 
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Therefore, 


d. cot. X = d. 


1 _ 
tail. X ~ 
— dx 


( 18 . d) 

tan. ® X ' ' 

— d X 


Again, 


see. X =: 


tan. ’ X. cos.* x sin. * x ' ' . ‘ 
1 


(d) 


cos. X 

j 1 1 — d cos. X ,v 

d. sec. X rs d. = , (12. d) 

cos. X cos. * X 


d X. s in. X 
cos. * X 


(e) 


and lastly since cosec. x ss sec. — x^ 
we have 

d. (1 _ x) sin. (I — x) 

d. cosec. X = d. sec. (J — x) =r ? = 

'2 / , f* \ 

COS.*(g-x) 

_ — ^ * iV\ 

~ sin.* X 

Any function of sines, cosines, 8cc. may hence be difl'erentiatcd. 

28. In articles 8, 9, 10, 11, 12, IS, H, 16, 16, 17, 26 and 27, are to 
be found forms for the differentiation of any function of one variable, 
whether it be algebraic, exponential, logarithmic, or circular. 

In Uiose Articles we have found in short, the limit of the ratio of the 
first difference of a function, and of the first difference of its variable. 
Now suppose in this first difference of the function, the variable x should 
be increased again by x, then taking the difierence between the first 
difference and what it becomes when x is thus increased, we have the dif- 
ference of the first difierence of a function, or the second difference of a 
function, and so on through all the orders of differences, making a x al- 
ways the same^ merely for the sake of simplicity. Thus, 

A (x>) = (x + AX)»— X* 

= Sx'ax + 3xax* + ax’ 

and A* (x) * =s ? (x + Ax)*Ax + 3 (x + ax) ax* + ax*— 8x*ax 

— 8xAX* — AX* 


s8. 8 xax*-(-8ax* 
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denoting by a ' the second difference. 
Hence, 


n.' (x>) 
ax'* 


3. 2. X + 3 A X 


and if the limiting ratio of A * (x ’) and Ax*, or the ratio of the second 
dificreiitial of x *, and the square of the differential of its variable x, be 
Tequired, wc should have 

L + 1 s= 3. 2. x + 8 A X 


and equating homogeneous terms 
dx“ - ^ 


3. 2. X 


In a word, without cousiilcriiig the difference, we may obtain the se- 
cond, third, &e. dilfcreutiuls d* n, d’ u, &c. of any function u of x im- 
mediately, if we observe that is always a function itself of x, and 


niahc d x constant. I'or example, let 

u = ax'‘ + bx"‘ + fStc. 

I'lien, from Art. 13. we have 

^ = nax'‘~' + mbx** + &c. 

u X 



d (d u) 

d X* 


d* u , . , 

(by notatjonj 


^= n. {n — I) ax " " * + nt (ni — 1) b x “ • + &e. 

Similarly, 

= n. (n — 1). (n — 2) a X" - * + &c. 

8cc. = &c. 

Having thus explained the method of ascertaining the limits of die fa- 
tios of all orders of finite differences of a function, and the cor^c^^H>nding 
powers of the invariable Ariit difference of the variable, or the ratios of tljc 
differentials of all orders of a function, and of the corresponding power 
of the first differential of its variable, we proceed to explain the use oi 
these limiting ratios, or ratios of differentials, fey the following 


B3 
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APPLICATIONS 


OP THE • 

DIFFERENTIAL CALCULUS. 


29. Let it be required to draw a tangent to a given curve at any given 
'pttuif ij' if- 

Let P be the given point, and A M 
being the axis ut' the curve, let P M 
=r y, A M = X be the ordiruite and 
AJso 3tl 1^ be any other 
point ; draw P N inecting the ordi- 
nate P' M/ in N, and join P'. Now 
Ic? T P R meeting M' P' and M A in 
R and T be the tangent required. 

Then since by similar triangles 

P' N : P N : : P M : M T' 

M T' = M T + T 'F = y. -- 

Now y beuig supposed, as it always is in curves, a function of x, we have 
seen that whetlu.r that function be algebraic, exponential, Ac. 

in the limit, or ^ is always a definite fumUon of x. Hence putting 

* V 

A X _ U X ^ , 

^ y d Y * 

we have 



MT + TT = ,(2-« + 1) 
and equating homogeneous terms, 

m t = . . . . 


(«) 


which being found from the equation to the curve, the point T will be 
known, and therefore the position of the tangent P T. M T is called 
die subtai^nt. 

Ex. 1. In the common parabola, 

= a X 
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X 2 y 
d y ” u 


M ’J’ = - = 2 X 

a 

or the subtangunt M T is equal to twice the sibscissii. 
Ex. 2. In the elli})se, 

b ' 

V' = -x^) 

and it will be (bund by «lii(bruntiHiing, tlial 

— (a '■ — X ") • 

M T = ' — 

Ex. .2. In the hwariilimic nirve. 


_ I. :i X y 


(see IT.) 


•- ’'1 '1- = U 

ivliich is thcrcforci the >tmu: For ull points. 

The above iiiclhcjd oF deduciri^jj the expression For llie subtangent is 
strictly logical, and obviates at onctj the oKjcctioiis* ol iiishop Berkeley 
relative to the co)nj)eij.sation of errors in the denominator. The fact is, 
these supposed errors being diftbrciit in tlieir very essence or nature from 
the other quantities with which they are connected, must in their aggre- 
gate be equal to nothing, as it has been shown in Art. C. Tliis ingenious 
critic calls F R rr / ; then, says he, (see fig. above) 
y. d X. 

= dy + z accurately ; 
whereas it ought lo have been 

♦ y ^ X V 

Ti/r »'n __ _ J 


MT = 


Ay + z 


A y z 

AX ^ A X 


the finite differences being hereconsidcred. Now in the limit, becomes a 

d y 

definite function of x represented by Consequently IF I be put tor 

A y 

the variable part of wc liave 
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MT=ay- z 

d~x ^ A X 


and it is oviticnt iront Lemma VII and Art. 25, that z is indefinite com- 

^ . . . . ^ y 

parted with x, is indefinite compared with M T, and y; 

and I is al^o so ; iiciice 




g»' 


MT = 




dx 


(ly 


A X 


= 0 


whit It nrovGs generally for all curves, what Berkeley established in tlie 
case of the common parabola; and at the same time demonstrates, as had 
been alrcatly done Iw using T T' instead of P It, incontestably the ac- 
curacy of the er{tiation for the subtangent. 

rSO. If it wolf required to draw a tangent to any point of a curve, rc- 
forrett to ti cciiicr by a radius-vector g and the li. i which g describes by 
revolving round the fixed point, instead of the rectangular coordinates 
X, y ; ilteii the mode of getting the subtangent w^l be somewhat different. 
Supposing X to originate in this center, it is plain tliat 
X =: j cos. i 
y — g sin. e j 

and substitiiUng tor x, y, d x, d y, hence derived in the expressioit (29. 
e.) wc have 

1 . r„ d p coft. tf — » d sin. t _ 

M J = e sm. i X T™^ — TT-— rr ^ (0 

“ d g iiu. d + f d It cos. d ^ ' 

Ex. In tiio parnboln 

o .. 

i "" \ - “ cm. i ? 

wlicrc a is the distance bctwccJi the focus and vertex, or the value of ( at 
the vertex. Tlien substituting we get, after proper reductions 

1 + cos. il 

M r = 2 a X r:_ cos. d 

and the distance from tlie focus to the extremity of the subtangent is 
.h.' ^ /I + cos.# cos. d \ 
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^ a 

== 1 _ cos. } ^ ^ 

as is well known. 

SO. a. Tiu‘. expression (f ) being too complicated in practice) the following 
one may be substituted for it. 

Let P T be a tanjUfent to the 

curve, referred to the center S, ' V 

at the point P, meeting S T 

drawn at right angles to H P, * / /y ' ^ 

in T ; and let P' be any other ( // ' 0 

point. Join P P' and prodiu*.- ^ 

it to T', aiiil l»*t T P ho pro- ^ 

diiced to meet S P' prorluccd in 

11, &c. Then drawing P N paralicl to b T, we Iihvo. 

.ST = .ST + Tr=j^, xsi- 

But 

P N =: f tan. A i', is J*' » » + a : 

fliid 

Therefore, subsliluting and eejuating homogeneous terms, after itaving 
applied Lemma VII to ascertain their limits, we get 


ST = 


Ex. 1. In the spiral of Archimetles wc have 

. g ^ ^ L.. 

” ""a 

Ex. 2. In the hyperbolic spiral 

a 

e = y; 

/. S T ss a 

SI. It is sometimes useful to know the angle between tlse tangent and 
axis. 

_ _ P M d y 

fan. T = 5J7|* =: > • 

See fig. to Art 29. 
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Again, ill lig. Ai-l. 30 a. 

S P iK 

T». J- = = jti (1) 

li i.*i Ircqurjiitly of great use, in the theory of curves and in many 
other collurcrul .subjects, to be able to expand or dcvelope any given func- 
tion oi* ii variabie into an inilnite scries, proceeding according to the 
powers of that variable. We have already seen one use of such devf=*lop- 
nients in Art. 17. This may be eilected in :i general manner by aid of 
successive dilK*r<*iitiatioijs, as follows. 

If u f (x) where l\x) Jiieans any function of x, or any expression 
invoJvifjg X and constams ; tlu*!!, as it has been seen, 
d n ~ u' d X 

(ii laino- A new fuiu tion (*!' x) 

'"'ifnilarly 

d ii' u" d X 


rr itc. 


’ U 'j <1 - H X d X — d ' X X d u 

/I u = d. j p ^6 k) 

Ac. r; Ac. 

douofjji^' (I. (d !i}, d. (d x) by d^ ii, d “ x, and (d x)® by d x 
according to the recrivetl notation : 

Or, (lo abridge the&4’ expressix^ns) supposing dx constant, and d" x =0, 


d u 
d X 
(1 ' e 




O ' u 

d \ 

Ac. 


""J 

Ac. 


which give tlje viirious onlers of duxtons required. 
Ex. L Let n == X 


d u 

d^ 


d* u 

J--, ssn. (n — I)**-* 


Then 



Book L] 


NEWTON’S PRINCIPIA. 


87 


d* u 

j--a = n. (n — 1). (n — 2) x" 

&c, = &,c. 

d" u • 

= n. (n — 1). (n — 2) 3. 2. I. • 

Ex. 2. Let USA + Bx + Cx* + Dx’ + Ex^ + ike. 

Then, 

d ii 

= B + 2 C X + 3 D x^ + 4 E + &e. 

d® 11 

g--i. = 2 C + 2. 3 D X + 3. 4 E x‘ + ike. 

d * Ii 

j- =: 2. 3 D + 2. 3. 4 E x + &c. 

&c. = *\c. 

Hence, if u he known, iuid the coetricicnts A, B, C, O, &c. be un- 
known, the latter iriav he linitnl ; for if U, U', U", L”''', &c. denote the 

d 11 d ’ u d ■' Ii 

viduesof u, ,|x’d x”a'x”^‘=* 


when X = 0, then 

A = U, B = U', C = 11", D = ~ I)'", E 

&c. == ike. 


1 


2. 3. 4 


U'"", 


and hy substitution, 

u = U + U'x + U" + U'" |“3 + &c. (b) 

This method of discovering the coefficients is nameil (after its inventor). 


MACLAUBIN’S THEOREM. 


The uses of this Theorem in the expansion of functions into series are 
many and obvious. 

For instance, let it be required to develope sin, x, or cos. x, or tan. x, 
or L (1 + x) into series accorduig to the powers of x. Here 
u =r sin. X, or = cos. x, or = tan. x, or = I. {1 + x), 

d u 11 

’• cTx = or = ~ sin- or = ‘>f = I + x 

d*u . 2sin. X 1 . 

5^, = — sin. X, or = — cos. X, or = ^ > or = - -(T + 'x.' " 
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tl " - 2 4'^ ^ _ 

- — cos. X. or = sill. X, or =s -^ 4 - 3 ^ » or - 

i^CC« — &.C- 

U =0, or =r 1, or = 0, or = 0 

L" =1, or =: 0, or s 1, or = 1 

U" =0, or =s — 1, or =: 0, or =: — 1 

U"' = — 1, or = 0, or =s 2, or = 2 

Sc, = Sc. 

Hence 

X* x' 

sin. X := X — "f" 2. S. 4. 5 — 

cos. X = 1 *2 + 2 . S. 4 ■ 

x’ 2?:' 17 x’ 

tnn. X X 4 .j 4 ^ ^ "t* 3*5 *7 &c. 

x' 

I / • j- x) = X — y 4 ^ — Sc. 

Hence may also be iterived 

TAYLOR'S THEOREM. 


For let 

f ^x) — A 4 B X 4 O X® 4 D x’ 4 E 4 &c. 

TIu'ii 

f {>: 4 li) A 4 B. (X 4 h) 4 C. (X 4 »>)* 4 D. (x 4 h)’ 4 &c. 
— A 4 1) X 4 C X 4 D X ’ 4 Sc. 

I- (B 4 2 C X 4 3 D .X ) h 
4 (C 4 3 D X 4 ti E X®) h* 

4 4 1 Ex 4 10 Fx) h’ 

•f 


- t (x) 4 — — l> 4 j 3^1- 2 

iP l’^x) h® 
d X ® " 2 ' 3 


the theorem in qiiestioun which is also of use in tlie expansion of series* 

I or the oxtonsioii of these tlieorems to functions of two or more oaria- 
A/rSf and for the still more effective tbeoreiiis of Lagrange and Laplace, 
the reader is referred to the elaborate work of Lacroix* 4to. 

Having shown the method of finding the differentials of any quanti- 
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ties, and moreover, entered in a snuiii degree upon the practical applica* 
tion of such dilFereinials, we shall continue for a short space to explain 
their farther utility. 

33. To JinA ihc Maxima and Minima of quantities. 

If a quantity increase to a certain magnitude and then decrease, the 
state between its increase and decreasd is its maximum. If it decrease 
to a certain limit, and then iiicrc^tso, the intermediate state is its . 
nimum. Now it ovident that in the change from increasing to decreas- 
ing, or x>ke versa^ which lln* quantity undergoes, its differential must have 
changed signs from positive U) negative, or vice versa, and therefore (since 
moreover tiiis clniiig<j is continued) have passed through zero. Hence 
When a quantity n a maxi\(UM m' MINIMUM, its differential = 0, . . (a) 

Since a qiiantity may have several different maxima and minima, (as for 
instance the (noiiuite of nn {iiuiuiating kind of curve) it is ust'-ful to have 
some means of distingnislnng between them. 

34. To distinguish bctiurn Maxima and Minima, 

Le-Mma. To show that in Taylor's 'J’heorem (32. c.) any one term can 
be rendered greater than t)ie sum of the succeeding ones, supposing the 
coefficients of the powders of h to be finite. 

Let Q h ■ * b(; any ti*nn of the theorem, and P the greatest coefficient 
of the succeeding terms. 'Ihcn, supposing h less than unity, 

P h “ (1 + h + h** + . . . , in infin.) P h“ X 

is greater than the sum (S) of the succeeding terms. But supposing h to 
decrease in iiifiv, 

1 

P “ I — h ~ ^ ^ " ultimately. Hence vltimately 


Now 


Ph»‘> S 


Qh“-» : Ph“ : : Q: PIi, 

and since Q and P are finite, and A infinitely small ; therefore Q is > P h. 
Hence Qh““"Ms> Ph“, and a forfiori > S. 

Having established this point, let 
u = f (x) 

be tbe fiinction whose meueimtt and minima lure to be determined ; also 
when u ss max, or min. let x = a. Then by^t^lor’s Theorem 
du. . d*n • h* d*u h* 
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r(. + h) = f (a) + h + ^3 + &C. 

■till !iitii.‘c by the Lemma, the sign of each term is the sign of the sum oi 
(hilt and the subsequent terms, 

.•.f(a-h) = M 

f(a + h) sr f(a) + N 

Now hince f (a) = max. or min. l' (a) is > or < than both f (a — h) 
and I (a +■ h), which cannot be unless 
il u 


I lence 




|•(ll + Ij) 


= •» + Jr- i 
= *(“) + -[^8* 3 


and r(a) ia mujr, or viUu or nviiher^ according as f (a) is >, < or = to 
both f (:i — b) and f (a + h), or according as 

dMi. ./ 

Q— IS negative^ positive, or zero 


If it be zero as well as we have 
d a 

f(«+i,) = f(.) + ^^“. n''5 

and f (a) cannot = max. or min. unless 
d* u „ 

-i^ = 0, 


d a» " ’ 

vliich l)euig the case we liave 
f (a — h) s f a + 


f (n + h) =: f a + 
and as before^ 


t-m") 
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d«u. 


f (a) is max. or min. or neither, according as is negative, passive, or 

O 

scro, and so on continually. 

Hence the foUowing criterion^ 


tin 


If in « =s f (x), =i 0, the resulting value tff x shall give u = max. 


d« u . 


or Mm. or NEiTiisu. according as -j- is negative, positive, or zero. 

tJ X 

dll d ^ n d ^ 

1/ Q— =: 0, = 0, and j— , = 0, Ihni ihe. resuHing vahic u 

shall he a MiN. or NhllTtnui accordintf as is NKOATIVF., PO- 


SITJFE^ or zt:ro ; and so on cnntimialhf. 

Ex. 1. ToJimlNir ^fA^. and Miy. of the ordinate of a nmwon para-- 
twla. 


y = v' ii A 
d y I a 

at ¥' vii 


wincli cannot =r 0, unless x a . 

Hence llic parUbolu ha^ no niaxinia or niininui onlinates. 

Kx. 2, Tojtnd the M.iM.yfA and minima tf y in the equation 
y - 2 a X y + X = b 

Here 

S,^_ (>*»)■_ 

il V ay — X d ^ y d x 'd x/ 

ti X y — - a x' cl X' y — ax 

t . d V 

and putting r= 0, we get 


_ i. b + 

* - ;r(i a-2)> y - v“(T~ a*y r^* “ bV (I 

which indicate and determine both a mtutiinuni and a minimum. 


Ex. 3. To divide a in such a manner that the. product of the poster 
of the one part, and the »"■ power of the other shall be a maximum. 

Let X be one part, then a -- x = the other, mid by the qiiustiuu 
u = X®, (a x) • = max. 
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»2 

and 

j Jl = X (a — x).* “* X (m +11”-^^, nT+li/x* — 8tc.) 

'"i iJ 

Vi\i ; =r. 0: then 

il X 

X 0, or X :=: a* or x = 

’ ' in + M 

lilt* two fornurr of which wJicn m and n are nvn numbers ^ive Minirnff, 
and llic Wt ilio reijiiirod Viarimiuu 

y.'\. i. Lc.l U .*=: X 
] lrv< 

«! I! i — I. \ 

^ n ^ . - 0, I. X 1, and x ~ c tlu* ftt^pt'rholic l♦ase 

“ vx». 

riuuniujiabu* otlirr examples orci;! jj roji-srclicf. in the doctrine ot 
carvc's, opt!c^» aJid in yhor!, t‘w. i y branrh ol’botli abstract and 

npf>)ied r.ialheinatif ‘ . Knou,i(h bus bivu Naid, however, fully to deioon. 
stnitr ibe general pi;:»rij>K?, when apphed li> functions ol’ tme imiependent 
^'oriah .• o;//y, 

ro«* til** vxxK.iA and MINIMA oriuncilons of tw\> or more variables, ^>cc 

‘I to. 

y.i. I fin liio i*xpreshi<»n a. S T sliunld he hnile when ^ is infinite, 

thri» the correNp«>udinu langent is ^allrtl an AspnptoU' to the curve, and 

iiiirc f nml tViis A«yinpU>ti*. are both intiniie they are porallcl. Hence 

To Jhui the Aspmplous to a cun c^ 

d(» * ' . . 

In S = 5 j • make ^ =: ry , then {:jLv\\Jinile value of S f gives an 

AsymptoU : which may be drawn, by limling from tiie equation to tlie 
curve the values of it for p = a, (wliich will determine the positions off), 
then by drawing through S at right angles to S 1', S S T", &c. the 
several values of the subtaugi nt of the asymptotes, and finally through 
T, T', &c. pcrjiendiculars to IS 1\ S T', S T'\ &c- Tliese perpen- 

iliciilarfi w'ill he the asymptotes required. 

Ex. In the hyperbola 

b* 

* a (i — e cos. 4Y 

t 

Here f sr a , gives 1 — - c ct»s. ^ =: 0, cos. & = 

,% + I ss wliose coa. is ~ • 
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Also ST =r ~ — !?. — b; whence it wUl be soM that, 

aesin. ^ a c* ] 

the asymptotes are equally inclin^ (vik to the axis^ and pass 

through tlic center, 

The expression (29, o) will also lead to the StH^waj and ooiistruction 
of asympMes, * 

Since the tangent is the nearest^ straight line that can be draw'n to the 
curve at the pf)iii( of c<»*itact, it adbrcls the means of ascertaining the in- 
clination of the cui\c to any line given in position ; also whether at any 
point the curve bo ttifaUd^ or from cmicavf! bocoinv convex and vice ver- 
sa; also whetlier at any point tw'o or more branches of tlio curve meet, 
i. e. whether ihai he triple^ ike. 

36, To Jiud the iucii*uituin nf a cum ai an^ point rf it to a ffivenline t 
^find ihai ih* iaap^c.it at that tr^iven pointy •Hfhirh uv// be the inclinaiicn 
required. 

Hence il* tlic iuclinatioii of the tan^^nt to tlte axis of a curve be aero, 
the ordinate will tl»en » maxmtm or fninhmm ; for then 

tan. T = —^ =: 0 (31. h) 

U X 

To find fhr pt.ini: of In/lexio7i of a curve. 



Lei y = f (x) Iwi the equation to the curve a b ; then A a, B b being 
any two ordinates, and ana tangent at the point a, if we put A a =: y> 
and A B = h, we get 
Aa = fx 


Bb=rf(x-fh) ssy + h + + &c. (32, c) 


Bat BnsyHpinncy* + !»• Con«^pjently B b is < or> B n 

d * V 

MCORdiag as is motive or positive^ i. e. the cunr is concave w cm- 
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d * y . 

vtj' tmanh iu axis according as ts negative or positive. 

IlciK-’c t'ilso, since a quantity in passing from positive to negative, and 
v/ce versa, must become zero or infinity, at a point of inflexion 
d ^ V 

i = 0 or a 
d X ** 

Ex, In the Conchoid of Nicomedes * 

X y = (a + y ) V' (b — y *) 

>vhicii give?, by making il y constant, 

d ^ X _ Si b ^ — J) ^ y — 3 b ® a y • 

<Ty "2 • (b *y " — y ^ (b * — y •) 

and putting this == 0, and reducing, there results 
y® + 3ay* = 2b®a 
v/liicli ^vili give y and then x, 

'I'hcso points of inflexion are those which the Theory of (34) indicates 
ns Vjelonging to neither maxima nor minima ; and pursuing this subject 
still Airtlier, it will be found, in like manner, that in some curves 

d ** V 

or at , HTfi = Cl or at , &c, ss &c. 


d ^ V 

J! i = 0 

dx* 


dx* 


also dei^t niine Points of Inflexion. 

3H, To find DOUBLE, TltlPLE, ^x. jioints of a curve. 

If the branches of the curve cut one another, there will evidently be as 
many tangents us branches, and consequently eitlier of the expressions, 

Tan.T = ^ (31. h) 


(29. e) 

as derived from the equation of the curve, will have as many values as 
there are branches, and thus the nature and position of the point will be 
ascertained. 

If the branches of the curve touch, then the tangents coincide^ and the 
method of discovering such multiple points becomes too intricate to be in- 
troduced in a brief sketch like the present. For the entire Theory of 
Curves the reader is referred to Cramer’s express treatise on that subject, 
or to Lacroix’s Different, and Integ, Calculus, 4to. edit. 

89. We once more return to the text, and resume our comments. We 
pass by Lemma VIII as containing no difficulty which has not been al- 
ready explained. 

Aa similar figures and their properties are required for the demonstra- 



NEWTON'S PRINCIPIA. 


85 


Book L] 

tion of Lemma IX, we shall now use Lemma Vll in establishing Lemma 
V, and shall thence proceed to show what figures are similar and how to 
construct them. 

According to Newton’s notion of similar curvilinear figures, we may 
define ttvo cioxilincar to A/* similar mhcn amj rectilinear polygon 

being inscribed in one ofihem^ a rectilinear polygon similar to the former^ 
may always lie inscribed, in the other. 

Hence, increasing the number of the sides of the p^dygons, and dimi* 
nishing their h^nglhs indciinitei}’, tlie lengtlis and areas of the curvilinear 
figures will be the liii\its by Lemmas VII and III, of those of the recti- 
linear polygons, iind we shall, therefore, have by Euclid these lengths 
and areas in direct and duplicate proportions of the homologous sides 
respectively. 

40. To construct curves similar in iviven ones, 

u'y. X be tile ordinate and abscissa, and tlio corresponding abscissa 
of the required curve, w c have 

X . 3 . • ^ X X y ..... (a) 

the ordinate of the recniircd curve, which gives that point in it which 
corresponds to the point in the given curve whose coordinates are x, y; 
and in the same jnauner may as many other points as we please be de- 
termined. 

In such curves, however, as admit a practical or mechanical construc- 
tion, it will frequently be sufficient to determine but one or two values of y'. 

Ex. 1. In the circle let x, measured along tlie diameter from its extre- 
mity, be r (the radius) ; then y = r, and we havf.‘ 

v' = — X x' = x' 

X 


where x' may be of any magnitude whatever. Hence, all semicircles^ and 
thertfore circles^ are similar Jigures, 

Ex. 2. In a circular arc (2 a) let x be measured along the chord (2 b), 
and suppose x = r sin. « ; then y =3 r . vers. « 


, vers, a 

y = X x' 

^ • • sin. n 


which gives the greatest ordinate to any semichord as an abscissa, of the 
required arc, and thence since ^ ^ 

y' = r'— V 

it will be easy to the radius r' and centre, and to describe the arc 

required. 
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bifct sificc' 


vers, a' 


\ — Ci)S. a 


•> sin. » ~ 


a . a 

a cos. sin. 


1 — cos. a' 


2 sin. *— 

46 

a' . o' 
2cos.~sm.- 


a a 

tan. ~ uin. 


vvl.il Is ac<ord.s with Euclid, and shows that similar arcs of circles mbteiul 
equal ai\i;/cs. 

Ex. 3, Givcfi an arc of a 'parabola^ •is^hose latus-^rectum is p, to J^nd a 
similar one, w/iose latus^rrclum shall be p'. 

Id the first ))lace 5 since the arc is givc^n, the coordinates at its extremi- 
ties are; whence may be determined its axis and vertex; and by the usual 
mode of describing tlic parabola it may be completed to the vertex. 
Now, since 

y " = p X 

X, x' being measured along the axis, and when 
' “ 4 ’ ^ ~ 2 


X.x'._=JI 


winch shows that all scmi^parabolas, and therefore parahedas, are similar 
figures- Hence, having described upon the axis of the given parabola, 
any other having the same vertex, the arc of this latter intercepted be- 
tween the pnintvS whose coordinates correspond to those of the extremi- 
ties of the given arc will be the arc required. 

Ex. 4. In tlie ellipse whose semi-diameters are a, b, if x be measured 
along tlic axis, when x = a, y = b. Hence 

/ = i,x 

and or the semi-axis major being assumed any whatever, this value of 
y' will give the semi-axis mmotf whence the ellipse may be described. 

Jliis bring accomplished, let («, /?) (»', jS*) be the coordinates at the 
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extremities ol‘ any given arc of the given ellipse then the similar one of 
the ellipse described will be that intercepted between the points whose 
coordinates, (x', /) (x'', y”) are given by 


« : /S 
«' : ^ 




and 


r 

y" 


= -4 ^ (2 a' x' — x' *) 
a ' 

= ^Cv'(3a'x" — X"') 
a 


In like manner it faay be found, that 

All cychmh are similar. 

Epicycloids are so, *whm fkr. radii of their is>heels a radii of the spheres. 

Catenaries are similar 'ichen the. bases a tensions, <Sr. tyc. 

40. If it were required to describe the curve A c b (fig. to |^£MMA 
VII) not only similar to A C B, but. also such that its chord should be of 
the given length (c) ; then having found, as in ihc la.st example, the co- 
ordinates (x', yO y'^) in terms of the nssiiuicd value of the abscissa 

(as sif in Ex. 4), and (a, («', the coordinates at the extrdKiilies of 

the given arc, we have 

c = V1k'~x'V = f (a') 

a function of .V : whence may be found. 

Ex. Ill the case of a parabola whoso equation is y = a x, it will be 
found that (y'® =:*a' x' being the equation of the required parabola) 


c {(3- P') 0 '+ iS'y 

whence (a'):is known, or the latus-rectuin of die required parabola is so 
determined^, that the arc similar to the given one shall have a chord = c. 

41. It is also assumed in the construction both to Lemma VII and 
Lemma IX, that, If in similar fgU7'es, originating in the same point, the 
chords or axes coincide, the tangents at that origin •xill coincide also. 

Since the chords A B, A b (fig. to Lemma VII), xh^pai'aUd secants 
B D, b d, and the tangents A D, A d are corresponding sides, each to 
each, to the similar figures, we have (by Lemma V) 

A B :.B D : : A b : b d 

and iL B sis il b. Consequently, by Euclid the i:.BAD = ilbAd, 
or the tangents coincide. ^ 
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To make this still clearer. Let 
M B, M B' be two siimlar curves, 
and A B> A' B' similar parts of them. 

Let fall from A, B,*A', B', the or- 
dinates A a, B b, A' a't B' b' cut- 
ting off the corresponding abscissae 
M a, M b, M a', M b', and draw 
the chords A B, A' B' ; also draw 
A C, A' C' at right angles to 6 b, B' C'. 

Then, since (by Leuma V) 

M a : M b : : A 8 : B b \ 

Ma' ; Mb' : : A' a' : B'b'J 
M a : a b : : A a : B C ) 

M a' : a' b' : : A' a' : B' C' J 
. A C : B C : : M a : A a \ 

A’C' ; B'C' : : Ma' : A'a'J 

But 

M a : A a ; : M a' : A' a' 

A C : B C ; : A' C' : B' C' 

and die C s= a. C' 

the triangles A B C, A' B' O' are similar, and the ^ B A C s= 
i. B' A' C', i. e. A B is parallel to A' B'. 

Hence if B, B' move up to A, the chords A B, A' B' shall ultimately 
be parallel, i. c. the tangents (see Lemma 111, Cor. 2 and 3, or Lemma 
VI,) at A, A' are parallel. 

Hence, if the chords coincide, as in fig. to Lemma VII, the tangents 
coincide also. 

The student is now prepared for the demonstration of the Lemma. 
He will perceive that as B approaches A, new curves, or parts of curves, 
A c b similar to the parts A C B are supposed continually to be described, 
the point b also approaching which may not only be at afinite distance 
from A, but absolutely fixed. It is also apparent, thatas^fibe ratio be^ 
tweoi A B and A b decreases, the curve A c b approaches to the strught 
line A b as its limit. 

48. Lemma XI. The construction will be better understood when 
thus cflected. 

Take A e of any given magnitude and draw the ordinate e o meeting 
A C produced in c, and upon A c describe the curve Abe (see 89} 
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A D 

Take A d = A e x and erect the ordinate d b 


meeting A b c in b. Then, since A d, A e are the absiassm earte^ 
sponding to A D, A the ordinates d b» e c also correspond to die 
ordinates D B, £ C, and by Lemma V we have 

db:DB::ec:EC::Ae:AE 
: : A d : A C (by construction) 
and the ^ D sz ^ d. Hence 
b is in the straight line A B produced, See. 8cc. 

43. This Lemma may be proved, without tltc aid of similar curves, as 
follows : 


A B D = ^ . (D F + F B) 


and 


- tan. a A D . B F 
= AI)>.-— + jj- 


4 # 


where a = z, I) A F. 

A B n _ A PS t an, g A D . B F 
ACE ~ A E . tan. « + A E . 0 G 


Now by Lemma VII, (lince B A F is indefinite compared with E' or B; 
therefore B F, C G ato indefinite compared with A P or A E. Hence 


if L be the luuit of ^ 


A B P 


A C E’ 


and L + 1 its varying value, we have 


, _ A D^.tan. g + A P . B F 
* “ A Ei * . tan. « + A E . C G 

and multiplying by the denominator and equating homogeneons terms 
we get * 

L . A E * . tan. « = A D ’ . tan. « 


Limit of 


A BP 

ACE 


A D» 
AE*' 


44. Lemma X. “ Cotainuedty increased, or diminished.” Tlie word 
emtinuatt^’ is here introduced for the same reason as '* continm! 
curvature* in Lemma VI. 

If the.fiirce, moreover, be hot ndther will its eftects be; or 

the vdodty, sphee described, and time will not adfmit of comparison. 
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45. Let the time A D be divided into several portionsy such as D 

A b B being' the locus of the extremities of the or^ates which D repre* 
sent, the velocities acquired D By d b, 

&c. Then upon these lines D d, 8cc. 
as bases, there being inscribed rect- 
angles in the figure A D B, and when 
their number is increased and bases 
diminished indefinitely, their ultimate 
sum shall s the curvilinear area 
A B D (Lemma III.) But each of these rectangles represents the space 
described in tiie time denoted by iu base ; ibr during an instayit the ve- 
locity may be considered constant, and by mechanics we have for constant 
velocities S =: T X V. Hence the turea A B D represents the whole 
space described in the time A D. 

In the same manner, ACE (see fig. Lemma X) represents the time 
A E. But by Lemma IX these areas are ipso motus initio,’' as A D * 
-and A E* Hence, in the very beginning of the motion, the spaces de- 
scribed are also in the duplicate ratio of the times. 

46. Hence may be derived the diflerential expressions for the space 
describrfl^ velocity aequired^ &c. 

Let the velocity B 1) accjuired in the time t (A D) be denoted by v, 
and the space described, by s. 

Then, nltimatelyf we have 

D d = d t, B n = d V, 
and 

D 1 ) b d = d s = D d X d b = d t X v. 


B 



Hence 

d s . , - d s ^ V 

V = , d s = V d t, d t = (a) 

^ Again, if D d = d D', the spaces described in these successive insfanis, 
are D b, m, and therefore ultimately the fluxion of the space repre- 
sented by the ultimate state of D' m is b n r m or 2 b m B\ Hence ^ 
d (cl s} 2 X b m B' ultimately, -f 

and supposing B' to move up to A, since in the limit at A,' coinddes 
with A, and B' m with A D, and therefore b m B' or d j[d s) si^resents 
the space described in the veiy beginning of the motio^*^ 

Hence by the Lemma,. 

d (d s) a 2 d t^ « d t* 
or with the same accelerating force 

d * s at d t * (b) 
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With different accderating foroes d ‘ s must be propordkMuddjr ioeiiillpd 
or (Rminished) and {see Wood’s Mechanics) ' ' 

d‘s« Fdt* ■ 

Hence ve hsTe» after prc^ly adjusting the mats of ftttoe^ idte. > . ' 
d* s s= F d tS 

wd.v 


F 


d»'s t 

~ dt« y 


* 

V 


(c) 


Hence also and by means of (a) considering d t constant 

F=:~, Vdvrr Fds 

all of which expressions will be ol* the utmost use in our subsequent 
comments. 


(d) 


47. Lem31A X. Cor. I. To make this corollary intelligible it will lae 
useful to prove the general principle, tluit 

If a hody^ moving in a nitve^ bv acted upon by any ncis> acctUrat^ig ^ 
force^ the distance between the. points at which it would aiTtve 
and WITH the new fmee in the same timCi ot' ** m m f is equal to the space 
that the new force^ acting solely^ would cause it to describe in that same 
time. 



Let n body ihcpe in the curve ABC, and when at B, let mi julJitiona! 
force act updo it in the direction B b. Also let B D, D E, E C : 
B F, F G, spaces that would be described in equal times by the 

body moving iii tbd curve, and when moved by the sole action of the new 
force. Then, draw tangents at the points B, D, E njeeting D d, E e, C c, 
each paralSIo' B in P, Q, R. Also draw F M, <5 R, b cl parallel to 
B Pi M 1$ R N, d e parallel to D Q; and S V, N T, e c parallel to 

E R. 
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Now siDce ilie bodj at B is acted upon by forces wbicb separately 
would cause it to move through B D« B F, or, when the number of 
the spaces is increased and their magnitude diminished in it^butum^ 
through B Py D F in same time, therefore by Law IlL Cor. 1, when 
these forces act together, the body will move in that time throufdt the 
diagonni up to M. In the same manner it may be shown to move from 
M to N, and from N to C in die succeeding times. Hence, if the num- 
ber of the times be increased and their duratitm indefinitely diminished, 
the body will have moved through an indefinite number of points M, N, 
8tc. up to C, describing a curve B C. Also since b d, d e, e c are each 
parallel to the tangents at B, D, E, or ultimately to the curve B D £ C j 
.’. b d e c ultimately assimilates itself to a curve equal and parallel to 
BDEC ; moreover C c is parallel to R b. Hence C c is also equal 
to B b. 

Hence, then, Thr Eiror caused ty any disturbing force acting upon a 
body moving in a curve^is equal to the space that vrould be described by 
means of the sole action of that force^ and moreover it is parallel to the 
direction of that force. Wlierelbre, if tlie disturbing force be constant^ it is 
easily inferred from Lemmas X and IX, and indeed is shown in all books 
on Mechanics, that the errors are as the squares of the times in vohich they 
are generated. Also, if the disturbing forces be Jiearhj constant^ then the 
errors are as the squares of the times quam proxime. But these conclusions, 
the same as those which Note IIB of the Jesuits, Le Seur and Jacquier, 
(see Glasgow edit, 1822.) leads to, do not prove the assertion of Newton 
in the corollary under consideration, inasmuch as they are general for all 
curves, and apply not to similar curves in particular. 

48. Now let a curve similar to the above be coiistnicted, and completing 
the figure, let tlio points corresponding to A, B, &c. be denoted by 
A', B'j &c. and let the times in ^vhich tlie similar parts of these curves, 
via. B 1>, B' 1)'; 1) E, D' ; E C, E' C' are described, be in the ratio 
t : t^ Then tlie times in which, by the same disturbing force^ the spaices 
B F, B' F'; y Gf F' G'; G b, G' b' are described, are^ ia the ratio of 
t : t'. Hence, ‘‘ in ipso motus initio'^ (by Lemma X) w4 liave 
B F : B' F' : : t= : t'* 

FG : F'G' : : t" : t'* 

&C. &c. 

and iberefere, 

B F + F G + &c. ; B' F' + F' G'' + &c. : : : t'* 
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B B’ -f. p G + &c. = the error C c, 
and 

B' F' + F' G' + &C. = the error C' c', 
and the times in which B C, B' O are described, are in the ratio t : t'. 
Hence then 

C c : C c' : : t« : t'* 

or 2'Ae Erbohs arising Jro7n equal forces^ applied at corresponding points^ 
disturbing the motions of bodies in similar curves^ iiohich describe similar 
parts of those ciu'ves in proportional timesy are as the squares of the times 
in •which they are generated exactlt^ and. not qtiam proximo.^* 

Hence Newton appears to have neglected to investigate this corollary. 
The corollary iiidetnl <litl not merit any great attention, being liinited by 
several restriction^ to rcry puiliciilar crises. 

It would seem fVoin this and the last No. that Newton's meaning in 
the forces being similarly applied,’* is merely that they are to be applied 
at corresponding points, and do not necessarily act in directions similarly 
situated with res])cct to the curves. 

.For explanation with regard to the other corollaries, see 46. 

49. Lkmma XL Finite Vunntw e.* Before we can form any precise 
notion us to tlie curvature at any point of a curve’s being Finite^ Irifinita or 
Infinitesimal f some method of measuring curvature in general must be de- 
vised. This measure evidently depends on the ultimate angle contained by 
the chord and tangent (A B, AD) or on the angle of contact. Now, although 
this angle can have no finite value when singly considered, yet when two 
such angles are compared, their ratio may be finite, and if any known 
curvature be assumed of a standard magnitude, we shall have, by the 
equality between the ratios of the angles of contact and the curvatures, the 
cumture at any point in any curve whatever. In practice, however, it 
is more commodious to compare the subtenses of the angles of contact 
(which may be considered circular arcs, see Lemma VJI, having radii in 
a ratio of equality, and therefore are accurate measures of them), than the 
angles themselveaL 

50. Ex. 1. Let the circumference of a circle be divided into any num- 
ber of equal parts and the points of division being joined, let there be f 
tangent drawn at every such point meeting a jg^rpendicular let fall from 
the next point ; then it may easily be shown that these perpendiculav/> oi 
aubtenses are all equal, and if the number of parts be increased, and thuii 
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jiin^rnitjide cliniiuished, in infinitum^ they will have a ratio of equality. 
I icnctN thf CIRCLE has the same curvature at every pointy or it is a curve 
of iMiiform curvature* 

51. £x. 2. Let tAvo circles touch one 
another in the point A, liaAung the 
coirnnon lijogeni A D. Also let B D 
ho perpendicular to A D and cut the 
circle A 1) in IV. Join A B, A B'. 

I'hen >irjce A B, A IV are ultimately 
cijjal to A 1) (Lemma VII) they are 
e juid lo one another, and consequently 
the ratio of B D and IV D, is' 

that of ihc curvatures <»!' the respective 
circles A i.\ A D (by 17.) 

Cut, by llit^ nature ol’tlie circle, 

A 1) - 2 U X D TV — D B' 2 r X D B — D B* 

R and r beinq ilie nulii of the circles. 

Theroforo 

T_x_i I>B_2R — DB' 

^ ‘ " n “ 2 r — 1) B 

and equating homogeneous terms we have 



i. c, T/ir cunaiinrs (jf aretes arc im^rsely as their radii. 

52. Hcnci:, if the curvature of the circle whose radius is 1, (inch, foot, 
or any other mcasuiv,) be denoted by C, that of any other circle whose 
radius is r, is 

C 

r 

63. Hence, if the radius r of a circle compared with 1, be finite^ its 
curvature compared with C, ^finite i if r be ir^nite the curvature is 
injinitesimai ; if r be infinitesimal the curvature is hvfinite^ atid so on through 
all the higher orders of infinites and infinitesimals. By infimtes and in- 
finitesimals are understood quantities indefinitely great cn* sntaO. 

The above sufficiently explains why curvature, compared with a given 
standard (as C),\can l)e said to he finite or indefimte. We afe yet to show 
the reason of the restriction to curves of finite mroature^ in the enuncia- 
tion of the Lemma. 

The circles whicli pass through A, B, G ; a, b, g, (fig. Lemma XJ) 


A D 
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have the same tangent A D with the curve and the same subtenses* Hence 
(49. and 52.) diese circles tdtimaiel^ have the stuwc curvature as the curvei 
i. e. A I is the diameter of that circle whicli has the same curvature as the 
curve at A. Hence, according as A I is finite or indefinite, the curvature 
at A is so likewise, compared with that of circles of finite radius* 

Now A G ultimatoly, or 


A 1 = 


AB‘ 


whether A I be finite or not. If finite, B D a A B ^ as wc also learn 
from the text. 


55. li' tlie curvatun- be infinitesimal or A I infinite ; then since 

i-s infillin'. B D iniisl. br infinitoly less tlian A B \ or, A B being 
ulvva}s considered in its uklmatc state an inlinilesimal of the first order, 
B D is that of tlie third order, i. e. B D ct A B The converse is 


also true. 

Cx. Xa the cubical }>arabolii. the abscissa ot as the cube of the or* 
dinate; hence at its verteK tiie curvature is infinitely small* At other 
points, Ijowcvcr, of this curve, as we shall sec hereafter, ihc curvature is 
finite. 

To sIkiw at once the differ ent proportions between the subtenses of the 
angles of contact and the conterminous arcs, corresponding to the differ* 
ent orders of infinitesimal or infinite curvatures, and to make intelligible 
this intricate subject, let A B ultimately considered be indefinitely small 


AB 


compared witli 1 ; then since = A B, A B* is infinitesimal com- 


AB« 


pared with A B ; and generally = A B, shows that A B ® is 


infinitely small compared, with A B"**' so that the different orders of in- 
Jinitesinuds mcnf be correctly denoted by 

AB, ABS AB», AB% &c. 

Also since 1 is infinite compared with the infinitesimal A B, and A B 
compared with A &c* Ae different orders of uifinites may be repre- 
.sentedby 


1 

A 


1 1 
O"*’ AB»’ 


1 

AB*’ 


&c. 


66. Hence if the curvature at any point of a^urve be 
ihe secemd degree 


infuiitesimal in 
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A B- 1 

_ <x . and B D a A B*, and conversely. 

Jjl) All’' 

And generally, if the curvature be infinitesimal in tbe n^ degree^ 

> and B D « A B “+*, and conversely. 

JJ A Jj “ 

Agnii), if the curvature be infinite in the n*** degree 

a A B ®5 and BDa and conversely. 

TJie parabolas of the different orders will afford examples to the above 
conclusions. 

57. The above is sufficient to explain the first case of the Lemma. 

Case 2. presents no difficulty ; for b d, B D being inclined at any equal 

angles to A D, they will be parallel and form, witli the perpendiculars let 
fall from b, B iqioa A D, similar triangles, whose sides being propor- 
tional, the ratio between B D, b d will be the same as in Case 1. 

Case 3. If 13 1) converge, i. e. pass through when produced to a given 
point, b d will also, and ultimately when d and D move up to A, the 
difierence between the angles A d 1), A D B will be less than any 
that can be assigned, i. e. B D and b d will be ultimately parallel ; 
which reduces this ca.se to Case 2. (See Note 126. of PP. Le Seur and 
Jacquier.) 

Instead of passing through a given point, B 1), b d may be supposed 
to touch perpetually any given curve, as a circle tor instance, and B D 
will still or. A D ; for the angles I), d are ultimately equal, inasmuch as 
from the .same point A there can evidently be but one line drawn touch- 
ing the circle or curve. 

Many other laws determining B D might be devised, but the above 
will be sufficient to illustrate Newton’s expression, or let B D be deter- 
mined by any other law whatever.” It may, however, be farther observed 
that this law must be definite or such as willj£r B 1). For instance^ the 
Lemma would not be true if this law were that B D should cut instead of 
touch the given circle. 

58. Lemma ‘XI. Con. II. It may be thus explained. Let P be 
the given point towards which the sagitlm S G, s g, bisecting the chords 
A B, A b, converge. S G, s g shall ultimately be as the squares of 
A B, A b, &c. 
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For join P B, P b and produce 
them, as also P O, P g> to meet the 
tangent in D, d, T, t. Then if B 
and b move up to A, the angles 
T P D, t P d, or the dilTcrences be* 
tween the angles ATP and A D P, 
and between A t P and A d P, may 
be diminishcil without limit; that is 
(Lemma 1), the angles at T, D oitd 
at t, d are ultimately equal. Hence 
the triangles ATS, A D B are 
similar, as likewise are A t s, A d b. 



Consequently 

S 1' ; D B 

A S ; A B 

and 

s t ; d b : 

As: A b 

and 

S r ; s t : 

D B : a b 

Also by Lemma Vll, 

S T : 8 1 ; 

.S G : 

and by Lemma XI, Case 3, 

D B : a b 

;AB* Ab 

y G s g . 

.AB* Ab 


Q. e. d. 

Moreover, it hence ^ippears, that the sagUtee which cut the chords in 
ANY aiFSN nATIO WBATEFJSR, and tend to a given pointt have ultimately 
the same ratio as the subtenses the angles contact, andare asthe squares 
cf the correqfcmding aresy cAordSy or tangents^ 


69 . T B1WM4 Cob. IIL If the velocity of a body be constant or 
“given,” the space described is proportional to the time t Hence 
A B ot t, and .*. S G « A B * ct t*. 


60. Lbmma XI, Cob. IV. Supposing B D, b d at right angles to 
A 0 (and they have the same proporliMi when inclined at a given ang e 
to A O, and also when tendmg to a given ^loinl, &c.) we have 
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aADU : ^A db 


^Sacr. L 


AP X DB . Ad X db 
S * " 2 


DB 

dT 

A D* 


X AD : A d 
X A D ; A d 


A d* 

AD» : Ad®. 


Also 


AADB;AAdb:; 4-? 

A d 


X D B : d b 


VDB 

' * -✓ d b 


X DB : db 


; : (DB)^ ; (db)l 

It iniiy be observed Lcrc, that the tyro, on reverting to Lemma IXf 
us’Ually infers from it that 

A A J> li a AD® and does not cx A D 
but then lie docs not consider that A D, in Lemma IX, cuts or makes a 
Jm/e angle v^^ith the curve, whereas in Lemma XI it touches the curve. 


(» 1 . Lvmma XL CoK. V. Since in the common parabola the ab- 
scissa y square of the ordinato, and likewise B D or A C a A D* or 
C D S it is evident that the curve may ultimately be considered a 
parabola. 

This being admitted, wc learn from Ex. 1 , No. 4, that the curvilinear 
area A B = 5 ot the rectangle C D. Whence the curvilinear area 
A B D =; J of C D = 5 of the triangle A B D, or the area A B D a 
triangle A l.» D a A D \ ?cc. (by Cor. 4.) So far B D, b d have been 
considered at right angles to A D. Let them now be inclined to it at a 
given angle, or let them tend to a given point, or “ be determined by any 
other law f ’ then (Lemma, Case 3, and No. 25) B D, b d will ultimately 
be parallel. Hence, B D', b d' (fig. No. 26) being the correi^onding 
subtenses pcrpeiulicular to AD, it is plain enough that the ultimate dif* 
fercnces between the curvilinear areas A B D, A B and hj^een 
A b d, A b d^ are the similar triangles B D b d d', whidb 
differences are therefore as B D % b d or as A B ^ A b i e. 
BDD'a A 

But wc have shown that A B D oc A B ^ 



Consequently 

ABD'=: ABI>+BDiy = axAB>qFbxAB*=:AB«(aq:bxAB) 

and b X A B being indefinite compared witli a, (see Art 6?) 

ABD' = a X AB»« AB». 

Q. e. d. 


SCHOLIUM TO SECTION 1. 

62. What Newton asserts in the Scholium, and his commentators Le 
Seur and Jacquier endeavour {unsuccestfuUi/^ to elucidate, with regard to 
the different orders of the angles of contact or curvatures, may be briefly 
explained, thus. 

Let D It OL AD®. Then the diameter of curvature, which equals 
A 1)2 

1J"B * AD*" Similarly if D B ot AD", the 

dimneter of curvature oc AD-'’”". Hence D and D' represents these 
diameters, we have 

§ = A D » - » (u and a' being finite) 

aud if n = 2 or 1)' be then D will he Jlniie^ infinitesimal^ or ityinite^ 
according as m = 2, or is any number, (ivholc, fractional, or even transcen- 
dental) less than 2, or any number greater than 2. Again, if m = zi 
then D compared with is finite, since D : D' : : a : If m be less 

than n in any finite degree, then n — m is positive, and D is always in- 
finitely less than D'. If m be greater than n, then 

D ^ a ^ 1 

t y ““ a' A D ® “ 

and m — n being positive, D is always infinite compared with D^ 

Hence then, tliere is no limit to the orders of diameters of curvature, 
with regard to infinite and infinitesimal, and consequently not to tlu^ 
curvatures. 

68. In dzis Scholium Newton says, that Those tilings wliicli hav(^ 
been demonstrated of cuire lines and the surfaces which they comprehend 
ate easily spiled to the curve surfaces and contents of solids.’’ Let u> 
attempt this application, or rather to show, ^ 

1st, That if ary number of parallelopipeds ofi equal bases be inscribed in 
aty sofsef, and the same mmber having the same bases be also ciratfn scribed 
Voi.. I. 0 
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about a ; thro, thu number qf thete paratleh^ipeds being increased and their 
magnitude 'liminishcd m JjrSJyiTVM, the ultimate ratios vAieh the aggre- 
gates the inscribed and circumscribed parallelopipeds have to one another 
and to the solid, are ratios of eqtudity. 



Let A S T U V Z Y X W A be smy portion of a solid cut off by three 
planes A A/ A A' Z and Z Af V, passing through the same peunt Aff 
and perpendicular to one another. Also let the intersectioiis of these 
planes with one another be A A', A* V, A' Z, and with the surface of the 
sdid be A U V, A Y Z and Z 1 V. Moreover let A' V, A' Z be each 
divided into any number of equal parts in the points B', T', U'j ly, X', Y', 
and through them let planes, parallel to A A' Z and A A' V respectively» 
be supposed to pass, whosfeiantcrsecUons with the planes A A* V, A A! Z 
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sluU be S B', T T, U U'; W O', X X', Y end with the plaiie 
A' Z V, I B', nv T, n U'; t jy, i X', o Y', respecUvely. Agidn, let *e 
intersections of these planes with the carve sur&ce be S P ^ T Q ni, 
URn; WPt,XQs,YRo respectively. Also suppose thdr sevwel 
mutaal intersections to be P C', P E', P" x, P"' O', Q F', O' H', 

&C. ; those of these planes token in pairs and of the plane A' Z'^ being 
the points C/, E', x, G', F', IF, K', 1', Ac. and those of these pairs of 
planes and of the curve surface, the points P, P, P'^ P^^^ Q, By &Ce 

Now the planes, passing through being all parallel to 

A A' Z, are parallel to one another and perpendicular to A A' V* Aho 
because the planes passing through IV, X^, are parallel to A A' V, 
they are parallel to one another, and perpendicular to A A^ Z. Hence 
(Euc. a XL) S B', T T', U U', W D', X X', Y Y', as also P C', F E', 
F' X, P'" G', Q F, Q' H', Q" K', &c. &c. arc parallel to A A' and to 
one another. It is also evident, for the same reasons, that B' 1, T' U' n, 
are parallel to Z and to one smother, as also are D' t, s, Y^ o to 
A' V and to one another. Hence also it follows that A' B' C' D', 
B' C' E' T', &c. are rectangles, which rectangles, having their sides equal, 
are themselves equal. 

Again, from the points A, Q, R in the curve surface, draw A B, 
A D; P E, P G5 Q H, Q K; R L, R N paraUcl to A' B', A' IV ; 
C' E', C' G'; F IP, T' K', 1' o, I' n and meeting B' S, D' W; E' P', 
G' P'" ; H' Q', K' Q" produced in the points B, D ; E, G ; H, K, re- 
spectively. Then complete the rectangles A C, P F, Q 1 which, being 
equal and parallel to A' C', C' F', F' I', will evidently, when C' P, F- Q, 

R are produced to C, F, I, complete the rectangular parallelopipeds 
A C', P F', Q I'. , Moreover, supposing F' I' the last rectangle wholly 
within the curve Z V produce K.' P, H' I' and make I' L', I' N' equal 
K' I', H' I', and complete the rectangle P M'- Also complete the 
parallelepiped R 

Again, produce E P, G P, H Q, K Q; L R, N R to the points d, h ; 
g, e ; k, h, and complete the rectangles Pa, Q p, R q tliereby dividing 
the parallelopipeds A C', P F, Q P, each into two others viz. A ]^ 
aC; PQ,pF; Q Ry q P. 

Now the difference between the sum of the inscribed parallelopipeds^ 
a C\ p F', q I', and that of the circumscribed ones A P F, Q I', R M', 
ia evidently the sum. of the parallelopipeda^ A P, P Q, Q Kj R M' ; that 
is, snice their bases are equal and the altifudes P R^ R I, Q F? P 
are together equal to A A', this difference is equal lo the panillelopiped 
A C'. In the same manner if a series of il^ribed and ciicumscribr-u 

D2 
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rectangular parallclopipeds, having die bases B' E', E' H'» H' L', be 
coiistriicicd, the <lifl'eroiice between their aggregates will equal the poral* 
lelopjpcti whose base is B' E' and altitude S B', and so on with eveiy 
seric!s that cun be constructed on bases succeeding each other diagonaUtf. 
Ueiicc then the difibrence between the sums of all the parallelcqpipeds 
that cun be inscribed in the curve sur&cc A Z V and circumscribed about 
it, is the sum of the paralIelo})ipcds whose bases are each equal to A' C' 
and aliitiidcs are A S B', T T', U U', \V D', X X', Y ¥'• 
now the number of the parts A' B', B' T', T' U', U' V, and of tlie parts 
A 1)', D' X', X' Y', Y' Z he iiici'eased, and their magnitude diminished 
in i/tfiiiiuvij ainl it is evident the aforesaid sum of the parallelopipeds, 
which ;iie comprised between the planes A A' Z, »S B' 1 and between the 
phnic- A A' \\ W 1)' t, will lUsc* be diminished without limit; that is, tlie 
ililicri'iicc ht twern the inscribed «and circumscribed whole solid is ulti*- 
maieiy less ilian any ilial can be assigned, and these solids are ultmately 
ijqual, and a Ibrtiori is the intermediate curve-surfaced solid equal to either 
(»f ilK:in fscc l.rwMA 1 and Art «.) Q. e,d. 

Iliilicno oul} 'iuch ptn-tions of solids as are bomuled l)y three planes 
pt'ipendii ul'jr to <»ne another, tuid passing through the same point, have 
b 'l’i) cv>n.vidcreiL But since a complete curve-sutfmed solid will consist of 
four siucif portions, it is evident that what has bc>en demonstrated of any 
oiu' portion must hold wiili regard to the whole. Moreover, if the solid 
should not be cin vc-i*nvliiced throughout, but have one, two, or three plane 
faces, there will be no dillicnlty in modifying the above to suit any parti- 
clilai* case. 

2dly, If in ixio run'C’-sn? facet] solids there he inscribed tvoo series qf paraU 
lelopipcds^ tach of the. same numhet' ; and ultimately these paraUelopipeds 
have to each other a given ratio^ the solids themselves have to one another 
that sann: ratio. 

This Jbllows at once from tlie above and the composition of ratios. 

Sdly, All the corresjumding edgts or sides, rectilinear or ctcrvilinear^ of 
vmilar solids are jiroporlionah ; ttlso the corresponding stufaces, plane or 
aii'vcd, are in the d^qdicate ratio of the sides s and the volumes or contevds 
are in the triplicate ratio cf the sides. 

When the solids have plane surfaces only, the above is idiown to be 
true bv Euclid. 

w 

When, however, the solids ai% curve-sur&ccd, wholly or in part^ we 
must deGne them to be similar vAen plane^surfaced solid vdiateoer 
heit^ inscribed in any one similar ones may also be inscribed in the 
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c$hers. Hence it is evident diat the corresponding plane surfitccis are 
similar^ and consequently, by Lemma V, the corresponding edges arc 
proportional, and the corresponding plane surfaces urc in the duplicate 
ratio of these edges or sides. Moreover, if the same number of similar 
parallelopipeds be Inscribed in tlie solids, and that number be indefinitely 
increased, it follows from 63. 1 and the composiiiun of ratios, that the 
curved surfaces are proportional to the corresponding plane suilaces, and 
therefore in the duplicate ratio of the corresponding edges ; and also that 
the contents are proportional to the corresponding inscribed parallolopi- 
peds, or (by Euclid) in the triplicate i*atio of the edges. 

These three cases will enable the student of hitnsclf to pursue the ana- 
logy as far as he may wish* We shall ** leave him lo his own devices,” 
after cautioning him against supposing Uiat a ciirved-surrace, at any point 
of it, has a certain fixed degree of curvature or dellection Ironi the tangent* 
plane, and therefore that there is a sphere, touching the iungent-plane at 
that ])oint, whose diameter shall }jc the limit of ilie diameters of all the 
spheres that can be made to touch the tangcuL-pltiue or curved-siirtace 
— analogously to A I in Lemma XI. Every curviJincar section of a curved- 
surface, made by a plane passing through a given point, lias at that point 
a diiFcreut curvature, the curved-surface being taken ju the general sense; 
»and it is a problem of Maxima and Minima To detmnifie those sections 
•which present the greatest and least degrees of curvature. 

The other points of this Scholium require no particular remarks. If 
the student be desirous of knowing in what consists the distinction be- 
tween the obsolete methods of Exhaustions, Indivisibles, &c. and that of 
PRIME AND ULTIMATE RATIOS, let him go to the Original sources — ^to the 
works of Archimedes, Cavalerius, &c. 

64. Before ive close our comments upon this very important part of die 
Piincipia^ we may be excused, perhaps, if w’e enter into the detail of the 
Principle delivered in Art. 6, which has already afforded us so much 
illustradoii of the text, and, as we shall sec hereafter, so many valuable 
results. We have tlience obtained a number of the ordinary rules for 
deducing indefinite forms from given definite functions of one variable ; 
.and it will be confessed, by. compisteiit and candid judges, that those ap- 
plications of the principle strongly confirm it Enough has indeed been 
already developecl of the principle, to prove it clearly divested of all the 
metaphysical obscurities and inconsistencies, render the methods ol 

FluldoOs, Differential Calculus, &c. &c. so objectionable as to their logic, 
and which have given rise to so many theories, all tending to establish 
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the same rules. It is incredible that the great men, who sucoessively hv* 
troduccd their several theories, should have been satisfied with dte 
reasonings by which they attempted to establish them. So many con<- 
flicting opinions, as to the principles of the science, go only to show that 
all were founded in error. Although it is generally difficult, and often 
impossible, for even the most sliaip-sightcd of men, to discern truth 
through the clouds of error in which she is usually enveloped, yet, when 
she does break through, it is wiiii such distinct beauty and simplicity that 
she is instantly recognized by all. In the niiirkincss around her there are 
iiulocd lalse lights iniiuinernble, and each passing meteor is in turn, by 
many observers, ivcistaken for the real presence ; but these instantly vanish 
when exposed lo tlie refulgent brightness of truth herself. Thus we have 
seen tlie various systems of the world, as devised by Ptolemy, lycho 
Brahe, and Descartes, give way, by the unanimous consent of philoso- 
phers, to the demonstrative one of Newton. It is true, the j)rinriple of 
gravitation was received at first with caution, from its non<*'accordance 
with astronoiriicul observations ; but tlie moment the cause of this discre- 
pancy, viz. the erroneous admeasurement of an tire of the meridian, was 
removed, it was hailed universally as truth, and will doubtless be coeval 
with time itself. The Theories relative to quantities indefinitely variable, 
present an argument from which may be drawn conclusions directly op- 
posite to the above. Newton himself, dissatisfied with his Fluxions, pro- 
duces PRIME AND ULTIMATE RATIOS, Rud again, dissatisfied with these, he 
introduces the idea of Moments in the second volume of the Principia. 
He is every wliere constrained to apologize for his obscurities, first in his 
Fluxions for the use of tmie and velocities, and then again in the Scholium, 
at the end of Sect. I of the Principia, (and in this instance we have shown 
how little it avails him) for reasoning upon nothingz. After Newton comes 
Leibnitz, his great though dishonest rival, (we may so designate him, such 
being evidently the sentiments of Newton himself)> who, bent upon oblite- 
rating all traces of his spoil, melts it down into another form, but yet falls 
into greater errors, as to the true nature of the thing, than the discoverer 
himselfi From his Infinitesimals, considered as absolute nothings of. the dif- 
ferent orders, nothing can be logically deduced, unless by Hiin (we speak 
with reverence) who made all things from nothing* Such jSats we mortals 
cannot issue with the same effect, nor do we therefore admit in science, finite 
and tangible consequences deduced from the arithmetic of absolute . no- 
b«r they ever so many. Then we have a number of theories pro- 
by D’Alembert, Euler, Simpson, Marquise L’HopHal, &c. 
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all more or less modifications of the others — all struggling to establish 
and illustrate what the great inventor, with all his almost supernatural 
genius, fiiiied to accomplish. All these diversities in the views of phUo* 
sophers make, as it has been already observed, a strong argument that 
truth bad not then unveiled herself to any of them. Newton strove most 
of any to have a full view, but he caught only u giixiipse, as we may per* 
ceive by his reinaiiiing dissatisfied with it. Hence tlien it appears, to U$ 
at least, that the true nieUiphysics of the doctrine of quantities indefinitely 
variable, remain to this day undiscovered. But it may be asked, after 
this sweeping conclusion, how comes it that the results and rules thence 
obtauied all agree in fonn, and in their application to physics produce 
consequences exactly in conformity with experience and observation? 
The answer is easy. Tiicse furins and results are accurately true, aU 
though illogical ly deduced, from a mere compensation of errors* This has 
been cleari}* shown in the general expression for tlie subtangent (Art. 29), 
and all the metluids, not oven Lagrange’s Calcui dcs Fouctioiis excepted, 
are liable to the ])ara1ogisni. Innumerable other instances might be 
adduced, but this one we deem amply bulficient to warrant tlie above 
assertion. 

After tiiose preliminary observations upon the state of darkness and 
error, which prevails to this day over tlie scientific horizon, it may per- 
haps be expected of us to shine forth to dispel the fog. But we arrogate 
to ourselves no such extriuirdinary powers. All we pretend to is s^f- 
saii^action ns to liie removal of the difficulties of the science. Having 
engaged to write a Commentary upon the Principia, we naturaJiy sought 
to be satisfied as to ^iie correctness of the method of Prime and Ultimate 
Ratios. The more we endeavoured to remove o})jections, the ino?<. they ‘ 
continually presented themselves ; so that after spending many months in 
the fruitless attempt, we had nearly abandoned the work altogether; 
when suddenly, in examining the method of Indettnminatc in 

Dr. Wood’s Algt^bra, it occurred that the aggregates of the coefficients of 
the like powers of the indefinite variable, must be separately equal to zero, 
not because the variable might be assumed equal to zero, (which it never 
is, although it is capable* bf indefinite diminution,) but because of the 
different powers being essentially different Irom, and forming no part ol 
one another. ^ 

' -F^m this a train of reflections followed, relative to the trcatnicat of 
homog^eotts d^nite quantities in other branches of Algebra. It was 
soon perceptible* that any equation put = 0, consisting of an aggreg»ite of 



56 


A COMMENTARY ON 


£S£cr« L 


diHoi'ciic quantities incapable of amalgamation by tlie exposition of jUm 
ai»d y;nm^S give each of these quantities equal to zero. Reverting to 
irido/iriites, it then appeared that their whole theory might be developed 
o!) tiu.* same principles, and making trial as in Art. 6, and the subsequent 
^;urt.s f>f the preceding commentary, we have satisfied ourselves most folly 
ot liavuig thus hit upon a method of clearing up all the difficulties of 
wliut we sliall henceforth, contrary to the intention expressed in Art. 7, 
entitle 


THE CALCULUS 


INDEFINITE DIFFERENCES. 

G5. A constant quantity is such, that from its very nature it Ccuuiot be 
made less or greater. 

Consta7its^ as siicli quantities may briefly be called, are denoted generally 
by tlic first letters of the alphabet, 

21 , b, c, d, &c. 

A ihjinite quantity is a GIFJSK VALUE of a quantity essentially variable. 

Definite «iuantities are denoted by the last letters of the alphabet, as 

y> X, w, &c. 

An iNDEFINiTfu quantity is a quantity essentially variable through all 
degrees of dmiauivjn or of augmentatimi shout of absolute EfOTEiNGNESS or 
• INFINITUDE. 

Thus the ordinate of a curve, considered generally, is an ind^nite^ 
being capable of every degree of diminution. But if any particular value, 
as diat which to a given abscissa, for instance, be fixed u))on, this value is 
d^nitc. x\ll abstract uuuibers, as 1, 2, 3, &c. and quantities absolutely 
fixed, are constants. 

66. The difiercnce between two definite values of the same quantity (y ) is 
a definite quantity, iuid may be represented by 

Ay (a) 

adopting the notation of the Calculus of Finite (or dfinite) Diffeimces. 

Ii\ the same manner the difference between two definite values of a y is 
a definite quantity, and is denoted by 

A (a y) 
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or more simply by 

A*y (b) 

and so on to 

A® y . 

67. llie difference between a D^nitc value and the Ind^nite value of 
any quantity y is Indefinite^ and we call it the Ind^inile Difference of y^ and 
denote it, agreeably to the received algorithm, by 

y (c) 

In the same inaiiiier 

d (d y) 
or 


the IndifiniU Diffircnce of die Indefinite Dijjh'enee of y, or tlic second in- 
definite difference of y. 

Proceeding thus wc arrive at 

d®y . (d) 

which means the indefinite difference of y. 

68. DeJiniU and huleJiAutc Diilcrcnces admit of being also represented 
by linos, as follows : 



Let P P' ss y be any fixed or definite ord^ate of the curve A U, and 
taking P' O' = O' R' == R' S' = &c. let ormnates be erected meeting 
the curve in Q, R, S, T, &c. Join P Q, Q R, R S, &c. and produce 
them to meet the ordinates produced in r, s, t, 8cc. Also draw r s', ■ i', 
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Sic. }>r.rfi!lel to R S, S Tt &C. and draw a f',8cc. parallel to st', Ac. ; and 
fit>:t!ly diuw P m, Q n, R o, 8cc. perpendicular to tbe ordinates. 

Now supposing not only P P' but also Q O', R R', &c. fixed or defi*> 

uitc ; tlicn 

Qm = QQ'— PFrsAPFsAy 
Ur =nr — iiRsrQm — Rn = AQm 
= a(aPF) = a*PF = A*y 
ss' =sSs — Ss' = Ss — Rr saRt 
= A’y 

1 1*' = 1 1' — t' t" = t P — s s' ss A s s' 

= A (A»y) = A*y 
«o on to any extent. 

]]i!t if the equal parts P' Q', Q' R', See. be arbitrary or indefinite, tlien 
C J JIN R r, s s', 1 1", ike. become so, and they represent the several Inda- 
Jaiit*' JVijercnces ol‘ y, viz. 

ti V, (V Vy d^y, d-’y, &c. 

<59, 'riu* reader will lienceforth know the distinction between Hejiniie 
jiid Iwiefiniia Differences. We now proceed to establish, of Indefinite 
Differences^ the 


FCNDAMKNTAL PRINCIPLE. 

Ii is evidently a truth perfectly axiomatic, that 'No aggregate of INVEFI^ 
NlTF. quantities can be a definite qxiantity^ or aggregate of dffinite quanti^ 
ties, unless these aggregates are equal to zero. 

It may be. said iliat (a — x) + x) = 2 a, in which (x) is indefinite, 
.and (a) constant or defliiile, is an insLince to the contrary; but then the 
reply is, a — x and a + x are not indefinites in the sense of Art. 65. 

70, Ilencc if in any equation 

A + B X + C x’* + D + &c. = 0 
A, B, C, &c. be definite quantities and x an indefinite giantity ; then we 
have 

A = 0, B = 0, C =: 0, &c. 

For Bx + Cx® + Dx’ + &c. cannot equal — A unless A sr 0. 
But by transposing A to the other side of tbe equation, it does ss — A. 
Therefore A = 0 and consequently 

Bx + Cx® + Dx* + &c. =s0 
or 


X (B + C X + 1) X* + &c.) =: 0 
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But X being ind^niie cannot be equal to 0 ; 

B 4- C X + D x* + = 0 

Hence, as t)efore, it may be shown that B s= 0, and therefore 
X (C + D X + &c.) = 0 
Hence C rr 0, and so on througliout. 

71. Again, if in ihr. equation 

A+Bx+B^j+Cx*+C'xy+C"y*-H>x»+iyx»y+D"xy»+iy"y»+&c. 

A, B, B', C, C', C", D, &c. he d (finite quantities, and x, y JifDEFiNITSS s 
then 

A = 0^ 

B X + IV y z= 0 \*mhen y IS a function of x. 

Cx* + C'xy + C/'y^ = oj 

&C. =: 0 

For, let y =; i x, then substituting 

A + X (J5 b IV z) +. X " (C + CV z + C" z*) 

+ (D + D' /. + ly' z* + + &c. = 0 

Hence by 70, 

A = 0, B + B' z z= 0, C + C/ z + C" z* = 0, &c. 
and substituting — lor z and reducing wc gel 

A = 0. B X 4- B' y = 0, See. 

In the same manner, if we liavc on equation involving three or more 
indclinites^ it may be shown that the aggregates of the homogeneous terms 
must each ccjual zero. 

This general principle, which is tliat of Indeteiminale Cofrfficients 
legitimately established and generalig ^ (ilie ordinary proofs divide 

Bx + C X* + &c/= 0 by X, which gives B + Cx + Dx® + &c. = ^ 

and not 0 ; x is then put = 0, and thencf tmly results B = -^, which 

instead of being 0, may be any quantity whatever, as we know from alge- 
Va ; whereas in 70, by considering the nature of x, and the absurdity of 
making it 0 we avoid the paralogism) conducts us by a near route to 
the Indefinite Differences of Junctions qf one or MORE variahlesn 
. 72. Tojind the Indefinite Difference qf any function of x. 

Let u =: f X denote the function. 

Then d u and d x being the indefinite differences of the fimctioii and 

of X, itself, we have ^ 

u + d u =r f (x + cl x) 

f (x + d x) = A + B cl X + C d X + &c. 


Assume 
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A , ]> boitifj; iiidepeiicicnt of d x or defijiile quantities mvohlng x and 

irt/iJ'.UfJUs ; tlicii 

u + d u c A + B d X + C d X " + &c. 
aijJ by Tl, we liavc 

u = A, diizrB.dx 
liciicc then this general rule, 

The iXDErrjc/TE D/FFEHENCE of atii/ function if x, f x, h the second 
tenn in ihe dcoelopnnent (x + d x) according to the increasii^ pemers 

fi\ X. 

liy.. Let u =: X Then it may easily be shown independently of the 
I'inmiiial Theorem that 

{x + d x) " = X " + 11 . X “ - * d X + P d X “ 
d (x") = n . X * d X 

'riu' student may deduce die rcMiIts also td' Art 9, 10, &c. from this general 
I'UI’*. 


7:t. To find the indefinite difference of the product of Uico variahks. 

Let u X y. Then 

11 + d u =r (x + d x) . (y + d y) = X y + X dy + y d x + d x d y 
fl u = X d y + y cl X + d X d y 

ai\d by 71, or directly from the homogeneity of the quantities, we have 
d u = X d y + y d X (a) 

1 lence 


d (x y z) =: X d (y z) + y z d X 

= X z d y + X y d z + y z tl x 
d so on lor any number of variables. 

■jf 

Again, required d . . 


(h) 


Let 


11. 


y 


X 



Then 

y u, and d x = u d y + y d u 
ii — li d 


. 

TIcncc, and from rides already delivered, may be found Uie Indefinite 
Differences of any iiiiictioiis whatever of two or more variables. We 
refer the student to Peacock’s Examples of the Differential Calculus for 
practice. 

TTie result (a) may be deduced geometrically from the fig. in Art 21. 
The sum of the indefinite rectangles A b, b h! makes the Indefinite 
Difference. 
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We might) iii this place, investigale the second, third, Indefinite 
DiiTerences, and give rules for the* j/tftxma and mininut of fixnctions of two 
or more variables, and extend the Theorems of Maclaurin and Taylor to 
such cases. Mucli might also be saitl upon various other applications, 
but the complete discussion of the sciejicc we rcsei*ve for an express 
Treatise on the subject. We shall hasten to deduce such results as we 
shall obviously want in the course of our subsoquent remarks ; beginning * 
with the research of a genei'al expression for the VtuUtis of ctit'vature of a 
given curve, or for the radius of that circle- who&e deflection from tlic 
tangent is tlie same as that of t!m curve at the point of contact. i 

74. lh*qtnrcfl the radhis of cunmiure for any point of ' a €Uf\\\ 

Let A P Q II be the given ^ 

curve, referred to the axis AO 
by tlie ordinate iDid abscissM 

P M, A M or y and x. P M \ 

being fixed l(‘t Q N, O R be ./ *■* 

any other ordinates talxMi M / \ 

equal indefinite juievvals M N, ‘ L / N M \ 

N O. Join 3^ and produce — L I 

it to meet () U in r; and let \ ‘ ' It) 

P t be the tangent at P drawn \ / 

by Art. 29, Tiiceting Q N, () K \ / 

in q and t respectively. Again y 

draw a circle (as in construe- 

tion of Lemma XI, or other- 
wise) passing Uirou^h P and Q and totfthing llie tangent P I, and there- 
fore touching tlie curve ; and let B D be its diameter purallfd to A C). 
Now 

Q n =: d y, P n = d X, P q = P Q (Lemma VU) — 
V (d X® + d y®) or d s, if s == arc A P. 

Moreover lot 

PM' = y'; 

then it readily appears (see Aft. 27) that d s = ii, R being the ra- 


• — , R being the ra- 


dios of the circle. 
Again 


Pq* = Qq X (Qq + 2QN) 

= Qq(Q<} + 2<'y + 2y) 
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or 


But since 


(d s)* =s Q q (Q q + 2 d y ^ J--) 

R t : Q q : : P r* : P Q* : : 4 : 1 (Lemma XI) 


and 


Q q : t r : : 1 : 2 
R t = 2 t r, or II r =r t r = 2 Q q 

Q q = (by Art 68.) 

Consequently 

j , d*yd*v,,, , , 2Rdx\ 

‘‘‘ = 2 v-r +=*‘<j'+ -ST-) 

4 • cl s 

and ecjiiating Homogetieotis Indrjinitez 

d,-=«j)^ 

d s 

. n _ (d X* + d y*) ^ 

dx <f*y ” ^dx 3*y 


o+^v 


(dl 


^ ^ 

d x '^ 

the general expression for the radius of curvature, 

£x. 1, In the piirabola y ^ = a x. 

d y 

’ ‘ d X "" 2 y 

and since when the curve is concave to the axis d * y is negative, 
d " y _ a y _ ^ 

d X* "" 2y®' d X 4 y* "" 

••• B = (> + :^)’ X 

= (‘J* + ••)*>' 

H«ice at t^e rertex R = , and at the extremi^ of the latos rectiinit 
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Ex. 2« If p be the parameter or the double ordinate passing through 
the focus and 2 a the axis- major of any conic section, its equation is 

Hence 

2vdy = pdx+-2‘xdx 

+ 

a 

p('tv) 

2y 

4, y® 

{«y‘ + p-(i±v)']* 

which reduces to 

{p* + ?j£(2aip)x + ^.(pt8 a)x*}’ 

2 p* 

Ex. 3. In the cycloid it is easy to show that 

-ly - / g r — y 

<ix V y 

r being the a-adius of the generating circle, and x, y referred to the base 
or path of the circle. 

. 11? - —JL 

•• dx« y* 

R = 2 V 2 r y = 2 the normaL 

Hence it is an easy problem <o jifod tie equation to the loeut qf the centres 
^curvature fir the eeveral points of a given curve. 

If y and x be the coordinates the given edWe, and Y.and X those of 
th* required locos, all referred to die same origin and axis, then the stu- 
dent wUl easity prove that 


and 


2dy’ + 2yd*y =: 


.1? 

•‘dx 


und 


d*y 
d X* 


•. 11 = 
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ctx = 


dx*/ 


vlitch will give the equation required, by substituting by means of the 
equation to the given curve. 

In the cycloid for instance 

X = X + V (2ry — y-) 


Y = — y 

whence it easily appears that the locus required is the same cycloid, only 
dilFcring in position from the given one. 

la. Requit ed to express the radius of curvature in terms of the polar eo- 
nrdimtes of a curve, viz. in terms of the radius vector g and traced^ 
an^le t. 

X = g cos. 
and 

y = f sin. 

taking the indefinite difierenccs, and substituting in equation (d) of Art. 
74, we get 


} 


R =s 


(r + 

^ : 


d4' 


d 4V 


d 4* 


+ 0 
r 


which by menus of the equation to the curve will give the radius of curva- 
ture rec|iurod. 

Ex. ], In the logarithmic spiral 


= 1 a X a" (Art. 17.) 

. R - (g* + _ g*(l +(la)')® 

• • “ “ 2 (la)*g*— (la)‘g»+{^ “ gMr + (1 a) *) 

= ?n + (U)*}^ 
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Ex. 3. In the hyperhoUe ^iral 




R - e («* + f ')^ 
a* 


Ex. 4. Jn the Litum 


R = 

Ex. 5. In the. Epicycloid 


u 

& 

8a* ‘ 4. 0 “ — t* 


g =r (r + r') ® — 2 r (r + cos. t 
T and r' being the radius of the wheel and globe respectively. 
Here 


„ _ (r + i-') (3 r* — 8 r r' ~ r'* + 2 e)^ 

2(3r‘ — 8rr'— V») + Sj ' 

Having already given those results of the Calculus of Indefinite Di^r^ 
ences whidi are most useful, we proceed to the reverse of the calculus, 
udiich consists in the investigation of the Indefinites themselves from their 
indefinite differences. In the direct method we seek the Indefinite Differ- 
ence of a given iunction. In the inverse method we have given the Inde- 
finite Difference to ^nd the function whose Indefinite Difference it is. This 
uiverse method we call 


THE INTEGRAL CALCULUS 
or 

INDEFINITE DIFFERENCES. 

76. The integral of d ^ is evidently x + C, since the indefinite difler- 
(mce of X + C is d X. 

Tin Bequired the integral ffn d x ? 

Bljr Art 9, we have 

d (a x) =: a d X. 

31^1. E 
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Hcncc reversely Uic integral of a d x is a x. This is only one cS the in> 
numerable integrals which there are of a d x. We have not only d (a x) 
=r a d X but also 


d(ax + C) = 8dx 
in which C is any constant whatever. 

a X + C =/a d X = a/d x . . . 

generally, y being the characteristic of an integral. 

78. Required the integral of 

a X d X. 


By Art. 12 


d(ax‘‘ + C)= nax“~'dx 
..ax* + 0=ynax““*dx 

= n X/ax“-'dx (77) 

.'. /a x “ ■'* <1 X ss 


u 


+ IT’ 


(a) (see 76) 


C 

But .since C is any constiuit whatever — '■ may 


be written C. 


.-./a X”-' d X =: 
Hence it is plain that 

/a X *> d X s= 



C 


axi> + 

p+ 1 + 


Or To find the integral qf the product of a constant the poaer of the 
variable and the Indefinite Difference that varuMe^ let the index of the 
power be increased by 1, suppress the ItuJffinite Difference, multiply by the 
constant, divide hs the increased index, and add an arbitrary constattt. 

79. Hence 

./■(axPdx + bx‘‘dx + &c*) = 


a X P+* 

P + r ^ 


80. Hence also 


b X «•*•* 
q + 1 


See* "I* C 


= :,+ C. 

if A 81. Retpdred the integral of 

a X d X (b + c X 

Let 

u = b + e X '!■' 

d u == m e X ' d X 

.'. ax”“'dx =r — . d u 

m e 

.•.y’ax*~‘dx(b + ex")P = y^^uPdu 
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m e . (p 4* 1) 

~ m e (p 4- 1) 
d X 

82. Required ike integral qf — . 


u P+* + C (78) 

(b X ex“)P+> + C. 


By 80 it would seem that 
and if when 


/ d X ^ 
X 


+ c 




0 


But by Alt. 17 a. wc know that 


d X 

d . 1 X = — 

X 


Therefore 

/i’5 = i=t + a 

Here it maybe convenient to make the arbitrary constant of the form 1 C 
Therefore 

/•--? = 1 X 4- 1 C *B 1 C X 

Himee the integr<d of a fraction 'whose mmerator is the Indefinite Differ- 
ctKe of the denominator, is the hypcrMie logarithm of the denominator VLHS 
an arbitrary constant. 

83. Hence 

^ ax»--'dx _ a r mx“-*dx 
b X ® 4" ® i) 11 1 / m j_ * 

/ * + b 


(*" + ■&)■ 

and so on for more complicated forms. 

84. "Required ihe integral of a.* dst. 

By Art. 17 

d. a* a: I a. a* d X 


.•./a> 


dx = Ti./da« 

V ft 



4- C 


E 8 
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85. If y,x.t,s denote the sine, cosine, tangent, and s«ca«^ 

t; then ■»« iiave. Art. 26, 27. 

j — dx _ °° 

a « v~li- r) = ^ s ^ ® * 

r dy _ _ 0 + C = sin.-‘y + C 

•’vv(i— y*) 

/• — dx _ ^ j. C = cos.~*x + C 

/V(l-i')" 

r dt _ j . c = tan.-‘t + C 
•'l + t* 

= 0 + C =s sec. ~ ‘ s + C 

J <j ^ 2 s “**■ s * , • 

, 1 „. j, cos.-' *, Sc. being symbol, for the arc mbom sine my, co.me .s 

X, &C. respectively. 

86, licnee, more generally, 

r V-du 

f du 

y V (a— bu') ^ / j/ — u') 

= ^..i„.-.«Ji + C. (a) 

or - ^ x angle whose sine is u ^ ^ to rad. 1 + C. 

/“ — S= cos.--‘u J - + ^ 

/^(a— bu’) -v'b « 

. du ^ _Lm. / —V 

•/a + bu“ Vab/ — n fi 


V — d a 




J T+ ^ 
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Moreover, if u be the versed sine of an i, then the sioc 

= V {2 u — u *) and 

dusd(l — cos.tf) =: d^.sin. (Art 27.) 

= d#. •✓(2U— u*) 
d u 


d =: 


Heitcc 


v'(2u--u») 


Wi ! l - V ) = '+‘= 


V(2u — u*) 


= vers.“"*u + C 


and generally 




du 


= / 


2b 


du 


V(au_bu’) / ^b^'(2.^u-(^)*u*) 


1 _,2b 


= ;^gvcrs. 


ii •b C 


(e) 


87. Required the integrals of 

dx dx 


d X 


a + bx* a~bx’ a — bx*‘ 

^ r+TTx 


d X /-d, (a + bx) 

b * a 


+ bx 


— -g*. l*(a + bx)-J-C 


(0 


and 


d X 


/ > u X ^ (a — bx) 

a— fax'* M a — bx 

s — - 1 • (a — b x) + C 


is) 


see Art. IT a. 
Hence, 


/•i / 1 • 1 \ _ /• 2adx 

1 r+Si a*-.b*x* 


- < .l.(a + bx) — i.l.(a--bx) + C 


b 
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Honcc wc easily get by analogy 


r dx 1 ] ^ ^ 

J A — bx* v^"b* * Va 


^ a + V b . X 


• ? + C 3 


= _ * + cj 

2 v^ab V a — Vb. x *' 

88. Itequired the integral of 

(I X 

a X + b X + c ‘ 

Jn the iirst place 

„ ^ f , b , V^{b* — 4 ac)\ 

ax- + bx + c = a|x + ^+ — ^ - 3 “ 1 

r b V (h* — d'ac)'! f/ bv* b® — 


f b (b * — 4 1 

ax-" + bx + c = a|x + — + 


Hence, piiiting 


we have 


d X = d u 


« f I • / « — 4ac\ 

a X - + b X + c a (u « 2ir~) 

which pres^^nts the following cases. 

Case L LrCt a be negathe and c he positive ^ then 

“ dx ^xi 

- H X "• + b x^ c — a ^ + u *) 

/ fix _ 2 / ._?.® in 

—ax' + bx+c — v'a v'(b '-{■4ac) ^ b’+4ac 

fsceArt8<J)= — / -ttc^'T — ?• tan.~‘fx4--^^ / |-C . , . (i) 

^ ^ n(b'+4ac) v ^‘iaZ-S b- + 4ac 

Case 2. Let c ^e mgative and a jmsitive ; then 

r — =r / — 


^ 1 r <1 n 

“* ~^ / ^ 


2a 

/ 1 ,V2a * ^8*0.0 

— V « - :i F +4;cy '- 

N 2 a * 9 a 


see All:. 87 . 
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Case S. Zrf b* Ae > 4 a c and a, c iff both positive t then 
f dx <lu 

... + b. + .=/ 


*/ 

J ^ o « 


N' 2 ii 


N 2a(li*— 4ac)* • b®— 4ac 

V 2 a ^ 2a 

Case 4. Let b ” < 4 a c and a, c he both i^iiive ; 

Then 


-c+C..(l) 


tl X 1 y d u 

ax*+bx+c'~a/ 4ac — b® , „ 

/ -o- — 




- V a(4ac— b®) V"-*-2 a/ ^ 

Case 5, i/b® > 4 a c and c Imih negative s 
Tfien 

f. =_L / 

^ — ax®+bx — c — a / b®— 4ac , - 

/ -o-r-+“ 




V i(b*— 4ac)“'" V'‘^2a;V I 

Case 6. -jTb * < 4 a c and a and c both negative i 

Then 

d X \ r d u 


/ d X f d u 

— ax®+bx — c"" a / 4ac — b* ^ 

/ On ^ 


4ac — b' 


/ \ 

V 2a(4ac — 'b*)* * / 4ac — b' 


+*+« 


|- + C . . . . (o) 


N 2 a 


89. Reptired the inte^al of any rational ^fimctim whaieofr of one 
varmblet tnxdtipUed by the ind^nite difference qf that variable. 

Every rational fimcdon of a is comprised ui^er the general form 
Ax“ + Bx“7‘ + Cx “r* 4- fee. K x + L 


- c X “ ■" * *f &c. k X +1 
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in which A, B, &c. a, b, c, &c. an«) m, n are any odoMaiita whatever. 
If 

n = 0, 

ihi.*i! we have (Art. 77) 

/•/A -,.T> m_A.a\dx /Ax“ + *Bx“ 

/(Ax»+Bx»- + &c.)— +_ 

ni - I - J 

+ " + &c.) — (- constant 

Ap;a!n, if m-^c > a the above can always be reduced by actual division 
to the form 

4/ m n . TJ' m n 1 . O . A' X " ~ ‘ + B" X ” + 

A' X ™ + B X " ' ‘ + &C. + ■ ; ^ 

^ ^ ax«+bx"““^+&c, 

and if the whole be nmltiiiiied by d x its integral will consist of two parts, 
one of which is found to be (by 77) 


111 


i / 11/ V m n 

.X + • + &c. 

- n + 1 ni — n 


and the t>lhcr 


r 7 , 1 + x»-^+ &c. , 

a X" + b + &c* 

I Knce then il is necessary to consider only functions of the^generul 
form 

x" ' + Ax °’“" + + fltCa U 

- ~u- -I + ITx ~ « 4- &C. V 

in order to liiiegrate an indefinite difference, whose definite part is' any 
raiional function whatever. 


Case 1. LfC£ the (Ivnoviinalor V consist of n unequal real factors^ x — a, 
X — ft &Ca according to the theory of algehraic expiations. Assume 
U _ P . Q . R 

V - « ■ 


+ &C. 


X — a ■ X — S X — 7 

and reducing to a common denominator wc shall have 

U = P . X — /3 . X — 7 . . . to (n — - 1) ternis 


+ Q.X — a.x — 7 

+ R . X — a . X — ^ 

= (P + Q + R + &c.)x““» 

-}P.(S— «) + Q.(S— 0) + &c.rx»- 


+ fP • (S — a. S— a) *4* Q* ( S— j8)+&c.’|x® ‘ 

If 1 i.t t 

— See. 


where 8 , S &c. denote the sum of ft 7 6cc. the sum of the products of 

I i.f 

every two of them and so on. 
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But by the theory of equations 

S = !» 

S = b 

&c. = SbC. 

U = (P + Q + 11 + ifec.) X 

+ {a (P + Q + R + &c.) + Pa + Q|3+Ry + &c.l X x» 
+ ib (P + Q + R + &c.) + a(Pa + QP + &c.) + 
(Pa*+Q/3'+lly’ + &c.)i X " “ ® + &c. 

Ilcncc equating like qumitities (6) 

p + Q + R + &c. = 1 
a + P Of 4- Q /3 + 11 y 4* &c. =: A 
b + a ( A — a) + P « “ + Q * + R 7 " + = R 

&c. = &c. 


giving n independent cquationi* to determine Q, K, &c. 


Ex. 1. I-et y = 


X ' 4 ^ ^ “f* 3 
4 6x*4 11x4“® 


Here 

P + Q + R sr 1 ^ 
Gq.pq.2Q + 3RsG Vwhcnce 
n + p + iQ + gRsra) 

P = — 1, Q = 5 aud R 3 


S 


1 lence 

^I7dx_^ — ^*1 rSdx 

./ -yx+l‘*‘-'x + 2 '-'x + 3 

= C — I (x + 1) + 5 1. (X + 2)— 31. (X + 3). 
P, Q, R, &c. inay b*', more easily found as follows: 

Since 

x“ ■* + A X “ ~® &c. = P (x — fi). (x — y). &c. 

4- Q (x — «). (x — y). &c. 

+ R (x — «). (x — /3). &e. 

4* &c. 

let X = «, i3, y, &C. successively ; wc shall then have 

« “-• 4 - A«“-*4- &c. ss P .(« — ^) • (« — ?')&«••) 

+ A $•>-.* + kc. = Q.(i3 — «). (j8— y)&c. .(A) 

y*~‘4-Ay'‘“*4' ~ B . (y — «) - (y — Ac.) 

kc. rs &c. 

In the above example we have ' ^ 

a ss — 1, /3 s: — 2, y = — S and n = 3 
A =s 6 and B s 3. 



71. 


A COMMENTARY ON 


£SEex«{> 


• p — t® — 1 

■ ~ " ~i. 2. “ 


Q 


_ 4 — 6. 2 + s 


— 1 . 1 
_ 9 — 6. 8 + 3 


s 5 


— 2 X — 1 

as before. 

Hence then the factors of V being supposed aJl unequal, either of the 
above methods will give the coefficients P, Q, R, &c. and therefore 

enable us to ai\alyze the general expression -y into the partial fractions 

as expressed by 

IJ 

V 

and we then havti 
IJ dx 


J. . + _9 + &c. 

X — a X — p 


f = JM (X — «) + Q I. (X — ,3) + Ac. + C. 


Ex. ‘15 + * +-‘* / ‘1-5 5_+ ..!l /AJL 

•'a“x — x^ •' X 2"'u-— X 2*' 


— a 1 X — 1 (a 


X • 2 ~ y u — X 2 a + X 

I.(, + X) + C 


+ 


= a 1 X — (a + b) 1 V' aT* — x‘ + C 
by the nature of logarithms. 

Lx, [i, f - — — d X = — W 

= 5 . 1 (X — 4.) — n . (x — 2) + C. 

Ex. 4. JLl5 = / 1’ 5_ + /Q JJL ^ i» 1 (X + «) 

X * + 1 a X — b' “^x + a + 

+ Q 1 • (x + /S) + C 

where 


« = 2 .t + V (4 a® + b*), /S = 2 a — V (4 a* + b') 

and 

p « _ 2a + V (4 a° + b’‘) 

« — ^ 2V(4a* + b’) 

rt_ — ^ _ v'(4.‘i* + b-) — 2a 

- iTv ^tir*'+“irT~ 

Case 2. Art all the factors cfV he real and eqtwl, or stg)pose a ss 

= y =: &c. 

'fhen 

U _ X A X "-* + Ac. 

V ~ “ "(X — a) “ 
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and since 

ee — ^ = 0, o — yrsO &C. 

the ibrms marked (A) wUl not give us P, Q, R, Ac. In this case we 
must assume 

U_ P ^ Q . R 


V (X — «) “ ■’T (x -- o) “ - ' (X — a) • 


+ &c. 


^ = Q + 2 11 . (x — «) + 3 S . (.V — a) ' + &0. 

1 s= 2 R + 3. 2. «. (x — «) + 4. 8. T (x — ») ' + Ac. 
= 2 . S . S + 4 . 3 . 2 T (x — «) + &c. 


to 11 — 1 terms, anil reilucing to a coiumon clenoininatoi', we get 
U = V + Q . (x — a) + R (x — a) “ + &e. 
now let X = a, anti we liave 

a n + A « ® = 1’- 

Also 

dj^f 
d X 
tlMI 
d x~ 

cl MJ 
<l 

sScc. = 

and if in each of these x be put r= a, we have by Maclaiirin^s theorem 
the values of Q, K, ‘S &c, 

r 1 T .U x^— ^lx + 2 

Lx. I. Let ^ • 

Then 

U = X* — 3x + 2 
d U 

d x' 

P = 6 

Q = 8 — .8 = 6 
R ss ^.2 = I 

^ U d X _ ^ 6 d X f 5 d X /» d x 
~ V (x — 4 ) (x — X — ‘ 


= 2 X — 3 
r= 2 


= C — 3 
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Hciirc 


=r 6 


= 120 X 


U = X* + x’ 

‘^ = 6 x* + Sx* 
cl"U 

. 2 -V = 20 x^ + 6 x 

60x'‘ + 6 

d X ^ 

.-.P =s3» + 3^ = 27 X 10 = 270 
Q = 27 X 16 = 432 

R = g 2 .Xg^±,l.X -«^879 

_ 0 X 60 + 6 _ 

= -^xT- - 

-f _ 360 

^- 2 : 3 : 4 .-^® 

W = -?^=l. 

2. 8.4.6 


= ..o/^V,-,+ «*/(5r^ + ^0/prl^sT 

+ »'44V+ +/ri. + ^ W' 


wlticli ailiuits of farther re<luctioD. 
HiX. 3. liC, = y • 


(X — 3)“» ~ T • (x~Sp ~ X— 3 + 


U = x*+ X 

‘ 4 ¥= 8 * + 1 


d*U-g 
dx* ^ 
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Hoice 

P = 2 

■'/ [x^iy «* * = ®/ [irnoP ®/( 


«1 X , ^ d X 

(X— i)*‘*‘y(x--i3 


_ c X — I 1 ^ 

~ »-(X— 1)« (x— 1)» *'(x— 1)' 

V * 

o ^ 

2(x— 1)" 

It ap 2 )cars frmi thh example^ and indeed h othct'wise exndent^ that the 
numba' of partial fradiom into p)ktck it is neccssarp to split the jimetion 
exceeds the dimetmon of x in U, by unity^ 

Tins is the first time, unless we mistake, that MadaurMs Theorem 
has been used to analyze rational fractious into partial rational fractions. 
It produces them with less labour than any other method that hus fallen 
under our notice. 

Case 3. Let the factors of the denominator V be all imaginary and un- 
equal. 

We know then if in V, wliich is real, there is an imaginary factor of 
the form x + h + kV — 1, then there is also another of the form 
X + h — k V — Hence V must he of an even number of dimensions, 
and must consist of quadratic real factors of the form arising from 
(X + h + k ^ : 1) (X + h — k 

or of the form 

(X + li)« + k\ 

Hence, assuming 

u _ -p + Qx F + (yx 

V - (x + a)* + 0*+ (x + a')* + p'"-^‘* • 

and reducing to a common denenninator, we have ^ 

U =r (P + Qx) }(x + aO* + /S'*} + a")* + ^"'1 X 8^'*- \ 

+ (F+ Q’x) |(x + <*)* + /S*} Ux +«")* + ^'’} X 8cc. 

+ (F'+ Q"x) f(x+ «)* + ^*1 K* +“')*+ -} X &c. 

+ &c. 

Now for X substkiite saccesnvely 

c + $ t/Zpl, of + ^ V~^h «" + /3" &c. 

tben U will btetnue for each partly real and partly bnagmary, and v,v 
luwe as many equations containing respectively^Pj Q; F, Q' ; P' » Q '» &'’• 
as there are pairs of these coefficients; whence hy ctiuating Aomo^vnrox- 
quantities via. real and imaginary ones, we shall obtasn P, Q ; 1"> Q'* ' 
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Ex. 1. Required the integrcd of 

djL 

jr* + 3x* + 2’ 

Here the quadratic factors of V are x* + x* + 2 

ee =: 0, «' = 0, /3 = 1) and ss V 2. 

(Consequently- 

x»=s(P + Qx){x= + 2) 

+ (P' + Q'x)(x* + 1) 

Let X = V — 1. Then 

— V^l = (P + Q . (— 1 + 2) 

= P+ Q v' — J 
P = 0, Q = — 1 

A^ruiii, let X = V 2. V' — i, and wc have 


_2iV— 1=:(F + Q'V2. V — 1)(— 2+1) 

= _ P'— Q' V2. 

F =s 0, and O' = 2 

1 fence 

r X » <1 X __ xdx ^xd x 
♦'x* + 3x® + 2 x*+ 1 ■^•'x* + 2 

= C-H(x* + l) + i- (** + 2) 

Kx. 2. Required the itUegral of 

d X 

r+x^* 

To find tlie (quadratic factors of 

1 +X*'* 

we assume 

X*'‘+ 1 =; 0, 
and then we have 

X s= — 1 = cos. (2 p + 1) «• + V — - 1 sin. (2 p + 1) » 
a- Ixsing 180** of the circle whose diameter is 1, and p any integer what- 
ever. 

Hence by Demoivre’s Theorem 

2p+ 1 , . 2p + 1 

X = cos.— «•+ V -- 1 . sin. -+— «• 

8 n 2 n 

But nnce imag^naiy roots of an equation enter it by pmrs of the form 
A + V — I, B, we have also 
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(x— cos. iL±J V ~ 1 . eb.- R'^ ^ ») ^ 

(x — cos. ^ — 1 sin. ») = 

X* — 2 X cos. — 2 JtJ: , I 

2 n ^ 

which is the general quadratic factor of + 1. Hence putting 
P = 0, 1, 2 11 — 1 successively, 

x'“ + 1 = (x'' — 2x cos. ^ + 1 ^ . ^x* — 2XCOS, + 1 ) X 

(x®--2xcos. ~+ 1 ) X (x*— 2xc«»s.~^+ l) . 

Hence to get the values of P and Q corrcs}>ondi!»g to tlie general factor, 
assume 

1 _ P + Qx 

+ B' 


'Phen 

But 


*+*■■ x'-a:>co..5!di,+ i 

2n 

1 =r(I*4- Ox).M + N(x* — 2iccos.^^J»+l) . 


M = - ^ + 1 ' , 

X*— 2 xco 8 .-P‘*‘ - »+l 

2 n ^ 

and becomes of the fom when for x we put cos. #+ V — i x 

O • 2 11 ^ 




sin. — hr ^ — «: its valae however may thus be found 
2 n " 

_ 2 p 4- 1 , r . 2 p + 1 

Let cos. — 5T + V — 1 sin. — « s= r 

2 n ' 2 n 

then 

2 P + 1 y ? • 

cos. — s «• — V — 1 . sin. ■ _ 

2 n 2 n r 


ip±i, = 1 


and 


M = 


1 + X 


CA 


(x-r. (x~l) 
Again let x —■ r =; y ; then 
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i-““ z= cos. 2p + l.»+ V — 1 sin. 2p+ 1 .« =s 
• M — y’‘°~*+2n y°“~*.r+....2n r*“~* 


Hence when for x we put r, y =: 0, and 
„ 2n r=“ — 


;md from the above equation we have 


1 = (P + Q 1) 


2n r*" 


* r 


9 ^ — ] sin. c=2 II P . cos. ^ «-(-2nP V' — 1 X 

2 n 2 n ^ 

sin. 2 n Q (since r® “ r: — 1) 

.•. equating homogeneous quaniitics we get 

® P + 1 « • 2 p + 1 . 2 n — 1 

sin. — »=;nP.siii.-f-— 

2 n 2 n 


p . cos. » = Q. 

2 n 


2P+1.2'«— , 2P + 1 
--2P+1.» ^ 

Hence the above equations become 

... sin. ^ » s= n P sin. L 

2n 2 n 

— P cos. — Q 

2 11 ^ 

T> 1 I 2p + 1 

n n 2 n 

» 

Hence the general partial integral of 

d X 

1 "I" X * ® 
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1 f ')***- 

X* -— 2 X cos. '*' ^'^ ■-- * + 1 


21 


2 p + 1 
cos. ” — » 

2 n 

2n 

. 2i+ 1 


/ 


Sin. 


"■7 


2 p + 1 

cos. — ^ » 

2 II 

2 n 
2p+ 1 


sin. — - ■ — w 
+ 2 X tan 

II 


2 n 

2 X d X — 2 cos. — - AT . d X 

2ji 

X " — 2 X cos. flr + 1 

2 n 

d X 

^ 2 p + 1 , , 

2 X cos. * 1 - flr -I- I 
2 n 


. I (x * — 2 X cos. » + J) 

"'( — — 5r+-rJ 


SIQ. 


2 n 


see Arr« 8B. Case 4. 

d X 

Hence then the integral of • - ;; > which is the aggregate of the results 

obtained from the above general form by substituting for p 0, I, 2 . . • 
11 — rnay readily be asc«'rtaiiicd. 

As a partietdar instance let f a TcquireiL 

Here 

n = 3 

and the general term is 


cos. 


2 p +1 


6 

. 2p + 1 
o 
3 


. 1 . (x® — 2 X cos. ^.+.) 


tan. 


2p + 1 

cos. '-*-0 ^ 

2 p + 1 

sm. - ^ — AT 


J^et p=0, 1, 2, collect the terms^ and reduce them ; and it will appearthat 

•/l+x»“6t2 •^*x»— X ^3+ 1 X*— 4.x»+l| + 

By proceeding according to the above method ii will be found, tlui4 the 
general partial fractions to be integrated in the integrals of 
Vou 1. V 
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are respectively 


d X , X cl X 

and ~ - — ,* 

X" — 1 x“ — 1 


cos. 2 p g I 


n . ^ 2 p - 

X * — 2 X c«>s. — + 1 
11 


(r + 1 ) . 20-3* 2 

„ cos. ' - -- ^ — * X — cos. — 

« n 

- X ^ 

II <» « p ^ , 

X® — 2 cos. ' X + 1 
11 


2 r p -r 


— cl X. 


and when these partial integrals are obtained, the entire ones will be 
fuiind by putting p =r 0 , 1 .... 5 or — - according as p is even or 

odd. 

!\x. 3. Required the integral of 

x'dx 

— 2 ax“ + 1 

K'/zrir a h < 1 . 

First let us find the quadratic factors of x““ — 2 ax“ + 1. For that 
purpose put 

x*“ — 2ax" =s — 1 

'rhen 

X “ =: a+ v' a * — 1 

= a+ -/ITT. ^ l_a® 

since a is < I. 

Now put ii =r cos. d: then 

sz COS. 3 + V — 1 sin. 3 

= cos. ( 2 p^ + 3) + V — sin. ( 2 p 4 r + 3) 

2 p flr + 3 , . . 2 p flr + ^ 

X = cos. — 1 — — + V — 1 sin. ^ 

11 11 

and the general quadratic factor of 

X®”— 2ax"+ 1 

2 p -9r 4 * 3 

X * — 2 X cos. " - T J : . 1 
n ^ 

where p may be any number from 0 , 1, &c. to n — 1. 

Hence to find tlie general partial integral of the given indefinite differ* 
ence, W'e assume 

X® _ P+Qx . N 

X * ■ — 2 a x ® + 1 ’ o 2 p » + ^ , M 

x' — 2 co8. ^ 4- 1 

n 
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and proceeding as in the last examplci we get 

Q = siiu (i:nA+» 

II n sin. d 

and 


p = sin. (!Lr‘5>‘C^P* + ^) X - 

n n sin. B 

whence the remainder of the process is easy- 

Case 4. Lcl the factors cf the denominator be all imaginary and equal in 
pairs. 

In this Case, we have the form 

u_ 

V T(x+«)s+j»“j“ 

and assuming as in Case 2. 

U _ P_J. Qj^ _ . P + Cr X . . ^ 

V - ^x■+ «i *-+ + «i “T “)■“-* ■** ■ 

E. + I. X T/ X 

(X x'"+S) * + 
and roducijig to a common denominator, 

U = P + Qx + (1" + Q'x) (iirSl* + + «£C. 

and substituting for x one of its imaginary values, and equating Lomoge* 
iieous terms, in the result we get P and Q. Deriving from hence the 

values of these values substituting for x 

one of tlie quantities which makes x + al ' + jS® s= 0, and equating ho- 
mogeneous terms we shall successively obtain 

F, O'; P", Q", &C.’ 


This method, hoWever, not being very commodious in practice, for the 
present case, we shall recommend either the actual developement of the 
above expression according to the powers of x, and the comparison of the 
roeflicients of the like powers (1^ art 6), or the following method. 

Having determined P and Q as above, make 


U' s: 

U'" = 


U— (P + Q X) 

~T+^V+W~ 

U/ — (F 4. Q^x) 

U" — (F' + Q" x) 
-ir+«)* + i8* 




&C. ss &e. 

Then innee U", U'", &c. have the tame form as U, or have an 

y* 
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Integer form, if we put for x that value which makes (x -{•«)* + /3* as 
0, and afterwards in the several results, equate homogeneous quantities 
wo shall obtain the several coefficients. 

P', Q'; F', Q", &C. 

C’asc 5. J/ Hie denominaUtr V consist of otie set of Factors simple and 
unequal of the form 

X — « X — a', &f. ; 

of several sets of equal simple Factors, as 

(x — e) P, (X — e') \ &c. 

and of equal and unequal sets of quadratic factors (ftlie forms 
x* + ax + b,x*+a'x + b', itc. 

{\‘ + 1 X + r) (x* + 1' X + P) *, &c. 
then tho gciiumi assumption fitr obtaining the pardal fractions must be 
U M , M', . . 


K 


' (X — c) P ^ 

+ P -i- Q ^ 

* X " + a X + b 


V X — « ■ X 

P . . 

(X— e)"-*"^**^* (x — eO 

. P' + Q' X 


(X 


F 


+ &c. 


c. 


X- + a' X -f b‘ 

, K + s X , ir + S-x G + lIx G' +lVx 

'^(x"+lx+r)A**^(x®+Ls.+rj5*~^ ’(x^+Tx+r')' (x“+l'x+r')''“^ 

ui'J tlic sL*V4jr:il coefficients may be limncl by applying the foregoing rules 
for each cc^rresponiliiig set. They may also be had at once by reducing 
to ii corniiion (lcnon)lnator botli sides of the equation^ and arranging the 
iiiirrierators according to the powers of x, and then equating homogeneous 
quantities. 

We have tluis -shown that every rational fraction, whose denominator 
can be decomposed into simple or quadratic factors, may be itself analyzed 
into as many ))artial fractions as there are factors, and hence it is clear 
that the integral of the general i'aiiction 

Ax«» -f + &c. Kx + L j ^ 

ax" + b X " + See. k X + 1 ^ * 
may, under these restrictions, always be obtained. It is always reducible, 
in sljorl, to one or other or a combination of the forms 

ydx ^dx 

/x <1 X, » J, ^ 1* 

Having disposed of rational forms we next consider irrational ones. 
Already (sec Art. 86, &c.) 

i*+dx /• dx r dx 
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have been found in terms of circular arcs. We now proceed to treat of 
Irrationals generally ; and the most natural and obvious way of so doing 
is to investigate such forms as admit of being rationalized. 

90. Required the integral of 

d X X F Jx, X X % X X S &c. \ 
where F denotes any rational Jtnwtion of the quantities between the brackets. 

Let 

X = u •« “ P , &C. 

Then 

X 

X lu — U II p q r _ _ 

J- 

X® 

X 

xP=:i,*®®‘»r 


&c. = &c. 
and 

d X = m n p Cl , . . . X u r * X d u 

and substituting for those cjuantities in the abovo oxjiression, it becomes 
rational;, and consequimtly integrablo hv the preceding article. 


Ex. *1+1^^!.+ 


b + c X ♦ 
Hero 


d X 


X =r ti 


X 3^ = u 

X ^ = u*’ 


and 


d X = 6 u“’^du. 
Hence; the expression is transtbrmed to 


COu’Mu 


+ 2au^ + I 


b + 

whose integral may be found by Art. 89, Case £x. 2. 

91. Required the integral of 

dx X F Jx, (a + b x) \ (a + bx)»‘, &c.^ 
where F, as before^ means any rational function. 

Put a + bx = u®“P — then subsiitute, and we get 

„.»p....-idu K F(— — • .u-'P 
which is rationaL 
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Emuii!*! ‘S to this general result are 

. ‘y *(■' 

ex‘ + (a + bxr^ x+c{a + bx)T 

^vIi'kIi 10*0 easily resolved* 
ya. JLyuired the integral oJ‘ 

AsMinie 

'•JUL' 

• + 

ilicn l)> r.uhstituting, the expression becomes rational and integrable. 
!U. Jicqv.irvd the intigyal of 

<1 X F {x, v" (a + b X + c X ®) J 
(\isc* 1. \V)icii e is posilJ-ve, let 

a + b X + c X ' = c (x + a) *. 

'rhea 

it — cii'‘ ,, 2c (cu® — bu+n)du 

2tii — b (2cn — b)- 

, . cu® — bu4-a • 

A/ (a + b X + c X c 

niul substituting, the expre^^siun becomes rationah 

2. Wlien c is negative, if r, r' be the roots of the equation 
a + bx — cx* = 0 

Tlioii assume 

V c (x — v) (r' — x) == (x — r) c u 

and \vi- have 

— c **_M '^+ I _ f v — r') 2c u clu 
^ c u ^ + 1 ’ ^ (c n '^ + 1) 


(.'i + b X — c X ") = 

c y + 1 


find by substitution, the expression becomes rational. 

94. Jleqiiircd the integral of 

d X F Jx, (a + b x) (a' + 1/ x) ^ • 

Make 

a + b X = (a' + b' x) u * ; 

Then 

a — a' u “ , (a' b — b' a) 2u d u 

* = l/Q--!.- ‘‘‘ = -Wi’- S j— 

V(a + bN)-"-— 1 Vn) - — *^b) 
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Hence, substituting, the above expression becomes of the form 
duFfu, v'Cb'u^— b)} 

F' denoting a rational function diilerent from that represented by F. 
But this form may be rationalized by 93 ; whence tlie expression becomes 
integrable. 

95. Required the integral of 

xin -i dx(a + b 

This form may bo rationalized when either ^ ^ ^ integer. 

11 ^ ■— a 

Case 1. Leta+bx"=u’‘; tJien(a+b x’')q = u^, x*":: — - x" = 

Hence the expression bccoiiies 

11 b ' b ^ 

which is rational and integrable when ~ is an integer. 

Case 2. Let a+bx" = x"u‘*; then substituting as before, wc get the 
transformed expression ^ 

q air “q u»’+^’~'du 

which is rational and integrable when ^ is an integer. 

Examples are 

x®dx x±*“dx 

rr 


(a» + x*)** (a* + x *)1 


x-*®dx(a® + X*) 


!J 2 L±i x*dx 


96. Required the integt al qf 


(a’+x 


3^V 


*..1 


d X (a + b x“) q X F (x "). 


This expression becomes rational in the same cases, and by the same sub- 
stitutions, as that of 95. To. this form belongs 

x“+*-‘ dx(8 + bx“)5 
and the more general one 
P 




x“*"*dx X (a + hx)‘i 
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r =: A + Bx“ + Cx** + &C. 

and 

Q = A' + B'x» + C'x*“ + &c. 

97. Jtcquifrd the intfj’ral of 

x™-‘dx X f 1 x“, x“, (a + bx“)^ 

Make a + b x“ = u then 

. q u d 11 /«** — a\— -1 , 

- «b “ -(“ir)” 

:nl in i.lio where ^ is an integer, the whole expression becomes ra- 

■ ioiuil and integrable. 

Ok ]fvmn>til the integral 

X dx 

X', X " dpnnic any rat imnl functions of x. 

:5)i<i divide* by 

X + \ -- V (:i + bx + x") 

4inii (!)< nsnit is, alter reduction, 

X X'dx XX''tlx^(a + bx + cx‘) 

V X" (a +‘bx 4- Vk") *X“— ■‘X^(a + bx'''+ 
coiiyii^ting ot* II rational luid an irrational part Tlie irrational part, in 
many c:i>ics, may also bo ratioiializod, and tliiis the whole made integrable. 
jI{ ija/j-'-a! /hi in/'graf of 

x"dx r V (a + bx“ + cx®")} 

I ,el 7c =: ii; llioji the expa::>s>ion may bo transformed into 
I ’ i- ^ , 

- II n ■ J 11 r Jn, V (a 4- bu + cii®)] 

V. Imvjl ni -y be rationalized by Art. 93, wlnm is an integer. 

1 99. Itrqnired ihr integral of 

dxF (a + b“X***), bx» +. V (a + b*x’'")J. 

1.C1. 

bx'' + V (a 4- b-x^**) = u; 

tben 


X d X = 


u® + a 


IJ (2 b) 


in -H I ' 


(~) 


“+-L 


d u 


m 4“ 1 

and lljc whole expression evidciitlv becomes rational when * ■ - is an 

integer. 

Many other general expressions may be rationalized, and much might 
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be 8aid further upon the subject ; bat the Ibregoing cases will exbl bU the 
general method of such reductions. If die reader be not satisfied let him 
consult a paper in the Philosophical Transactions for 1816, by fX Ffrench 
Bronihcad, Esq. which is decidedly tlic best production upon the Integrals 
of Irrational Functions, which has ever nppeared. 

Perfect as is tlic theory of Rational Functions, yet the like has not been 
attained witli regard to Irrational Functions. I'he above and similar arti- 
fices vrill lead to the integration of a vast n uni her of forms, and to that of 
many which really occur in the resolution of philo^opliioal and odier 
problems; but a mediod universally applicable has not yet been discover- 
ed, and probably never will be. 

Hitherto the integrals of algebraic forms havi . beeti invc^tigatcil. We 
now proceed to Transcendental Funedons. 

101. Required the integral of 

a * dx. 

lly Art, 17, 

d . a * = 1 . a X a <1 X 

= r.a* + C (a) 

la 

Hence 

/'a"’*clx= Va'^'^ + C . . (b) 

m i a 

102. Required the mtegraJ of 

Xa^dx 

nichere X is an algebraic function of n. 

By the form (see 73) 

d(u v) = ndv + vd n 

we have 

y'ud V =r u V — ;/ V <1 u. 

TIcncc 

/•d X a *.d X _ a * _ /• ‘} * X 

J dx * la dx*cla)" 

yd^X ft*dx_iPX a* _ r a' A\X 
•'dx** (la)'^ dx ' ‘(ia)-* ^•'(la)* ilx’ 

* 3cc. rr &c. 

the law of continuation being mnnifest. 
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Heiiff, .‘ubsiilutioii, 

^ru“d* ■ (Ih)*"^ dx» ■ 
.vliicli will tenuinute when X is of the form 

A + Bx + Cx’ + tScc. 


a* 

(uy 


-Ac. 


, a*x- 3a*x* . 3.2a*x 3.2a* , ^ 

f,X,yx :.'d«= — (n)V + t~ 

OTHEBWISE 

/■a*Xdx = !iVXdx — /■la.a*dx/Xdx 
= «^'X'-la/n*X'dx 

IMlUillS 

X'=/Xdx. 

i 

/ ii * X' d X — a X" - 1 a/'ix *■ X.'' d x 
Ac. = Ac. 

mill sul">ututiug, We jjot 

./a* X d X = a* X' — 1 a . a' X" + (1 a)- a* X'" -- Ac. 

X', X", X'", Ac. being equal to /X d x, /X' d x, fX" d x, Ac- rc- 
.'.]K’CtlVrj_v. 

I- /• i*'' It . , x''(ln)’ „ 

i-’i-./ - - a I X + -j- + g- + j 273;;3 + 

which il<»c.s not icrminato. 

liy this last example we see how an IncleHnite Difference, may I'e in- 
lo^rau J ill an inliniic series. If in tliat example x be supposed less 
(liiin 1, till- terin.s of tin' iiili^gni? become less unci less or the .series is con- 
vergent. 1 lenct iVjc.n by taking a few of the first terms we get an ap- 
proximate vulucj of th*. integral, 'which in the ubstmee of an exact one, will 
iVo({iienlly .suilicc in practice, 

Jlte general formula for obtaining the integral in an infinite or finite 
seric!!., corres^ionding to that of Taylor iii the Calculus of Indefinite 
1 differences, is the following one, ascribed to John Bernoulli, and usually 
termed 


JOHN BFllNOt’T.I.rS TIIEOHEM. 

/Xdx = Xx— /xdX 

rdX . /•x'dx d*X 

y -.Xdx« g--. y-— 

^d^X x-dx d*X 

•/ d x^ 2 ^ d'x‘ ‘ 2.3 J 'S/a ’ dx^' 

&c. = &c. 
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— &c. + C 


Ex. l.y*x d X = X “ + * — — X * f - \ X ' * — &r. -f C 


But since 


\\\ . in • ~ 1 

= x-*'x (l-^ + "’f 3 -‘ +4.r.)+i: 


ltc.)+C 


(1 ~ 1) “ + ' = 1 — In +1 4 "* ^ — Ike. s= 0 

jr 111 I 

.-.y d X rr - + C 

jri + J * 

as in Art. 78. 

102. liequired the inteirral qf 

X d X (I x'" 

^txhere X is any Algebraic Function iff x, 1 x the Htfju loizartthm of x, 
and n a }mitivc integer. 

By the fonnula 

y’li d V =: u V — f V d u 

we have 

./'X d X (I x) " = (I x) “ /’X d X — li / (I X ! ■■ - ' X d X 

= (1 x) X'— Ji/(l X ) " " ' X ' 

/^-'dx(lx)’'-^=;(lx)"-’X"— (II- ‘ 

ike. = 8cc. 

where X', X", X'", &c. are put <dr / X d \~ f d x. &c* 

spcctively. 

Hence 

/Xdx(lx)“ = X'(lx)”~iiX^'{lx)'' ^n.(»i— l)X"^(lx)‘‘-*~&c.+ C. 

Ex. l./x»dx(lx)" = 0*)"-‘&c*} 


] 93. Required the integral of 


-- f j 


cohere U is any function qf\ x. 
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;jiKl M'h 4 ’h'.!.’nL:, I lie e\prcsbioTi hocomes algebraic, and therefore integra- 
lilc ih '.»sos» 

101. /fnjh:: I'fl ihc mineral of 

X (I X (1 xV’ 

n /s //Qf-'/Z/TV*. 

Integrating i/y Pnrfs^ as it is tenned, or by tlie i’ormiila 

/*ii d V = 11 V — / V il 11 

ue gef, since 

/ X d X <1 X /I \ „ 

(i i;- V ’ 

/•\ <i X X I _ L. /* ‘L* 

.i.i! uiirsii'ii/; tho iticlliud, stn«J writing 

d(Xxi 
' ““dx 
„ _ iUxy) 

“ Ux“ 

iVc. =i Siv. 

'•• )l:ivv 

X X X x ^ X ’’ dx 

!I. :i)(Ky-' nL_i7n-2;(lx)“'* ^ (ii— n : 2. l(lx) 

nr 

”” (n — I) [] xY" ‘ J ln—Tf(n~2y.S/in — ^ “ “ - 

according as n is or is not an integer, in being in the latter case the 
greatest inttjger in n. 

Fv f ^ . m + 1 . \ 

•/ (I '* *' ^ ft\ — 5>^ /I v\ *‘ ■’■ * * * 4 


n — 1 i (I x) “ - * (n — 2) (1 x) “ 


(ni + 1 rx*"dx 

( 11 — 1) (n — 2) . . 7 . 1 •/ I 5 c~ 
when in is an integer. 

105. Hvquhrd integrals of 

I . . 1 t * j * . 1 , . d d d ^ <1 

d P . CO.S. d . sm, <1 d . tan. d t* . see. . ^ . - - - - 

’ cos. 0 sin. ^ ' tan, . 

I'y Art. 26, &c. 

d sin. ^ d 1 ^ . cos. and d cos. d = •*— d ^ sin. B 
.•.y d B cos. fi = sin, B + C (a) 


y'd B sin. ^ =r C — cos. 
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^ 0 

Again let tan. ^ = t ; tlien 


»S 


and 


since 


Again 




d t 

f + 1 " 

t d t 


/d d tan. =/™~r, =: i I (I + t«) + C 
ss C — 1 . cos. 0 


(c) 


1 + t 


* = sec. * ^ = 


d d sec. = 


1 

Ci>s. " ^ 


d l* CDS. i) 


d ^ 
cos. (?'*"! — sin. ■ i> 
ji (sin. iO 

^ T"— sill. '* I 


_ tl (sin. 

- i' - sin.d + "• 


which is the same as J ‘ — ^ 
Again 


il sin. tl 
I + sill, t 

d » sec. t zs. ii.(l+siii.<i} — 1 1 (1 — siii.tf)+C 
s= i . tan. (i.V-f- “• ) + C . . . (d) 
dn 


sr/d tf cosec. t 


= /d » sec. (-J - o) = -/d ■ ( 2 - ") (f — 0 
=-.L'tan.(45^ + ^-i) + r 

5= 1 . (tan. -1) + C (e) 

Again 


=: 1 COB. (-1^, — d) + C (by c) 

=: 1 • sin. 6 + C 

fOO. Required the inlegral of ^ 

sin. ®" cos. ® d 

ni and n being positive or negative integers. 



9 i A COMMENTARY ON [Sect. I. 

Li;t sill. t1 rz ui tlicn t} & cos. ^ = il u and the above expression becexmes 
11 ™ d u (1 — 


, . , . , I . , m + 1 m + 1 n — 

winch IS wlien either -—--or — ^ 


1 _ ** 
- - 


;?• iii> jnLe^<^r (ser 95.) If n be odd, the radical disappears; if ii be even 
and m even also, then - = an integer ; if n be even and lu odd, then 

an integer. Whence 

11 ™ d u (1 — u®) 


is integrablc by 95. 


OTHEUa'JSE, 


Intfgrauiig by Farts, wc have 




sinJ 


ni >— 1 4 1 

COS.” ^ ^ i / COS/* 


ni + V 


*** ^ *1 111 — 1 

cos. " + ^ -j- — . -«> /* d X sin. cos, ** 
m -h ii‘ 


11 + 1 

^ jii F ^ 

and continuing the })roccss m is diiniiiishcd by 2 each time. 
In the s.jrnt^ way find 

sill- ’*'•*' * cos. 
m + n 


0. sill.™ X d ^ 


n I 

+ " r yd xsin.“tf cos.®"**^ 


/ < 1 1 ’sin. t' i;os, " () = 

lUid so oil. 

i07. lO.'qnircd the inh'jrrals of 

d u =: d J sill, (h /I + b) cos. (a' i b') 
d V = d '1 sin. (a ^ + b) sin. (a' 6 -b b') 

and 

d w =: d 6 cos. (a -I- b) cos. (a' fi -f- b') 
liy the known furios of 'rri-i;onomrtiy we have 

d n — d ^ Jsin. (u + a' . ^+ 1 ) 4 . b') + sin. (a ~ a' . O-f-b — b')J 
d V = d '• icos. (a -J- a', li+b + b') — cos. (a — a'. <-f-b — b')J 
d w = «U }cos. (or+ a' . «+b + b') + cos. (a— "a' . tf+b — ^b')I 
Hence by 105 we have 

u r= C — i ^ cos, (a + a ' ^. < -t- b -b bQ cog.(a — a^» i -b b — b*) 

„ ^ ^ fsin.(Mr?.# + b + b') sixi. (a “a'.« -f. b— I/) 1 

“ 1 '>r+ a' a~i' / 

... _ o . . i (^ + + b -t- b') , sin. (i— V. tf -I- b—bO 1 

vr _ C+J + j. 

These integrals are very useful. 
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IQB* Sejuired the ifdegrah ^ 

d sin. and ^ “ d cds. 

Integrating by Parts we get 

/V>"Xd^sin.tf=C — 0“cos. tf+n sin. tf+n . (n — 1) — 8ic. 

and 

/tf"Xddcos.tf=C+tf‘*sin. d + n J — n. (n— 1) «“**sin.^ +&c. 

109. Meqtiired the integrah of 

X d X sill. - * X 
X d X tan. * ' x 
X d X sec. *• * X 
&c. 

Integrating by Parts we have 

y’X d X sin. - * X = sin. “ * x/ X li x — f 

/ X d X tan. - ‘ X = Ian, - ' x/ X d X — f ^ f * 

/ X d X sec. - ' X = !,«c. - ' x/ X d X “/"■ ^ 

&c. = Ac. 

see Art. 86. 

1 10. ^Required the integral of 

, 1 ,, „(*’+« '*) 

(a + h co->. ” 

Integrating by Parts and reducing, we have 

(ag — bf).sui.<> ^ 

(n — I j (a ® — b -) (a + b etss. il) “ ■* * (n — 1) (a ® — b *) 

^ (n-^l) (af--b g) + (n - 2) ( a g.^ b f ) cos. ^ , 

J (a + bcos. i) * 

which repeated, will dnally produce, when n is an integer, the integral 
required. 


P /• dt 2_ 

** •/ a + b cos - 1 V (a * — 


-,-.r . tan. ' 
b*) 


a — b) tan. g- 


or 

1 . b+a cos. t+ sin. t V (b * — a ') p 

— a *7 ' d^+Hb cos. 6 ' ’ 

Notwithstanding the numerous forms which are integrable by die ])re- 
ceding methods, there are innumerable others wJiich have hitherto resisteil 
all the ingenuity that has been employed to resolve them. If an}, ^ucli 
appear in the resolution of problems, they must be expanded into ,con- 
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verging scries, by some such rnethocl as that already delivered ia Art TOl ; 
or with greater certainty of attaining the requisite de^ee of convergency, 
by the foliowing 


METHOD OF APPROXIMATION. 


] ] 1 , Rccjnirrd tn inlegratc brtx&ren x = b, x = a, antf given Indefinite 
Difference^ in a convcrgait series. 

Lot f (x) <lenote tlie exact integral of^X d x; then by Taylor’s 
f. {X + h) _ fx = X h + — + &c. 


and making 

li = b — a 
f (X + I, _ a) ~ fx = X . (b - a) + “ y 
Again, make 




then 


become constants 


iix a^x ^ 
Aj A 5 &c» 


and wo obtain 

i\h) - f (a) =: A (b - . 1 ) + . (b - a) ■' + A" (b - a) » 

which, when h — a is small compared with unity, is sufficiently conver- 
gent for all practical purposes. 

If b — a be not small, assume 


b — a = p . 

p being the number of equal parts /?, into which the interval b — a is sup- 
posed to be divided, in order to make /3 small compared with unity. Then 
taking the integral between the several limit? 

a, a + 
a, a + 2/3 
&c. 

a, a + p (S 
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f. (k + ^)~f{a) = A^ + ^./5‘ + |^.i8' + &c. 
f(»+9^*) — f(a+P)=B^+Y • (3* + 

&C* &c« 


f(a+p^) — f(a+p— 1.^) = P/3 + + |^|3» + Ac. 

A, A', 8cc. B, B', &c P, P', &c. 

being the values of 


when ibr x we put 
Hence 


a, a + a -f 2 jS, &c. 


f(b) — f(a) = (A + B + .. .. P)^ 

+ (A' + B' + . . . . F) 

+ (A" + B" + ....F0i;:^-3 


+ &c. 

the integral required, the convergency of the series being of any degree 
that may be demanded. 

If ^ be taken very small, then 

f (b) — f (a) = (A + B + . . . . P) j8 nearly. 

Ex. It^qtdred tkt^ajjprosin^te value qf 
/X">->dx X (1 — x»)T 


in m p 

hetfween the limits of x =z 0 and x s: 1, when neither ~ > wor ‘j:j‘ + ~ 
is an integ€7\ 

Here 

X = X — ' (l — x*)-|- 
and 

d "j^L. n n n ^ i 

5= (m + n ^--l)x®-*(l— X")’ — -;^x“-*(l— x")' " 

b — a=;l— 0=1. ' *■ 

Assume 1 = 10 X and we have for limits 

I * - 

10 ' To * 

o 


VOL. I. 
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rsscT. f. 


1 in hiii:^ > J, 

A = (I 


- io“-‘ (* fO")" 


JL 

q 




IfriJ' *., bftwceii the iiniiLs x “ 1 and x = 0 

/ X il s r: - - X { (10“ — l)i’+ (10" — 

10” + '‘T *■ 


.... i 1 0 - 8 m" + ^tc. + ( 10 " — » 'Of I nearly. 

Wc tJuill irsoel with more partlailHV instances in the course of our 
^ upon the text. 

iiilliorto the use of llic Integral Calculus of Indefinite Differences has 
iiol bveu very apparent. We huve contented ourselves so far with 
malviiig as ra])ul a ".ketch as possible of the leading principles on which 
rht InviT-si* Mi'thod depends; bill, wc now come to its 


APPLICATIOJI.S. 


i 12. llequired to jhid the area of' auj/ carve^ comprised between two 
given vnlui's its ordinate. 

Det K c C (lig- to Lemma 11 of tlie text) be a given or definite area 
comprised between 0 and C c, or 0 luid y. Then C c l)eing fixed or De- 
finite, let B b be considered Indefinite, or Id L b = d y. Hence the 
Indefinite iJiffercnce of the area £ c C is the Indefinite area 

B Ccb. 

Hence if E C = x, and S denote the area E c C ; tlien 
dS = BCcb=: CL + Lcb 
= y d X + L c b. 

But L c b iiS heterogeneous (see Art. 60} compared with C L or y d x. 
/. d S = y d X 
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Hence 

S =/y dx, 

the area required. 

Ex. 1. Retired the area of the common parabola. 
Here 

y* == ax, 

.•.dx=:H-y-^-y 


^ a 3 a ^ ^ ’ 

and between the limits ofy =: r and y = r' becomes 

If in and m' be the corresponding values of x, we have 

2 

S = — (r ni — r' m') 


= -g- of the circumscribing rectangle. 


Lei r' = 0, then 


S = — r m (see Art. 21.) 
Ex. 2. Take the general Parabola whose equation is 




Here it will be found in like manner that 

S => + C 

m-f-n 

n» n • 

= , — . tt p 

m n 

between die limits of n = y s 0, and x s a^y ss 

Hence aJl Pajlabolab may be tqttaredf as it is termed t or a square may 
be Jbuad is^ose area shall be equal to that qfany Pmrdbdla, 

Ex. 8. Bequired the area an Htpbxbola comprised by its asymplotey 
and one infinite branch, 

. If X, y be parallel to the asymptotes, and originate in the center 

xy 8= ab 

is the equation to the curve. 

Hence -« 

, abdy 

dx ^ 

G2 
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and 

S =/— = C — a b 1 y. 

Let at the vertex y = j8, and x =r 0; then the area is 0 and 
C = a b . 1 J3. 

HoiX't; 

S =: a b . 1 . ^ . 

y 

113. If the atrve be rtj-'erred to a fixed center by the radhU'^ctor g and 
l>atrd-an^ls t\ then 

1 « e® d tf 

ab = -^. 

ri)r il S = r»c Indefinite Area contained by j?, and^+d^=(^+d^) — • 

A 


^ ■- J* ** + -L- (Art. 26) and equating homogmeotis quantities we 


' d e d 


have 


It! ^ ^ 

d S _ - g . 

Ex. j. In tlu: SpiraJ of Archimedes 

& = a 

S = ~ d = if4r- <’* + C. 

2 2. 3 

Ex. 2 In the Trisoctrix 

0 z=: 2 VOS. i 1 
dS = i/{2 cos. iJ± l)''d<; 
which may easily be integrated. 

Hence then the area of every curve could be found, if all integrations 
were possible. By sucli as .are possible, and the general method of ap- 
proximation (Art. Ill) the quadrature of a curve may be effected either 
exactly or to any required degree of accuracy. In Section VII and many 
other parts of the Principia our author integrates Functions by means of 
curves; that is, be reduces them to areas, and takes it for granted that 
such areas can be invcstigateil. 

114. Tojtnd the length of any ciove cennprised mthin given values of the 
ordinate / or To iiFCTllT any curve. 

Let s be the length required. Then d s == its Indefinite Chord, by 
Art. 25 and Lfmma VII. 

ds = (dx® + dy®) 

and 

S ss/v' (dx* + dy*) (a) 
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Ex. 1. '/» the general parabola 

y “ r= a X* 


Hence 


and 


dx*= -y n ^dy* 

n* air 


d s = d y . V (l 


m' 


wbidi is integrable by Art. 95 when cither 

1 1 


n' air 


V y " ) 


or • 


n n 


-+ F 


lhat is, nvhen either 


1 


n 


. or — . 

2 m — n 2 m — n 

is an. integer; that is when either m or n is even. 

The common parabola is Rectifiable, because then m s: 2. In this case 


m 


4 


ds = dy V(1 + -- y») 
Hence assuming according to Case 2 of Art. 95» 

1 + r*y' = y*“* 


(••) 


we get the Rational Form 


ds s 


Hence Art. 89, Case 2, 


u* d IX 

("•-iJ 






, “ + V n 

^l.i + C 


8 2 


V II 






Bntu s= V i 

y* 


, - + V' u 

1 l.-L^ ^ + C. 

4 4 " 

V a® ” 


Hence by substituluig and making the !»e- 


oessaiy reductions 
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y'"(y’+V) y + ''(y' + ir) , „ 

7:" Hh ^ ^ T 

a a 

1 

Let y = 0 ; then s =r 0 and we get C = 0 
and between llic Limits of y = 0 and y = ^ 

. ^ + i") ^ + V (?■ + j) 

+ al. 


[Skct. I. 


a 

'9. 


]n the Second Cubical Parabola 
y ^ = a X * 

iind 


— -yvO + iD 

wfiicli gives nt once (Art. 91 j 

• = ,V(‘+rD + ^- 

En. 2. fn the circle (Art. 26) 

<i s = -- 

v (1 — y*) 

which adinitf of Integration in a series only. Expanding (1 — y') — ! 
bv ihe BiisOjniel riicorem, we have 




and 


(I - y ') “ i = ^ + ^ + g-j y * + &C. 


a S =r d y + 4. y ♦ d y + &C. 


and between the iiiirjs of y =r 0 and y =: - or for an arc of SO® we have 

11 3 

'* ~ 2 OTsT* 

~ 2 ^2-* sTT* 77'2“ 9. 2“ + 


.0298333333 

= .0023437500 = .5285851943 neaiiy. 

.0003487720 
[_.0000593390J 
See. 
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Henco 180* of Ae circle whose radius is l or the whole circumference 
X of the circle whose diameta- is 1 is 

X zz . 5235851943 . • . x 6 nearly 
= 3.14151 11658 


whidi is true to the fourth decimal place ; or 1 hi. defe ct is less than — - — . 

10000 


By taking more terms any required approximation to tlie value of w may 
be obtained. 

£x. 3. In the Ellipse 


S =/d X . ^ 




a — X " 

where x is the abscissa referred to the center^ a iliu siMui-axls major ami 
ae the eccentricity (sec Solutions to Ciimbridgc Problems, \'al. 11. ]>. J t i.) 
115. 7/7//C cw^ve be referred to polar coordinalcsy g and then 

s (r lU* +dg«) (l>) 

For 


y = ^ hill. ^ 

X = in 4- ^ cos. if 

and if d x d y ® be thence found and substituted in the expressim* 
(IH. a) the result will be as above. 

Ex. 1. In the Spiral Archimedes 
g = a 

••• <1 s = d e ^ + i) 


s t + 2 a 1 . 1 + C 

2 a , a 

see the value for s iu the common parabola, Art. 1 1 t. 

Ex. 2. In the logarithmic Spiral 

^ ' B 

^ z= e 
or 

= I . ^ 

and we find 

s = V^fd ( =z ^ V 2 + C. 

1 16. Required the Volume ot' solid Content of any solid by ihr 

revolution of a curve round its ams. 

Let V be the volume between the values 0 and y of the. ordinate oi jh.e 
generating curve. Then d V s= a cylinder whose base is cr y ' and alti- 
tude d X + a quantity Indefinite or heletogeneous compared with cUlier 
d V or the cylinder. 
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Tint the cylinder = 4r y ^ d x. Hence equating homogenecm terxnSf we 

h;ivo 

dV = Ty*dx 

and 

V=flr/y»dx . . . . . (c) 

Kk. ?. In the sphere (rad. = r) 

y' = r* — X* 

A V =s ff/r’' d X — fl-/x‘ d X 
=:^(r=x-^’) + C; 

:iiul between tho limits x = 0 and r 

V rr — r 

a 

\A]\u:h gives the Hemisphere. 

Honee for the whole sphere 




£\. 2 , Ih Paraboloid, 


y a X 
. V =r 4r / a X d X 

= -/x- + C. 


ami ilte I'mits x := 0 and « 


1 ® s 

' =-2--“ 


£n. ;h In iliL ElUp^dd, 


y- = (a"--x*) 




cr b * / X 


7'(a'' d X — X® d x) 


and bptween the limits x = 0 and a 

2<rb* 8« 

V=-_ a.= ^..b-. 
Hence for the whole Ellipsoid 

V = -ff a b*. 

3 

The formula (c) may be transformed to 

V = <ry s — <r/Sdy . . 


• . (d) 
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where S ss J*y d x or the area of the generating curve, which is a singular 
expression, jT S d y being also an area. 

In philosophical inquiries solids of revolution are the only ones almost 
that we meet with. Thus the Sun, Planets and Secondaries ore Ellip- 
soids of different eccentricities, or approximately sneli. tfencc then in 
preparation for such inquiry it would not be of great use to investigate 
the Volumes of Bodies in general. 

If X, y, z, denote the rectangular coordinates, or the f>crpendiculars let 
fall from any point of a cw'ved smface upon three planes passing through 
a point given in position at right angles to one another, then it may easily 
be shown by the principles upon which we have all along proceeded, 
that 


d V = d y/z d x" 
or 

= d z/y d X ^ 


{f‘) 


= d x/z d yj 

according as we take the base of d V in the planes fo which z, y? or x is 
respectively perpendicular 

For let the Volume V be cut off by a plane passing through the i)oint 
in the surface and parallel to any of the coordinate planes ; then Uu: area 
of tlie plane section thus made will be 

/z d x** 
or 

/y 

Vr 

/zdy 

Then another section, parallel to d x, or/y d x, or jz d y and at 
tlie Indefinite distance d y, or d z, or d x from the former being ntade*, 
the Indefinite Difference of the Volume will Ikj the portion comprised hy 
these two sections; and the only thing then to be proved is thf»t this pt>r- 
tion is == d yf^ d x or d z fy d x, or d x z d y. But tins is e isily tn 
be proved by Lemma VIL 

This, which is an easicf and more comprehensible method of clcdncmg 
d V than the one usually given by means of Taylor’s 'IJicorem, wi- h;«vi; 
merely sketched ; it being incompatible with yur limits to enter into ilt • 
tail. To conclude we may remark that in Integrating both y z d x, imd 
y d y y z d X must be taken within the prescribed ihuits, first consideiing 
y D^nite and then x. 


^see Art. 112. 
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117. l\i Jiml the curved surface of a Solid of Revolutim. 

Let the curve<l surface taken as far as the value y of die ordinate re« 
ll rivd to the of revolution be <r, and s the length of the generating 
curve io that point; then d =: the surface of a cylinder the radius oi 
whoso base is y and circumference 2 y, and altitude d s, by Lemma VII. 
aiul like considerations. Hence 

d <7 = 2 -CT y d s 

and 


<y = 2 


/f 


d s 


(a) 


flrys — 2cr/sdy (b) 

which latter form may be used when s is known in terms of y ; this will 
nut often lie the ease however. 

Ex. In the common Paraboloid. 


y 2 r= a X 
and 

" " V' (y' + ii*) 


4i O' 

iTu 


(y' + a*)^ + C. 


Lot y =: 0 and p, tlicn « between these limits is expressed by 

• = rl + "•> * 

If the surface of any solid whatever were required, by considerations 
similar to those by which (116. e) is established, we shall have 


d 0 = V (d y • -f d / ••)/ v ( d x' + d z=) . . . . (c) 

and subsiituiing for d z in V d'x^’ + d z® its value deduced from z = f . 
(Xj y) on the supposition ihat y is Dciinite; and in V' (d y® + d z®) its 
value supposing x Definite. Integrate first V (d x® + d z®) beiteen the 
prescribed limits sujiposing y Definite and then Integrate V (tly^+ d z®) 
v' (dx® + d / ') botwt/*n its limits making x Definite. This last result 
will be the surface required. 

We must now close our Iiiti'oduction as it relates to the Integration of 
Functions of ime Independent variable. 

It rcinoins for us to give a brief notice of the artifices by which Func- 
tions of tw^o Independent Variables may be Integrated. 

118. Required the Integral of 

X d X + Y d y = 0, 

xcherc X is any function of x, and Y a function of y the same or different. 
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\tnieD each of tho terms can be Integrated separately by tbenirecediiig 
methods for fonctions of one variable, the above ibrm may bo Integrated) 
and we have 

/X d X +/Y d y = (\ 

This is so plain as to need no illustrathm from examples. We «h«»ll, 
nowever, give some to show how Intcgnils apparently Transcendental 
may in particular cases, be rendered algebraic. 

Ex. 1. — + = 0. 

X y 

1 X + 1 y = C = 1 . O' 

1 (x y) =r 1 . C' 

and 

X y = C' or = C. 

Ex. 2. -T = 0- 

(1 _x») ^ V' (1 — y ) 


silu - * X + sin. y C =: sin. ” * C 

C = sin. isiii- X = sin. * yj 

= hin. (sin. x) . cos. (sin. ~ * y) + cos. (sin. x) sin. (sin. ^ y) 

= x.-/(l-y^) + y V(l_x') 
which is algebraic. 

Generally if the Integral be of the form 
f-‘(x) + f.-»(y) = C 
Then assume 

C = f.-»(C) 

and take the inverse fifnetion of f ^ (C) and we have 

C = f{f-‘(x) + f-«(y)l 

which w|ien expanded will be algebraic. 

119. Itequired the Integr al of 

Ydx+Xdy = 0. 

Dividing by X Y we get 

ii? + ii' - o 

X Y * 

which is Integrable by art 118. 

120 . Required the Integral of 

Pdx + Qdy = 0; 

where P and Q are each such jvnetims qfx and y that ihr pum of iho e.vjtu 
nents cf x and y in eoery term of the rqnatio-ii h the same. 
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Lcr V 3: 11 y. 'J/heii lim be the constant sum of the exponents, P and 
Q u ili Im. of the iornis 

U X — U' y 
TJ and U' being functions of?/. 
i l< nee, since cl x = ii d y + y d n, we have 

U . (u d y + y d u) U' d y = 0 

A!ld 

(U II + U') a y + U y d u = 0 
d >' U d ii 

••• y + tnr+U' = ® 

m1ih.Ii i' I'.itogrnble by art. 1 18. 

Kx. (. (a X + b y) cl y + (f X + g y) d X = 0. 

Here 

l’ = fx+gy, Q = ax + by 
U = f u + g, U' = a u + b 
d y , (f 11 4" ft) d u 

y ru»'+ (y+iT) u + b 

wliicb being ralioiial is lutcigrable by art. (88, 89) 

I'is, S. \ *1 y — y d X = d X V (x® + y*) 

I fore 

Q = X, P = _ y — v' (x® + y‘) 

IJ' = u, U = — 1 — (1 + u*) 

' +.^l>+^d„ = 0 

y II v' (1 + u®) 


= 0 


d y , d n d u 

y u " u (1 + u’^) 


=: 0 


which is Integrable by art (82, 85.) 

'Fhese Forms arc cralled lloMOfrencoiis. 

121 . To Infrgrafe 

(a X + b y + t) d y + (m X + 11 y + p) d X = 0. 
By assuming 

ax + by + c = ux 
and > 

X + n y + |) = y) 

we get 

, m d n — a d V , , b d v — n d ii 

d V ~ , 5 and d x =. , 

‘ in b — 11 a m b — n a 

and therefore 

(m II — n v) d u + (b V — a u) d u = 0 
which being Homogeneous is Integi'able by Ait. 120. 
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We now come to that dass of luU^als which is of the gKsteit vte in 
Natural Philosophy — ^to 


LINEAR EQUATIONS. 

122. Required to Integrate 

d y + y X d X =: X d X, 
where X, X' are functions of X. 

Let 

y = u V. 

Then 

u d V + V d u 4- X u V d X = X ' x 
Hence assuming 

d V + V X d X = 0 , . . 

wc have also 


V d u = X' d X 


Hence 


d V 

tL: + X d X = 0 

V 

I V +yx d X =r c 


V sr e /Xdx 
= X 
= C X 

Substituting for v in (b) we therefore get 

^ 1 /Xd* 

du = -j^.e X'dx 

which may be Integrated in many cases by Art. IIB. 

Ex. dy + ydx =: ax’dx. 

Here 

X = 1, X' =ax* 

/Xdx = x 
and 

/X'dxe/xd* = a/x»e» dx 

= a e * (x* — 3 X* + 6 X — 6') 

see Art. (102) 

Hence 

“» + a{x*— 3x' + 6x — 6) 


y =s Ce 
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122. B-rquved to Integrate the Lot BAB Equation of the second order 

*■ 


d*y 




d X 


+ X' y = 0 


'•d herr X> X are fiitictians of x. 

Let y = e '****^; then =r ue*^"*** 
ax 


d«y 

dx®"" 


e/udx(^+„.) 


and .*• by substitutioii, 

+ U® + Xu + X'=: 0 

wlncdi is an equation of the first order and in certain cases may be Integ- 
rabir by some one of the preceding methods. When for instance X and 
;n r constants and a, b roots of the equation 
u" + Xu + X' = 0 
then It be found that 


y'=: C e C' e 
123. llapiired the Integral of 


d* y 


dy 


+ X ^ + X' y = X" 

<1 X H V • J 


JH 


\Kherr X'' a urte: function tf x. 

[^ct y = t z; then Differencing, and substituting, we may assume the 
result 


‘''i+X^^+X'z = 0 


and 


dx*^ "'dx 
t\ . /d t 


(a) 


(jr) + (^) (^ + 1* ^ = X ' • • 

Hence (by 122) deriving z from (a) and substituting in (b) we have a 
Linear 'Equation of the first order in terms of 
be found ; and we shall thus finally obtain 


Ex.^ 

d 

Here 


d X* 


dy 1 
d x* X 


X 


r 
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in 


Equate (a) becomes 

d®z . dz 1 


d d X • X X* 


'whence 


d n + (u M- d X = 0 


wherein z = e-'’"***; which becomes Aowcgtv 2 d'o?/v when tor u we ])ut v-*. 
Next the variables are separalltl by putting (see 120) 


and w'e have 


Hence 


Again 


d V , s“ + s — 1 , 

‘ - +'— 7 - 7 . -zr-ds 
V s^S‘— 1) 


-i /iJLi 

s V s - — I ’ 


X^+1 . J |X® — 

u = — — u d X = I . ~ 

X (x* — - 1) X 


Z = = 


j/Xdx — glx « 


X*— I 


y'X" zdx=y’adx = ax + C 


X* — 1 ^(a X 4- C) X d X 

y - i— J i 

which being Rational may be farther integrated, and it is toujid that 
finally 

, = _ “ + c + »’ -J „ 1 . (c . . 

^ 2x^4x Vx + 1/ 

Here we shall terminate our long digression. Wo Ijavc exposed boil* 
the Direct and Inverse Calculus sufficiently to juake it easy ior du 
reader to comprehend the* uses we may hereafter maKo <»f them, v ioil- 
was the main object we had in view. Without the fnugi;ij C’uicuin 
some shape or other, it is impossible to proseepte rcscarciu.*» iji ' 

branches of philosophy witli any chance of sucC :s;, ; ami we :t( 4.orni 
see Newton, partial as he seems to have bee n of Cieomotric.i) > 

frequently have recourse to its assisbince* Hi^ Coniinentntors, # f : i * * 
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the Jesuits Le Seiir and Jacquier^ and Madame Chastellet (or rather 
Clairant), have availed themselves on all occasions of its powers. The 
reader may anticipate^ from the trouble we have given ourselves in establish- 
ing its rules and formulae, that we also shall not be very scrupulous in that 
respncl- Our design is, however, not perhaps exactly as be may suspect 
\s (rir as the Geometrical Methods will suffice for the comments we may 
Ifuve to oiler, so far shall we use them. But if by the use of the Algo- 
t itlnnic Formulae any additional truths can be elicited, or any illustrations 
givcji to the text, we shall adopt them without hesitation. 


SECTION II. PROP. 1. 


121% This l^opositioii is a generalization of the Law discovered by Kepler 
from llic observations of Tycho Brahe upon the motions of the. planets 
and the satellites. 

the body has arrived at B,” says Newton, let a centripetal 
force act at once mth a strong impidse^ But were the force acting 

incessantly the body , will arrive in die next instant at the same point C. 

Vor supposing the centripetal force 
incessant, the path of the body will 
evidently be a curve such as A B C. 

Again, if the body move in the chord 
A B, and A B, B C be chords de- 
scribed ill equal times, the deflection 
from A B, produced by an impulsive 
force acting only at B and communi- 
catingavelocity which wouldhavebeen 
generated by the incessant force in the time through A B, is C c. But 
if the force had been incessant instead of impulsive, the body would have 
been moving in the tangent B T at B> and in this case the deflection at the 
end of tlie time through B C would have been half the space describ- 
ed with the whole velocity generated through B C (Wood’s Mech.) 
But 

CT = iCc 

the body would still be at C. 
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AN Analytical proof. 


' lAcT. denote- coast^dy to S (sen Nnwtona 
figoire), ydikh ^ 'isctauagakf coordinates (x, y) 

whkA deteAiMQe t3ie*4^dftoe lAe! body m «t ibe end of the time t. AIho 
g b* th* from S, and 4 tlic angular 

diataiioe resolved parallel to the 

aacis of Xt its coniponeiti*'^v 

* aud F. X. 

■ • t i 

and (sae Avt* 46) '*% havja 


Hence 


■. ; '• ••„ , 7 d t ■ ■• 


P.Z. 

£ 


Bat 


yd** — xd*y ifc dyra* + yd*x — dxdy — id®y 
as d . (y d * — X d y) 


in 


~ constant = e. 


Ag»«^' 




. ...,• • ”i '•^,,1 tm A y X* + y* ss g* 

'■ ■■ '< !' . ,*. d A t sin, tf + d | cos. # 

- d y -ip' ' j.-d 9 COS. 4“ d f s***. tf; 

whence 

■'■-■• :V'-’-’C\ 'yA*— A'd y' as f* d S 

' ■ '■ •d-.^iidjea of the curve) ~ d . A 
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Now iiince the time and area. eomAeoea itegetbar in the mtegi^don 
tbat^ i& no constant to be added* 


A t O! ^ X A o( 

0 r 


Ci* e* d* 


12j. Cor. 1. pRoiC'tX. X* it «{^pwr* 

that gcnciully ^ 

„ _ I * • ^ 


d)i<l iit'u, sincf' tiu' timeB of tMscribing A B C» fw. are tlte aame Iqr 
hypothesis, d t is given. Conseqnently 

V « d s 

that is the velodties at the points A, B> C, SSk- ere n* the elemental spaces 
desenbed A B, B C» C O* 8k. vtN^ttvel^ Bii^sfauie the area of a n. 
generally ss scioi-baee X p^rpeatficnlar, In aymbels, 

d. A s p X 4; 

A V « d • , , 

and anee tbe4iABS,BC19» ^*30'/ i X jl eonstaut, 

and we finally get ■it!' 

1 # ‘ " ' 

> at -.(»'««%. * 

P P 

the constant being determinable As wiH b* sbown presently, fitmi the 
nature of the cune descnbtd mid the 4iaak^ etttwidng Stiix ef S. 

1 S$. Cur. 8 . 'HiepanllebgnimCAN^ isetptaland 

)>aia]lei to A B. But A B s B e colinthBaitei, they are in the 
samehnt. Therefore C V is equal and panfl^W B 0 . NEam^BVu 
parallel to C c. Bat S B is aliK> paralM t» hjp' m m s t tB iD ^ Wi and 
B V, BS have one point in eoinnion, vii^ B. • tminnide. 

That is B V, when podnoed ^use* ^1nnn|^ 

187. <1^ Rr The body vdnm 4t Bis acted en^ 
ftedimma B the tttoitteiitam whiih ¥ meaMpjd | 
mass mtd soloci^,, stnl the other dte aij»tiiiB^j|g^ 
roBthm B)& These fee ea , ^ 





Now ^dieae t^enikMieiX >¥*9 ||pp¥R)d mnooMsi^k Inj^ eash 
dtmaltothepttidiict^^i^and the bfitaid M 

Um directiotirii B ct B C jses|w^edy». 

tn Aau. iirf thJ -MiitiTtfirti ■*'*—*" '■■«* 1 fhhirffwi 1 inr trBnMff 








towards S wJticn 






C' 






*i^t; «' #t^'iit!Vip|^p 

•itIved'iit'GV titfrA-iSl§ ^^^^ 






r. 

c <^/f 














ftpOdfhJftW. -'.:,.-vv^;> 


■/ly 






alt|iouj|;h strin 1 

^<W^|)t(riii«^ be cleitircr when ^t’ll 

fb£^^vo]ving one Ir. Also i* 
^ fortt be nnd the (orcc m- 
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i«Iet.ituig r br* i' Then aappomg • force eqtml to f t» be fo 

X. and 'P III j direction t^pohito to lb«t ft by Cob. trot wi Xtun, 
th< loit( / wiil cAu&e die body L to revolve «s befor^ 

KllJItlll.n I * 

< =s F — f ' 


01 

F = f+ <*. 

Q. e. d, 


ILLDltTBanOlt., 

S ippose <in die deck of a vesnel ui uution» yon ebirl a body ronod ma 
\cttica) 01 othct plain bj mcam of a strings it » evident the crntrifogii 
Uiiii. m UuKiun ol die '>tijngoi the powt,r of the band Mhith couiitcra(l> 
ill it e^ntrifiignl ioi<e — u e. die raitupeUt force vdll not be altered b} die 
vrh (b hiijkU the vesfcci Now tibe uioUon of the 'lasil iritis tn 
((]uil « ni> to die li?nd and bialy and in the settle dhection; ditidoio dii 
loK ' '111 th< IhnI} ^ force on the haTai centripetal pnwei ot tin hand. 

l.il. Pilot*. IV. 8 uicc the niodon dP the body iu a tircle is untfotm by 

sii)>}>0'.ui»i), ilu arts dc-<iilw d ate proporUouel to die tunes, llvtice 

. 1 .. w 1 aic X tadiov 

t « aic di'scTibed oc ■— — j| 

a Ateu id the vector. 

tAUft •{dCJiUt by iV< n TI. the force tends to the ceiU«t of the cirdc. 
till the i KM tun being equable and dut body always at the vinne dis- 
tinct Iroin PitMeniei ot attraction, the centripetal force (F) will clearly 
bt* c.t ly nil le the stuue ui the samo idrt^e (ttto fo 'Fbot. I.) Dot 
die absolute value of die force is thus obtoinod. 

Let dll uc \ B (hg. in the Glasgow edit.) be daMribcd in the time T. 
Thun by die centrip tal force F, (whii^ supposiiig A small, 

may be conaidetcd couatont,) the D B (S) IgtlMMeidbed in 

that unie, and (>i'ood's Mechaidcv) emopatiug foM|a l^nniF «s 
the unit ot ioice put as 1 , we have * i ' * 

SsafFT* . i 

g beuig as 88 i foet. n \ 

Out b> umilar triaugics A B D« A B 0 » ’ , 




NBWTOWS mnClFTA. 




.-.P- 5* 

• " fT* glfT 


Pq<teAB)\ 

If T a axe abeood 

y « 

189« CoK. 1. Slflct diecMlaAla'vniforiu, Utc \elo(tt> ^ 

_* •** 


13S. Colt. S 'Ifip P^riodu. Time u. 

p as ». '■^Z ** 

Telocit} "" "v 

.. 4«r«H* 4.»*R IJ 

• * *- giftif- * "i I>r « iK 

13^ Cob. 3| 4i^ 3) ^4 i. Geoer&llj*’ let 
P a k X « % 

k beatg a cotistant. 

Tlun 


y« y. 




4 li a nr 

^ 8k‘H 

CmivegrMily. If Xitt / 11“ 

Fox (I9S> 

^ V f * ^ 

135» Ck^ 8. A B( B b are abuiiai 
aj^exid AB,«Kc0Btt.mportiiieoui(- ^ b « 

4y descritMlIiiiM wdcBmleV Mi— ^ ,« fa 

, Now iiliSiaMel^ ' / ,' / 

V •» : a m . . a h* ; ab* | / , /y 


• < 9 b 1 A B 

IfJrllkTieh-.Bb.AB 


u?- 

5 


/ ' » 
y y 
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A cohtmsTx&it 'm 


CSfcciI]» 


or 




AB« . A»» 


V' 

a» 


vx 


Fot 


V* 

rs 

V* 

ITS' 


And it the nrfaolo gamOiir cttrvts fShdifd Ijito an espial 

uiiiiibcr 4 f nidefitutrljr unatt oqo^ IBRM A B 3 bea* 

U.efr( will be aimilart and, by cMH^oaiBQil of vatiiMi (S and p bdx^ 
the whole timebl ^ 

P : p * : ume thnn^^flL B : time ftdnoi^ • b 
.,AB.Bb,.AS.aa . *■ 

“V’ -T - •'V* T 

.•• P «t A B 


iJence 


r V ^ “pnr * 


l^to. Con. 9. Let A C be unifbrfnijy deifi^Md^ 
it>(' 'M <lt t1i( cou&uVred ronstant, all^^KMe 
till, body vDuld f<tll to li in the i>aine time in 
whir U it \> ould n iroUc to C. 1 hen A B being 
iiulr (iniir>H bnmM, the force do»n H B may be 
(on'iuli* III cv<u«i.uit, and wo have (iSI) 

^ 4 B» • • T : T' , 

ii> ki, 

. . t* :T* 

AL BO 

: . AL. RB(I8I} 

AT . 

■ ' XU 

Hence 

AB" = AL X AD. 

Pftop. VL Sogitu « ]<' when ume m ^ AlM'aiig. et {*< 91 ^' ^ 
]>Mha XI, « t * whtn F is given 
«*, when neitiier force nor tune if giv^ 

tug. « F X t*j 




Boatb^ • >arwini!rs <{wncifu. 

onuatwiu. 


m 


BjfXAffiU lSit Cwk. *t 

p ^ -iqwcc Ipjo moon iaitiu 

To tiiil «nj(|pl!icnkqj» be the ifieee descnbod nt i" at 

the aurfliioe of the 'BufOn By ^bwnty. Ako let the unit <rf'iuiei: be Gravi- . 
ty. Then 


by hypotheeib. 


F ; 1 : ; ^ 

irt* ^ I* 




IS?. (W,!. 


^ Q ft 
* rF x'aT** 

To g«t|ei»lise this, Itat a<b« ilf«s iSeeotibeJ m I", rbeii Uie a»i4a 
desctOxid in t" St a X t . 

' i Jia 

and snhbtituijng !q (a) ini g|« ,, 

- 9M* 


Qft 


'nT/!#y?K"eT' 


(!>) 


Again» if the TVi|Utoek»]lwettljt^ lhm^lveb» there must b( 
: : A (whcdi^ ^ T (Peritxl. Tune) 

* A • ' ^ 

6 » ft 9 #fftr • 


iblNXi V (^) > * 

« ^'^Tgw^^i'Sipnrcrr* *• • • * 

‘lir1udh> in'piadtek >* dt« ecttiranient eapteudon. 

» |4% ^ 


(<') 






» rsf a A* ’ 1 

^ X tg ^r^ y y , 


. . td) 

. . (e) 
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XSmc* IL 


m ‘ 


Hence B g<»t a d ^eiential nfmaion 6» flw finve. SKnoe 

pv = »si 


t S! 


P ^ » 


•■ • • o. 

AiI'MIi' r Is tbc followings in tetOM of tKoxAb^rocsl 9t {|b# And S ut Voctor 
^ ,Uid H>e lrnul-angl« K 
Iktaose 

p * v 7 a-?i 

® **" A* 


<1 . iifi 

'if — tt» 

d* it 

pN « 37* + ^ 

3 fi p S d Q d* n , 

- p> =— + 

db 4*u , . . 

and BubfcUtuluiu in f we have « 


«h S ttda 


*■ * |4* ^ '** **■ 

I to. Cub. t. f A “ fV* 


Tiua It i^oerldSMd ^u«> Since 

V . |g,» 2S 
and 
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A commentary o* 

oiJiFnwii»i$. 


Iioi,. «e g«t 

W. PV:: SP: 

_ SP»x P V* 

r "AV* 

• s* Y« X P V* 

} before 


[&£€»« U 


OTHEHViei:* 


- »r 

i*- the t(,« »uoA ilie ciidi • nhejmeo 
<fo r 


a'-ff* 


gT* ^ {'***—«* + f*)*’ 

UIH) .xXliJb. 


1 ht polai f t^i'aU<v lo ibe ti*cK' i*? 

— - *♦ ' u s. 
' ^ 1 f 


a 


•.,.(^r l\=r.~l— +'*^ 

' |/ Sacos.,a~ S‘ 

/ sin. \ 

Vco&**^ / 


4i u 
cl c) 


1 ^ sin. d 
111 


^ 1 sm. ^ 

*" 2 a cosa* tf 


^ d*u^ f , Si^ta^A 

• • 3T* “ ij a V~uaV + 

1 

sT* 




COSa * 6 



Heapil ^ 

« “l&***<*‘’'^**»*^ + 1 *^#"** W'-“ / 

' <>■ V/ j’* 

^ ****S!l 1 »r *1 ^ cofcN 4 ><VOify^ 

^ 1 'kk 

x{&8ia, ••->-*©.*«+ l>f ]~4ffak*ilV#‘*4i 


. 1 

"* • COIb* 4 * 
which by ()90) giws 

V — lA!w 

4 A* (i+rtj£«j» 
gT* 4 a cofi'*'t' 

^ _^_A ^ (I "{■ cos. * 4 ^ * 

“■ga-’T"" cos] '»'>■" 

mC<im,*. ^'“jspt-ipvv 

But 10 this Case 

SPsal’V. 


CoB.Se F:l?:;BP*xPT’:SP-x PV- 


B IB 


;:SP X KPMSG . 
by shnilat trisAg^ 

^is IS tnte tthsB paKxSs ere the ssmev >^hei« thc} air 

K RP-T^>i®^V 

where die teotedM itseb 

» 14 R ]PeiMp«yi^ * ’ 

aod' ‘ 

U *» Q » a Q B X ap M 
|k CWf* : PM« : «T» 
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qT*xSP* a PM^ X si** 

- -1511 * eip— 

« CP* 1 


\j « by J'Jy* 


p 4 ft* C P* 


S P X Vtlopi'y __ fc? P X V 

‘ ~ 3 ’ ' - f 

\ i P* 

- 1 ^ PlvT** 


OTIUBVXftfi. 


1 1 oi'» V 1 I» 


Put S I* to infinite tuiJ P V e: f P M. 


nruKRVuau 

] 1 0 rfjuntioi' >b tbi < *0 e firom .>1 1 (xuul without i( i» 
c‘ — t - 

wt u' c H 'he d'v a (( of Ok ; ' ' ij thn Mitler, «itfi r fllff nd&IA 

. " P i 

• dj "" i 

hlnieover m thit riM, 

^ sr C -? I M Ste,® + y 

c — i*-»c***- S,c> — y* 

%pss- V ' eT ** " ^ ^ 


^ . 

I V 









Hcoee (tS»} 


Fa 


«*g" ^ y» 


V »*** 1 

g ^ 


3 CHD 1 , 1 UM. 


1 J<1. Outeially ve havu 

P H» j T- ; ; P C» PM 

• ^ ^ . . pf* . DM 


Bui 


anil 


Bui 


00(1 


P ft* 

W 


« PV , 


PC* P M : : ili R (U a tad. of ruiTatun ) : P 

* • (fr * ^ ^ p‘f • - - - p c 

_ 2 R X PM’ 

— • y^n — • 

b=||.:kpo 

•■• UK X PM’ 



I2« 




Utme 


i 

'* V 

d* a ss — 

Jf ‘ 

— — , (itto f(0' 

L V*: €*t 


■■ 

ri)ii K mo' 'OTC] to be obtained at once firOTn 

Fni 

j , d « 

d t ss ^ 

V* d‘'y 

.*. r *s — X -I* 

g dx* 

I lu.' Prop. IX. Another <Ienumttntl>on ^ the Iblkwingt 





Let iL P 0 Q 9 ' tiMi ftdtt OAtMre ot tbn spnmt tbe 

aiV,Ks at P, Q» ft q W S Sp'^iue ^nii» 
iai. AUo wt have tiw tain^ E ^ 4 *>9iat«wu«Q. tv 

qpt 
Hence 


■.?n.44dS’:.n’ 


Rad try LevcmU |X. ff ' jrf 

•I' T . q r . : q t» 





(lad 


'*■ 

q'e <j»* 

’ •* Sl» t 
. QT* ^ saw 

* ' i|*K' * * 


QT-* x s r* 

— ?nr 

A F « 


<*SP' 


gT«‘ 

O'rHKKwins 

Hie eqniHtoa to die logeritiutiic j^/aral ii 

P ss - K f 
a 


. 1jb~5 

• « ** *• * 

a { a 
and by 09 ) we Imee ' 

p-ifL! X i-P- - 1-“.* x^x4!: 


g r <‘6 
4«®.a> ^ 1 

iPff ’'(■•• 


Using the ps^btr e(j[uation. yus. 

die force iw»y vise Ixitfounil H} die iurmufa^ (g). 

146. PttoVk 3C< « , 

P y X V G ; Q t* : : I* C* : C 4 > 
,;<|y*:QT* :: Pf)": P * 


/y.*vfJ:gT-.:PX?*:Og*x.r|^d 
V Y O : ; : P i’.* : 


Bttc 


■ ® ^ 0 Xdfcfl 

ulfcv ^|ej»Pd‘ 

- 

P 









I 

Also Oj V' prts-.)on (c. 187) w« ||;et ' "‘‘* \ 

~ AA* pc ' 

= gTP ¥ fSTPiTTO ■ 

Rut ... 


As «x BCX CA 

•*. P — X pc. , 

I'l.t iiklitiuiuil fa^uraie^eaeats t«n «The siune msoning 

>^hv AS k Tt 'tio fotcc, litftng in the oenttar «p4 r^py&sn?, olws In dus carv% 

t t» 


AUTBR. 


Tak( 

ATUl 


Tu s Tv 


11 V : vG ; . DC* : PC* 


lilLP .IK. I 

Qv». Fvx vO . . DC*: PC* 

.% tt'V;vOttQT*. PvxyG 
/. Q T* s P V X tt V '' 

.•.Qi- + uPxPy=Pvx(ttV + uP) 
s l> V X V P. 

Rut ^ 

Qy* s QT* + T** « li't* + Ttt« 
s PQ*— PT* + tu* 

= PQ»_(PT‘-.,Tu*) 
s PQ»— Ppx Py 
(fbard PQ)»s Pv X VP, * 

Now suppose n i, ick 'owhui" P R in P aud Q 

cut P t) in bonie pcant V i hen ti Q V' be joined we bivtt 

4 .PQ\ ss,QPR«/:.iC 2 V«Ps 
and m the aQ P v, Q V' V the c. Q P Y' i* obnuMlts.^ («» 
fore 9UDiUi» end me huso 

Pv.PQ::PQ:Pffi 
. PQ* s Pv X r P pi"Ptt'x V P 
...TPs VP 

or:|^ ch de in puses through V ; 

... P V ul tHb efteftd of cmiatnic pauingtbiM^ C. 





* - , 


iiV.<r v©k^*«Cx jr^ 


ixr 

¥ 

and ‘ 


l*V-^i‘a»C(PG^Pv^ 
■ P V* P (; 


^ ^ ^ PlJ^ r t rf ''■'ysr^r'-* 


.*. iCor. 8 , I^Bov. VI.') 


p a . 


PC 


fM 


FrF*"x'tTP‘ 

9tit binctf by Coiuc‘> the paisUelogntm described about (tn £B^Me hi 
equal to tW rectangle ifhder Hs prm(*ifd nj^riit u is «uiurtant> A P F x 

CDJv. 

«i^ 

f « P C. 


(/ 1 HLUW 191 . 


Py (t Ids) we have 




, Bpt in the id^pse ivlemMl to itt conlei 

•> ' *''*«^4-T'— 7" 

•• i 641.1 >>'-*■ 

.** * a*h* 

there mnU» 

■ •*■■" p%}*‘.-4-’ . , 

wfaid) j 


* ‘-N I ^***4:. 

> ' '.» ®^**gTi*S^*®* g 

' Ili*^k 8 ***11^* nuH^ihe ferae he ibtnx'l febni equirtiM to tiiei 

px iteti ngfto Kfikf (g« i8i>.K^ 
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1 IT Cob. I. Foi a ^jiswuttrical fifo£ 0t 
non "w or Tborp/j, Cotameauay. Au *' 

I •*< the bixly at tlx JB Ibwa 

velocity V )n a directum nbow djiltlfHseBlSrQwdwl'ffl 
AlbO let 

u being the force at Uie distance 1. llioD (by f ) 

•Bl ^ A ^ ^ ^ J) 

vkhicb givcfl by integrarimiy and nediu^ion 

pi'“ 4 A* ♦A* 

K . utl 1 iicing cotrrspondiiig taJaes otg and \\ 

^lut in the d’ipse le&rrcd to it« center v« have 


''XiSln!i'* It 

¥ 


11 ^ the 
it Bt 


1 a* + b» £ 


9 

a-P 


VI hull jhowb diet the orbit U also an elll^c with the force tending to its 
trnff K and <>quai]!ig homogeueonb qoandties we get 

F 1^ *"** ^ iT* ’^pUi j 


and 


Bui 


1 

,7nr*”TA» 

A s <*ab 

. T- 

« • I «Mi 




(ir 


whicli gives (lu ^iie »f the piriodic diAe^ dad also libawjrjll W b« eon* 
stani. (Hoe Car?%to this Proposition.) ' ' 

Having ilisoove^.d that the orbit is an ellipiia wiA ^ ibrod fand^f'fd 
Ine centu, horn the data, we can find the w^tOlil ejcjilOif' 4illiu»l^^ 
^cmla^• s i .ind b. 

By MO, wo lutve 

2A . 1 
P 
R' 


^ ~ ” i^'C X 


1* 4-b' 




"a 


* « I 

n*iP ~ ^ S X V» P* 


and 





#4 


iiad 




f,\m 


9*btmi 


gyp 

v'»"i 




8 V ri 


ni^cb, lifjr addincm and wdMintotion, a tutd h. 

, oTHkRYiar. 

By fotnuU (g« Igf^) we bare 

T» ^ A* • /d n j I Ml 

4*0 . 1 kaT» 1 

.*. X^aO 

and muldplyii^ by 2 d n, inugrating and {wtiiug at ]M[gSw» iu^ 

a“T + «*+ ^ + 

T<^ dtitomdae C, we have 

d u * 1 _ tl ( ^ 

dT»~ £*'ar 

and ill all carves it is cosil} founvl that 

r5*=-^^(r~r/ 

..Ah’ ^ » 

oip* J* J>' o' 

H^pnca, when ; ss K, and p a: I*, 

. • . • 

whidi gives the constant C 
Again from (2) we get ^ 

m"*^c » *) 

wUdii’' )»&>g iotcgratdd (dtp HAiscVs Ts^lts^ |h |tlO.<*>:^^||ll^ ad^ 
‘ "^ii^d by Biyoda It Row) 

^ 1a *i wjbin^^^ die equtil^'W 

I j|i^be reaigp^MtiMhtnlnt andfts 


• . e-' 


i ’ m 





\ ON 


fStecr. II. 


I }h- J. K. i. Tlii V has ult^Uy bef-n (1). 

,N. wi'*n Prysif n ay thus be rruHered « «a«er. 

'•v » cj 3 . : 4 y 0+’ IVop. IV, Id stnuii*i etltpm , ’ 

T Ln '* 0 )ietont , 

' ' » nj i has iutf tlif wnn<* <?»*.■ w-ftf/'*;. .vo huw 


r> 

t 

I ( 


.s' A 4 r 1 h t> 

I * X \ cjr - tr 

' ^ ^ Y 

* f lO. < u.) t tuo ttt ihe prhi.^ ipal re,itoxe«^ tlip <agitta? 

'V, u»ft ii.Kt*J} thi* art ft, wliicb tnc8»ui*e tlie voVutJir'S* nra equal 
.•j». »♦'. tljc'^c Jif ab ibe iLXCS-7u:aore.! lleiirc^ a (^Tiioh 


r b 


% "i jt i tw ift cv>.,ftU>:it* 

ij 

\* i u M* Oijll) li A njii Ji 4ny <i4o \sU>t vei, .►>»(! 

I )»! Ml H* t( Aj ami htiVin^i tho axU-njjo» IJ. hy 

I > P I n ‘Lt» 11- 

T in =jr 1 in i 


;a.(i 

T inC Tui A 

T »' )* *I h A. 

* ’.•*«. ^At (ii J*. M'l-i' \»'n . U <• i.iIm tins j IK '(‘1 nl. *'* It out* 

I 1 .Ml)* Hji)M \\ liaviiig Oidir.aife? In h 

i\ I i ‘ s a' >) j *• ' si 1 s ^ voj ai ‘.'V, tin loitn? hy vducu bodies arc 
* I .« ♦ . ' . M s' *'• V iii i' ,,, i> 'ibouttlie siuse oeuter in 

. - *♦ n m; I j poiui'. the *iJ^tal^e^ £i'ra ifac rcxitoi-*’ 






\ 


X.. i'J - < 

* 4 ^ / nn 

/i 

tt 


The constr'j' ficit » emj> mit l.j^ ble l»4..n U • fif net, we have 
I’ NT :/»»'•’, .}) O • q O 
• p s: rO;.yN,,f> 

:NT.OTt.ltBi»fitely. 
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tbc triangifi., C V T, C Q T an in llte nuo of ^ { ,Q)k ^ of 

gronui 1* N 0 Q p i| ukimatoljf, i, «. in d)e gia«iMWtio,iSbdK ^ ^ ' 
Cp P :“C PT : : t> P • Pl^uWawtdy. 

: : i*0: NT 
: qQ:QT 
: ;CQq;CQT 

.*. C i> P ; C qQ in o given ratio. 

iM>dwi« describing equal arc.ia in equal <u(> in cuts«i$p;faifyiifg 

pointa fiL iii« titnea. , 

’ ,\'P JescrUied in tlio 'Wiiiu* »ime, omi m p ntul k q an ksttia 

fbgcen, 

DraU’ C R» C S parallJ to P T, Q T- tliuu 

pO qO- 1*N . QN; .nO lO 
. . n O • p O : : 1 O : q O 

and 

n p : n O : : 1 q . 1 Q"* 
but * J 

u O i Q R ! : H.) 1 fc> J 
(siiicu II O : 1> R ! : T O . <» f : • 1 1 > OS) 

11 p ! »t H . • I «( • I ‘‘ 

.% n p • p R • : 1 q q N 

oikI 

p : p R : * in p • p \ 

I <j j q S ' k q . vj C > 

Ui p 5 p C . * k q q ( 

oe 

l< atpj Fntq' : p C . q 1' 

v' ' I 

% 

SRCTION 111. 

130. PjUif^^XL This proportion we fihatl aiiuplify by iirr«ugiiig die pio- 
joftkuM (tmis imdei: another as follows: 

LxQE(»Px): L yPV : • PE : PC 
■ ; I A C P C’ 

Jut 'K, 

LxPv ;g,y.xrt:iE ' Ci ' 

GvxPv tQv* •.•.PC*; CIV 

Qv» :Q%* .1 ; 1 

Qx* ’ .QT* , ; . PE’: PSt* 

; ; CV : i B 

i ; 



A COMMENTAKY ON 


t&Rcr. Uh 


•.Lx Qr» : O r**- : ACxLxPC*xCD‘i PCxOvxCD*xCB* 

ntid 

QJ{ \CxPC_ ACxPC _ AC 

<V r " O V X < ~ir* “ 8 P C X C CJTF* 

V OK t AC X - 1 

• ■ ^ "x Tp'v* FTff'imrO * 

Q. e. d 

IKixc. •» 'xpnssion ^c; Art. 137, we have 

V _ lA* ^ A C_ 

^ “ g ^ 8" C"B*”x iTP^ 

‘~gf ^ 

“ g P* ** r ^ 

lu n* tJ f* elements a and T «re tlnteiJimiaWo by ob^eitatiou* 


OIHI.HiriSC. * 


S K t'eial cKpi U!>iou fur the force (g. J89) U 
- g T'* ^ ’“‘(d “) 

i*iu tl I i{ui]inu ti> th( FlUp% giveb 
1 _ 1 f e cos. ^ 

: “ VCuIe*-) 

wh<‘ir « I the «< 111*1- ix . Mi.jf 1 and A c the eccentricity. 

^ u i. *>jn. ^ 

^12 i 

1 U _ i Ki, 0 

‘1< ~ a c S 

d' t 1 

•iTj + “ =^H,r-r.>) 
nod 

J.’ — * A,*" V . 

gT^a(l~e»)* 

Diit 

A' =! **ft*h* sr — ate") 

• 1? — ^ V «,♦ 

.. f - — TpT X U 


ihe same as before. 



Book L3 


NEWTON'S PR[NC3I>1A. 


{S« 


OTBCflWtSi:. 


Anudicr cxpr&tsiao is (lu lin> 

liL 
P ‘Jf* 

Another rquatioa to tlie i» a^so 

~ a aj— < _ aa 1 
. _ .. ^ ^ 


p — V 






2 

P"" P; 
tip _ a 
p® f iT- ^ 

4 A 

{tT* i> (’ 

_ 1 A _ I 

1^1. Vftope Xlle The same iMdci <it the piu^uxtion., wind: arc also IcN 
teml ill the same maiiner» ns iti th i i«.i oru^c dUpse 's pit<‘rvcii here. 
MoieoviU the equatioiis co iltc IhpcsboLi au' 
aft^~ I) ^ 

* 1 -f* e cob 0 

mid 

^ + S H 

tvliicii crau the ■•imic values ul' I os hdaie cxv< i i i) licu>< h*s 

and Uiuoby liidicates tlie fbtvv to bo npu> 'v 
153, Phot. XII). Conks 

4 S P. P V 5 S Q v’ a: Q x' ullnnnuly. 


But 


and 


PvssPxasQil. 
iSl*. QR t QlL't: 1 

Q%* ! QT*i; SP' 

. : S P 

ISP.QR t <iT‘ S P 
QR 1 1 

* = E , 

•■• *' “ e y * x 'y y * * sr*' 


I 

SN' 
S A 
S A 


or 


. * 





COMMElifTART ON 






>1 ^ 1 1 • ihf )< i .IdBinbecI by the |wilQ«>‘«e<tor si^ood, or P iIh per- 
I ( r»hv ik' qx) i >>te tetigcitt t.nd V the corrr^pemiS^ H^lo^. 


OTBX]»ri&S. 


It ibc pirabo.a tvehave 
1 £ 


II -s - ss j- 1 1 4* coa. ^ ~ ^ *5^ ®®*’ ^ 




\ 1 4»a\<* 


u j L 

iriil these whm 8 uli«i»itiiled gi 

“ 'dV* '*■ “) 


\ * ftp 
g ■ P ‘ «' ■ 


tbe sinic ii it, t/ 


, 2P*V 1 
r ~ — . — v< - 

IT L f* 


Neutui) oOscnce that the two latter proposilioQS ]3liay,eaajU]*be deduced 
from PnoK XI. 

lA^hat Kf) have found (Ait i oO) 

-IT _ * b •* 

I ^ '■ ** 

P*V* a 

^ 55* ■'■■■ ■ ' - X I ¥ 

g b‘P , 

Nov when the wsuion betiuues an Ifypfrbolit |he finvemolit^e rtpid^! 
fcivo the trajectory being convex tovank the forces end the expreecion im* 
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■i#r 


Agam by ihe pct^pertf otikir «%■» 
nrhidit gi«e« 


1 

4» 


( 
a 

fir-*’ E 

ind if c be tba ecoaulrioty 

B ^ :iqp ^ e) X (a — c) 

s V a ^,8 1 

\ ^4 cTxl*rr^** t-'ra* 

Mow wban littpKe beconitw apambola a nod o »t« lufinitBi a — c la 

US' a 

Al^il 6 tiwt bame oidfilr of ii0nltct asi a. Conaeqaently 

aftd eqaMng bke ^ti80titu.<^ we hw 
a 9 
F X’ 

ahiclt b<ang bubstUi^d abavc gives 

V = y 7 - X 

* «>- / 

the some asb^bre. 

Again, ie^ BSIipse merge into a cncle, tlun h rs m mid 


F=s 


T»y 

aV' t 

V* 
gx a 


(cy 


” J* ^ ^ B * “ 

)SS. Coji. 1. 4br poinf oj*<mh.ot, itnd pmittan 

Me ieh^feni Be^ 0 vwk ieehu# cm he ^iewnhd htrmng at tAat poi 
a gfam ssOfvoiaM*), ^ s • , 

£or a g[eaaKtiW nitotibivtjtlqtt Jaaidts^ nQte» NfSi 8A8< 

Tlie ckmebta of the C«k»c fiectian iii|{' ^ be (ibi^ found, 
the fligpMajtien foK-l| hr Ar$, lA eai^j^ be tianifonned 10 

■•"' . a! # 








I3<« 


A itX>MMENTARY ON 


[SCCTr III. 


N )«• thi> t^neral equation to {Oaaic McUofit Iwing 

I 

1C .r— ■ 

a 


b» 

r X 


l«(.e co6j»^ 

f]i< 'lejirMiiiator of the Taloo of R is eii<dly feund to be 




#•*’ ' 

>vb*cli 6*vt.s 

It 

.. . f 



a p 

fl i,re 

b 



a 

t* 

a IdlOtin 




Ajriui, by the equation to coiitc <)ection 9 we have 

“ 9 a g 

«li (II, aid of the above, give; 


A' 1 


« ~ 


±nlH 


il(' (ousiruiuou is My. 

> >f /" C’lf '/•<♦< ti>^r^hjivu ihf Ccnby^aH Votes md VeUxit^ 

|..r /f.1 

II till aide of cursatun lie deMHbad pMsing throiig^ Q) V, anil O 
lie iig the ihotil of • mvatare ptMU)^ the ceiitet of ioi<x>, 

nnd P () tup dii>nui»r of cuivatore); then from llw: ainiha imnglvs 
P Q ll P \ 0 . V.I ^ct ' ' 

c» n - 

W o. -> p-y** 

Also from rbc hioiigli's P Q T «i|id P S Y V Wb;^ ]^llMyMUdieiii> 
Jar iq[ion the tdliponO we have ‘ '’■ 

p $Px0T 

anaftomPSY, PVO, 





I» 0 C| 1 CI 4 NEWlK>ir 5 mifcmiv. Vfff' 

it ^ 

wbenc* Igr sabstUutiQp, &c. 


Q B SF 

err>Tcsire*ffS‘x^t* 


H 


bF 


vm 


wldeh i^s 

V* 

g.'Sf "T* 

Henei^ S P» S Y and g being givon (j|iKintiti«$, It is alto givon tf V «nd 
F are. 


15&* T&xi (nhiUmhch tmuh -'ve and Aen tie seme eenit*ififtal 

Jarce and veioeitj/ tamioi be drurtUd.'l 

This is dear from the ^ Prtudple of sufficient Eeason.^ Fox it is a 
tr^fb osioni^itic that any number of tau es acting simultaneously under 
<ii!cum3tances the ubsoluie forit.} I iw <»i 1«ir4^r^ ^clocit}) dirco 
tion^ mid distance, can prcnluce but on* t^fft i, li< tlu pif^ent case that 
one effect id tlie motion of the bod} la ^ouit oi l rit {\t C ^nic Section. 


OTHi uwise 


JLet the given law of force be denoUd g^'P^rall} by f p, wboie f e mc.u:i& 
any fanction; then (139) 

F-KI’k-Jp 

• e * p‘ •> t 

and sioce F and V arc given 

1 .TV F*V'^ dF 

Fj! 5 ~—x^rS^* 

But if A ba tibc vaaa F at ata givan distance (ti fiom tl<e cenitt to 
tibe point of ooataet; dtea 


F ; A : ! ;fr 
F * A t J f ^ J ft 
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1 Icnro 


xud 




'‘:V -<‘1' = *Kf’, 

" ' p f r** ^ 


P*V' ip' ^ A 

“'FW“ rr* ^ 


.‘I t we h•^^• 

llj 

P»v«ff 


h >«v M i , and yd f / At^ evjdiiiifly the ^ame fuuctionb of { and f , 

Vi c I U a<>surjDc 

/ 0 and f f ; 

* i‘ duiiiM } f (on<»(art by icterr»ng to the po^t ofconfaei of the 




r V fr 
V a V 


r-. AU 


V* 

M y f jJ-— 



If wJ'it) r^imtiups Uh x Wing the stmhi^ and t'h«3e vitib whkji 

end / die el* ' invulv^'d, the tnr\{i» which tie theoce dwtflriqpftitde are 
ttentiiai. Q c. d 


'riiise oKpluiitMinb aif auflhciot to tker op the ronvene pn)|)oaitiioQ 
Wtahied m thA eot«3ieiy. 

]5d. It may W dfmonurated gtaicraily tijt4 at once tte folloWaV 
Pjt the quneiian 


i 
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IM 


ibn 


ttnd 


1 1 <« 






n<)d ^ubsbluting m (d) tia\c 

p ' ~ ““Tai 
But the gpnnal equsunu to Come Sertio i 

n- b"^ lT-«‘ 


^ ■+ 


2 

mV 

u> 


* » 

Whence tlit orb^ is <i Couic St vihoiie aves ore (letenidnid>le ftvtn 
^ 1 t* A t » 

b'“H“ 1>*V‘ 


and 


*C' 




-L 

r M 
1 ' • 
l>. p % f 


aml the section is nn EUipM.» Parabt'Ia oi livpvtboL oiruidtii^ us 
A iv >, or St or < 9 g \ r. 

Before this suljcct is quitted it may not lie uiniss bj tfacM. torins also tu 
demonstrate the conserse of Prop X, oj Coi. 1 , Vho<». X 
Here 

f r a# r 

V* 

pr ss 

Whntoe ' 

Bot hi Bie Caaiti leletiicd to tho «$nfi$r, «e have 

I ♦ 1 » e* 

ipsf r-ifcfi'+vT" 

i which abenrs otbit to thf an mUpso ot an<< 
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In tbe case of the £Uqw« tak* the folhnria^ jjeoiaetnosl $(diitsion aad 
construction 



t,', the I ci’ti 1 of fbroc and distance CP are given. Tbel/oJy isprojedied 

at i* « iib the given velf*citj V, Hence P V is given, (for V • F . P V.) 

die pobitioii • f the taogci't h gitsen, position of D C is given, and 

P V ? p . Hence C D is given u» jnagnitade. Draw P F per- 

{ riidici.iAi to C D. Produce and take P f s CD. Join C fond bisect 
tn Join P g. and take g C, g f, g p» g q, all eqnal. Draw C p, C q. 
rhtibc Riv the pobition^ of tiu; major and minor axis. Also ^ major axis 
s P q, 4 niinni axis s= P p. 

For from ju dcbCiibc a oirclc thcou^ ps <]> (>ttd vince C F f is a 
right z., It win pass tlirongb F. 

.% Pp.PqnPF.Pi ssPF.CD 
Also 1 

PC' +Pf^ rs Pg* +gC® + Pg’ •fgf*,(ailt«elMneafAbi«eetn01ng) 
or 

PC»4.CD»a:Pg‘'4gq’’ + Pgi + gp' ' 

sr Pq* — SPg.gCj + Pp* + SPg.gp 
s: Pq“ f Pp* 

Pp. Pq as PF. CD ) But a and barer detannined bytlwssme 
4Pp* + Pq^ » PC*-!- CD**/ equatioua. Pq ss a,.Fp»b. 

< t Alan idncv p and F arc angles, the dccle on xy vdQ pnss (hroogli p 
andF, and APpx e Cpqs CFqar kFih baouise £. x F C sc pFq. 
'* ...PpxasAin alttrnate augment .% P p is tangent. 
Pp*=:PF.Px PF.Pxssb*. ‘ 

But ifM tW Ellqiae rxbeiihc QKtyordxis, PF.Px str*'. 



NEWTON’S pitmcim. 


149 


Book 1.3 


Cx {$ tiM major axis, and C q u the ishwraxn. 
tlip Ellipse ib constructed 

Pkof. XIII* Cox. 2. See Je«>tttt» itoU. The ettse of the Iwdjr^s 
descieat in a straight luie lu th'* rcnt«i hete omitted by Newton^ be* 
cause It is puostble in most laws of forte, and is morcoser tenvvad Pm a 
full discussion in Section VII. 

The value of die force is hoarvu eisil; obtsmed fium 140. 

167. Prop. XIV. L ~ 

ix, « 

'y U T X li\potlu 


By Art. 150, 


< TBLnUihl. 


F V “ - X ^ 

«T*^b /- I i,T ^ 


for the liirlp^ cUipbe, and byj>« ibol«, v* \ 'n' \ >2. 

I* (» 

for the parabola. 

Now if p be the value of F it dint mie I, " e has* 
P;=-^ . 


Whence in the lormer case 

d A* 2 P y \ ' 

and in the latter 


F L 


Bat 


a p* X v*»_ 

— gir- 

SP’X QT‘ 


:I‘SA*:T' 


A* BP‘ X QT*_ P» K V»^ 

**• r* " 4 4 , 



■i 

16&. Faoi*. iClV. Cfoa. X> %4bc form (a) »e 
, ^ A{m>mVh) a X V l.'V 1 

. ^T V L 


. . . (1>) 



44 


A COMMENTARY ON 


nit 


1^2 ^. Pkop. XV. I'Vno the precedif^ Art. 



Cut lu tlic I'Ui^tso 


h ss 

.. T s= 
16 f‘. Pmop. XVI. 


a" , 

^ i 

^ t»g 

For oacplonatioMtt of the text see Jesuit^ notes. 


(«) 


nTH£RV|SS> 


Wj Art. {.'»'? wc gtl 


♦'I 


v=v-%*xV 


tj tilt oir< l< . ('llip'c, hyprrbolsi ettd paiebda. 

Ci.i in tin* circlcj L ss g P. , 

.•.V ss V g/tH ss V K . 

b<‘in^ Us radtu!;. 
lu the ollipne auvl lijperlxiU 


L =r 


»b* 


..y ^ if . • * 

1«1 . Prop. XVI, Cob. I. By l.VI, 

JL cr ^ P' X V ‘. 

168 , Cob. 2. , 

D being tlie max. or mio. disuuic-e. 

169. Ci>R. S. By Art. 100, and the p]!iaeeditig one, ' 

: . vt i »rnv. , ' ‘ ^ 

164 . Cob. 4, By Art. lUO, 

V 5 X 


(f) 

(g> 


(I*) 



Book I. j 
But 


• NEWTOirs PRINCmA. 


JL » , P as ftttd r «s 0 

.♦. V ; v' . * ; • » ; 1 

16&. Cob. 6. B} thi euoatious to th# iMubola^ <dU|He> 0li^ 

tKdil, V«B, ' ’ * 

p* « 5 p* - r. f * p‘ * « 4:iqf 

(he Cor. u manifest 

166 . Cob, 7 . By Art. 160 ne have 

’*•21* > 

which by aid ot the uho\ti eqmitums u the cui^* < pioves the (*or« 

OlIttrKWlSl, 


B} Aiu i 4 i) generikfly icir oil cur e> 

V* sr R PX 


But genmi^y 
and in tfaa circio 




P V St 8 f (rad. IS {) 


An analogy whit9( wiU ^ tsotYtjMrison between v and v (or ai.j 
curve whose eqaalioin is ^ ' 


167 . Cob. 

By Cor. 8 * 
viw'^sj^tp 

and 

> 

1 


. ex equo 

ir 

V : f ; ^ ?• 

"Tpt. 1 . 

K 
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4 COMMIbMTAIlY HI. 

l'>8. Phup. XVII. 'rhe ahiolute ^ the /ptcX' ulase be 

knovm, viz. the value of iiy tnr else ^4 efivti Valm el V iu the atsumed 
.y,iu> uili i)o« Ke detunuu&bic; L c. 

L.L':. V'* 

\nJl nor jfive JJ. 

Tr piusi bo observed that it has abreadj be«a bhowu (Cor. 1, Prop. 
X Hi ) thar the orbit i» a conir secdoo. 

S) i> J«>'>i'>ta’ notes, and nljo Art. tfi8 of this Cummentnr;^. 
t( i'Aop. XVII, Cob. 3. The Mn.' siolioas being com2>ounde(l, the 
) . 111 the (atigint to the i.ew orbit will thence be given and fherehire 

'ht ])p>peurliciiiar upon h from the center. AUo the new velocity. 
\\ liuKt , as in Ptop. XVII, the new mbit may be conttructed. 


OVnEKWlSE. 


Let tlie velocity be augmented by the imfmlse m times. 

Now, ;i> be the force at the distance }, and P and V the. perpcndico' 
Inr and velority at dl^tance (P,> of prcyfection, by 156 the general equation 
to the new oiHt is such diat its semir^xes are 


— 4, or as ■ f— 
- m' m* — 


and 


~ a 


I’l * P 


-is <» 


in*P 


m 




accoidhg *ht s>ib*t iii ellipse or hypisrbobu Ho9Wver it 
thence app«»arb\hat x\hcn sz 2f the orbit i» « pareboIa» and tjntt the 
equations corresjKinding to these cases are 


p -S — PI* 


ax 






oi 


in’P 


* a X 


in> 




\4 


or 


a PXp, 





N15WT0N*$ FHlHcarlA. 


l5fiX>irOTti>N6 AMD 


SBCnONS 11 AND lit 

it 

lTO>IntbejHirabo3ftOiciante8ciingialbi^paraUeltc>t]ir«aa*»i«i|uircdl*. , 
4SP.QRtQT»;;Qv*.QT*t,yE»;YA‘!:SE:SA*}8?lSA 

S' P is coi(t»tani P ib eonotontt 




n */ 


In 


Lei a be Uie relocityieMdved pmaSel tu P M tbeii since tbe £t>r<e 'leti 
twipendicttlw to P lit v i|i wg {K>int toast be same as at A» .*. if P Q >»> 

ly P. Q T 

tbe Telei^iiitite«a<iii QT ss a es fxmstant^aatity» and* as — — 
SfP.a 

' 8 '' ^ ♦ 

P as 2-w|inr^*j'i ~ t 


tnnddstbeecawideiaii^i^SPbd^ii^^ and 

. ^ ss 8g P. I* 

yttaadly tD«b^^ vhtchasM« 

‘ • . ' * ‘ ' r^TT 

aiib (it tAgjpeiat V as u ^ 

t$h 1b itiie loqafbid ^ foea itjiea actiojt pat a’'< t n t!><' > 



A COMMENTAST OH 


^ £<8hbi^ UX* 


M8 



il P' Q T* . ; Z P* { Z T* : t V F* : E F* : : Y B . BE 
dmi s'nct tb«s cbonl of cnmtwne (C. c) sp i M» K b 4 P M. B Q, 

•.iPM.BQ tOT*'; VBt iBKs=»PM 
QR V B 
or* ® iTTir*' 


F ix ( 4*«ce P P c^istHQt^ 

^ *“ wJocjty paraBei fo A B. 

{ Al my i> 0 iUt v a u 

1 79. In (he cycloid tbc ^cce is ptixslld to the baae 



R P* . 0 T* : • Z P»! Z T‘ • ; Y K« • V M» : j f BsV Mi ‘ 

and silled C. c a 4 £ M 

RP* ^ • BM RQ, 

A 4 E M. B g . Q 1 » . i V B j V M, 

. QR _ VB I 

• QT'- TElTVIJ^ ’Oimi* 

If V M a y, r A 


u’ r 


/ VBv 

t) 


-iTary — y* 

a « Yelocity pwaUel to Y tt,''! 



(At 9ky print v -r «. ^/ ^ ) 
11% JfM F in a pttraMn ietukttg to tkt- vet^t. 


I> 

K 

T A m 

TP: PN.:TA:AE 



or 


V i » P» (A E), 

1 4 X^+*X_*Tt + A 

‘’•p*“-— x«'“ 


lu 


S4p ^ 4dx.a*^— ♦**«4 x(**+ «) 
'V,— ,:f\*,r'*-‘*~'-*‘‘ — ^*T*r 




"ax* 

0x 4* a 


p> '* X 


. d X. 


,;4a'iS(R|7Vi 

j _x4* + y4.y_^dx+'s 
, d* «» 


tt d \ 


*fy» V^X* + dX 

X 8 i _ * +"i X 

rx> 


«tp „ 2 lt + * * r x^-i, . _- 

* p^f f r**^ ' — 


. V •*•** 



l^Ct. III. 
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I 

174 ijet P Q O b& thft 





' • P O A z 

P T (0- « iSuou^ die ‘Vertex ti the peraboia) sr 
. PQ* FO,A* 

•'5rar*rrAP": 

PQ* Al?» 

QE AP» 

•*' ITT* T<m* 

»a«.QE _ 8fl*.AP 

• F7r4T» * g;Ftr.j:a"» 

P O. A /» » a A ss a A S. A N* 

vJ*5liA^ 

’* ^ “ gTirg.ATr»‘ 




BofiK ' MEWIWS iiw 

Th» body U pniloeted ia dir«c<£«> P E$ R Q lolihe i^^ir 

T«^gwit4a6l4 ropelSiig force f| P, Bad HwfoMl^ ' 


L.P jt ; I. . P T ; ; P X : P V 
L.Pv:Pt.tG: ; L: 8pC 
Po.^GtQv* ; :PC»: OD* 


PE:PC::Ar F‘ 


Qt* t Q X* 
Qx* J Q T* 
/.t.PxJ QT» 


1:1 

PE* ; PF»J ; AC» ;PF'! :JCiy*tBC» 
AC.L.PC'.CD*: 8PC».CD»,BC» 


: L ; 

t =r 


SBC *. 

TC "- 


1 ; 1 


QT ‘ 

li'K 

8 r*.QK _ Se * I 

gnrp ' ce ?!!^ « gnnnr * « n «‘ 



ne. In «ny Co^c Sectiou tbc carvAturt; 


L.SP* 

- STpT - 


** PV QP* QT».SP* _ L.SP* 
m. lUdius of curvMore w «r‘ 5^ j5 


for 


P Y? 


r rp - 

P V.SP « 

■ snr ^^^ sT *” 


• si ' 


1^ Htbtf Itt eny ourvc F « 



4 a’*SP ArL 74 . 

® gSTOf ***“' 



1 > 


\ COMMKJJTAHI? Olf C&CT.Ul 

* 1 t »i < .4 1 Sutiou^ ^ ♦ 

rv--g:sv*“L..NF*~i7i:Tgi^» 

"TTyr 

L * S P * . 

It t, < ( h id <»r n jf\ ’itfur be Piovocl sr i indpp**T*<lontly ot 
i) r 

th »t>i ihiit L, uUis wit»ncral ui »bp variation of force n 

i( ( * oii lulpln *»»|»ciseJi <>di 

I 4 t / t , / * ,• > */ J “ b, fs ruvj soa$ 

KiUtr \/ tf iter io thi fxe^ eunmftf of the pa/aU(^/ 

If f »h IV T* , ti^ff Cv. */t *atw ike f^^n^on to the x i^^hL 

' ^ ^ «»f 'i *eu>lvii.^hf*dc -ss gT’’ li, if b bi the Icngib 

• * -u 

\ ’* 

/ ^ (i? <eu*nj» idioret sr loii&.uo) 5^ — ^ ^ 31 ) 


^ « tfc^nnieiourt ^ 2 • b ^ ^ b 


_ 2 - b 

- - y '-f ^ 

, " - 4 h 

I <»j4i\4iv '^X* ' rtnstoil ; wcifiht : : 1 T*. 

1/ ir^rj^ i 3 V ' ^e<|UJtrca 

J - b • g T - J I, 

* I 

^ f 

* r fcni' u tt i ioli. Jutigbt,iu|u iiUthclengihoftbestiUig 
I - 

1 




1 

• u . 


182* // ^* 0 * f* ^ it * I t a f'^n 

any p* mt ff if ^ j /, c v < , 4 , ^iis 

f% t *0 t f ^ O it // tfh f </ » < \f t*i O ^ 

of < 7 !< 0 K/tftCftt 07 * 

UiAC *-. I. r. <. ^ K 
''llie body in ) ept at it 't by 3 f ire , • n 
\ify in tbe dnvciiuo t.f \ li, t ^&!on Jc I’u* 
djtecUon C A. and the rrotr^petiti tcixt tn 
th« dirticti<Ma C ti. 




B««* L] 1KrPAVT0K*S IpIKCTPU. 

. A> centnpietBl fbtw e 

«(id centripeia] Smxo ; gttvitj/ . l> : ^HTISTr®, (ftom a) : j ^:i|fy * * 

t® r v Tyrrgi * 

.*. T sf '■ ‘^" ■■■" - si h (oustaut quantity if 

be givQB. 

.*. the tune of osoUlation » iIk vaitu. foi ull coniurl pentlolum^ havinj^a 
common altitude. , 

18S. \ tn thr £Aq)V »t iJte hou : ' >v the artle e. d. : : ti lfJSn4 
the mqjm ujets, exuattieU^, a'ul compete .ti '1 wih that nt the tit^ and 
find the Umiit n. 

Let fe> A ss c, 

\ In tb« EUipso ; diet 'r tbeciirlt. i>, i). : : V IJ * V A C 

• V U *’• V A''<' in diiSCaae 
‘ 41 1 ly •ui'l'O'iuon, 

.-.a AC — AS s. a‘AC. 



L»c«Dttidty as A C — A S as ~ j: „ ** • 

Tj Tin the circle,. A C^ AS^:: — *'- — * n*) ? 

— n‘i ' 


Abo u mnst be 2, 
for tf It ss v' 2^ the oibit b a jpnrabok 
if n > ^ S» the orbit b an bjporboln. 

184. Suppoie \ t^ thi qutmttlp qf 
matUrtjf^ to he taken ovhOu. *iiow 
nmHk anuid 'S of I he tnrreuicdt and 
oAet the etventi icttp her neUi otlai ^ 
the D’a peunt Mbit heht^ t,msidtre<i 
vkadarn 


All ai^ pdnt A bar direction is 

peqpeindicQkr «0 S A» 

• be alterrd at any 

T in tbe sew orbit will 


1 $ 




A COMMEimkRY ON ' 


CSscw 1X1. 


s her ▼ in the oirde^ since v s and S Y ns S A* ttid « it the 
'«a>ne at A> 

Jj>t ISsaCjPVetAspL^ MMi F sB * |r^ 
in this case, ^ 

* b* 

. 3 : 4 i :St (r; Lin the drd^} : { e: L in die diip»e) 

B 


n S Cy 


A a s 


^ . /8 cx S 


And r in the ifirdc . T in tlie ellipse : • 


VS /S\*. 


V 2 a 


f : V 9 : 8. 

Anddieevcentiicityssa — <'!=| « — ** g* 

18 •. Wutf fU'tntfty muit he^datttytd tha* yiT nn if le doiMed, and 
u.iaf the 'm idrutlif <»f her vevB orhu ^ 

L et F tJ / ^ue» force) : ; n : 1 


f 

* • '’ = V 9 Y . P V, and via^veo, 


I ot , 

— - i * 

1 9b* ^ r’ — i—r Sac-'C* „ , 

,Mi:l;: — .2c:. :c;: — ;c ;; 8a— c ; a' 

a 1 a 

n a ss 2 a — 0, 
a = j. — . 

Aba T in the circle : T in the d^e ; : 1 : 2 
:: (8 — n)^ : n^ 

, 1 !! I : : (8 — tt) * ; n n ss 4 (8 — n) \ whence n. 



' M£Wix>l!fS 9 »iNClPU 

And til^iRKniricity ' ^ ' . 


ISA ffhai ftnut^ mikt be iestro^ HM ' ye 'orbit my bemm a 
forabotat 

1« 9 4 c, 

••. F :/;: 4c : 2c j : 2 } J, ‘ . 

.’. i the force mast be dei>itiogr^ 

18T, P « jgp|, a bod^ ts ptyeelcd at ^fcen D, v s v Hn^t ^ 

t, teitk S B d: a*ie mqjnrf eteeentricii^f and X , * \ 

Since v « v in the cad^ .*. the body w prcgactcd from B, 
end A. S B Yas 46» ; v « 

.'«A.SBC,olrB8C5r 45«, — . 


' .'. S C St S B. eoK 4S> = 

\r jB 

But 

S B :s D » 

a 

nsis mijor and excontHdty fow found. 
And X any he Iboad fioat Art l&A 


/ / 


V 


/•¥ 

L, ,„ — )L- 


j 

n 


188. Praoetbai.tbean^dar^ribtad'H : that round S : : S P : H P. 
Hw H <^ed Sedt Wtan^Ji Hypotbesin 
* la the ei^ae. JM JPet^pp, bap«|aadicular to S is H P, 

«*. p m s! Btcrement of S P ■« iDeerenteot «if H P s P n 
<• .*. trnn j^ee P m is P a p> ate egutd, 

.•• P W » K V « 

188. Banihulty,ia the hypeihtifo^ 

, Angolftr ▼ flfcS.P « onjjahBf vaf S Y ; 1 P S P i . ‘ P 

iMr 

gp . iC 

. . » r • A ( 







A COMMENTART 014 


CSetiv lilt 


1*> . <(•«//. Ml* /fvirs (j^jaUtHg to the crtUeryg Uganthimie 
C * I fji I vit o(»n*> 

ii t i>c> «u a«> the mcos. 


9^<i 

\ 

.V 


■/'A 


‘ 1. \{f a SP\fotd 9 tta at , 

,' ■» 'j!, - • ><!• / Y r J ^ Uii. s {« bwiig (on»tat>t) as a 

‘ dfi - ^ * 

“ t ’ 

* d 4 0 . #. d f 

*» -g~ , 


. uit t t. ^ y j( jS f “ V, .»eji ss 0, Coi. ssitt) 

. iJ P, p, be pomU i;i^ctj, 

1 A.t 1 f n f ijt« ‘ t Itnui p to center : : S P * : S p*. 
l*M f / } v' ‘ / a iijrtttKene ^ntat vetk (hat in a tittle, e. d, 

* d r b< p\cn, V « vTFV, * 

' Hj ‘.pi. d V i'* (lic tJr<4o . . i'' P V mTpSr^ .V $ $ P i ; 1 : It 

lJ‘i C iK re T »*' a f ^ui ifktMc ipiud \piith that in n e. & 

T». puJ -a *4,^. 

oieainl* Ir.j^ gv 2'rtf.«in.« 

2 * 

P m <wle » ^ JLi* , ^1* a 

Uaca in I y . S Y v.{ y 


.T»r- n * >* EV---?- . 

SVTjf^BfU.*’ ▼ ***2 mti 




s ;tnnt«t4«'tSUi.a': 1 4 iiv^«,< 



Book lO ' PBlMCmiu l«t 

^ A-- 

192. ht ihi SIhptfcmpan 0te 

tioH, w^X 1^ ttnteJhuH the tnean daitmet to the PaJtdkH. " 

axeerarietijf, tojiitd fit: dtjitehise ^ ikt Imt^ and cattvarw^. 


f' 


I 


/ 


8j 



A 1 > V is ileswilwd un A V. 

\ 8 

T of jmssiug dtruagh Al>bc}to» ; t through l*erilH*liun 
: • S B V : S B A 
: ! fc*DV; S I> A 

= = C D V + " <■ 1. V 

Let Q ss ifuadi^ant C D V, 


. . <T + t «) P : T - t : 8 0 . « . .1 ‘ 

, m . »P a, a <. 

.. I 

Hheora T — t, or, if T ~ t be git on, « < may t)« fouotl 

198. Jfthe f0nkdum dtttaTtee of a conKt in a jpartihtdti » 6*, ffi’* «e«h 
dtstanfe ss 10% roii^rr tft vetoc't^ at iKt eiU'mity qf'l* talk ®’» veUxdjf 
at mean disiance. 

Sinct* 9 moves allipsQ, v at thomeaa distaora se ihai in die 
e . 4 • ttOd V ip the parabola at Ufa extreunty gf L 

. V ip the circle ipd. S S A ; « V 8 : 1 
V In the cirde mA 9 A 

: V iu the ciide rad. A C : s VTSTC : V S A 
V in thepotalicWM X. 

*, * in tbp eUl^e atBuv'Si^ACiV'HA ** 

, jf' : ? lo V 8 J P V 2 

' "* -* ; : 5 5 i 

194. IPHud is *lr d{0brtnee tutnnpefi L n pattAola arid efit^n 4i 
tie tonne <,*^ dutatice sx 1, afid arts tjwphr ^ rja elh£U sz 800 1 it ^ 
fkf V 91 the otntemUif of L a»4 <** distanefi. * 

^%jfk B>*,yprojbi>la L SS 4 A S SB 4, 



isMt. m. 


ir>s A comukwtarY on'* 

I, (be Clbpv U ^ 8^ - ra=^*) 

.-.L — I/IB 4 — — 

« 

^ in the panbed*. at A : v in die cin^ ntd. 8 A : : V f : 1 
T in d»e circle md 8 A : v in tibe ellipse e, d. : : VXl3 :• V' H 1* 

: , vTi^t V>A ti— ii A: : VTsS: V'S»9 

\ in dw; parabola at A t v in the alli^a e> d t : V’SOO : V* 
Suiillarljr compare v*. at the ettnanil^ bftlBti Rf 
] 95. Sujipost a btidy to w^ate m a 
*i >uti i jfilt uJalatc, eon^parf thetenMion 
thf -^Irtn^ at lemest point Vhftk 
the 'u.ettt/it of the bo^. 

ihc rensioD of the strin(( arises 
from two causes^ die wei(|^t of the 
IkxI} . and the cenhifagal ^ce. At 
\ wc may ronsnW the body revolving 
ill the cirtnlar arc ia4< D V> •*> the 
c jutrifugal ss centripetal ibree. Notr 
the velocity at V ss that down 0 V by tha feree of gnv. 

rs thiit with which tiue body revolves in dm dicle lad. 



2 C V. 

grav. 4 ccMtd&gd foroa': t 1 i I, ' 


tension t grav. 

]P(b buppe^e *hi Mp to osdllak 
through the quadrant A B, uimpare ikf 
(ensioti at B with th» 

At B thcatdt^ will be m the diiApdon of 
gtavi^; (he whde weight wll^ stretch 
theatrlngi .Mhetoisionwillssoentriftiga! 
iWee 4* Now the centrifi)^ , 

* Ibfloa SB oeotripefal force with winch die 
Uliody woiddtiatqolve in die circle e. A 

Afid^v in the circle at V 2 g > R. y 


tt8t 1 






Book I.} 


NKWT<1N'R PHlNCim. 


m 


also v' at 0 from ^v. sr \'’2 gW. 

grav = l = 


s 1. 


y ; groA. 

»inoe V 5= V. 


v« v' 

sgTSFCD 


3 , 


.*. tensiou * grav, : : 3 : 1. 
19T. A hodu vil/tahi tn a t^reulttr art 
Jtujt Ht( untr C, iJifoa^hKtltitu t mm 
a vtbtaL »' ikaf at the ioAt%t pAint tht 
temton of the Urtng s? 2 X out A * 

▼ from grav. ss v d . V, (li 1* 
be the pt>mt requir'd) v' of uro* 

C V 

lution in dtc drde ;r v d. . 

/. oentriliigttl frrcc : ^nv* ; . v : v' 





: V iTV 


ceuUlfugal lorc( +grav. (r-tcn8ioii).gra\.:5^ 


2 


+ -/NV: vHjrV 


: . 2 . 1 bj snppt utioii. 

^ St 2 V >rv 

••• •/? ' 

.-Sv-EI. 

.. JN V ^ 


198. TSsnr ts tt hollm vti<!d mjbrm 
gf am imetted. pandt^oid damn ,mAwk 
a 'hofbf deicend$. He premire ai tameih 
jjtmiti B . n . WTghft JuulJhm mita poim 
tt must descend^ 

At KOf pcrfat P» tiie^))«j|ll()Fla in the 
same <dtoatUm na if tttqppodad frc»n 0« 
P G bf^g noimalf and la the 

eiirle^hosemd. 0 P* NflV P G » 



/ 

/ 

* 


/ 



J60 \ COMMfiN TAHY ON Ill, 


V 4 


A ^ V A 8, 
„ 2 A8 

^--r- 


Alto v\»l A wluch the bodj zcvoIvob ss 


,*. flenttifttgsd feres as 

and grav, * -§ g yi — height falkn from. 

iWi ibc whole prebbtttie srtfee from grav.<|* oeutnfngal for«se« andsn . grav. 
centrifugai ferce 4* gisr> : grsv* : ' n . 1 
oi 

'.11 » 

A^+ 1 , *• r 


1 

rs* 


1 

i,‘ 


n — 1 . I, 


• h JSa ti — 1 - A >S. 

W'K Contpate I he tme (I') * r hodtf Ae^ 

V ///!■*% 0<'* of awmaly vi a yarohtHa F w the 

I in yaA* T* S 

Fitiic througii A L in iu*ea A 8 L r a iii 
n |A.Se-SL 1 A 8 ^ 

' P ------ ---—aa-ir fiS 

A ^ 3a 

r u’ tha ciule iad« S A : 1: i whole cirrit i' m P 

T . 

ft' 




and 

a. a'!. v'L- •/'VXs j v'TA^Rts -/S;! 

Oiii^rt t&f Um ihsiubtitg OO® mtkeparahoia A 1< wik fiat tn Ms 
jmtvAoJa A 4 (%. hamc.) , 

t : T i» the ©icU rod. S A * * i : S V g . tr 

T in the chtde S A : T hi the cintW rafe a A ; s S A^ i f 
{*r«»c*T»« R») ^ 

Tit' ttHOHj jhJi^A 1 1 1 y g Hir^t i. 

■T **• I 8il :TW(tagh » A t : S A^ ; ® Ai 



ttotw I.J iNJUU 1 UN'S FBI NCJl'IA. * Ifli 

iiOO. Jhrayo the 1‘ p ivcA ikot tkj iim Ufaugk t* V p’t itmf 

throt^b i> A P ; ; n : T, fine pt 
Describe the <irck on A V. 


,'Q 




's 


K 






1 

r 


W 

H 


\ 


'i 

11 


Lei i 5. t»m^ I* V i, .11)1* I tile 

I ^ l^VpS _ Q \ q S o’rde-r * Q q S 


n + 1 i ult' 

ciHt , S E. C Q 

- TT"^ ■ 

■“ ' ^'TTlc 


c. 1 le 


-i - + I 'tin. I 


^ m rr* t \i 1 ut» *ua»«M» i 




^ T + ^ u 

A 


nit Sn. tTT^ » ^ ^ ^ »*) 


«5nrir4*"5:^i^*+^ ' $w. i» 


. } * 
.rhieb tlettHoDtikittf tfy Ike. 


f i 1 / *..'■' 


S»l. THe |f<wM tranim rowMf ttr /a w I»0 <^<v *» ' ' * 

iitJSbr^ Bs 24jlMlO0^ltos; Juptfn'i J0l>sb> revot 



JIm* tIiguAer & SM ,000 mSet, Cuntputr ih • *>< '< 





• IAS 


A COMKRBNTABY.OK 


L9set.m, 


T « A being tiienu^ ttck of liK 
••. If A be given, ^ 

Mass of Jupiter _ T* of tji< Kartli’s IdEoon 90* _ 14,400 
Ar^,-ofi3,e WtH * ~ X ~ 

, 4* 

‘.*02 ji Comet at pftihthon tg 400 timfg as yigitf io tie Sm as tie JEarii 
ul ,tc Ilf an tlii/ante. -Coikpan tiu tr v^oeHns at fAose jaeints. 



\ < locity* oi tile Coutet _ F . 4 A S S' 
Vcl.,. itj ^ of t&f ISrtlt “ FTSTSTS ** V * 


OHO 


* *•' L 

400 “"F ‘ 5(H) 


• I . ''-V-H 

ai»‘i C»‘ji tftt tie Mams ttfiie ^ aai Baftht iatn^ tie^mean di^ante 
ofti" I'i'f (h fiji’ Situ r- 4(W», mi ^tistohce ^iii’Moen/rom tie Eat tit 
5 1“. -s ]f). 4 m Means 

Y ^ CC iri**.* > 

#* 


0*1 ' L( 


.(» « 




, Alawof Ae «DB _ JOO* 1* 04g8«l|M’d0 _ 

• Mmi of i£e Earth ~ T» * la^ ^ 

a 

SWA iriie/o,sc « j, -V 

it vkH be eefiftipetal VtiUa 

^ ^ eesueeiy kt Js jwrf 

tUfhmaiile wlm g; iffi de jgmi 

iUtdafObib 



03 







the l«^S|*^;.'- ^ » 

» •§• a'3P. ]?' V'fe-dwiio^'ori^ 

S • > ■ ’i'; k,v,v-!f , . „■»•..•.■ ■ •■ -■'■ "■•’•■■ . ■ , 

'''■‘’''■\w V ••■•--■a.s.B.'hB ;■ 

.\ .-IJ A. CJ ti' ■*, P y • «s^ II i- jf ■ g * • 

■' ‘. ' ' - .r.xS'B + fa.ByA-c,q=-g n. s B, h e; 

■/‘ - '.•. A'C'.+ It fl'.'A f'-'is Su A C, 1| B,, 

A'C 

. ‘ if A W, ~ n ~ h tfc® .IS a parai^ i jl'.n > 4, 

,.hian,.eiJ^sei.^h.<.4» the oi^it»)!j,ajBh;,>peTbo]«. . , 

' ',% andB'B or A C ss Bh.^ot* B Sh^ 


.Virp~"sii* 


. ' to B h) w<! L > E sr 8 S Bf 


'S 


H ■.' 


* / 







*SP*HP^HP‘ 


V 3 FVV 

XTOTOT^riS 


_ 3 A C S-P 


..3ACfe 4 ACt-8SP 

. ' .•. 8,8 P ?p A G 

I ^S- 

Tin coda |kj|»» S 

207. J Mu relives in an eUtpsCf »f 0 iygha» pmni fftejiave bamm 
J v.huhd bj If* Find the neitp 



v‘« F.PV 
. . in tibj» cMe P V « » 


Fjy h i dltp se 1 
' p> iunen otlit 1 


± 

n 


I 

'’’IT' 


But 


V » In ronic section _ p V at P « ’• !»* 

-•ip-riJrTeTir * *SlP * 

- ■tt * r ... Ml„A.,.niSa:*fartauflBr V' 


sa 8 A 


<; 2 A C, , 

>8ACy' *" 


*j[]p.., ^ J s^t 9, of p ssf*SV A»«n lA® ti»« Wntiia sn 

joBi^ be between e* Bj wbtt* tl* oAiit is h pemboiu, 

'.Me* tine cwWt is an h^ffdo^ndft Pttiwl be between B, 








\e c^i^uinf veh^iiy^f^ ‘ ' ' „ 




,c"-'^'.'^ '‘"'■^ Ti' 


/B«t-|>y''Ptop;i;-w . • ■■ 

. ■;/ 'J "{‘"^^f/T^i^AtA . 

\' ; ' '' ' A (1 13) 

V A ' X 


P X V 


810i R^ired ih^ Centr^iigal Force, (ip) iu afty orbit 
Wb'iiU the rcvolvixig body 13 at any distance ^ Trora the cctiter of fore? 
the jC^itrifi^l Fdrjc^ ivhicli arises from inertia or tendency to perseven 

in the direction bf l^^n|^nt'(niOig audiorserrox\cau$ly uttri^^ thU fore 

to the eiigular moflorijjvi^^'^no^^^ p* 283) is cleaily ilic same as i 

would .h$ w^e the b,i^y Force revolving in 

the body is alwaj 

idi-^ersff^ the centetj Force muss ahvuy 







A OOMMEMTAE^ ON 


tS»GT, ill. 


i0^> 

J U>i n ' ’ ' 

P' V* I 

f « X p 

ll»iirp also And lay 800^ 

• ‘^> 

\iA 1S9, ^ 



Sll. Sequiffd tie anq^W" veioeitjf qf tie perjpmiicMlar vfcn Ue 
tangent, 

n. twr> conseenUre points tn tlitSsuirvo be taken j tangent^ pripenc]icul.ir-> 
ajul tlie circle of rurv<rtur«r' l»e d«s'*iil)ccl as in Art u wiU readily ap- 
peal tlis*- ti e incrementil angle (d 4*) described by p as that deM*nl>cd 
by d.c ladie* of curvature. It will also be seen that 

d„a+(=.'l2.7):,;; i 

r.tl from similar triangleie 

P V ; ^ 1? . : p : 

/. d ^ : d 4 •* ' P V : 8 ^ 

V Luuw; dic chord of cumlure. 

Huicc 

a?) Tpv 

“ « X (d; 

i»e 

_ a P X V 

“ ; x“ P \ 

P» 

= t^y.x3.i- (f) 

Pf df ' ' 

Jit. 1. In the tirule P V ss 9 (j wheare 

^ PxV ’ ‘ 

• ~ ==■ «' 

£x. 8. In the other C<«>ic Secttonsi we hihK 
>■< 



Booc 1,3 

^ve» hy tskiog the faguiilnps ' s« ^ 

Ik ^ 21pa]b*-f l/^|i;g*:fl) 

«ul(tY4.} 

. 4 .i^a *» 4 SL 

. 1* i 

wkeocB '» ' 

aP X V 


m 


« a 


812. Bfquitfi Ute FmaeenMe feloet^ in m orM. 

It rewUly at^taara frott) tfaa fig. that 

da:d{}:f:y 

.’. it' u tb* Taki«^t9w^ Uw ^ter, wvbatu 

/ /] {.\ d's ^ V‘»* — ’ p* 

. »£jLVx£i;Tj;‘(U!b, 

P i 

a P V X -,) • . . . (g) 


01 


• • • • « 


AUo bince 


1 „«*dii' + U/ 

«t ~ ' ' 

d f 

g“ 6~6 


P* “ e^Ti 
B a PV X 


(k) 


813. To Jktd uiieie in an orhii tfu Paracmtiie Fdoctt^ 4 a maAimiua, 
Fcom th« equation to tbo curve bub^titute in the ucpicsdoo (818. g} 
for p', then put d u a 9, and the rcholting value of g wili give the j^wsi- 
tion requinsd. 

Thus in (he ellipse 

ur, 

n* a A . ' ■ 

'F Sa-^t 

ioi **•*' 




8ft 


J_ 



les V CUMMbMTARY OH 

“V f 


[Scot. III. 


_ b * _ 

(> the roxiii !• '''utul a tbu (Atu'tmtv cf tbe 1.atus>tUsctuin. 

O/HlWftSS. 


ft ueith^) Inrresfe*! nor dfiotcuatw when F ss p. Hence 
v’ .i 'i = jjHt. (ve 310) 

C 

P’ 

VO 1 o ^ot UN ni puftinp, 

d (a*) = 0 

11 *li € vp’e* 'on lo 

1 , 7 ' j^nd tkt angulm mloeity vKreoieifmiest* 

Uv AM. and 3?5, 

“ p V X X 1-^- - X . 

<« 


U 0 




(h) 


ujl (lOiri butuun tiiaugieb 

o • r, — i; ') * Q T r P T • ; f d • d ^ 

j I p\ 

e - 1 I I 

- ~ 5= l^iRXe 


X V (4 ^ n ) = max. 


— « — .»*•««« (b) 

P ? P L f 
citinr of >vh>i'J) aid of that to the (Tirvo, will give tlie point 

Fa, In ilif U*p t 


3 a ~ e 


l>»=r 

3 a •«*-* f 1 

^ ^ ^ s= max «: m 




.dm * , 

mid “ =: 0 give 


'# * % . 
0 — ft ^ sr **- u J 
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wbkjb 






.fte-Ja + i Vi40ji<-.-48b») 


fix theaxatiiMk or numnifi poi^i«owh 
If tho ettuatioii ' ' 

* * a ^ r^TeTiSrSltK 

and the first form be iistd, ve hari 

d e « « .> « * 

J« = p X- 


Slid 


fi* 


ss max. St Hh 


Whtnce and from d m a: 0, we |;at finally 

«>s.S = -gL±^(^l-.+ 1 ). 

816. Tofidfdl^verethc tancm VehcUjf tmtunnjasfi 
Here 

dr 


(ft 


«s max. 


But (186) 
and 


> ss 


VxV 


dt»^ 

p X IT ^ 
dv P^V* V(f* — p») ^ dp 

... . X p,j 


* 

!■ 

. *' (•1=£,5 X 4 

or 



y X r.fr’-rti 


f 

and 



d m as 0 


> — I e: Hi 


will gbre the pout nqnirui}. 



r/u A 

lli'jy in tJie ellipse 


CSora. JY. 


, 'J -y. - V • 
rw ^ C ^ 

£* — P’* ’^- i* . 


?*.'X 7 jfc*- •, . r- '■ 


wlucb givee 


p* + 4 jr- 


;f* 


* “-u!r — ~ ^’"■. 


ivlieuo; the mn^nm an 3 , . 

T., 41 . 1 ' 


Jn the cfi«c' i>f Uie piii^ 


becomes 


|Hsit w4 U^ cfi^u^tlon 

' i . '' ’ . 


' ‘-S** 


4 it*f ~^ ab^sB 0 ; 

5 h'^‘‘- "■ '% ' 

•'• f — a X -r si-.'® .X, LittBi^Reotum.' 

P p ■•' ./, 

' 'Sl ’ ■* “ V ^ • ■ •'■ ‘ ’-/ . ' ■ ' 

Manj other prohlecns re^Kicdng 
Rut instead of dweiliog iongev .upou ,8u^ 

cm ions thiui nfleftd, and at best onlj ealc^t4^ to . exeji^Sse the student, 
I sliall reftf him to my ifiolaiimia of the Cambridge Probhuns, where- he 
will find ii j'l-oat tinniber of tl^ as'ttell as of problems of great ‘and 
eest'utlal unportance- ' 


SECTICW IV. 


81 t', Piior>. X, V III. If the two points P, p, »e g^en, ^ooa.coxim'wnose 
.xentors are 1 », p, and rmlii A B q; S P, A B might be dewsriWa , 

intersecting in 11 . 

ll the posidons of two tangents T B, t r be giVen^ •tbeh peqft^pdistlidaES' 
S.Tj.S t must be let tail and doubled, and frtmi V alid v tp jth ' V ,**** ' 

r:s? A B, circles must be described intersecting % H. . ": ’fif '-' . 

“Haring thus&'rither of the tliree cases deturmmed tjlfe' olh^ 

^ v,^f>rc msjr be described w^nicaVy, by taking a thr^ Ss 
"'"i fii^gits ends in S and II, .and ruiining thep^ ad round 
t.the string.' 


'.t!^ 

: 's 



Boo«i 4 < , m 

jf 0 Magdtm ms tliib asal^j^ieia^^ 

Irt. X<et||MrjSM^*j 9 ^ tbe tu^gMt T Jly «tul th« point IP be g{Ven ia 
pQsbjatvi*' iM ite Axie>tMgor )re i^ivea ia. 1 i^^tli, viy. a a. Uten i^« por> 
{ModMI^JI^ md tl^ pidhst^PMot S P (« ^) are kooira. 

Bot CSoiaic Scntion» U 

hi a »' 

pt s;: ^ 

P aa + j 

whence b h> ibutxl* 

Mao tiie distance (fi c) between the foci !<» got by nudctti|g|' p ati |i IhiiDoe^ 
hndh^ I and <htn»fbi«* c e a 7 ». 

Tbif ipvas Hie other foi‘ii<- ; aud the tao ibci b^ng biowtt, and the aide- 
miyoiy 'Cttcve is eaniy con<!trgcted. 

217 . 2 d. tivA two tangenut T tr» and the focus & boghenin positUm, 
Then nahing S the or^n of coordinates, tbocqualiunato thetrejeetoiy 


< W t 1 O ‘ , V 

p« ss ij— -t , nods as -,..... .i. - ii. . ■ ■ . . .la) 

^ * a 1+i. U)S. (t -- <r) ' ' 

a bung ^e inclinaiitai of tbe exls-jinajo*' t< th<'i of titc dKiusbu*. 

Now caHii^he ao^tt which the tangouw naK' with li>e axU of the ab- 
scissa: T and 7 « by S I we here 

tan. T as ♦ 
d X 

But 

X ss s cos. IL y s s 'iin. « 

wbffljce 

rp __ d e sin. <> 4 - f d tf coa i 
<f j cos. t •— « 1 ^ siu tf 

w tan. 54 *^ 

eni* 


t d » 

Also finin equations (a) we easily get 

' ««• {* ^sj** 

•s-w K ^ t \ 

am, <4 ^ja) X V(2a|<--i — b) 


‘J*> ' <lep* ' 
*»■ w^.*f p t -h o * 


, and 



17? 


9nd 

Ht K)Vt 


" 1 W P' 

A QN 


»«?. y (*.|i If **,!»* 


CA^V. IV. 


bT=r, * t* - 


tm.f 


. W 
• tk 


wlitdi q>us ttn. in tmu<> i.«f s, b» and tad. it, 

Hence by 8accef<uve anhstilulions by ibesns of Um^ eeKHMrid eaque^* 
nonb tao. T may be&iuid in ((pwos of a» b^ p, ttui. «» dU ^vbidb ace gurcn 
. b and tao. «. iktsnfyfftf , 

tm. T » #(a, p. b* tathnX 

In liLi monnar ne abo “* 

ton. sr f (ai, p', b» tan. «) ' 

y bt longing to the tangent edioae inchnatian to thn ipdie ht T. 

Tium thet>e two eqoai^oos b and tan. « may he kwind, which gi'*- 
. =; V and «y or the dietaace between the fbtd and tlie podtion 

if the uxM'tnajor; which bebg inown the Tre^w'Uay i< oobdy con- 
.imcitd 

»1h 3d. Let the &OMS and two poiutH in tihe curve be gimi m pou- 
lon, &r. 

'ni'T Ut corresponding r«tiu o •“d traced eng^ St ft die 

.•.iini ins 


* l -b e cofc {6 — a) 

j - ± «a~ ) 

* I + c COli. {f — «) 


irc anil by thi formula 

ro&. (4 aj sr Cos. S. COb. « + sin. S siu. a 
H a » aid ft o. iui (1 tonre betwcui the ioct and tbo poidtion of the am* 
auyoi may Iki'ij be found. 

Thib 1 ^ 'Ti.i'h less lontibe than l^ewtoii’a geomebkal method. But tt 
tnaj stdl be ns'fii to stud-n's to inow both of them. 

9 >P. t*ii >1 ^ 1 Si. To piokc tlii» cleoiu we will state the three eases 
icpaiatily. 

Case 1. Let a po>nt P and tangent T B be given. 

Then the %aiu in Uit. text being takin. we double the petpand ta dar 
S T» dtMNVibe the orde F G> and draw Jb I toudldng the aiitde ih F and 
libiMitgh V. But this last stqp is thus effected. Job V F, tvp- 
enk ihe eiiclc ih M (nut dtown in the dg.}, said take 


V r* as V M X rv P +. P Ml. 


ij|^«lttaa:nati)r. 



NEWlt)lP« PBf KCIPU. W 

CSm«> 8. Let tangefatn be ffma, Xhun V a»A n bejbf AafWmi&Mt 
<dke foeiit'oftbina it ihe ditoctrit. * Wfaeure the VM^ U pleh). 



C«9e 8. Let tvro {Knot* (P> j ) Ik, ftivo". 1 h-ci Iw P end p tbe 
<^rcl<» F O, t* g intmecting in the loo^ £» IhLi' thaw F f i common 
tangent to them^ &c. 



But Ihu k'dttifi OeiKtc^jiiiS h!0“ I* with a ladi'W =s S P — ^ , 

. ci«!»e F'G', p «]« hngeot p F' a# in the j.tUi rase* < .t 

by tttfaoribiitg * MU^dir^e upon^^pr w> w lo Suur«it T'O it r i>j 
P F to P, asitiji drawing F f peralleUo K' p. 
fv Aj^jS^nay Solt^Uw tbb Cowthrid^ I'niWtnni/**)!. I. Ct-ten ih J 
' ttwfgefiideeipe jlijly 



m A COMMENTARY til? f' . CEwjtlV, 

il>e% three easts my wify M goAtral 

wliitwn abore; oi iit the same ldb^j|!rfw^4lS^ 

fi t*iijk ll c cijuatictns 

P 4 ^ ^ 2 +''IdC»£ 

l^Kop. XX. Case 1* Oivc^f in 3j>eci^2 xneate $» 

lar*’ in tbe dih Leih^Ma. " ^ « 

Swu ike Trajecftny n ^iW m specif &c0 V9 it 9(Wiis that 

tU^ I at to of the ^xoh 2 a, 8 b is gi^en in stmtlar €lU{>s^ (hmee tlie 
same is uasP} b/iowu o f hyperbolas. Better ^pee 
C*a:a‘ + h« 

» c t>cin<, the distance lietweoi ttia ifici, if ss iii» a gtren qnaatity^ we 

a 

ha\t * 


c 

A 


^ ^y+.^i a V trrF’n*) 


ae 


v^hi II IS «i{ »u £:^iv« n. 

Il ^hc cefders i 3 » C/, &c.] 

Titr c%ntainon tangeiit L K is dmwn as m 210* 
( «scc> 2, JJ. *Seo Jcsiiil**^ ^Jutt<Se 


OlilABTlSr* 


22ls Case j. T^t the i\\o points B> C an<l Uit fuens S be given* 
Tlun 


1""+ ecos. ((? — 9b)f 

»• — Hh « 1 1 e } ^ i * * * • 

* “ i + e — a)} 

» being fhi* inclicarion of the axis of aibsciwSUfc; to the &xui major. 
But aiuce the tr,ijtTtiW> is in «-pccies 

c rs - isknown^ 
a 

mid ill eijuatiom {!)» are jjivtto. 

Hmuic^ thcrefbre, by the 

‘ cos> (^ -— «) =s: cua, » co^ « -r «in. ^ sin^ Op ‘ 

tjbp fenibaxiti^iaj(*r and i|s pondon. me fislil^p 
^ also c a e IS , 

mnieh glivea jAm 




Bocat LJ NEWTTMS'S PfilNCXPU. IW 

CW S. By as in ia jl} mQI b| 

4en<»rti^b<itlia»a<,aivd«si^bofoiai4 « . 

Case 8. In iMs csso 


,n‘« ’ 

will give a. ITeuce r s a e is kn<mi< anct" , 

■f‘o() — e‘) ' 

^ 1 4* (i^ — — 6-) 

gives BB. 

Case 4* Since ilu ti Ajii»clorj to be descetbed »mfrt be similar to a g!?ea 
* one whoAie iV and o' are given, 


is known (SIT)* 

AlbO f and belonging to the /Ivti* v 'ni a.e i nown 
licnee we have 


35, ±««( i 

^ I 4’ecoi. 

And I1J mean^of the condition ol tonih'n* the ^ivon line, unotlua 
iqnation involving e, m may be kund %<t t>biit \m\U thefOinHi 
wili gj c a and a* 

2SS. SciicJLiUM TO Prop* >.X^ 

Givcii ihut in th^ TtaieitQf 1 nu^ *lu t'j u^itshuj i , 


AWOTfiEH SOJUt JLlOKs 


Let the cooidiDatcs In the thiee poinN be f ; g", and » 

tttij^c betweosr Uie major axis and that o{ the nhscibso* Th^n 


i » 


r+ectiSs 

*^*nrrpsr(rri;T 


•r** 


WJ 


(A; 


«ad sfiinsiM^i; * 0 ^ 

y«i., /jif 
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A COMMKNTABY ON 

«, Hum f 


CS^cr. V. 


from Jim It!; 

^ 

f . cOi*. — f COfC(tf"^iJ 0CkS. 

I fence by flic formiiia 






• ly *** f cw. (f- 


ft) 




ti-s (P — Q) a r4«.P.eoii.Q4> rin.P»4p«Q[ % 


wIhcL gue^ f . 

TJ luo by mous of tqtutioaB (B) e w$ be knoimil Mid tlMfc by n&kU- 
tutuiu ui < ((. ^A), H if known. 


f 


SECTION V. 


Fitc pirhnjinjiiy T^fMMAS oftltib eeotum atciiMidcrcd sufficieitU} uitdU 
lijible uy the Cori>'itutary ol t]Ke Jecuits P.P. ttO StOTt tie. 

Vij)i,o' ei we shn’l be brief iti twi* ciinnieBM iqMm it (ae *e h.ne btui 
.Iio<* tl. iormci 'sccuon) for the reawn tihat at CanihlMige, (he fi>rug of 
Ajntkn aUtal Ichiaingi the studiat$ acsatody even toui$b «pon tbcae sub- 
(» i ts hn p )Ss a onte tniro the tlnlfd to4be isiictb febtion. 
ilf. Pror XXII. 


il.i» }»u>]io Hum iny be aiuilyticaUy lesolveti « &lIoWk . 
riu geneta! equation to a venir stedon i> that of two dmiQttsions (see 
Wood’s Alg Pftit I V.) viz. 


y +A\y-h£x 4'Cy4>D^Hh£»d 

in wJoth il A. r, D, E Were given the carve coaid be eunstxootod. 
Now since fi\e pwiits are given by tin quesdesH let th^ wordautes be 

“i <3; V, to, ^ a, fj; 'tt, 

Hiese being subtfitnied fiw x, y, in the abetve eqpMl^ W®, ii» fife 

simple eqjauoos, involving the live nnkboWn’ qaamdOes At 
wli.wh may diecefore be easily detenDincd j and then tbc t^aj|«i!t«T ^ 
^dy^'**wwHed by tbe onKt^ roHes (see Wood'^JUg^In^roj^f DUE 

2»*. Pxo», XXt^ the. ana][y(itt«l oTM tf^^Mry 

mMi ttieMi concEidDnB ie also easy, 

Let 
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be the crwrdinates of the point Alco let (he (iiigeet gitrett in |>ou- 

tion be detcmiadile iroai the eqoetion 

y'=rinjE^<fB . , (fl) 

in which m, n are given. 

ITien first »uv.atituting the above givnn vhIohs of the coordinates in 

y’ + Axy + Cy+ Dx + E* 0 . . . <b) 
J®'" simple ii(|uo<ioUi> involving tbi' five unknown quatitHies 
At By O. Dy E; and sccoiully since die iarbnpimn of the curve to thcaosia, 
of abscibaoe is the same at tlm point of ctmtoct a , diat tif the (an gon*^ 

dx“d«' 

X ss x' 

Ay+ 8 B* + I>^ 

and substituting in tliis and the general < quntion lor ) its value 

y' ^ mx 4 t> 

w« have 


A(m x4o^ , 

3 (irrK + II, h Ax -ft 
and 

(m X + n)' 4> A X (m X + III 4 B x* + C (la x 4 u) 4 Dx + L a. 0, 

from die former ei which 

___^nA 4 niC 4 _l> 

* *" 2 {nr* 4 -inA 4 ^B) 

and fiofn the lattH* ^ 

’‘*“S(m* + m‘A' 4 B)^ {nA4«nC4l>4>'i-'* 

;|:v'f(nA4’mr4D4 San)*— ( 0 * + » C + E)(m* 4 - m A 4 1>'{ 
and equa^g these and mlucutg the result we get 
^j^*n.*sw'(nA4‘XxC4D4> 8tnn)*~(u*4iiC4E)(m 40 . * -f 
.wd Uda tgtdn leduces to 

n* A* 4' in*C* 4*11* + tanAC 4 S>iA D 
4- SmCD—nBC'^m AE— BE 4 dmir A 
4.8ttm*C4- 4mnD'>^st*B<->in-'E — n*m' -* 'i 
(shiicih b a fifth equathm hyvelvhig A. B, C, Df 6. 

i^riwt (hnw fivjfl «qtiati(ias Igt the five unknown qujntitif s 1 • n 
chd dikn Cjonstraot eq. (h) by the customary methods. 


I 
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A COMMENTA^X*0iM 


{[Sscii^V. 


pa.'/ Tkoi* XXIV. 


oTiiiiW#imi. 


Lot 

•» fi'i 

Lm. flu <'>)<>i^nfitek of the thrN! given jpolnti^ end 
jr'ce lux' 4.11 
y"a m.'.x"' 4 «' 

the equations to the two taitgentt. Tifl^ in' ihe general 

eqnatiun for Conic Sectiona these jHUft i^IrBlues of x» y, we^get dtree 
uc]HatioiM invdivingfhe nnknowa eooffielcats A* C, Ej and 
fiom (hr coiuliuotuf of contael^ via. 

y^y I i 

X a X' ^ X St ft!' ' 

We also have two other eqtuUjbtla (aee g84) involving the same five im- 
kiio'' n^, whence hy the 08 ^ roethoda thaijr Ije ihttnd^ and tlitan the 
rii.utfory ouiwi meted. ' ’ 

226. Pkop. XX\ . 

Proceeding as in the hut two artidea, we shall get two simple eqoationa 
and tliiej quadraUcs involving A» B* C> £» fiom whence to find thqnt 
and cmistruct the trajectory. 

227. Pnoi*. XXVL 

In this case we ahall have one aimple eqonfiun and fear quadratics U> 
find A, Bi Ck B, E, with* and wherewith to desetfen the othtb 
828. Pbop.;CS.VII. 

Li the li^nr case ol the five tangoats wo tbell have five ^^ladntics, 
wherewith 'fKrdctermine the coefficients of fee general eqnatioo* and to 
OMStr'not. 



Book Vi 


NEWTON’S PttXNCIPf^ 


119 


sUrrioN VI. 


229. PJtop. XXX, 


oinKBwihii. 


/pier A ho^ kat mmed t*' Jrum tin vertex oj the parabetot iet U be r9» 
^pdr^ itspontUm, 

If A be lihft «rea described in that ritfie by tbe raxluts vectut, «itd V 
tin perinodicnlar or the tatigeut aud vdocity »t nay poitit, b]F etid 
125 we have 


A s 


c 

2 


X t 



and by 157, 


r\ « 


h b«»pg the latotr-rectum. 


^ ® ^ ‘‘ 


But 

AiSPasAOP— SOP=:Ji ^OxPO — JSOxPO 

=5 ixy—i,{\ — t)y 
where r ss A &C. (see 21 ) uad 
y* ts 4r X 

x‘--i^y+ 2 *y= 8 Vr+ 


A 

A S 


VS 


r 

y 


.-.y*' + I2r*y ss ISrt fj/wf 

by the resnhrtitsi of whidh y may be fbiu^ and tiiercfoie tltc p(»t(>onf>! P 


(mtSBwiaE. 


210. ^y40«Bdl28b«.,- ' 
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A COMMSNI^IIT 0 » 




^vl>irh lb ail expresslou of geneiikl & 
tb* rrtlius \(sc.tor, ita 
la tho })aiaboh 


♦ 0 * * • * {tt) 

tifiy time m tenmi of 


i%hence 


p'a:^^ 


d, = ' X -4^1-, 

c V(> — r) 


<ii)d inU^raiitig by parts 


2 */ T 


a*^V(e~i‘)X{f+2r) 


« s: PVss VT^t (W9) 

.«.ts3 <{-f- — ■ 0>) 

♦*luth ^,!VPb 

?* -f Sre =? 1r*4. g g/t-t, 

wbtAKc huTO ^ j'ul UiC point required. 

By the la'kt Ai acU tliu value of M iu Newtott^$ Aesomption b easily 
obtiilnedi and is 

^ = «=T>‘Vl?-' 

« 

881. Coit. ). Thii> reoi^jr apjtean ii^ptin dMiring 8 Q dbe 
wetum iind by diuwing tlmn^ ks p^t of 'biMctUxB a pacpendiciilar %» 
GH. . . ‘ 

9 SS. Cor. S. Tliib propoitumt izaa easify be obfai^xl a* jo tint Doteof 
the Jc«n<ts, by takmg the ratio cd’tW loci'einfiiifl of 0£t and i^die'OOnw 
at the vertcki or abaolate value of 8ia vdeci^ «f U 

*««■ * " V 

^^ d.OH _Sd|8_.8 /4g 
<lt dt OAt Inf 
Also the relorfty te the corw is ghen by (sise \4lb) 

» ^ » 8 



K£WTQK'8 pmMOim, 
mid at tilt vertex gsrr, 

,\^esJtS£t 

1.' V , -rr » 

L .-.'v. ■/: 5»f8. 

fSi'doiuS. fiitiimAl^<ir8Plwii«l»te^ 

Hie pdnt H and tlierefote 

tw 5 J — X on, 

9**i et* 

SS4, IiSMKA XXVIII. Hut an o\id Uiuiiot be squarad u diySinealiy 
demonstrated by aev«nd authors. Sec VinOeV 80#J il*» 

Waring. . < 

239, PiKMh ^KXXX.^ Hus is rendered eentewhut easier lijr the fidiow- 
hig omugemeTil of Hie propoctiesis: 

If G is token ao Hut 

OG:OA:OA.OS 


or 

Hf w 

iM 


% 

OK; a*OOt:t:'I 

or 

OKs X 

vn. _ »0.g 


Then, &r. tec For 




ASP j: A6<J X - 


Bat 


A~OQS> 
te^(OQx AQ-*OQxbB^ 
s* (X S’). 

$S;iin,AQ:. SO. OA 


i^ftAtOGr.AQ: PG 

AQ) 


(ft) 





•. -1 & P ^ Q) 

~ X Qg^ . . . . ; . . (b) 

;stp ♦!«<> Jesuits* iu>l<» g.) wbich u idmUeal witb {»), ijace ^ 
t AB P 
T“-EB$5i 
ASP 
*“ #»b 


03K1:RWI8£. 


aJ(». r^\ t;f^0we}i9re 

iiut li . K ^I'lpjC 

P * 5S ^».p. . ..*^ 

2a— f 


tiwJ putting 
i: Oc(oi K* 


•dtsa 


, — d •= U 


dtz. 

•• V (*•‘0^— u') 


*i ♦' biM f* c ex-’intnun 
lleiuc 


o fl /• du i> f ffao 

» . 

'=• — S’ll, 

c 

Let t 0, Mber u -= <le} tltcn 
aiid we get 




I 2 





NEWTON’S PRINCIMA. IS8 

which U the Icsown (arm of the cgustiou to iIm TrochotdiL t Mb|$ ^ 
scissay &c. 

Hence by epproximation or by oouatnictioa a end dieraibie f ifugr be 
fouadt, w)u^ teiQ ^ve the place of the body in the trejeBtoi 7 . 

1( need hardly be ebaerved (hat (1^) 

o ~ F X V S5 *** * 


01UXRW18B. 


23t. 

but m the ellipse 


(It te 


{*d ^ 


_b' 


.‘.(lisa X 

• *e ^1+ecoSi#) 

end (see Ifirseh’s Tables, or stt 110} 

f \ «+u*s.i> ( sin.< 1 

t ss - < A « — ■»— -1 X J — • cos. '•iT“ " *■ i 1 

whirh cIm) indkatei* the Ttochuid. 

To AJtupJd} tiM» cxpres'ion Ut 
_ , e + a*s. ^ 


then 

and 

ITence 

and 


cos.”',-.’ *SS‘* 

1 4 CC(Mi. i 


i: to* II 

14 ® <* 


«r. >'3S 


\ <<»s U 

e t us. u *• 1 


l_eccH).u 


O Stfl. 8 C *01. 

^ ... f sjs “-ilziir**.** < j,t— » s'u { 

«s*TVt=b.^'Y» ''b“ 



A COMMENTARY ON 


[Sect. VL 


IR< 


Then 


.’.t s 


X (n— crfn. u) 

Jl / " 

» " 


nt js,u^eB\iLu ♦ * 

-in, b riay be beltu* ox|W<sstjd in terms of u, thiirf 

tan ^ '* - iJLf w l~-COS.U 1 + t u 

' "i * J + COB . » i ~ e ^ 1 hTim^Tu T — "e ** ' a 

* 1 of* c u 



I? li oxprcs^bio iiat«nn<j of «, for 

' 


(i) 

(»> 

( 3 ) 


L 0 ihui* IS, tit is Cdlitif] ihe MeoTi. Anomaly i u tbe 

i* '' f } f i I It =- the aiiffic ftl the center of the ellipse 

sl'^^ by tV' oulmhTO of the circle df>aibttl upon the axiv-inajoi 
t Of tx. }o that <»1 <Jbe Hlipse) ; end d the TVuc Ammaiyi 


SCKOIJUM. 

’h'n (liat ibe n«^'prux!in«di»n h fountled on the Theorem that 
* * \ P > -y A — S F* 8 P belfi^ tiu* j>t rpsmiicular ht JnVJiom 

-» , i ' » 1 

A iMv A Q 11 X 7 

S P i: r- S R X — 
a 

A S P - -V S V X — 

Rut 

A Sti r A i>g — SOQ 

- i AQ X AO — 3 SF X OQ 

- i A O X (A Q — S F\ 

b ' ^ 

.* A S P X -J X (A g s F> 

- ^ X (e u' — u c tin. , ■■■ 

u* t«ein^ ihr «. A O 



NEWTON’S PEINCjm. IW 

(Hattce is suggested tlii^ co«y deteriBUisHmi of l< 887. 

^ . M. ^ A Sp _ 8 ^ ^ («»— oe sin.^) 

t SU i X <, ,|. SS -vvasw X ... I. 

Altipjp ^ js g T « U 

I 

as X (a — t ««. u). ) 

-v' g/c 

Agitiiii siqppasliig o' on approvimAte value of u, let 

« “ “ + a 
Uten, by (be ']E|poiea4 w« haw 

^ A q — *< O X sin. A q 

= A Q + Q q 4- — y (» X 8UJ. (A Q + Q q) 

to ludiua 1. 

But A Q being an approximate value of A q, Q q ?•• s'*!!!! compAt<»l 
with A O, and we bevc 

shu vA Q + Q ij) ss sm. A Q uw. Q q + cos. a\ Q ain. t| 

as sin. A Q + Q q w. A Q nearly 

1 

,vQ q =s — AQ+SOsin-AQ) y - nearly 

+ loB. A Q 

whKli points put the hmj of the'«e assumption.. 

N' ~ — - ^ X aica ot thf Fllq sc 

Seat ^ 


W 


SO ^ sr—jjT 


and 


lyssSO.sb. AQasP'uo.AQ 

1 

SO 


Then 


h itia easily jy* V 


in ^rhich i 
am ^ ^ 



!•)«> A CX)MII£NTART OM CSsdr. V!l. 

II n (•uj^tTi'-nrcd ot duiunisb«d the assumed aie A Q bj then ie> 
pi at tilt' process imd thus find successivdjr 
<Jr, 1, &r. 

For a developcmtiut of the odter mode of ^prendmatbn ip 
Sebohuna, see the Jp<cuif->* nnteSSfi. Also see Woodhonse’s Flane Astro- 
riom.i tor othor method^. > 


SECTION VIL 

4 


J Prof. XXXIL F p l^otermint tlie spaces which a 


bi>iiy (luscendiog frimi A la a strhight ti>w towards the center of 
foiC( (Jo^cribes in a given tiiue.* 

thi, bufi} did not fall m a stmi^ht lino to the center, it tvoold 
diHiibe some conic seaiun loand the renter of ibice, as focus 

{ ellipse 

paranolu V if the velocity at any point were to S 
hypolwlaj 

till vrluuty in fhe circle, the same distance and force, 

V 3 : I ) 

(II ILet the Come Section bean Ellipse A K R 
Describe a c.rck on Major Axis A B, draw 
CPI) tlntxigh tbe place oi the body pupendi- 
culai to A B. 

'Dll tiiiip o' describhig A P a area A S P a 
aiea A S D, whatever may lie the excentrid^ 
of the ehmse. 

l,et dio Axis hCnor of the ell^ise be chtidnah- 
ed sine Ihnite aid tho ellipse b^mes a airtight 
line nltiraately, A D being cemstaat, and smee 
A S. S B s£ (Muior Axis)* sz 0^ thid A B finite 
B B s tb -cr B ultima dy comes to B, and 
tune d , A C tSK tcra A D B. if A JB B be tahen furopoiliQDel to 
C is (bund by tbe«cdUu|ito DC. . , . / , 

(T.ACaareaADBn AI}0 + OBBitarcA|>4*:/;T|]F' . 

>. <ah( ( + m.t ptopoftiiKHil to timr, anfi U and C arc 




K&wTOMfd mmpi4. 


m 




^tbiM^owii AO 

—rroisr — 


arl — 

»•— «+ 1 


4 ” + * 18 « 

a La, ^iHMrfy} 

If — 1 


N, B. The time in this cam the time 
from the banning of the fall, or the time 
from A. 

(II) Let the conic section be the hypeiboU 
B F P. PcseiflmaiecteiiD'uI&rhypiHholHon 
Majoi Axis A B1 ^ 

T « area S B F P a area S B E D. 

Let tite Mmoi Axis be dinuuuihcd sine 
limite, and the hyperbola becomes a stnughi 
hae^ and T « area B D £. 

N. The time in titia cam HI the tnue from 
the end of motion or time to 8. 

the conic aaetirm be tbc parabob B F P. 
Describe ai^ fixed par^Ia BED. 



AL 


T « ama 8 B F P « area S B K 1). 

LetL.B. of^B F P be dimmuhed a)ne 
UmiiB ^ parabtfia becomes a straight line, 
a 4 tf 1 ^VamlBDE. 

N. ^c in this case is the time horn 
the end e^ motion, or time to 8. 

(Xyeetian to Nrwton’s method. It a 
straight fine be oooMdered.a8 an eva^iew^it 
comic seetiefi, when th^ body oomes to pcri> 
hetion i. e. to the center it ought to return to apbelton l v. to dx o* i«ui.d 
poin^ wherata it will go thiong^ the center to the disiano<* iKdow tt>«. 
center ae the orighud point. 

S4t>. We shaU find by Prop. XXXIX, that the distance fi om a mitei hum 
whkh the ho(]^ must fiiUi acted cml^ a*** lone, toa(^mr«. ihevclocity ncii 
as to make H ^senbe an ^%8e as A B (finite dtsunce), foi the by jk ibul i 
«s A B, for the pwaabola’tii^ «. 

Ml. CaM V vd V d X, f s force di^uim t I, 



r- 



A COUM£NTABY <m 


tsccT. m 




as 



^a*— X* 









n 

2g,* 


•{ 


= ./--* i V'A X X • 


^ Sg/* \ 

Hh Ca in h< n 1 2 = 0, X =x a» 

II 

1 

V — X /drcunifcrencc 


V 5 — “ 

— VU ~ * X, 1 


lad. :r J) J 


= VsV,<®® + ^®> 

'f U)o • ijilo V JfSMib ecI on B A =b ii» 

4/ CD.OB . Al>.ODx 2 

S 2g</’a‘v 2 ST" ~ V 8 g'^ * 

I *4“ X ^ 

Case J, V • sr 9 g // . •. rf — n be an original point. 


BAD. 


. , a r X d X 

' ■✓'a* + «»* 

.‘•r < !• tin * i»<,' is c limr to th*> ceuunr, not Ao tiine frran Ac original 

pe'iit, 


Now it ill 

iiypciboin, 



Mwi«i Aai^ a B 


A* 

or d t as — . 

V 

32 a, wi, (leacribc tlie retstw^iuler 




SooCL] NEWTON’S PltlNClMA. ifl* 

a* B ET>=sd. B EPC— J . A no C=j a * 


Vftjr+x* j /» . \ 1 ttxd* 


z:dt 


' 8 V •> 


t f!v/T»» B 


8Vft' 4*^* 

2 

- — . II E* T), for tl»ry bpgiui «i tof^cthiM «t R 


) 

1 * 1 - 



U 




£ 


C.ise & v’sr2g/*^-ifal»ca, 

.*. d t =■ ^ , i l.u>«' to B, 

^ 2gM 

.-. < s: — Jl-_ 5. x' + r, »lw. 5S 0, V - 0, ( - 0 

✓ 2g *3 

De^rriLe i ^arabuia <m the line «r IdU. \et<* % h, L 1‘. ~ *to 
dtstaiue % 


/. t = 

Hfc’iee 


1 , . 2-/^ 
- - --St.’fr. V X.* = — - -r- 
V 2g/M V « / 


> IX. X 

li |;c.Kra^. it Newton J'"')jt. \ \.\IJ, « - 


V 

» *' A 


j r it 


B L D 

f I ’•tjli- 


iM dr .urea, a I fing L . S. oi llw figure f I'f <i. 

In liie evanescent conic vcUons I . )i " “ 


Aa. M it ) * 
Ax. Aldj 


..U Ax- 


Min. be indefimtely Mtlall, L. 11 will bo ’nilottmtr Ijr small w ith . cspecl *o t'n 
Ax. Mid. The choid ot ctiivataic it thf 6uiio ilwtancx <*om A ic B ■■ "Iti- 

mately&uK^ forPV s= ^ ^ A ** ^ *** }’ V li 1.. - • 


iioitefiiiQtd of die second order. Heure S B is alsoultuDatciy oi die at < 
ordo-, for at Bf 8 B sr I« • 

sIS^s 


Pno^X^ia Force « 

Veto „ 


1 

(<|£^ee)|* 

gg if in ilie ^lliintt .tr-d 1 1 ' 

VS A I 


i ♦ 
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A COltBIElirrAEY c»^ 




(Y - ^ H P 

W </ Mij, Ax. 
2 


'Tsr** 
vr* 


lOi^jNroN’* amfBott, 



h 

V* S“Y** L SP 

T* ®asp “ a 
ST^ 


ac.cb ao« a a o _ a AO 

C P* "“ ^ mSd. Axiy ^ *” Axry * “* "“X 


. 3. _ AO. CP* 

"a •“ XC.C’K 

V* AO.CP».SP 

•*• V* * XCTCBrSY.'* 

CO BO 
B O ® TO’ 


C O C B (OSip, in the el%se 
ITO ■” B T* dhr, in tlmhyperbohi* 

. A C _ C_T <Iiv. ia the ellipse ^ C P 
B'O iTT ’ ccxB^. in the h^peibohi * 
AC* CP* 

*• ^ly* = b'q-,. 

BQ*.AC AO. CP* 

••^AO“*- ■aC”"^ 

V'_ BQ'.AC.SP 
* V* ’ aTJTITc.'ST^’ 


bn( idtimatcly 


BQ=:SY,SP=-BC» 


V 

V 




I AC 

V Aiy* 


i 


A C 


Con, L It nppenr&i in tlOt ptobftbnt ss 
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NEWTON’S FRXNCIFIA. 


1»1 




AC CT 


(Tlti* »ill lie osbd to prove ncxl Prop,) 

Cor. Let CJ come to O, then A C s A O And V ss v, 

the vdocity in the cirdu = the voloctty acquired hy iaUlng exterbaHy 

thiuu^ dittanee as rad towards the eeutrr the lovce or duitance*' 
24>9. f’/z.d PCtaaJ Viloeiitt tf* C. 

. 

V ' m tEe ctrcK*~dlaUmCeTr C ti A * 


. V* — ^ ^ V* — ? ^ It C 

" - JIA •' - T 57 :- HO ' 


if AT — the force at dhtance 1, 

V * ss 2 q it> 


B"A'l. <•' 


V ss V i R /I . —1 - H A s: 1 . H ( ss *. 

* N 

-J" • - »T V *|),U'v tU SI llh' d 

Ifaisgiven, V cc 

V spaiN' o» UvsuJ o 
lu descents from different p< * *ts 

_ •/ fcp*''** lx i 

V Rpnee to be dosciihid > unuLl huqiil 

In descents from diHcrcnt |k>uu to U.F >( iit c#ntr rs, 

-- V*-piCf^ tkbcnU \ X 'ub^oltiH it»r<t 

V OC ' vmvy m m i r s ^ 

V Space to be ilesci lK*d X um'*il height 

S43* Otberwise* vd v =s — d * ^ 

e\ V* 3= 2 g ffr. ^hen a is pi/sime, as in die etlipso 


a X 

B + X 


S=8gAc.— 


, when a is ntgatlve as In the hypHl)oln 


8 g when n is a, as in parabola 

(when X sr 0, V IS infibtte) 

V * itt An xibrie radHis x ^bt the eUi|ise and hyperliol t) 
aa * ss 

J t* X ^ 

.** at f ia the ellipse, cr • 



A COMMEKTAEY £>¥ 


CSKor. Vlt 


JL? ill tbe hjpftrtxrf®, ss 

2 fk X 2 g fk 

1 * tilt* rJrde rsMjiu$ = — (iu Ac parabola) sr — c: - 

^ parabola. ^ 

Ml In flu l.vpirfiola not evanoscciit 

1 1 1 » A*’ \ iht inlriifo Jiaiance ^ S A 

vilouty at aV ** S*Y — 

^5it »c U*’., whan the hype'‘bDla van- I / 

isht S Y ii^maiely =r Min. Ax. for ^ ^ ^^"4^ 

S N y C , u- . 1 vj . c a1« 

A“*T ^ b 0 * ultianatcjy IS i 

\ <' iwii b \ r, ulthimul) S Y == A b = C Bw »*. ultimately 
^ nhrit*” anj’ lirvlorihi 
S a\ - - ol the 2d outer 

_ % \ ily it A , 

M, »»cu; ,tl or (lutnmv 

^ j 1 . *>.»,■»*, \ \ \ i \7 Velocity at O 1 

i« 1 1 ji It Ok J • ” 2 *^ ■"• - 1 * /" j “ » — " ■ *" ""x?!"* £ > ■*“— **?* f lor 

velocity m the cncle, distance V 1 

' 2 

U e icihol I. 

S P 

f 4)r the lelocit}'' In Uic parabola at P ss velocity in Ae circle * ~ what- 

evei be L 11 • ot the parabola. 

216. Pjio»». \X> V. Poice « ~.,.. L , ■ ^ . 

(Astaace)* 

Thi ‘‘Ufi b* \i*g the area svg^t otcb by Ae iodofinite 

L B 

mllab b 1' 'u fig. D E S sr area of b nrcuiar sectot (md. =s — ^— 


'>f Bfi.) rmlormi} tlosiiiljiMi »bout the centor H in the s»in« time. 
Wh Jst Uto faiUng body desenbes C e indefiintely unali, let K k be (he 
arc deKjribed by the body unitormly revolviug in the ci^te. 

Gue 1. ]( I> £8 be <u) ellipfce or r(H.tuaguliir,hype)tho!. 

C - Cl 

ira^Br 

CP DT 

rv “ rF 




Book I.l 


NE^vTO!^‘« tHEtmcim. 


Cc.CD CT AC , , 

■ ' rs V * -rs * X o 


(Cor. Prop. XXXIII.) 

But 

jrdocily at C V VC 

V inlbe cmC iad.'iSC “ V V O 

■ 1 in tli e circk lad. iS O S A!l) 

y m tW cti.'lo K ~ M S"C ~ C 

/ vtlocuy w_r N ^ C c __ XT _ A C 

* Vv 111 tLe ciicie rwJ. !<li} “Tfi “ SO”“ ClT 
,% t c ( B =K k. A<' 

Kk.A( AC 
* D.Kb Y ~ AO* 

.-.AO Kk V Od. -^y, 

. . liiu It* ea S SL k rs il.*- .'f« .n b D J> 
tlw Jiasttnc area* »*aced out by 8 J) and IS K arc »*fimd 
*. tiie aim*' of tl'(*>e .tu.u uc tfinai. 

Case 2. If U E S be a pa. ibo! > S K ^ 

Aa Rtvj''t 

CvJ'D cr 2 
T>d..sY~TTs~ 1 

aelo • u tilt I iic)« 

^ — - ^ 

Kk velociL} in the cacU Ij_ b > K>cii> .<■ tiic ciulet T.'K 

' 'i' 

vTiC SK 

® Vs e ” 

T ? 

.•.Cf . C B = 9. Kk. tS K 
. K k. RK .= Dd S Y 

2I'». Prop. XXXVI. Poite « r. r . * 

(di«tancc| 

2b determine Ma tmet iUtceui of a Ihm/o ././<'/ ,* >t //. > f 

.%jSmte) A 8 

On A 8 urid an a(|ual < nd da. • -*11) ' 

jCf C erect rt/r o* Jina.'* J k • >t S O V ikr 

;r A »>+ 5‘< -cl''' 


tittle of O K 

' » _ 


, out . fd.'.- 



194 A COMimTABY ON [ 8 »CK VH. 

u ih< loriB gheiii the period 

I j »i*< I cl j ‘'r bcfound, (i' • e'. S K^), and the tinietbrough 

ts 


*4 P 


OK 

<• riinjf >cncc** 
ih’oi , A < )b known. 


% the time thrmigli O K is known, .*• the time 


I ?rf il{ UvtC %ni»At{f fi i*Uin(f '•ii^otdii JaU from tiTij/i jpofta tn tU 
* ** Sv, . 


A 

I - 
I 


I 

/ 

/ 


O 4^ 
i 


\ 



\' 

"lx 



11 


'' I <* o( j II s uiu< of O K. II> ^ O = 

I 01 rbr uicl O K J f _ in t he circle lail. S O ^ 90^ 

iU pt naif m the uicle ract# A C 

r P (^0/ -• ’'~l'*”0'iollhc}>ianct. If tbeoiWi, 

< «i<- iUi‘ I « ui 

^ - 1 
Xu ' ' .* ) ~ V 8 

IN 

1* i> ^ n ^ ‘ 

~rv?=’^' 8 

J 


the Un^i of 



««»« NEVITON'S 

$49* Jlie tine doen A C a (en 
R A O *f< C D)> a C if dte tj- 
d(dd be described on A fi Hence* 
given iae place of a bodjf at a 
given time, we can detacnutie the 
{dace at another given dne. 

Cutoff S m as C L . -- * 

•timed AC* 

Draw die ordinate m f ; } r will deters 

nunc c the place ot Jtc IkmI^. 

860. Pnop. XXX\ ir. 7i» Atei miu the Umes qf ttseenf emd denen* c/er 
boii^ p^q/ectei upwards 0$ djo^nrwfdihjioma gtvea potni^ P a ^ -j * 

Ixt the body inu\c off ffom th** pu^nt G witli a mvcu vclocilVe Let 
V«atG m* , ^ 

^‘'inihi’citcic i. d. “ T’ *“• ® 

To deteitnine the noint A* uk*. 

<4 A __ m 
S A “ ~\ 



O A __ m 
•*• G A + G K ~ « 

. G A m 

•• G"S “ iT-m' 

.*. if m* as 8*0 At«+anda., . , the parabola -j nmsi bt, dt - 

if m* < 3, t> A ie +and hii. the circle VcnlM d on the 

if «*> G A iS'H—andfiu. .*. the reetangplai bjprbola ) bx^ S A. 

the emter S md nd. s -V the conk vtction* de>>ciiLe thr 

a 


eirde fc K H* and erecting Ac ordinates G I, C D, c d, from aaj plates 


i^th* body* the bod^ will describe G C* G t* 
areas 8 K h**t!l K k', which are respectively s 
B6L Pbop. XXXVIll. Force « distance. 
liM a body fidl from A to any point C, 
by a Area teadiog to S> .utd a*, as Ae 
distance, a wni A lb ^ aupur^ 

ed « C D. OMCiAre a bod^ '|&> M in an 
evanescent di^pae tdxmt S at Ae mitci. 
life Ajftfidown At ]l^ icr A C 

5jtA^«f!PVAfli>«AD.V 

AD fiir llA#Ae deeccDb i a. when 


in times of descnbtii^ tbt 
S ID, S I d. 


Ar^. 


C 


^ D 

/V" 


"r 

^ ! / 


\ 

y 




A OOHMESTARV OH 


(Sw;!*. mZ. 


7hi m)i) ily at any t»omt P * 

a V l< Vl»T 

« 8 P. ultuaately. 

a C D. 

Ccu. 1. T. froiU A to $ =: peiiod ia au atranescieitt'dlijise. 

=: \ ptiiotl in tLo drrle ADR 
= T. tbrongli A ,E. 

C OB. 2 . T. from difibnmt altitudes t4> 

S i-i time of describing diiFerent quadranm B A 

ilioot S as ibo center <x I. / 

S. lit the (omnton cytloid A C S it ia ^ 

pioved m Mi.cb. ntts U*at if S c assS C A ^ ® 

and die circle be de«a-iil«d on S c a, c 

and if a c s= AC, the e iallen ihrougJi, " “ 1^ 

lilt n Un tmit ibrougli AC* arc a d, 
and V sctjuncd a cd, ahirii is anaJogooS 
to Xca ton’s Prop. y 

JsVm'. ti’b Piop. II ight be ptoved in die ^ j 

ju tno wuy til it tilt pi 0)wi tics of the i^cloid y _ . ^ 

irt pii/Vld. 

OTHrEtriBF. * 1 


25i2. s dv s: ~-g/ax.dx, 

.*. v* =r V g X ■ — A*), if a as ^ height &neQ hum 
. V a: V 2ffai . V iT* ss V SgM . * 

1 . _ «1 X d X ! 

at - ^ ^ '* Vatrr* 


^.vs'Uc* \>ad, ssa/^ ’ * 


.AD. 

a V2g/k 


vdotUy a ««(• of the are whoso vmM Mne a# apeae^^fiind 
d dtnO| {rad. a: pn^^ai distannai);: *• , - ' r 

85S. Sntr vJoetiy u vdoc*^fh>in a^pxte nHtthuie,. 

]XtJ[i« vaHl<;hy bail b«^ iednHf* it wonit) IqiTe 



NEWTON’S 1*1 

fc ^ 

aa^ iito^Miilii^ *^ d « » ~ au 4 1 » 

*. V g a 

-= Vg/it.i^aaBQt. 

acaf «*« c M «*. t js O s » 

g 

Similaxly if die veiocily bad been > velocity iufinity, !t w^ild 
have beau infinite. 


S54« Pann. XXXIX. JPbfte a {diilmne)\ ot ( iiti Jimwufi ^ dlstanee. 

Aanimingany of the centripetal fotce, and dso tb>t quudrature» of 
all oorvea can be detci mined (i. e. thnt oil fluents eau be taken); Eo- 
quured the Telodty of a body^ v>jban aa<.ending or dcjceuding peipendica- 
lariy^ at different poiiittb and the time in wiiirL a body adl urrm at any 
point. 

(The proof of die Pr<^ E invert. Newton assumes the area A E F D 
to cc V* and A D to at ^ee described^ whence be shows that the futoe 
O' D F the ordBjMde. CSoiiTdrady, be conclndea» ifF«DF, A6FD 
« V».) 

V* ot/v d V d s. 

Let D £ he A unidl 'retueut of sipaev. mid 1 a cuirp«ponditig 

increment ef Ydfemty* By faypoDiesis 

ABFD_V» V* 

« rqri^rT+p 

.ABFD V V* ,, 

•’CWfi ® 2T7r+ V ~ 2T71 


Bqt *t * 

..V 'ABFD« V* DFOE «» V.J 
«% 1> £% I> F akimately. « 2 . V . I 

< r*. t>F « « 0^. 





fiwTB V in T« ^ SB , ^d t ’* 



'f. V 


fi» nasewit Hj^mcea. y, P « and 1> £ «< 


1 



m A COMMJBiJTAET m ' 

L* t I> T- a 0 rTb * V * **** ^ ^ ^ ^ alnlMtd^ ^ 

I V -L t 

j y- Cl tiuMs throtuili 3) £ ultimately. f ‘ r -.V 

.’. Inmini.nt ot the area A T V M £ « mcrcment of the tnoo down A P. 

•ATVME«T. ' 

ydt «/4-* 

(Sinte A B F P vanitbeK at A, .** A T » an 8 S 3 nn{vtote to tbe dtne 
ccrre. And eince £ becomob indcfinitdy omall «htm A B F fi is ia» 
A £ is al'kO an asymptote.) 

st'>5. Con. 1. Let a body £iE ^roni Fv dad be anted on fay a eiMUtant 
i'oice ghiji. If the 'Seioctty at 0 m -(bo volodiy of a body falling by die 
action of fwre, then A« ilM point of fall, will be found by maldng 
ABFP ss PQRD. 




D F G i: D 5 1 

mCSE “ DB ®T 


if i be the increment of the 
fbcce. 

01 i 8 £ 



T* 

< 98(1. CoK. If a body be |nic(|ected or doma «i •< 

-.^m ^e C^ter of feree nidt a.grv^. 

* ‘ jf atony_^odi«irpcam'£',’' ' 



Bch»kIO ' 


NEWTON’S FEtNCIW-L 


199 


'vdocity «t E' = wlodty at J>. 4* if P>o- 

Jeeted do«m» — if ptojected up. * 

(F« ^ 

%' P OR 3> V A R F D' 

967. Con. S. Find the time tiirouph 1> K^. 

Take E’ m ini’crsply ptoporttonul to ■v P Q H I*) 3; XT P'g'^'B? (fit 
to the Telocity at F/). 


v“pxy 


31P2_vrD_ vpi) _ 

rrpf. ~ v¥% ~ v(VD+D m (» e mda) 

'^*“+sv'n5 


Pl> 

P D + 

T.PD 2PI> 

== irr 


a P D. D L 

"irtSi"E 


(dao 


T.P E «>■’* force _ D L M E 
TnJh'bj tier ' DLin”E’* 


but T 4 D K by tt con&tant torce ss P . 1) K by or •’** fojce s'ucc the vdo» 

d 9\ 


ciiick at D arc t*quivi t = 


T.Pi) 2Pl).l)L 
r"f> E’ * ]) L m h' ■ 


d V 


998. It is taken fui granted in Prop. XXXIX. that F ci j j. <48)1 


and thaty » vhence it follows thatif c . , 4 ^ ~ • I' • t’ 

and vdvscFfda 

V* 5s 2 cy P U s 

Newten r^tasantsyF d « by the aica A D i I), ahow ttdinatc I) P 
alw^fs 9 F. 






2M) 


4 t OMMKNTAiiy ON 


tSwt. ViL 


viviji • .irf^cnts lay tibe am A B T U M £» vboa* 

‘ •' V fV os 

I 


or* 


III I « U.js i? 


2 TTTb'fd)** 


f I C >« 1 . It r lie 0 ronstwt force V*2s2gF^»PD*lqr Mwhaoica 

but I 

V»»%c./Fd8 * 

Vnil 1”. 1* D or P Q R D is proved ay P d s or A B F Df 
c a g 

and 

’i* a fig./Fd s. 

NpKvi(v_a» E' __ v^y Fl ^ iriieo s j. A 1/ 

*’ '■ '**■ *■ \do«.itj »tT5 “■ S *. when s a A li 

I « Kft, t I - liM. tbioiljiibli ay* L m I'm 


1 < ui l( 1' u d) P 0 r* 


1 

I. ~ ULml' 


2 PT) 


SPD 


viTu ~ VTfY^WTi 

a 2PD.I>L 


y 'J ’u t ».»« X 

. > tl V - — . «i y^dx. /* ■= Uie force dutanre i. 

• f r 

•*'' = n4 A' 
if f be 111 *, mi.j'ii i) Ik » lit 
Ltt u l*e po'Knv.. 

V iunu . (inite distance to the center hi finite 1 

V fSrum T to n hmu distatice is infinite. * f 
I<vt It be n^gatne but less Uion 1. 

V fioni h finite distiuice to the genter is Bnitel 
\ fioni «r to a tli'ite distance is infinite. i 

Let u a «« 1 the ebon Integral fidky because x diaappeait^ hilllijit 
eaauot be. 



Biios.1.1 


NEWTON’6 PBINCIPU. 


V d V sr — fi A'' 


. * /. V* ss 2g/#.l 

V from aiinite distance to the center is lufinit'' I 

V &om QD to tt ftoito distance » mfijiite. / 

s lx 

Bntl^kig/bi'tatiniinttequuntit]riaa‘*>'leBsthanti>eqiu)niityitseIf ^ whA 
X is infinite as ^ . Did; and it hrcomes =: - s= . 

Let n be negative and greater than 1. 

yV from a finite distance to the ctaitor is infinite! 

V from OD to a finii< dUlaucc is finite. ) 

2€(K If tile force be oonstantt tiic veloctU lutie ■-> n straight line panillf*! 
to the line of fall, as Q R in Prop. XXXIX. 


r.tni’ciio.'.s 


261. To find under what laws of fcure the » to a finite 

distance will be infinite oi finite, and from a fuuto tl.<<Unro lo iur vcnict 
W.U be finite or infinite. 

lf{l)F ax*, V a -/a' - v 


(2) 



(3) 

1 

— — V el - X 

(+) 

1 

1 * 

V * 

It 

(«) 

1 

Id — X 

'■ ■ X* 

V ”11 


I 

/a* — x‘ 


n*x* 

( 7 ) 


/a—*-: 


a®""* X 




idl cases where F oarjpmK dinct of 
1 in filting tto\a^» to a fimre disiino<> * i t** 
i lF *two a fioite dittonce to the c^-nltr wili Iw 



A CC^MJVlENTARy OK CSw*. VU 


ii) i{ rise, tlic veloi'ity tram » to a aod fiwD a &ute tfis* 
taiH ’<■> ‘fi» flit* I wii] hr intinitf. 

1» 'lit, <>]J >viit g ca'His when the force ot as some lamtqefp power of 
(h,MnLv4 thw* tUocjil.y hum cc to a finite difctanee wiil fofe lUute> for 

/tn-t yO _ I 1 

~ Vx““‘ 

A S> 1 'i 1 lufiiutc*. Aiiil thi velobity from a fiuhe distance to the center 
v> i' lic nfinhe, for 

V**a*-‘x*-* “<V O' 

w'leti V -= 0. 

2t <* On i/te ft ^ocity and Tinu-^Qirves, 



) 1 < ' 1 ar li, flu* "’■ea \tliult rcpiv onts V* becomes a 
t * 1)1- ^ U t 

(Vi I, r !■ ji V D, , . D F’ a II C and V-cuivc it a pnabola. 

'.I Lr* T a 1'’, •. T) F a D C% and V-ciirre is a paralwta the 
llM-» Jlht till I to » B. 

( I) Lot F .« jj, /. J> F X V-ciuTe is an bypcrlwila refeiretl 

to (he .t'tai’j* oU,» A C, C II. 

f5) 11 1 / J), .’jid iw lepuUive. V'a 0C.PF«DC*, 
V cr T) Ibt oidiuote ot the tune curve a a 
.• T'Curvc k .nn S»yp.rbol. between asjinptutes. 

(tS; If a body fail L om ou distance) and F a 

the nrdluatc of the time-curve T>cttrve i« h streS^ 

(7) If a body iail from m, and F or V or ' , « 

the ordinate of T-corve r T'-oorve is a pambe^ 

(8) If a body fidi fiom m, and F «t V « 

A (twordmate of T<HKim U l> C*» .%T-ciurvew^||n^ldi^ «i . 



XXTX«}iAI. A 1 «D lMUEa»AL XAUX. 

8^ Mni^ external fiU in tie i^Urp^t^ ihejbrce in ^ejianti 



Let X P be the spece n'qditiHl tu .inquire lit** vtlouty >ii ttic curve at P. 

V* dqvm P X ^ 

V"' in tlio ciiHc dikutue FTl’ S \ 

2 

V* m the ci rcle di stance S P _ A a 
‘ V*iu the eliipke at 1* “ 2 ~ bTP 

. - , V* dow n P __ A a. P X 

* ‘ V* in the ellipse’ at P h \ “fl'P 
. Px HP 
8 I “ A * 

P x _ H P 

**• S P “ 8 P 

.% P X -r H P 

.% & XSS SP + ^xesAa, ni.d the locu> ul x is> the circU on 2 A a, 
th« Center S. a» * 

86i. "Find thg interml/«& in *he filipset t^e/oice >« thrJii'M. 







A ’a)MMEJ4TA^V ON 

V *’ In Jbejriick F P ^ A fl 

V mtlier'ilipbeut F *” sTll 1? 

V ’ do^ r _*P *• A* 

‘ V * in tfie ell4>sa ut F “ 6} x . Il F 

p» _ 

Aft 


Px HP 
* irp *® A'i + H P 

1' iK a c:.tlc friun TJ with the radius A a. I»t»ducB P H to the 
» > tniijl' i«n <•< in T'. Jolti F S. Draw H x parallaJ to F & 

* l>w (»\ 



m/i ^jIU. 

\ F ^ ftrtfflAB FP Newton's %. 

V ' ' Fi* ili.nivc* S F "" g Y I ,S 1“ Fc* force at disuioce S 3P 

V I.; lilt ^ till* ^ P ^ 2 S P 
P - 'F V" 


h ‘ml ili in 1 n Ofiie»’'a 




\ ilo vn ^ i . A B FJD 

\ » t iiu niut “ —vri^v~ 

.■ I. A «F1) = IM’V 

J uidiuitu- ss F 
(tibscinMt ST space J 
In ihu ^'lUTol vx<jiOsMt./u make the distance from the center s: B P» 
and a die onguiai hiigh*, S \ will be lound. 

2dK. For utti'rtud Ms. 

V* d own Px __2g.AB¥D Newton's fig. 

\rs Htlhe tjrcle iS 't ” ~2 g* s P "F ■s: force at P 

V* i n tb'* clwie S )* 2 S-P 

T^urthe curve «i I* 1FV 

V«dow»Px _4ABPP . 

•• TOtUmo^ -in p ^ 'TTVrr 

V. if flw v«loc#» are AABFpwF.PV* 



> mwTom vmmciPUL, * 

JWT. £)(» Foff ittMual and eKtcrnal ftlU* 





Jh f^e eff1j}W^ the fwee ttnditig to Ikf etisKt, 

In thiv case, 0 F « D S. Take A B for ibe furcc at A. Jt&a B S. 
/. D T it the fittW at and tbe aiea A B F D w (A B 4> 0 F) 
ss 3rS — S IT. A B + 1) V. Jm It equal tUe aWlute force at ihe dis* 


a, S0 is >... A B 

ss a /a 

D 1 

=r X/A 

a — X. a + X 

ft 

-g 

/ • * 


4ABFD=:F. PV 

sr 

» — X ' =s C P . in tUe pHijjse, 

» 

tjt * sif C D 

Fov tBe MijfrMi/fidl»aMkBX«pCPttbeu a=rCx,ni<d =:CD*. 

W' C3**ss CPf + CD* 
tt AC* + BC* 
s AB* 

• % C X as A B« ' r 

VoK t|ia kaeme^ fbUy make a s; C ikm x ss C x', and 

**^*'»as OP**— C0', 

, ^ .•/cVm v' CP* — I ir». 

jb.^''*am tA are tht* vcW >tf tin ui v. <jt tc 
Mfeinf *ljEar Caliililtai m’V' ^ ' '* 



A COUm^TAMYtlJ^' 




it, (Hi .»1vj\« Ex. 

\il\ 

«. V - « g /* ( a ' - —x*) 

• <v I» • U =r ' ^ s5 tt -- as abov6» &c, 

“ ' \'i»? 

\ ~ (a‘*'^‘— ' s rf the force a X ' 

( ( 


*11+1 ^ / - S<“S jlp 

'• J I — x^+Ossf^-p 

i» + I ^ ^ a p 

AnJ lo f)*nl the cxtv^niu! fallj make x =: and iromlheeipiatioudnd 

the Jibtuiei jei^iored, " . 

Arui tv' hnet ^hc mternni Mi make a sr r* and from ike ecjualion liiidx, 

•)v ,!♦ ^ 

1 

TO F n i f/*t ui nij'J ^^ 7 i/i Me fyjfcrbolUf thwfo^ee <x jy ^ Jtom the 


« e, 4 j 



V*dow»OPj,t’iBdi«ataff*»dLSP :: 0^:,^' 
V» aw|e«** p*! y * i» *« hypwbolft «t AMfe'%'3|| ]k ^ 



|h>QK Z»3 


NEWTON'S ^tllNClPU. 


•% V * down OP: V * in the^ hjjieribota : ; A C* O 

.-.8 Ac. op a so. HP ’ ' 

.%8 AC.SO.*^ 8At. SP« SO. HP 
. an - aA C. S P ^ 

To fioit what diis dcnotas, iSad Uic actual velocity in the hyjifrttola. 
Let tlie force s. |iS, at a dKunee -s r, the Itnve at tihe dtMattcd 
_ P r* 

“"at* * 

Also 

V* in the circle S P _ b. i' x 

2 g ~ ~ 2 x 

V* in the h yper boja _ - rii jh . 

8 g “ a* 8 V 

<3r* , Cl" 

~ * x" + 8 : 


V* 0P"V®- 

But whteii the body ha-'* been projected from ot ss ^ ^ 

projection from » ^ projection Iton ao »r ,] - ss ,j dovn 2 o, 

P beiDg conbUnt and s* yj? » or:= V * from « to O', 'when b 0'?r2 A O* 

.% V in the hyperbola i-* such s» 'vould l*e aojuirc J bj tUc body ascood** 
ing from tho distance x to » by llie actwn ot tow consldcicd as itpul- 
atve, ^nd titan being projected bum » bach to O', S O being s 2 A C. 
In the opposite hypmitola the velodt) i> luund in the i«tne sniyy tI>o 

iixee repnlshre, p,e8^WlIy =5 

871. Jntemal/aU, 

V* domt P O ; VMntlic chele lad. S O : : P O : ‘"'Z 


V* lit the ^ifda S O t V • in,^ ctnda S P : : S P : 
V* in di* <4tele 9>^ ; V* ip At Itypetrb^ at 1^ : : A C 

A^Ol^#dfV«i^g[^hjfpa^ : AC.PO: 

)' S b%f ^C,i? 9 ;at'SO.HP 

HP'/. 

" • .‘« 4 « * 


P o : ‘Y 

S P : S O 
AC HP 
«.v .SO.H P 



( S*ct. Vll. 


’'0^ 


A COMMENTAHY OF 


r o =s s r — s o =s 


s p.H 


hT* 


9 A t* 4 . 

} i> mult Ti E 3E S A C, join S E. and drAW H O parallel to S E 
I Ii ■ K < tilt' t xtct na] aud InU iiial faU^ utc iound, loaking V acquired 
(I *Mrj » rtrtaiu ‘■pace p whl) force equal U>at doma J. P V a 
I p-> u.t fojot, P V be»rig Iino>vrn ftom tbe ^arve. 

.7 2 jT/ I fow fi't i/ff bot^y taust Joll crt^ nuUy to the «/- 
j i ij(tf lo atqtvte V «, fi.e CtteUy P « dtUaruf ttnxuds the 

i( ' n f /tear fit. 

Lit O C St p, O B ss X, O A ss KfV bdug the point ic- 
(pi'id fit n uhitli ' bod> foltb. 


C 

B4. 


tbe force at B - 
ft 


2 1 L iiio loit Mi A ^ la 
(1 ji — i I dx, (rorilA('\^locttyinereftsebabxdecieii«eO 

X 




d X 


n 


o 


,•» V •UL ^ • X* '4* C 
a ^ 

iikI s^litn \ *5r Oe X ss p, 



'• J (P--X*) 

.lud when X ■s: n, 

V at A .=. ^ (p ' — a"). 

But 

v* 01 A sr <2 g . ' 

«6 

the i <ito at A beuig evn^tonb and 
8 Pt 

2" ~ “V ’ 

“ ga 

... p • ftS j. ^ P* s- ... J) 5-, V J, 

aw. Find kmjkr the iv% pMfjidl inienudiyj^m He dr\Ki4/(r«^ » 
V rnHuf ertvk^ P « tEltfentoe temrdiiheftxntett^tketirati, ^ 
P be |b« to ‘Wiilrli JI^ Wjr mn«t follt O A ra «, 

jt, F9f,A«i9|» » 3 . 

k. it 
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KEWTON'S D^IIWJFIA. 


V d T rs g . , d * 

* a 

V* as — 4 • + CV 


aod when v s 0, x se a. 


C ss 

a 

V* ss ~ {»* Jk * 

a ' 


sod when k as 


V* s! (a‘ — p') tium fiifcc 


v‘ at g . 0 , from tht' ti'nfeUi'l Jorce 1 of A. 

.. a* — j>* ss a*. p ss 0, dit* botl; f *1 Uic circumfrrenco 

to the renter. 

274. SjmUarly, when F or 

O C. or p cxtcsrnalK zs a <✓ *e, (p s. Ija-e o! hji). Jog.) 
and 

O P, or p internally ss ^ 

m wkMP . 


p fKtemally at- 2 n 
p invertmUy « 

»>«■ 

. pextenudly^x 

p iatemalty w ^-g. 

l» * 

ft 

ihmwdocity ritewaMri «- tl o <i«m i .• <»' 




V i-=r2gB, 

1 _ 2 - L 

fl p ’t* 

— s: 0, p = * . 

1> 

S7'> ''I. Uui'Ij. uiUnt’lJy ji s: ~ . 

‘iHt Ini'ir »' I' 't , towa'ds ft focus 

pi Uf 1 1 ) ill' ril-i-r>'* (. dtsoibt adiclewhlitfaecentei ^^nk&lsiSAC!} 

, „ PU I’S * 

P“<‘’"“‘ij = aAC + -plI 

(Ufftce V at F s: V at ti|te citcle c. U.) 
281. In <bt lujHi'). 1. 1' a towiudb foc*u« 
pextp’n dly— — 2 A C ^Heuce \ at P =: V in the cii^ e. d,) 

pjntcmnlljrs: „ | p Ij. (Ilt'iucVat PssVmtlteaiclBekdyjlitSO) 

28-*. hiilic rllpsi r r D from rtit uiiitei ' ‘ 1 

pexternnHys. V" A C' + P» t'*, ( -s A B)? (Hcrcfe ca&sunctkio). 

OJ (sr 

(Hence aUo V m p n \ .n the cltdc radius C P, when C D ae C ^ 
pifltei nelly as V OT* C llfC ' > 



^{EW'TUK’.S PWlJCtPtA. ah 

(Hence if C P a: C D. p =s 0. nod V at P * V in Ae dntle «. A, as 
«a« deduced before) 

C P ^ C Df p unposable, the body caitnot iell iront any dikttiiee 
to C and tbnaecqairc the V in die cum) 

S8$. Id the tllipve» F a D trom iht. <cntct 
Ertemal/aU> 


M. 


X 






? 


N) 



✓ V 

i 


The vtlocitj-cune is a stiai^ht Une, D F ^ CD, aho 

smee F «=• 0, when C V » 0, straight hue <tancs i*v C» as 
Cdli,V gr v'liOljoetO, O being ibt |K>mt fuUui >roiT» lo u pi n 
Vat P. 

.% V firwn O to O ; V froiu P to C : O i : ? ( 

Also since vdi/cr-^gV^clx and u the Imce at the dibianf c 1 rr- 
the Ibrce x » x« .\ \ ^ — g x d x* ilJ nilu*, aling and < orrctt- 

St’' ««» g (p* — x*)» Hdsaee p « the d.»t{iuic iallen tion. 

.V V ot p^ -^ aC^ard if a cnc!c lie dvbtnbed, Aidi cenlet C, rod U <) 
« P K (die light nae oi the me whose versed P O is U>e space frUui 

/. V fiwn Oto P i V from O to C : : P N • (f M ») O C 
and 

V from P to C : V m the circle lad. CP: 1.1 
(fiw tfFTM^PQvd ss CdP) and 

V in the circle CP: V m the eDipvt .CP ( O 
Obmponaiding the 4 radios^ 

V down O P : sV in the ellipse . P J*s Cl) 

TateP|7«sC&«a»d ’ ^ ' 

V 4MnkjO P Wa V in the «Hif)iie, ^ 

*•* 0 O *»• cj ^ w» • 



212 


\ COMMENTARY ON 


CSgci^ Jl. 


JwdV'tljutK 





/ s 



V 

\ 


\ j'l. ihe ellijw : V in tlic drcle rad. C P : ; C D : C P 
V in ♦!'< c iilr : V down CP : : 1 : i 

\ down C P ; V dtmn P O : : (JJ M ») C P : O N 

,• V ill ih<* ell p5«* : V down P O ; * C D : O V ^ 

■ 'I .1." O a’ = ( TX uid V in the curve =» V down P O, and C O 

r- , ~i I’ C'tj", 

281 Irr 1 1/ po nt fn the ell/jne, thtjmci tit the tenltn^ vihere V ss the 
ttloii/y itt tht cutte^ c. d. 



M 


Iti thia C3i>e C s- C T). a 1)< n< o tL<‘ ro>istructton. 

Join A R, d<sciilx i<. bisect the dicuiD&renee bi O', join 

B D', A Xy. Pioiii C e.di A I'' ‘'ut the ellipse in P. 
2AIV*(^2PO‘l= = * AC*+ BC*(-»CP*-t-CD*) 

2 CP *^cp* + cr>* 

^ . . C P' C D' 1* will pass tbrongh , 

A ainlpler eoiishitctinn is to (u^cct A B la E, B M in P> then G P b 
the dinmelcr to the oidoiuc A B, mid iiointlic triangles 0£ C F By 
C F is parallel to A B. C O' is a eunjiigatc to C P and a* C F» 

*] p externally (to wbidt bddjr jmisi 

S8S. Jn the byperbolai 


1 nve from P.)i 

fiMFOe repidsivei, « D, from die rentei [ p iiitemany (to tAatAi hoSf Imitt 
. ‘ ^ ltisafromtheoentcr)ss 

(GMice if tbehypetbobbeiectaii^ or^1M||rS^ 

iW C P.> ) 



NEKTONS PBINaPU. 


. Book NEMFTON S PBWCXPU. 

£86. fit an^ mw, F « P 

wliere a as H P* C «: P V. 
f the curve be a logaritbnuc q an £ a, 






= a 


(i-" 


• »'* 
\ " 


al«iO 


oV « p-.,) .-.v^ ,)- a:*. 

,-. nsr‘2 I 

28 h. h' >/ ^ . <n', F jr ,*>»«/ p tmemaliy. 

/ a vi /, + 

p r- d ( - — ^ |*‘VF '~‘4a*fn«r} 

II tlio cutvf (a* a loi^uxthuitc spirji« < a: 2 a» n as £. 

/ a % ’ a V 

...p = e(— Jt. - 

ii>U. 11 the ciur>c be a tircle, F iu the cirennihuenee* c ss a. aiicl n sr 4» 
.*. p extetually ss a - * 

and p iatoluayy te a ^ ' «= 1“ ' 

291. In iht fUtjnit F or ^p/um /beta, HxtemU fall. 

^*1.; ; \ 


A S . a’ W 


y * dftwtt OP t V* lathe dwde ntdiiw K P i : O R» beu. VI* 

-mi ^ 

* in tlie V ^ h» ihe cHiiwe ut P : : A C HI*. 



ill A COMMENTARY ON CSsct. Vll» 

* 

.• VdownOPi V*inth«tllii»e;. AC.OPs^-S—S^ 

8A C.OP a SO. HP 
8 A C.O P _ aAC.SO — « AC.SP 

• - Hr-*® RT 

^ s ^ 2 A C» S P ^ lA I n 

• • ^ ^ ~ a A“c ~ fl p “ ' ^ 


3 T' 


\ C 
\ 


H 


Nn 


V * (low ii P O V ' ia Uia circle railiuv S O : : P O : 


SP 


V in ll«c cucle S O ; V* in ihe circle S V : : S P : S O 

V ' in tlic .'irclc S P ; V ’ in llic ellipse at P ; : A C i H P 

V * d.iwn 1’ O’. V " in the elliiisr . * P O . A C ; J?-? 

.‘.aPO.AC = SO. HP 
.• SSP. AC--2SO.A C = SO.HP 

2AC.SP 

^ ® OX^+TTP 

Hence, niakf H E sc 2 A C, join S £, and draw H O pamllel to ES. 

Sbt»2. External fiUt m the patabolctf ; TO 

1 I / ^ 

E «r from ftniis. 


V d , O P ; V in Uie circle in<Uu» S P 

* tip: Sect. VIL 

' ' in llio cirt Ic S P ' V * in the parabola 
arP:» I s 2, 


n 




/] 

iJl.. 
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NEWTON-S PEINCIPU. 


Internal Jolt. 


\ * downO P : V* in the inmtboUi i O P : S O 
O P a: S O, S O = * 


V»ii<wn OiP ; ill tbe click* S O : : O I* : ‘ , 

V" 111 the droll S O : to ihc circle S P : ; S P : 8 1) 

V * in the circle 8 P : in tlie pid-a'jola at PJ 'j I : 2 

\ * Joan OP: V ‘ in the paraliolti : : t) P : S O, 

O P = S O, 

S 1* 

P V 

V =: V Jown ^ =r V clonh^ S P s: V . Jowu K P == V ol alH»dy dcscr'A- 

the pnroljoia Uy a v-mistsmt \crtie.il =r fouv at 1\ ^ ^ 

5?93. /ufj(/ ike caU'ruol fait ihuL fkv vclocitj^ ac- ^ 

qhind z-z ii . ^dnultt /u the rurkH'* Fax.". *■, 

\ V = — * K j _ toivc ilistinot. I ), 

* ’ * "" o" * f r‘+' — X *•♦•*) a rr orifruiul height, / v 

V ■ .11 lit • « urve a- p A*. ^ 'j «■ . c. -f o =: ® *'♦ A 

dp 2 dp 

Maki‘ X z-j S P zz fy uud ftom tl*c e/(uatuiii we g»'t », which -i S x- 
For the iiUiina) tWl, make a s: S P =r imd froui the e(|aaiiuti wc get 
X, which s: S 

294. J’7/id the external fall in a LUSii^t^CATA^ 

+ y*)" ss a'(y» — y^) 

is a rectangular e<|uattoa whence w'eYim&i get a polar one 
Let /L N S P sr 

*% y s=r p. sim cos ^ =s + y 

/. ££ n* , (^a (u>s.* 0 — ttiji.'’ = e" p'.cos. 2 i», 

p ** zr a ® . cos, 2 0 


~ - (cos. « C), 


2 d Ii S. 


— 2 s d f 





s«fl 


*. COMMENTARY ON 


e” d f 
a*— i" 


l> t X « IJi 


r • 1* 


d t - 

* >/t^-~p=' 

. j*,l 4'-^. j-dtf t»* ss 

• — - * e*_ 

*■ ' “ ?’d«r +'3f* *“ , 4 «_* 

i + r1 4* 


. »** 

,u this CabC «vzrr* 

*1.-., L. 

p + 


♦> - L 

f — r«’ 


n 
I ^ 

4 I 
' r c 


ty»rr 


, *■ * ^ 1 lij i> ^ 


Also 


ft u 


. >! Xy 


- ^ i. _ A\ 

f) » \ n 


l» V 


i I* ' s ^ ~ » 

fi,. =■ “I’-s';* - 


2.^* a» 
a* 


i _ 2j» £* . J[ 


r 

Mike X in thi loiumlit ^iliov* =. 

1 _ J. 

"t' a‘ *" ?♦* 

.< -7 ss 0* .*. a » uifiinnv 


[Sxnv VIL 


- Hi 

- g » 


■i 



hilt,WTON*f« PRINCIPIA 


817 


Bo«* I.J 

896. fknd ihejmee and eadenudfal^ in an jnpRrrotoXD 
CY*«CP*— YP»«CP»— 0A».^^* 

Let 

CYssp,CP = j, CBssc,CAarb, 

.,p.^ 

a: c* I * — b* + !i* p*^ 

. . b*) 

..p 

I _ c« — 'b* 

* ' p ' “ c*'(j ruTB'sj 


2dlp _ c*'— b*/-~8d{.»\ 

•‘ jr “ ■“■p V(;«zrKn»/ 



. . iorcc a r "^ ' *^ ' X '’ i r i * -'i 

(e ‘ — oT F» 

(a4 in the Involute of tbu circle wbkb i<> on Eptcydl^^, when the. rodSltt 
of t}>c rota tiecon vt uiiinttc.} 

Having got uo ot force, we con easily get the extenui] (or intertud) ML 
3<>6 . 1 ul tn %Juii tasis ue f*t,n taitg^affjm ik< Vfloeify and Time, 
t ise 1. Let foiee or x“, 

V d > s g x" d It, 

V* ss 

" . t- /r:!**: ^ 

""</ t 9g)» V V(a“+*— «^x*T‘) 

Now hi generol *e Mn mte^pnte x”'<lx.(a-<|-bx“i when 

iswluileop^^^^*^^ + whole, 
n hi] 

1 11 

in dll'* CUM!, we can intOfrolNii'wheii ^ » whole. 

Let 


I *■ p ghjit whole mnnber 


...«+ 

P' 


, wii , (p being potttite), («) 



£18 


A rOMMKNTAKT m 






1 

il "f" I 


j-ft 


HI » 

'■n+^ P + -1 * 

. . , 8 * •* 


,*. U I SB 


£i?+nr’ 


I — 8 p 

. tbfiseforioutv wimk ^IjrO aod i Ibr iatu^ {R;n|nTe vwiMie «% ana 
no povuvt jToctional vaiitea. •*. «« flan wbeu F «r X| or F « 1. 

'i'yi. I’ttfce % Tot force* 


▼dtte — g/tjjT'i 

2 g'f, 


at 


a* 

x*- ^ 

•• > 

in which c tsc we can integrate, when ^^wheir/ 


’ ' ^ T A 1 , uA."! * 




* ::= i., jliv whole pe^ltW Sfo^., 

II I * ’ " ‘ 

, n - - 1 -- 


* j 




% n 


,=r, 

1 _ 2 p-^ 1 

w ~ I ~ 2 " 

•3 


1 s 


ai.~ I* 

8 1 > + 1 ^ 

A tbew! foimultr adii»t «it} \‘l:rs n, ju which tiio^anVMMar ap» 
' ceeth the di>iioi>iini3«r hy )■• oi in wbtidi the ntawaoltAr wkI' 

.. « DiOjf two sttorwisLW odd uuuihcib, the miginmtui^he^ '‘ 

.% VO feu in^giatA when 

’ 1 1 *Ji ’{ ‘ 










t($0 


Cob. If n 


..X ' 


too. ^aorfvwj»PBM««ii«pPA»ifj!*i*^*<|^ Jj 

i<o V//A,/iroeff»Sf « 1 

vd *» 

R>i tile velocity decttedeies on x 

when V s» Vif < JB? 5iL 

•i ' 

.*. C a Yy ^ ft' 

^ a + I 

f ~7-(*‘+‘ ~a"+»)aV»-.*T* 

Let V s» 0, 


8 


in/* 




.*. x"** — . ft*+. sa 

agjir 


A.-t. = 2 L£±it 4 |«js 51 ' , 

•Mr'/ . 


C<)B, Let n = — s, aod V h'0^ ^ ^ 

Blent = vOoclU mU.ecbfkdWaicelt^*'* ' ' 


vnn- 


Tg '/ti / ■• ■* '-'^^'-^V*^ ^ 












tilicn at the distatjee s into ibje 
have , , "■■ : :'.i 

v' » — V' * ’ SS ' s', 8 

which ^ rr 

ihi^y are equal at all ^ual diirtenc|s-^ V^ 

,i<' ‘ K ■ ' 

then,, 

V «* v'. -t... ;' " \, ■'.■■■ 

303. Cor. a. By Pryop. XXXJX, ' / ■' 
•', vV«i;kB,-x»'E. 

But itr the curve 

y.«. Foe. AP— t 

y d X *'A ■”•‘4 A ■ 

Therefore (US) 

A B G E =:/y d X oe ,^ + C 


oc 


— A’ 


Hooce 


v^'a'P«8-^ A',% y 


(vii:^HWins£. 


304. GcaenUjy {4*6) 
audif 
then 


V d V =r — g'F d.s; '• • 

F ts ft a’’-^ 


vV ss’ 

. v.s .0,, lets .x; Pi then ' 

_ 0 ;ja .(G • 


*^C a-p*. 








tSi 


T)icn 


N.m (lil) 


A COMMENTARV 

y * D b « g 

Q X O ^ ^ 

/ a I> c a 

»*'• • • '*) 

Aioa VC X ay^y'4» *» VD^*J 


oiul puttiog 


and 


, SVOI »VDb« 

t = * irinr 


or 


gVBba 

° v T T-rV v ' O TT • • • i‘> 

il«c litno of describrog V I. 

Also, if ^ V C I K wo have 


VDcBaVCXss* ■• g ■"»<— ^■ 


, SVDcb 

(« -p,- 


(«) 


winch iKt Trojcciory, * ^ 

;»00. 7« f’r/j// -.-i i^fiatima (6) Mii (0) tn iermt g and $, (f x A). 
F)r>t 

ABrt) = ;^ 

AIll V = J-' 

ag 


and 


Jt* X V 

Q = 

V*g 


«r._ 0*_P*X V! 
,• z 5^p-^ 


A ABFD-.Z*»— — 


Si gjjt* 


‘f 






e£6 


A COMli^MTiUMr 0^ 




V 1 


P*V* 

p **-*''* 

!M\ To thes^ difi^nrmt nie&odf ^ {bUovsdg OM 
( f. Lit r 9 t ss (h f. ThOB (»ee 304) 

and il r and V belong to nn npe at vfhf'o P « (; 




'** * * 7^ ^ *) iV' (i>*— P*)} * 


- » vu Hmsb weBMily get 
d B 




s: stn« 




p»— 


^, + c 

1 ' 


and I Mikiug t s 0 »t on apee or when f ss ve fia4 

D» 


Css — Mn--“. 


2 

IP 


za — riti. 1 




t 

2 


Also . ' 

« rili 1 j 

Ond aesumu^ 

pt-^^*-.»tey*x(P»-~ + a) 








S28 


A COMMSNTA^ &S 


tSe«v. Vill 


i)=V- 




tirhicli has hWiI> be<ni 14V^^ , 

'1 o apply (0) aud (10) 90Y tOlbil ^ tonple «re jonat first iitt^gnte 

(11) «heref;ss jtifj tiuitissSote'" ,!> ' 

+ C 


»e Itnw 


— ^ps 

<1 

psv» 


V« = »«(D»— J»») 

.’. p*Bs • • *• »p» • '» . . (fi) 

winch a}v> iiubcaKs at (llinse reftre^ to ito eenteiv 4iniu! 

gcnvr‘.llj • * 

V -ir+lPrirp*. 

HwrKC 

, P»^D»— e»)-.P*(D»-rt®*) . 

p»— * 5 pi ('&»'*-?*)' • 

' ‘ ^ v}r/-vi(^ (1>* f 

1]ki same cs i>o<bie. 

With rc!ganl to (, the ox^s oi the ellipse being tawe^tjciWEB 1(49 W base 
the polar «qaatioD» vhb ' *' 

' •_ b* 

V • t «rrr»SOT- 


fififi. £». S. |>et F e: tTbeh (804) 

f k « 



'**•,»»** In ^ <*^'— **) 

« 

15 


m 


b 3 U X •««' 


and 


, ' ~ • U *» 

D ""-C' 

/. a w I ' 


<S) 


To ibd die Periodic llinajiMif 9 : V. T^o * »* 
and equation (1) gives 

r = * T x - - i ) 


’gi 

/»« 


v'gi* 

.•.T»v-^. 


(t-I) 


<iep 159. 


oraSBWxax. 


Fhst find the Tijjecioxy bjr fomula (ll. 307) ; dien eubstitute 
in 0 aitif 10, dec. 

3i0. lieqidi rd the Ttm and Thtjeetbiyadkett 

By 304, 4 

^ gV K <I> ~ f *" *) 

*j 5 sX '-yr 

if V and P belong to an apse.we faive 

v.-«x P-r.r 


p* 






St -P»y 7 ^ 1 ^x 

8 Jt /VS ' ■ 


••Ipf 



ss» A CQAaiEKTARV ON 

>«‘{c± y'lwrrp) 

g /» ,1 

and tokuig t » 0 M an apae or vlud ^ P, C«» 


[Sxor.viiL 


(1) 


Bi.t 


4 

pV °/r ^ 


Vk X V(l>* — P*). 


__±pj , V(P*~e-)q.P 

•• V (orzipt) - ^ + c 

aud Aiokiug 0 x: 0 at the apse or vhere £ = F« 

C ss -— 1 . p as 0 

• + -I l(£lr.f^>=FP 

-v'D» — r*” ‘ i 


- 1 V^*— p*-*) 


wbiclt ',iM, 


8 i»ci?cc^^*; 

j = ffj 


W 


14 . e - 

311 Jtiiji thi ltitf(,cio>tf and (itamstaitce^ ^puihm token 

r — — 

t" 

c Jar 1 Hf tvoetse la’u of the dntance. 

The iraditst jihthoU »» this; By (II) 807, if r, sa^ P be tlw values of 
t and p loi tlK given velocity V (P » no longesen , 

P^V* trsi Sjd ^ r ■*•*—> t ‘ 

~p^ --yt^ ■.>‘ye^ 

,.e . . . M ^ 4 *+* * 


tiM e 9 nattoQ to fbe Tn^aclniyt 
. AlMsuvce 


t ilv 3 »*— R F 4 r 



]itf(»«.io 

Nsw^oini PBttfcuffi^ 

#• 


tf-ndlK^ 

tWfUlt 

f— i; f 

< ‘ 



aud tf wdput 



in vbldiM rosy cMtC I vo aacily ge) 



^ ,.,■ 2 ^x ■ "> '■ ' " >■ { ' ..m>| 


p* ^ 

P— -nTl X I 

r-r 


mml 




•p -•/=%,**, ^L. . . . a<l 




Tojfnd i an tUs t^j^pothedt. 


Srf; 


ivbtch gpves by snhxitatioii 






4 «r:± 


_ — ^ • ta>f 

’ +s=i) 

A * ** 

* » 


♦ -*# « <r 

‘ V 



t Ts +r X P X 


) 


tihe potitiye 
detecods. " -t ' 

iW#*5ia 



MMndk 


, * . , in>|- 





A CK)MMlS>lTA>tt ^ 




• ■ » » * 


ih' t()uafiou^ lo tbe oUip&Cf pambola and Jr^perbdbi rtapcedvely* 
Al‘o 'M. hnv** cormipondipgly ' 

^ * m - 1 raSl* ^*) 


tfinm VOL 

. . m ss 1 

m<l 




dt 








wbirh are c<>«ity int^frated. * 
Kx. 2. Let n s d. 'fhcu we gat 

/ ™ 

P a J 




X P X 




IQ 


t) 


P 

pa ^ f 


= Vs.^, ■<•■>• 




ai> 1 

ni ss ) 
w < 1 


jy, ■ 


Al. 




. m > 1 


<H =r + T 


Pr 




- ^ {» • - p*) • e 


V\ l— m f/ 


m ss I 
. in< 1 


Sltt, In the firb* oJ'th«»M. vUihi of («, ni P * may bo > s: or < r*. 

(1). Litft m P ” > r *. Then (se<* 86) 

^heti I £7 P 

** = ± X ^ X swe**** jfr • •-(«>) 



^«OKLl 

for 


WmTQI^S PHINCIPIA. 
=* f " “ 


'J ’ ' 

(2) Let m P' s; r*. TUeo w« hara 

r 


p = 


-aas 4 


- .>^* , . w /-if. 


(b)f ' 


- V »— I Nr f / 


m - 1 ? 

whidi indicates tlie Rn.imvcal or ^phal. 

(8) LetinP'be <»*. ’nipn 

Jr~. •’< 

P * 


■TU 


* • s * 


<=s±* p^y „.”l-i / ■"7;T^r^*~iJn**; 


(«) 


(d) 


+ 0 


fr) 


-.4,p Vj r ^(W— 'l .e 4i^t ni*> ~V(r>--wiP ) ^ ^ , 

at an apise i ss P; anA then 

,=+P / ... to 

— ^ 1 — m f 

llips the first of the raluts ul » has been into three, and lutegrat* 
ing the oth«r two we aleo get 

' «±V5f«=T*5’‘^‘t 



A COMMbNTAKY ON 




CSk.’W VUL 






-. irP / Xl ^ ^ 

^ +,P 7-J"- „xi' 

~ V 1 * — mP t V (m.i‘»— V (r*— m P ) 

I (] iff uicusiircd fium an apse or r ss P it xedncsi to 

,,±pj's^i. i . t . y . ir=S . 

^ I *■« m { 

4J‘i. IJt.nco lacapitniating we Itove these pair* ofeqnMionSf nr. 

I I' / _t (m-— 1 ,.su->^l\ 

V rr*’ (“’*'* W 5n’5C:?r--s«-~ fn pcip) 


V 0^ '> r /// 'JutntU>f 
111 1 ss 0 tLep 
t sr Ps- S A} 


J<.*( j U»nt 


P - t P 


ind 


/— 2?^ 

N m — 1 




m 



•.‘lid tVkiiy A V li, A S B' tor these mlacs of 6, 
and S 11, ^ B' I'l ihose of p ond drawing B Z» 

B' Z' m ryhf an.Iu, wo havt two asymptotes • S C beii^ fiwbd by put- 
tfng '> *r -r. .u, I oy ihe tuleu in (36, 86^ S/T, 88.) tha enrre way 

be traced <n ill it* lao i'<«'f iioils. 


’•'■'vlS-.ix ,—i- 


vf'' + srn) 

Mlldf 

r*' 


- X 












A COMMENTARY ON*, 


ISbct. VUI 


-- Ay ; ~ m f 

P Cr r- 

Wlienc#5 this spiral 

Tlcsc . evtT «l spiral? are called rv>/<*’ Sjpin is, / 
h*t Mn* i,c Hps lie lust *•0 construct tliem as / 

'o).u. I f ( '* 

ai'f. ii i’ - i. Thci* fhi) Trajectory, &c. I 
arr Jiad !iy tli. fl>llowi» 2 » c(jijiations> vi*^. \ 


tA\ 


= -f! 

V(‘‘ + m-ln) 




a., M II -rr 5. Then 


fl • n 

t) «r P V ua — 

* V (m~ J .«*+r*) 


.] .' r. tTJ -“t X — - — * -4-^ 

vlitih , 1 - Mel) as the fom'ir exppesifiiciu is not iiiUgrable by tlie usual 

Ul( i1)0<h. 

When 

*< ***--r’£*+ ^-— 

f ,a - I ^ ^ ^ ti — 1 

is 8 {iKffect tquaic, ni wuen 


iltcn sitC havb 


Therei'oro (87) 


lu -— t 4 (in — 1) * 

= ± VjtSt >« rrjks) 

(87) i > ‘ . , •* 

” ' ) 

4-««rP /— ‘ x 





04» 


A COKMENTART 0N 


C0#w.Vfii. 


«i II I jrivt 


t . , r« ■<»»*«* y* »(»h • 

“ ‘ S (oi 1- ij — N (in' 'iVj' 


* 4 

Ulll 

_ r . 'i * — 4 m P*. (I — m) 

^ ” se"( I -tv 4 .ir-TwJr ' 

'*.V}«iKc 111 tb" cUipiie nod iij)iitbol<k tbere are two apses (fi>i<cc tn the 
khi'v o* tounin Ijing on <B0litcni sides of the focus; in the Jaltei 
lwi]> iiinf uu iltt '<u.u udt c4 the focus, os it> se^n by sobstitutiug the 
v.tli I ot t in those of i'. Alfro there is but arte ju the parabola, 

Ix y T.ut II s: S. rfat'u e(j[. (A) bucfune 

, m P *■ + *■* 

I t I £ * ~ — 

* m — J 

m}) ii txo apses m the same straight hue, nod on didhtent sulea 

II' h 1.1 )i(c , \shoSb fosliion will br gi\eo by heuco finding 4; '* 

K 

. t ® 

'ii f as — ss or 

po 

bicvuso 1 Ji > F, 

\ h n’l Uuic Is an ui'bi*. 

, _ 1 - w* P * 

" * ~ l—m~ 

nUttli wlibts, r* I'eing > m P* berause m is < I and P < i ; 

t 1 t!) II foi t » ii 1 " (i I'Tid frrn S, 

I I # Cl ii V. 1 ’ s ih (lone also by the cquauou 

p =: f. S.I. f, or sin, f » 

f beiflp i n-nnircd. , * 

Ex. W'hi 1 u ar 3, luid in a: 1, we bovc (4. 318)^ 

P 

P= f 


P 

sm. f a y ‘ 

f 18 coustiult, a known pxoprr^of 
31<* Tofni vA 't> Mj reaches ^center ^JhfPr* ' » 
Pot in Ok eipiatnsis to tlu Tiajeotory invohriligpi'ti lOr ^ < 

f » 0. ‘ 4. 

Ex. I. Whim u =: 3, in all the five caacsitilfiranftithwt ' 

V ^ Q 



Book 


NEWTON’S PRINCIBIA 


1141 


«nd 

I) ax — 

Ex. Whan n sx & in die particular case of Sllh the ihrmer ’valtie of 
t becomes impoeuble^ bar^ (he ioj^aridun of a negative quantiltjr, atai the 
latter h as —> co . 

919. To^find %hen ike Tn^edory iuu am a^mjpfatic cMe. ' 

If at an apse for s « the velodQr be the same as that in » esndt at 
the same distance ( 169), or if srhmt. 

4 « • 

and 


we also bave 


P = t 


P 

« Of 

then it is clear there is an asymptotic circle. 

Examples are in hypothei^ of 815. 

8S0. Tb.J^ mwiier ^'revoMioasfrom an apse iag s a». 

Let be the value of tf « when ^ as p or at an apse, and iK’ aben 
; as CO , Then 

V rs — s= the number of revolotimw riqnired. 

8 w 

Ex By 818, we bave 


__ f m w 

- V m r_" 1 • 2 


ni 

ro-TI* 

331. i'on. 8. First let V R S be an hypmrbola whose equation, x I'uu'i: 
measured from C, is . 


Then 

But 

Kte, } 


— »*)• 




h 

a* 

b 


/yaxs=^ydit%'(x*— a*) 

^ r xUlx 


, X ' O X 



A C(»M>fl:NTARy ON 

^ b . 


[Seen TUI. 
by »* 4x 


. 2 Ay J 3C a ~ X «— a «) — a b I. ,. fc* • 


»ni) 


Again 


V C R a - j* 1 . - 1 . . . 

2 a 


faCPaCTax — sttblangent 
— X* ^ a® 

* ~ X X 


(» 


ii.il '■ui«‘'Ut»itiiJS( for X in (1) we have 
V C H a 

,..^vry.vra^!^t)i.t+yJiL-l'> , 

^ a f 

N iK'ihg t lonstnnt (puntuy. 

llt'p'c r^rv.rsoly 

aiiid clifTmutMiiii^ (17) gut 


(a) 


i! fi*' 4 ^ f 9 1 \ 

rif ~ ^ 


• • ♦ 


( 1 ) 


aiui figain liiOcrtsntlatiiig (d t> being constant) ^ 

d^'u 4 

.17* = a^r^'TfS^ 

Hence (132) 

„ P* \ ^ / 4 . 1 1 

® - 'r ' + Ov « P 

SS2a By the te^rt it wonlJ appear that the body must proceed from V 
in a direction j'terpendicular to C V ~ i. e. that V is uu apse. 

From tl ) SlBfii, i^e eunfly get 



I 



P*) 

4 j ' 

KJ?* K {**•*•{*) w {* -wP* ^ 

.-.p*- ^ ; , (i) 

i + g T]g r yi X (a*— 1 ^ 


wlucb is ttao^r equation to the tn^jsototy utstAvisg tb« pei^^«n«ftwlar 
upon the taqguBi. 

Now at an imae 

P ^ £ 

and snhsdtuihitg in eqaatk>ui{t) we gef a«ly 

.. j ss a 

which ahowa V to be an apae> ^ 


ovRmwtis* 


Put d f ss 0, for f is dim » insXk or^Siln. 

884. n>’2l4 a jiroper vdea^} 

■'The relodity with which the body must he pwjected from V it frnmd 
from 

edvas^gFdt. 

88^ Detcend to the 'P^hflli 

f m th'P iMjMI as« (It 881). 

S8<«. Seowtf(yv*toVRSbfta^rfllpm’«di«»»<F^^ 
eenttrCis 4|i*' ^ 

. ’* * * »• 

Tien * ' 




sa * 

ii. «' 


'An 

f y 







au 


A COMMBNTAKr^iPv. [Slot. VII& 

V(U=.-!j^(J-^-.i). 


\jv< 


— y^x 

y 

a* — X* __ 

X ' ~ X 


tsx + NTKX + =l||i 

= X + 


k! 


. r= N’.VCRsi^i^—. (J — J) ,.( 1 ) 


• . 1 2 0 

7 g-aFlM 

a fv ^ 2 0 \ 2 0 

. ' 7jr>r 




0 


^ •T' '1 SPC. ( 2 ) 

CoMk V i>j the cxpresbioji fax F in iSUf we ha\e 


cx 


r 


* /rv(/ (hf Mff is at an apn^ efiher proceed as in 323, 

Of jmf 


0 ,^ > 


l^i (**^ 1 ) (j| bCv > s: 


♦1 X . «in, X 


f os> ^ \ 


. inhJ ^ 0 

• • _ 4 A - V 


iOS. ^ ^ 


i)= U 

that u :ht pout V w an apse. 

The propel -irUrtrity ol projection is easily found as indteated 

ill 32 

B29. JVtfl ascend ferpHmtbj amigo i^to 
From [2) 327, s^e learn llist when 
2 0 * ^ 

STN ® 2 
e» »5 

siao tlu(t ( cun iie\ei s:: 0. 



^ .. Aw Sm» fc irfhnmgpiH to ««» 

'inh Ftto>< !3QU[1> The inteoedlii:^ i)Oiataeait» toiget^ witb i]>e 
«ot«i tiritt««a4er tfiia propotitioii «aslty ioteflSgAks 
(1S9) 



Mi 


„ V V* d 0 
F s 

g |> W f 

or ftoilM' ^WHF) ,i 

«. *. ^ 111 ^ 

ill whidi P and V ai« gir«n, will lead to « mcere direct and c^twaim 
resoluden of the problm. 

It muBl« however^ bo remarhcdi that die difl^vence lidween the firt 
part of Froit XI. 4 I. and dds» Is that ffamJoKtituyf'it^iaefifa 
and onfy {he la'n (ifj^trcem thelatter. liiatls) if forioslanoeF as ^*''*** 
in the fanner /a is g^veti^ 1 q dto latter not. since V is given ki dn 
latter, ne have P fnm $04. 


SECTION t5iL. 


309. Pnon. lEUIL 7b eMito a ko^ mtw in an orb.t leoolmt^ nbm 
the center ^Jbret* in tkn todtir satiy ns at ike same otbif gwisen. 
that i% To a^lj|iut the id]|;taiW vdoeiijir of, the <»hit> and centtipetal fon 
a6 that the body may be at any tiitoe at nmn pnm in the revcdvba 
mbit 88 in the stod toad io^lia iaato ton|er. 

That it |Q|^ ttmdhto tfie satoe cantot (ted Bcop. tl)» the am of the ne 
odiit in a ftak filaw <V C p) iaaat,<$( I^Ra <x am in the given oil 
{V C P)i anf^ wim nm: aimbm^ taga^cr dicar Incre^ must a! 
be protMirticloa}, thd« la • 


Kii^a 

h » It 

and. CP 8s and tit nk 




Wjiww 



A COMlirjSNTAKY [Sfc#. IX. 

1 Tc’iri HI order that the forue ut (li4 ncir orbit may taaHi ftt 

C. It !•> mieisai^ that 

/.VCf) oct* rCB. 

Again, taking always . i> 

rp^Cp 

and , 

VCp; VCP::OjF 

ti F bt.ng an invaxiahk ratio, the otjuatioD !(p tbcloeiis of poi the ortiit 
in tl\od ••ptu « ju lie dctamiined; anti thence (by I37| 139, or by Cor. 
I, 2, S ol Pijp. VI; may be fbmid the cetttnpetid ihirefr In lorn^ 

33 ». ToJinJ tl otha n fif-l i^aee 6t the 4oem ’ 

Let the tq . It u to the giirn orbit V C P be 

~ H ) 

'tbc<e ;==('' 1*, eud o s:. \ C P. otul 1 picanc any tunetiop; then that of 
the knvi, ,, 

f-n^O ( 1 ) 

wiiuh X <11 iT.'t the oibil K-qu'retl. 


OTHtBWISE. 

I x.t p' hv ilic |w t -icitdicular u|p6u the tangent in the^vea orbit, and p 
tl at <0 thf 'ocu<‘ , (hui u i!> en^Uy got by drawing tbe iucvemeotal bgaiea 
t il ‘111 ’I, »iv>j fr, .. (sit, hji. Prop. VLIV) tluit 
Lit. I ' r, tl 

K j.i 

,1* PH* J : 1 
PJl.KH • — p'*) :</ 

tiliatcc 

1‘ 1 1 M> v'vt^—p'*): op* ^(^*--5^)’ 




SSi*. Kx. 1. Let the jjiven Trajeatoiy be tbe tjlipw with the ibfVe fet 
its foaot, then 


1*' ° b~qex^x^ *r‘(,!^V^i*) ‘ 


and tberefive 





NEwtw^ingHiferpxiu 


1 + ecQS.(^ 

ShttM ii^iice tb« force » (139) 

* P'*V»‘ M*II^ V 

— “ w-.' + “) 

end here we heve 


* (1 1 — e*) 0 s» 1 + eco*.-^# * 


and again diffomuating^ &c. we have 

d'u . F' . <;• — p» ^ 

,Q» + “ * ^ '*' 

But if 3 Tt s latus-rcctuin we hoe 
L b 

E a= i a ^ =a a (I ~ 


.*. (he force in the new orbit is 

P*V» „ IF' KG’- It F'-l 

ginr- =< 17* + rjr— — ] 

SSS* Ex* 3. Generally let the cfoatlona to the gWcn trajectoiy be 
P' 

'Hien aince . . 

'■ ' 

*•. d ss ^ 4 





P'VV F'X .O’— 

yjprrjfn + ' — * py 

AIm from (it. SS3' we have . 


1 _F‘ 1 .©■—?’ I 

p "= 6* ^ ^ 


K* 


fill 


O'— F* 


}\ . 


t X _ F'rX . G'--F' . I 


I* V *" PM 


G‘ 


(,Sxoa)t yfo 
. 0 > 


tl f ' niu t) tuip. 

"i^li ^ ^^ci/iiil gciierat example the firaf^ an mil as Fro|Y XLIVi. 

J C F lljf U nt. 

S3i ' ^7 <7^^ nut^itm 10 / the JbfK'V tending 4o C cmd i/chicH sf^tU 

t*iu * * i^j \h (h'k (he of p* 

1 i^\ ns ^>Ti w ' muse shoM that in ordei to make the lorce X tti)*l 

( • I f ti«> *• V C P • ^ V C p must Ih- c )n«iUat or ss F ; G* 

^ « stKc \\iy bcpii the totrcspoDrliog os^ulai velocitiei 

M i* C p u< 111 tu-^t saim latioj i« e, 

to;*.. P:a 

» n cu\i tu c aLi}y rouater^ct the. cenirifiigal fmee which arises 
o il » ii lul r in frf the orbM, wc mu^i add the aame quantity to 

{ c. Hi laftc' tofcr* fit.li e if ft f' (knole {he ctnitriiugal forces >ii the 

u n • ih»t una il»* loc* >e ax ha'^e 

X'^ X + /~e 

X i cu »,4 ilu* lf7ic»- in tbt giieii o«bit* * 

J3ut (‘>10; 

. - • X 
uk) 


vhen c i-* pnoii. 






• • -.-.i .' (1) 

/ i 
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. _ p* V* , a» -.F ^ 

or 

^ r» V* ^ /rfp . D*-F»v ^ 

t87. P«oi». Xl/IV. T«)(» u Pi n V alBiaiaK ttod «q4ll to V P aad ^ &t 
alw 

nir:kr : 4 VCps VCP. 

Then since elwayv C P as p C| «e ksve 
p i Si P B. 

Ilescivti the ibotion<> P K, p k into P E» Tt X and p r fc. Then 
H K (as r 1) . rm : xi V C P . V Cp 
aiid ti'eeefore when the ceoUripetal forces P R, p i «>e cxpia), tJbe Itodjr 
wonid bi^ nt m. But if 

pCi^xpeCkx VCp VCP 
and 

C n aa C k 

the bud} vnll resl{> be in lu 

iluice the di^ieacc of the furcts b 

n> n ~ ^ -. {myT“-kr)» (mr-f kr) 

“ » t ml , ' 

Ji, 

Bat iHocc the Viuingles p C k, p C n an given, 

* Kt*«inr«j=. 

# * 

■■•■»« ^ t4’’'5rf 

Again suiet 

pCh;pCn;:PCKipCn:;VCP V t -i 
itkv : lo 1 ' by <v«nsu,ictioii 
j « p C k t p C m idtunatel} 
p C A as p C HI 

i^d m A ulthAkUily petseds Co^ie^Auttiy 

mt SB fiCptdttfn^ 


Ai A « 



A COMMEKtAilY OK 




V .(» 


oracRwisL. > 


3.^n 


By 8<(6, 

X' — X 



O*— -F* 
-If-* 


X 


1 

t* 


339 . To tract the variatiam of ttgn tfxau. 

If tilt, oibil: move in coiunqnenlia) that » in t]w same dtrrotiob as C P, 
the iieir centrifugal foice woold throw thcjhody finther Seem the canter, 

lltul IS 

Cini8>CaurCk 
or m n is positive* 

Again, whtsi the orbit ts |{ricgeclod in antccedantia witli a vdoci^ < 
than twice that of C P, the'Vhkicity of C p is leas than that crf'C P. 
Tlu'icfoie 

C m is < C n 

or m u is m^ative. 

iigaiu, wlicn tlu* orbit i*> (irojccted in nntecedentui with a vdod^ s: 
‘ vt << til >t (if P, the angubu' velocity of the orbit Just counteracta the 
\ iu( t, ot t' 1% <«iid 

» *1 *1 S' 0. 

\(id ui'aiJy. vhoii (liC orb«r is projcctetl in nntecedenda wSlh a Tolodty 
> i \0, . 1 r P. the vdotuy of Cp i« > x’aL of OPor C m is^ Cn, or 
111 ii is poUtivc. 1 


oim.swiSE. 


By 338, 

ill u at p' — j 

« <*'*— „• 

Bur 

It. as « ^ W 

W being the angular velocity of the oibifc 
m n « + S w W+ W » 

ftai .j. 'VP 

^ or ^ heuig tt8r.d acconHng as W is ia^eoase^od^^fr «u|teoed#Bi|i^ ^ 



Beciktl NEWTCn^SlMMlKCIPlA. m 

n 

Hence n ie positive or iw^ti^ aoc<»diuj^ as W is poqitive« and ne^ 
tire and > it « ; or negative and < 8 «. lluit is, &r, ^c. 

Also Vlien W is negative and 4 ;:; $ a, m .-s 0. ThcrplbrF, icc. 

SiO. Coiu 1. Let D be Ike diffuenre of the fiirres In the oihit eadfa 
the Ipcns^ and f the fereo in the arda K IV 'we have 
B: f :: inn : z r 

..mkXTOS.rk* 

m f • a kc 

. (m r + r k) (mr — r k) ik* 

•• — 2 ic — -m 

m r*--r k* : rk* 

P* ; P*. 

841. OoR. 9. In ike eUtpv <m*h the fx/rce in itus/wsus^ sse haw 
Pot (C V being pal =r T) 

« • V ^ * 

Force at V in KilipbC : ih*. iu tiiclr • ; p-y 5 "P" V' 

1 1 

t * * lli 

‘ iH O* 

t-Ts R 

Also Pin Circle . m n at V: . F*, O'- — 




V COMMENTART ON 


CRnMlKit 




ms. B> 8S6, 


iJtr 


uiti 


O^HKitVlbS. 


^ G*— FV » 

X' as X + — ~ X — pr— X p 


X a. 


-- «— « » II#*{ 137 ) 

.*. X' = ^ X Ip + ~7^} 

i '3 V. oB. 8. In th*. tUtp^ Vuth th$ force %n the tt/Uct, 

F*A . RO* — RF* 


X' a 


-Ijrr 


+ " 


A* 


1 < t h IV 


V * 

\ (. A and tliB foice ^lunalljr a (140) 


i F' » fe in vDijrtt. ot V T'nce In circle, at V : s T j R 
* III uult : in n at V iF’tG*— *F“ 

^ > n I 


I V 


• m n nt p 


I n vi'ipst it ^ in I .t p 


i 1 

S-nrjlTTj 
• f|T • * ♦ 


T 


r* A 

^ AiiniMit m tOi, >e »< i* ;= , we hAVt 


J" III ^>‘^c u V — j , X T 


iiiil 


KG*~RF‘ 

- A' 

, X or \ 4- III n a , &c. 


o»HrT»ir<si 


' g g (P«iod)* 




RF‘ 



KlSWTOKi'S ritfUCKFU. 


bj 886 


ss <»£•(• ^«*b* X X 

.q^ 


V 


* ^ + " • «f » — I 

»G« -ttF*”! 

p } 


■*" F « * 


■P^ 


F' 


346. Con. 4. Getifralfy M X be ike Jbtw «f P, V ^ V, R /#« 

t^fiha of eurwtwe tn V, C V a T, flic, tkm 

V , . VRG"— VRF* 

X jf X-f 

For 

P in orint at V : F' in drcle at V : • T : R 
P lanatV :!p»:0*--F* 

mnatV :ran :;A*;T’ 

VF» G»-F» 


{ 


.% F in orbit ol V ’ m ii 
since b} the assumption 


• • *^T 


t VR*: 


V F* 

Fmoibitat V =r 

}L^S9'zzi!) 

sy 


inn 


4Uid 




OTXSXWISf. 

» 

Tl)i& may better be done after 88i^ vbarait must be bbserveti V is not 
the same as ibe iudeterauxiaite qaantityt V in this ooveiUaiy. 

846. CojuS. T)»cqaBtiantoil)ebbv«nbfoift(883) 

p*» 

p' bdoi^^g to tbe ipven otiftb ■ ^ 

Ea. 1» Zef itlr flfNX* psiiimmpKi^bola, 


Tben 


•V nr 





2H 


A COMMEKTABY Hftf 


tStet. in* 


Ex, S. Let {he given orbit be am/ SjgiMify vAose gea/trvi 

eqMtHon it 

llieu th<> equation ot 883 becoiues 


r* • 




P 

^,b»+ a* — b*:f f* 

wlurh beini; of tbe suae foim as (bmoi shows the locus to be nimlltt 
in each ra^e to tlte given spiraL 

This is also evident fiou Uio lew of force bang in each case ihe anaie 
(see 336} \i/. 

X - -b >c -jpr- X 






^ ‘r. 


Lv. i. If tbe given oibit be a circle the new one is a]»o. 
Ex. A Lft th, ^lUH f ejector^ be a slraighl Itnr, 

Here y/f is cimstanl. Tin > « fore 


ra , 

t + • - ■■■ ffi — p 


Y' 

'))« ei^uotion to tbe elliptic spwsl. &c. &c 

1 a 5. Lit h 1, len o>b't bo n locic %»l& the force i>» ittcirwu/fkieeiee. 
Hue 


1, 1 - 

j, 


and wc hive ii<nn 333 


P “ 4r’r*+ 


t,x, b. l,t the given orbit t>c <<» i/fi/ui withjbiee tn thefbee/t, 
Hui 

p'* ss * f 
p “2a — g 


P* 


G h»«» 

~ T^{T5 


and tills i^vet 





NEWTON’S mN<9tPlA. 


m 


wViff' Vk^itd tkfjfoitth )Q tb« io«as p«t 

' dp a: 0} 

«ad diit’gtvea in tfa« «tkse of dM dUSpee ' 

b* F*^0* 

t a -jj-. pi'"- 


orauKwibB. 


In passing firom coovex to conoant tomads tba center^ dm Ibcen In dm 
lo^ most h«ve ebaug«d signs. That is» nt the pdnt ofumntm^r ^nuKt^ 
chewrce equals noUiing or in this svtne case 

F* A + EG* — II P« a« 


R 


O*) 


.% A a X {F' 

b» p*— G* 

“ JjTS — . 

Ami generally by (386) we have in the case oC a cMXmry flexure 

P*V* Q*-».P» 1 

X' a X + X X -pao 

which will gii'e aQ the points of that natorf* in dto locos. 

S(8. To _fo»d the points whnt the loctu emd gnen lyojfcimy mtersect 
on* amthii» 

It is clear that at such points 

j 3s and (f s S W * jr 

W being any integer whatever. But 

^ G - - ’ 

as ^ ss n. ^ t 

. « w* 

• miT- , .. 

Ihis is bidepesuiMt of eidicr the tut Imcos. 

846. eamShttt ^ txtA inSerstet io ns an entire rrvoluthm 

of CP. ' j S 

W k < » 1 

^ tnliqftsr'ib 6’m''or 

’inflejll ^jndepen^^ Tr^^soi^ or Locus. 


»G 

-|r* 



256 A C'DMlktEKTABY. OK [Srci. IX. 


35 '< ft ihf mmhtf md pt^tum of HU( ieoAk ptdtUs <ff the 
i (• ot'lh-K.^ p mU hi'tere it tuts or touehn itsey^, ' 

Hu (,l't<unt>(I the equation to the l/>vaa iad ita Angular po^ 
wLoh*'- (louhk, trqile, Be. bjr liie usual methods; ur more 
4 »>M(' <* the double points arhioh are owing to apses ami pairs oi 6quaJ 
va!uc> of C P, one on one side of C V and titu other oil the otbes^ ihua : 

Tbw given 'iiajertorjr V W bcwg 
syriric*iical on eitlier side of V W» let 
W' be ibe point in the locus correspond^ 

•tiL i» \V .TcuO C W' fci.l produce 
U ii' liXii ii*ly bolb Vkjys. it is 

(L'rt liijl W it jii ;q;»e; also that thr 
subte'idi. I oy V v' s' \V' K 

r- p Xes^wir^.. VCy*, w beuig 



»h. gr^ttsl wlole nuailxi in 


(i 

F 


^ihis 


otippo'-*** the motion to bo in cotiscqucntln). Hence it ajipears thatwbere> 
X • r the Lvicus rulj the line C W' there is a double point or an apse, ami 
.iiso *Iut ibeu sie « +1 'lueh points. 


r.. \ Ltt Is Qs htfh mb I TPO'oe m rrm* 

ff u Is //A a zv}hi -- ihr ViVai C P. 'Fhen iL 
V V y' -=: Oj y' comojfics muIj Vo ami ibe double j>omt$ 
ne y' V, x' ind Vif\ 

'n»f tunrsp of t\r I *»' iv> ^ uxljcatod by the ordci* of 

d, i. 

E' 1 =. S. 


/V 



'rhen tlio I ocus i\?d nible^ lUH n»nno, f j U, S, 
5, (k fh.invLijr tl i co\>i "e \'*i the utrve in v^hich 
V, x'^ A, \V^ Ml double p vud tloo apne^ 

F\. 3. I a ~ 4. 

V 

'flieii this firm se suiPeiiaitly traci.«^ i\w laiicuSa 
its five cloiiUc poinK m V, A, B> \\ ' are 
also ftps4*v. 

IJighu itUfjgo \alaebof y will gUc disi L*>cus 



'i 



<%tttii' wift be M in ijbe ef fbb» Mi;ttbili^*'l 8 c 
. ^ i<j ( ( Mii i tJitetei* C V:.* More* 

l^erif ^ be less than 1, «i tf the dibit Bu*re in 

MileeeitoitU this method mutt be somewhat 
roriedi but not greatly These ai^ bther ei]irio> 
aities lieore dcdudblc* we leave to dm etudetiL 
'3$1. 7b investigate 1^« mtfum ^ (p) whto Hie 
tVtp^et the farce bebag fti the foev% meves bi mete^ 
^ienfia mth a vcloeitt/ ss tehjat^ C ^ h* 
eontrguentia. 

Since in tliis caae 

t/ sr 0 

(338) also 

p ^ 0 

ot tiic 1^ti< )'9 tlij straight Una O V 
AW (Slv) 

M /F* B FS 

^ =F-(,‘- -,>'i 

S-B 


"T- 



= ^^ X 




' a V a 


X' d I ot ^ 

^ if, 

> 

Hence disnBie bfii^ Um (bcce ineteaaing 

to I of the Tbctt it 

dlw^eetty tt^^ Hgjsjleeeatrt^^ 

i gees K»rw«rd till tU 


25» /. COMMENTARY ON iSrct. t%. 

,V 'jr> I =- the imt distance ttlien ▼ as O5 awl .ifteriranlti it i» rtpetled 
1 >1 on m infmitiun. 

w>ji2. lo /ihti v.ien fit ttloetfjf m tAe Zaeut ss ittuf, vt mn. 

h. ncc. i.i litln ( u&a*t 

U.v*sraTclv;teO 

and 

r d V sr X' a f 
. X' = 0 

V j. ^ 0*~F- ^ 1 

x+ ywX 

i. \ hi fill* f 'vith the lorce in tSic fi>cu^ ire have (SiS) 

__ /♦ I'F* . RG*~RFS 
^ - kA-j. + p ) 

1 ^ R G«-^RF* _ ^ 

• # - A p 2 


ss 0 


s= X — 


V* — G* 




h 


If (i •=. 0, V ^ max. vhcu f i5 » ta* when P is at the extio- 

A A 

» ify «>t tl) iit.j lOf'ini. 

If F - 2 i«, 1 — nax. when f & R ss -5 R -s ® 

let. 

'/ I jfnj a t>ett tie Jo'-cf X' in the Loeut s: max. or min. 

Put (1 X' XT 0. wh'rh gins (sec 3d6) 


8 


lx. Ii> tbf (bipsc 
and fl57) 


V _ 3P V‘ „ 0»— P* .. 1 
d X - g ** ^ 4 


X ~ i* 


p.y. 


. — sr-d* 8RGdt.^«RF»d« ^ 

... ^ — s s, Hi 


j> f 


- _5B F*«.0! 

I sst '-g- K 


nkich gius 



llPf.- ' if- , -4 

i' '-. . .jfer.-«i''Afi<ai;v. 


i'. 




/. «.i?.‘“^,.-'''' 

. ' -'Sll 

r| 4 |bpV • ‘ -V , -i;, ,.ov.'^ ■ 

' ‘- ■ '' T ■' ' JS ■* 

854. 6oJft. C JpWn. t^'ecto 

^Jbrce C . not in ;tfii6 ibrixs cazmbi t 


Hence 


. * Jk 'SS ' .0 . , '^'V '• • ^_. 

m this case - •“ • "S'^ ■'V'":v ;■’ 


where P =s C V and Y the ghwBriihii&nm viiic^y otortg Y F. 

In tUb c^ th(^ Locos is ifoimd w in .8^;^. ' 

3ft6. If ii^ given Tnyeictoty is 

Sd6. Puop. XLV. 

ifSe saute Jbmh if fke 

altiiwies h' rendered ^y/'opatitetiek^ ‘'li'r^--- ff hipf. ... / '■*'^''‘’' 

the orWts are.td' ^ fei-^r 

Foi (4®) 

■' 



it COMMENTAltV 3icril|&>v 

r' 

jVit tbc^ begin togeUier end thrrefaie 
i <r. f 

•uid . 

C - f'. 

liuut. It K <)^nr (b^ orbits lutve tb«s,iian.e AmUf end l^jiholk U..ilao so^ 
gc<-< <i (be nt ( essity frir making the angles t*» ^ ^ 

Jlcmf tbeu X , aud X being giv< n, ve ran dnd i4|V>' 

d(.r the Ti traced by p, very nauly a circle. Thib fat’lpnit.jep* 

} to-viouUi} In cuDsidrruig ihr g'ven fixed oi1)it nenrlycg ^ife||t^ ^Hid 
• (, .a"ii^ as ri 3H(>. 

Vi'} C\. 1. Jo ft d tht, a$i(>k between fie aptiSts wien X' tiemtkmt. 

Ii' ibi t M (81?) 

Vi . t - »* „ F*f + RG*~-RF'- 
X a 1 » a . 

Now uijoug f JT T — X, where x is mdcfi»it(l) dimini&bablr, and 
( 1 1 1 'mi', wo h.ive 

(T — \)*=r F»T~F*x + — UF» 

ss T»— 8T*x +2Tx*— x* 
j 1(1 1 a jg hionulogous iarms (0) 

1-rsF'T+RG ~-ttF‘rsr*X(T--llHR&* 

.iiul 

F".n 3T* 

r,. _ X, x~ R 

• J- “ R r 
T 


8 RT' 


R 

T- R 
. 'JT", 


O IT 

-5 —neorlj 

tince H is r- T nearly. 

Hence whu. F -r: mo* at w 

® ~ V 8 




FST 


(0 


the angle between the aj^sides of die Lneus in n^ch fiie fijirps i»<oonstttnt 
858 . JKx.d^ Let X' !»{»-*. !nMAwtKM . 

-( (T~ x)» 

(riiti«)(qpend!htii^tuid equatilU|jK>^^ / , 

X • i^T + BO*— 











A COMMENTARY OK 


CSnsc. VtU. 


: axt .. 

f . (*-?■)•+?». 


— V X < tanu * 

vi'.a>— 1*) ^ vjpTcisirr*) 




1.1 uyi‘ ug <1=0, when jw P, or tehcn a = P«— « tw« ^ 

i i . c, tuof» moreover 

V = '< aTi*. 


4 - -j-artun.-- 




(i’-t)' 

(i'--i ’)'4 ?•(<-?) , .s 

f J Li ==.in.(<4. !) 

(*’-")< , 


SB COS. 


PD 


1 

But tlic equation tc ihc ellipbe rcfeirccl to its fixius is 

< *- a ^ nrc‘ 5 i:i 

b»_ gV(D >-P) 

D 

•tfid / < 

e< SsS-jfcjii.. as 



{WW-rOK'S PfUKClPIA. 


Bopc 1<3^ 

i 






Bm liBoe Ttie«r|f a fi 

O* 1 
‘* r ‘ “ V 

ami wlrni P a r 

, a G a 

' V n 

'Jlius vheii n— *8 s I, tre hav«* 

y ® iT 4 « T * 

When n-»-S» — l,n^S, and y a * 1ST*. W*. 

minn — 8 sr — ^j\n=a J , and r a 8 t a 800 . 

Sui>. Lot X' « Tl\tti 

f* 

b.(T— T)'«j:r(T— x)“a F^(T — xl+ R.{G'--F'‘) 
and expanding and equating tioniologoa*. terns we gi»l 
bT^' + cT* a F-* (T — U) + B. O 
nud 

b<nT“-‘ + cuT'»“* a F^. 

But II being nearljr sr T, we have 
bTiii-i + cT"-* aO* 

G‘ 'bT“-‘ + cT»-* _ bT »*j:rT'^ 

which 18 moie sinoipl/ o^epre^sed by potting T » 1» Tbtn wo hsto 
. b^t-c 

P* '*’ mTP^tTc 

and wb«i P » «r « * . . 

/ b + w 

7 a O a 

860. Co*.. 1. OftWTi ike i. 6a»ee» Su; t^(ii6ieH4oj^ (hejinet. 
Le(o : in : j 800 “ i 
“ « i<t t»BP0* » ♦ : y 

i 

na 

■ -/i , ••■*“ 5 • 

. bmiF'Xk. e”* . * 

' 1 ^ _ 



A COMMFNTABV ON 


CS*CT. IX*, 


J \ 1 il « in ' : 1 • I, 


li' tl.c • lliikbc ubout tliv focus. 
i\ li ji : in : : 3G8 : 860 


.*. p =s 


X'« ^ 

A * 


X'of 


3 ff’i la : : 1 : 2 


Agsan if X' a - ^ 


y =* Vo =* "■ 

{••Ki U<(‘ boiiy liKVi.ig inicbcd one can never reach amiih r. 

jfX'ot - i- 


/ Till bo^.} Dever reaches anothei ap$^ mid aince the centrifugal force 
1 

a iViIk oody de|>ari horn aii apse and centrifiigai force be > cciitn- 

pctnl 1 »j* , iIhj* itulTiU»^at is Mvajr^ > ceti^ipCtal force and the hcnly 
\ I I » viitHiuo TO I >( I id *T» innnit nn, 

\wii d t .01 ap&v liic couii luf;al ha < tite centrii^etal force, the cetitri* 
< Lenu natal ioicc and the body Mill descend to the center. 

The ame is ime xf or nnd lo all these cases^ if 

ceubilugit ss centnpoUA 

(he hoJ) desailx.# e 

361, Cos. 8. Fust tet us compdie tbo fotee ^ -«• 0 A» bsioosiilff (o 
itw noon’s 

F» UO*- RK* 

r* + — r* — • 

ifSiKtt the anooit’s a^m {ffoceeds, (n tn) is potdttve. 



W»)U« itwwTON’s msciriA. 

to" ■■ ••• K! *« "* 





ISfaw 


1 t A' t>A'»-<*A; 

A- 

.•■X'oi 

1 _4c _ F* 

•*• ^iZZl "* 

r- ^ BO'-« = Ir^ 

.*. j- + Tii AT , * 

. — i-T* f IdwJ ®W 4 'T. 

‘•A*~ A- 


anti 


$ c B 



Htlw* idbO 

Ut 

f (A) meaning any funoliou wluttevw <i A» 'fhett Trjfjerttows which 

”• =-^-2 

^ .T^aaswy‘{T-x) + R(«*-~^') 

Bat ttpiiiiKg f - 4 »» Tht»r«« 

s £(^— at) tttJ •-’■tF*. '•I' V" 

%^i3: ^ 

« V. vlTvi ^ ttm% 


whea » a 0 » 

u «¥ F<T + B (Ch* TufJ’) 
'ttttej?* . V 


.«f X. U«»W> fOBiiwinig 



* i 


X L 


i.Dj/IMKNtAEt ON 


A sinw R ^ ‘r nearly 
U 1 O* 

c.‘ u ' 

I-’' ^ T.t' 

{ Jtnte vL«‘.» F »!i * * n^Je heMreen UtO •» 

t« ■ 

oi 


,n 

**Wiy 


junking T -1 K ' • • 

b\. I. bA t (A) l» A ” + « A-* ss It 


'J'Jmu 

^ - ss nj b A ® *•* 4* c A *' 

r \ 

I ?l> 1 /*. 4*, 

< ' 4 r ' T wfi 'n X -r ft 


r -r i r = b '1 « 4- i 'T *» 


TJ' -t: ni b'J >•-»+• i> . T 
0 0 T« + c T* 

h ‘ •“ jub'l "TncT’ 

F in b~ -f » V 


'.’1 


[IBmis. £Kii* 


{i) 




h 4 . i 

^ "* * V m h + u n 

ll\ 

F\ a. Ft (A) = b « + c A« + e A* + &<s, 

. 'JL n. h A ® 4. n c A* 


aud 


or 


i\ \ 

T x U' iabT-^ 1- ficT” + r(^T»^+ &C, 
Cf )» T« -t c T*' 4 - e TV+ &c* 

1* m’b t"'+iu,^^«4-r ^ 


T ^ !• ^ 


_ b:fc^» 4 .f +r^<i,’ 

- fnTt ATf^r+af^tTIb?; 




k « 

a , A,. JS 

V oil? 4 -.« ^ + ^mkITTv. ‘ 



BotU I'KISCIPIA. 

Ex. S. Ut «e » * = n 
Hoe ( 17 ) 

^as A*a* X (3 + AU^ 

HeiMMs ^ ^ 

V T»a'‘ X , 

♦ •"A 

0* 1 
f • “ 'r X (3 ^ tT tt' 

•lud wrbeu J* 3* 1 - 

T^*" s + itt 

.*• ) « * ^ 3-^ 1 * 

lluirt xl a 58 a &« hjperbolK bw^jfeoe 1 e w I, w^hew 

* ' 

y* a* 

Ex, 1 . L«tf(A) s ^ u. 

Tlioi 

^ - 0 V 

rv-® 

.-.13 =s o’* 

flsd 

T. r' js T t * 


G« ^ I 
• • V'i - T 


fiiL A I.et * »UI. A. 

u s# ^ (A) ~ A* lih* A 

A 0 *« t* ^ 

^wd , * . 

3 8 A ‘aiB. A + A*^ A 

T Il5,» *T* ai. X > SHh* '■ 

' *" 4 ili>.T 

*\f » §asrr+*i’'«55?r’ 

^ > 





A C ON 


rsccT.ix 


1 . r rr - ThuJ 
4 




n + 

V 

fop}fAit^haf 

bA»+c^*_ I .’e^4:ji~s 

l.A-' + tA* s= b.(l-.x)“ + c.(4 — x)‘ 

s£ b 4* o— (uftb + »i''x + &C. 

F + itec.) 

I lilb-fno 

I mb-) I r 

» w A ^+« 

* I / ft (f tk r//^//Zt \ icAf « ihi* etrentricUjf h iiffifiikily p^ual, 

V> \ 

Z I V ^11 f 1) . : \tloa^jf m the cuivc : vel<>city in ihi^ eiicle of the 

tiiic diNUitce u* 

r ( n (*J00) it fhat ^hen F « ^ “ h » 

r -H ^ 

«a (If 

^r :7 *■“ »)i 


dp 
<1 ff 


= 0 


5 *i\< •> tl>' c ^ ulloo to th^ ii Hide'll \i/ 

(«>•»■' V- ^-*)^ — q-u«+>(a* — f)a:0 
lO'jS arc 

^a»>J - a M heu a is odd* and a |N)sit>ve and negative r{tuiuUly (and nhou 
n }» odd tdioilicr ri«< aim (jiuinUl^ K 
New wizen ft -- 0 

two (d V host io<»ts fU U. n, and the ifN>tb ftbirvi^rntTltiftfli^ * 

Mise lifum Ht which will be '-iiwU whe*j q u»r 
Again <mice 

»il '4* I J 2 fm 

* — j? +q"ssO 
utlimt i| i|atd e uv both very istiiall 



iboK {.;} 


NEWTON'S 


.*. ^ itMMv «{nl9iiA <EbtMica u a ^ 

A nenher «|qprid9dnwtlb» is 

, , «»±v{ili*i' 

Heiico '' ^ 

where ^ coMKlils <j[,* &:c.| And this aw»t fc» fiffflSi ^ «f b to 

« = a (b 3 a (j). . ** 

Uoi since h} d»e wiaticm of ( ftom b lo c* Qt nwy tie eonsidaired cosi* 
staiii, we get . 

< 3 seci “• *. ^-+-0 3 see. "*. ^ • 
aq 0 q 


7 3 ^ ^ I &C. uhitoaliely 

tbr ap»u1al distances requirpd. 

Next let 

r « ~ and 3 . 

jfc jU 

Tlicii attain, tiube 

V * V in a circle <rf tbc saiao dtstaoco ; : q S ? (n — - J) 

•ind we n^et (S06} , 

^* = ,- v 

and for the qpsidal iBsfawcy ' ' * '' 

1 4. o' 

wb,id| j^fes (n > 1 land <•) .< 

rBeact 






A ami'lPHiBiim' 






for 



' •« ''>. ',,^ ' ' ■* ' ■ •’' Ti 

Mcm»> tite or^ b^g 
P «e . ■ 


any number <i I. . . , . ., .. 

* X-.V 09 r;, * . 

^ 1 ‘ -»* 'i • s' 'vv* -- '-"*f ► ^ *'^ ‘ It 

t Of .v^i. la'V ' 

^i)wmberT^tween i S Z ^•: 

V-C-,' /-•■„' ”j-V “.C^ ’ ■’ ■; 

I- ^ * '•/ - ‘‘'> ^ .'•’' Hu -i:''' j. 

- * • *•■ ^.••■:f>'.V.\->.’;:?'.> 5 *,.' ', 

' ' ' - • ^ » . 


jSilitcJy small, and F oc g ■ 


, • ‘ft 


7 ". V-^a'+'Sj'^-v 


(see 8 '>><). joid when 


F a 


t . . v' 


W^jerf Un\:. when u Is > 1 
7 iacreaoes as the oAi'cniriciiy from 


'JT ' ' ' flr 

■v ^(3 + 8 * . 


Whon F Of p 


7 = — is the same for nil cxccntncjticts, 

.. ‘^. WJiien F or ^ ^ "Ji' ^ ’ ' ’ • •>'*; 

stses 9s die. essoontncitv increases imht 





a very able '^-'iit 

Part h p, liO^^ ” '' ’” 

eussUql.'i^^ 










l^M 






, ( OMMKNTARY ON LSficr. X. 

L *M iMid B. A ]■ Uii^re wID he i wo pair.'* ol equal roots. 
* I ‘‘ t ’!**•«» ‘A. ji/ 1 ^vM tei 

c*" -!L) ■: ::: A f i*' ^ » b«-“ - •> 

n'"'- Via/ 

li < i> »> : v' u >• oiitnliu uf rciil roots. 

I * ‘ -1 1.1, I \«:n 'u>d I> jH'siuvo Uicro are two real root* 

!i I ’ f c\en, m odd. j‘n(l B neg^atlvc and (M), the coefficient to 
\ j<{‘!.v.r>» , ti c' r f»'‘f twt'i .»thorwi>e none. 

(S'. I' 11, 111, uc v>«'ii, •**, iH'^'ativc, there are no red roots. 

\ .l‘u , n i)<* (. I I. !•: -‘Ivc, and A po/itttc, and (M) positiwthert, 

.if'fiifi ,.! >om . (»(ht i«‘'C ’lout. 

,11 K »• <n t.)«l (M) posstivi’ there v.ill bt tfiree or oi.e real. 
Ji'u h-' < ur. ' ii'.d .m.< A, B hive the lame sign, (here will be 

*Jlst < I • . 

V *'] ^ \ i\ 'll i, {»i.u Ah Ju*”c diffeicJJi -iigns mmI M'.> Mgn 

I. w • I;’, dt r<' >»l‘i be (hivt ti»i oie. 
it 

V ’• i A » - - li rr 0 

fj'i ii 

A'. 

V h * 

^ iK. ii UlU iWiii Ilf., > .»nd llu niut^ be posit»v»'. 

[i 

— A T * 4- li i- <» 


8FCT1ON ^ 


-Wl X» ' !. rbt tlu^UwSt Unc that can be drawn to a plane 

froi*4 a ;>» M *> ihr let fdl upon it* For sjnoe 

QCa ss vigil! a M bill Q P vliim ^ubtendrf u mu^yt be > than eiRier 
of the <tt'u*rs ia tl* .,?hi>iv iriajigl\ ov SO i‘v< dial) any other SC. 

A fainduir appUcaiioi* of rbi*- piuposiiion isihis: 

367. Ih.c S Q mfi a ^jodj/ Q <?/ iAe end of if^ and ht the hand 

&ki it he whirled so fo dnetibe a ri^hi cone whose aUUudv is S C, and 
hose fhe eircle tkhose /adho is Q 0 ; reqaind the time of a ftcolniton. 

LetSC=h,SQ = l,QC=irs 
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V 

Tlioa if F denote tiie xcMtlvctl jpoorl toosion b Q in the tdOnecchm 
Q C> or thnt part which would i ausc to <i< >ctibe tho ctrcie P ^ 

nnd gravit]f be denoted bjr It wt have ' 

F : 1 ; : r . It 


r=r 


nui by 134. oi Prop. IV, 
J 


< p* r * 


1 

K 


X F' 


Pr- 




0) 


tilt tiiiiC luqaiicd. 

If tlic time of revolnt'tin (D !><> obiOwJt dien b may be hence <ibt;un<.d. 

If a bod\ wvn to rm b c lonnd i> dtiTe hi a pemholoidal surface, ehobc 
i> vitical, then thf‘ tc action c>f the sot&cc ill tin diiechonof tlie 
(Dinial will cotie .pond to the lendon of the itiing, and tlK sabnormiil, 
wlu.h ct natant, will represent h> Consequently die time» of all such 
tc' jln'j'''ns is constiiit fui ewer^ such circle. 

3t>H. Pitop. hLVfl. Whim the esrentricity of th» ellipse i» indefl' 
iiltL.y (iitniiuslKd it becomes o straight line in the limit, 8t<!>. &c &c. 

363. ScuemtUM. Xn these os.es u Is sufficiciit to enn'.'Jei the motinn 
ii« il»c generating cneves.] 

v ka the sorf ICO !-> supposed pcr&cdy smooth, whilst tip iH>dy moves 
iii''i'rgh the genoruting cunc, the sui&ce, always in eontaoi -nidi the 
h'Kb , in.iy revolvo a'loot the aids of dn* curve with my vcloc ity wliatever, 
•> <ih( uf deranging in the least the modem of the body : and thus by ad- 
justing the angular velocity of tbe turduB^ the body may be made to trace 
any prc^iosed path u'athe surface. 

If the surfece wois- not perfi^ctly smooth the fritAton would jpve the 
btidy a tangeiitial telocity* ai'd th<mcc a CHmtiifi]||[al force, 'bhick wenid 
cause tt dtiparture from Ixidi the eairvt' and sitt&cs^ udesa c^iposed by 
their >uateiial; and even (hen in conse^^seoc^ of fhe nwolved pressuie a 
riM or fall in the sutfiiee. 

Hen0 it is dmr that |he (line of deidibing tpy pordem of a p-^'h m a 
surface of vrvDhttKfib is lh (hi dht<9 of des^ibihg (he corresponding 
ponioiti^ (he gsi^inflpjng'cnrre. * 

Tlu|ii'*irhtnt'^i is hi (h# eei^ of a sphere, and whilst thib f< > o> 
caosds if^hody ^ desprii^ a ihtid ^itest-dicie^ho sjihcte itself nsohts 
mth • tiuiySxin p* path .dcswus'l by the body on tuo 

surface j»f fhe«iy;|fe«t«%|4<^^ jferal of Feppus. 



A CS^c?r.Xi 

* T J '. ',j ^ 

U70. Psop. .^LVIH ai,2 XLJX. mA^jffO^/M 

3 ; 2 vers. : a (&,±5> *• » '■ ,' . ' ’- 

; . - ,: rn^, c«n£. h' fhe Mjri 0 m.dingJ)ne qfthe and^ 

; 4 ;; ^ ."■ 

.?.. r..rmcr end — J-/ypwyid4>lil. (See Jebwfls .n^Jes.) 

* - 1/ ' . 

f. n he the p -rpendic.th'vr 1^ ^ from C upon aie 'tOTgewt \' P, vre 

.J; i .unlv, in nnallj^dn”* 

p i ', Clit: ■ 

,'^p>‘', R"' :: iR± 23 f)* — P* • 

wJurh »»— 11* 

p ' = (E + 3 r> " X ^g;-£ 2 ",-: 5 -=-:i. iV* 

Kot to, li,o ™.n:,.,n..t,a fignie of ..curve vre hovu gmcoUlv 
<1 S _ ii _„ .,*,♦•• 

ai ~ V 1 ;F— p ’) 

R’ 


(») 

(S) 


Pu! 


. . „ : ^4; — X !(li±2 !•) ^ 


-2 V'li^ trr 

.-.as- -£^-- ^-|Tg£2rl'’ — ** 

jnri inU'graUns iVuiu 

^ ^ v'r + 2'j; ^ J jt^ •• y 

, ^hicM. f.»a> orroforuu-l <o tauulo! bj ,. 

oftir nu.l,.;u.l ™.b.-<! of toting thouMne ngyna- . y; 

S7I. Geftfftily,- J foAy 6c'A-? consfratmi tf> foMV ¥ 

k,. if»nfmce», rc^dred iix velocity/. Vr '*-*“ ' ‘' ■ 

,. ‘Let the .body P ^nove along tlsc ein^e 
, . I’A* r^erj^d to the toordinates *, y 

^ginatihg jfi A » .«nd let the force3 be ht '' 

"ieaolved into others vliicU sh^i «* / 

to ac, y and call the resjjtif^ve A.-^ 

.f^^atfel"l?^i;'T., -Boside* these /^e/ • 

-cori^^ 'tikie rcatsfioiii Af^) ' . J'/ 




>l& l.T 


ni:w ion.s rn^Nciru 




t\ kVK* X rtu normftl I* xv, vi •‘h usoW^t i*^ o ilw sctme ^Stxte^* 

«iou •>» biing tb* fb'n <.n* Kii 'UJiVc) 

at d b 

f ! lUL Kc whole foit< » ttlouf y «rc j^sac 

fti ^».j, i^lin «»»<j’t{ Xi w col 


adxJ’B )- 4 .iv< 3 '‘i „v-i . rtv I 
->-|Y !s 2 \J'c + *'\» 1 v 


aii<l 


tlx»+<l} 


- i / \X<(x t. \ <1 


Hut 


V — L'- — ^ > 


.’r' 


1 1 ’ 


t* > 


' ' -• «/vK«? . + Vdj ( 


. H) 

i-[imi it appoarb lint Th vtWifv s -vf thi r>ai^,vt <>/ ih 

i e 

17? It the force oe coustan* ond in parallei i'nes g'aiity. find 

X be Vbita <^1 , tiitn 

\ .-g 

jini 

Yp^O 

ood vre have * , 

v*s.sr-~ j*d* 

rj 4 'v — . X 
ss 2 g fii ~i- \) 

b being 1 *m Vbbte ot x. when v :s Oy lod the he^Ul (foitt whic^i it !« , 'n » 

fbl. 

878. Todefemmrthi* motion mi* commc.i lydoidf vAtntkf fotu. t. awi^ 
"(WfiipMII&Oft 0 |l» tfUW» 4 P IS 

Ayssd\^ ‘“V' ‘ 

r being Am txdius of ihejpjnepntung obcle 



. J 


LSect. X. 


—x ) 


-^} 


“S ' ^ f * — VtJfJi.' 

I II rr s )( n V :r 1 . 

J j 1411 p \ * i f ♦ O^btini lO th'' lowc'-t |fOjnt k 

i- 

o o 

V Jj I t l' >U t I M ) I PuKvU 

S71 / // I 4 ,it * mall t%7<i*1a^ Uit, 

Mm 

\ — ^ *: t c — M 

I » 11 ^ 1 1 I 1 4 '• o * 1 « < luU « r * 

1 / \ 


4 . - 


i* f - 


V iii - \ ' 


V ll - \) 


dx 


... X— X ){ 

1 _ ' 

J '* ''\hx'- > (^1 - i.)J 


*; all ^ 


fl . 


V 

h 

I K 


‘ »' l| „ — X Jl 


cUm! «. ’ 


(1) 


^ It 

xs:.Ii M i’, 3r — x:s8r— b silt * 6 
crS*(l — 0 wu. , o’lrtiugputsSj^ 

•'• g' >< -/( irTot *' 

Noiv '>inc« the circulei .iic is wall, hi<>»m'!ill; and theraforolis $ 0 . 
And by tbe dauou in rfor «e get 

/» (I -V ■...■•.) ■=/•»<{»+ S'^''+ kc.} 
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and miegiatmg by paru m \ tbc fuiinala 

fd t , itxa, “ 9 SI — *- CO Jam, “'*•<>+ S-IT"-)/ la •»# 
and takin„ it liom 

a s 0 to J s= ^ 

2b 

wc got 

j dasm.»*aa Ada^a."' 

tlic (Kce\itc<1 J dcnoUHg tbo Dohmte Iiaogtt&t on frotti^ssOvto#*:; 

In bkc inanBier 

^ ' j'-i — 2 ^*' 

and so on to 


/rlaJMn J ^ 

Her re 

/ dJ!»r 'H - - * 

XUJ!..r 2 


2^2 


•id 




'V (1 — ' ^ sin 
lb tite same > 

A 


Iron 

enn i) 


d 

v' (1 •— 8 * sin. ' Hi fitmi 


from ^ I 

'=§} 

0 9 


\«heiisc tbui 

'-W5{‘-ai- + (“/TV + (%x.-V+ -} 

auU taking the dist toVRt only «$ an ^pioMmate taue 
. t= *- /•-' 


TV? 


* ♦ I 


whkdi eqiwls thne doMa a cydoidal arc nhdie nuBub is ^ 
£f w« tat^ two terms we hate 


10 4 



^.(5 A COMiiKNTAfiY t)N [Sect- X. 

3" 5. Tu t^ertJ nunc the velo< iry and tim^ in a Hypocjx^oid, the fckvoe 
to t!)t center oi tiu Jobe iirnl « 

Uv MIO 

} ii u »u K the Ilypof v'<l<»d Sf 

I---K -l-V.-Tiio 

= K : x '» 

V I ^,'1 'i« 

\a» .t{r 'i li to rrntri F, we ha-vc 

\ X ^ ,Y=. — !•' X ^ 

= - A ^ 

.,<1 i-C — 8,/fd . .... ri) 

lint by (}<(* juppoiiUuii 

F 

( 2 ) 

* i' » 

»'Tr~lP pile 

I'c IIV" '• Ht ll. ,*«l 
; —D -I 'I 

.]» , 

h — f =• - O — u * 

and 

. ^ r <lu 

.1.- 

•i ''■? ‘'‘'.o, 9 - 

Hu)<< =: 1> Me hi'e 

0*uU. » R~T)' 

* 2 “ 2 ^ • • (*) 

Sta. Since h not (.nuri «he abrtv^ entpveysunsi (iiB dfttcfits asia 
1 (K'hronuus. 

We aUo have it in another form, tuf, * “ 
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NEWTOK S PKINCIPIA 


*,*?? 


If R s g or force cf gravit} and H be Irurge oonciMred With b, 

2 “Wg 

the same as in the common cycloid. 

37*7. R^quhtd lo^nd ihe vu ui i)f tCurtim R, wiew a body ts con 
struint^d to m<yiH alnrjt q nove. 

Ah b»*loic (46) 

IT - ^ da’ 

llcoce 

cl V d X (1 X il \ « I I 1 ^ 

. *^ = \ ii 1 — \ a X i- Ji ^ « 




- Ydx , o \ dvd^y 


But "f 1 be the mdius of ^'umttire, we have (74) 

tl 

^ * dy3'5“ — d\ T’y 

Hence 


u=.- 

d s rdi* 


Auotliti expnasKtu it 


<1 s * 


n 


or 




(») 


0^) 


f being the oentniugar4>iCft ^ 

If the body be acted on by gravity anty 

" ds ^ rtlt* 


or 


dr 




ds ^ e, 
•¥* 


W' 


i- 


If the \f0d^ be moved « cenutant force in thp origin ot x y, m h»ivt 

- # « t. ^ ♦ C i i" 

'a. ^ asFjdA 



\ ( ommi-iktarV on 


tScCT. X. 


Jy— jdxst,*d« 


t! <1 ^ r d t 


r p <1 ^ , V ’ 
ifs' + » 


" ds + ^ J 

It i * tht *ns^on iff th string tn ihL CfMion 


H -- o^y ^ ^z.' 
^ d s ^ f d t “ 


a V j= 0 •« 


/S a 

■-•‘‘W X- 


V S 


WIm V 


M'hcfi V -sr 0 


1 i - \' 


r l» \) 


K - . L J vh — x)_ . 

' ^ a a ^ V? a ^(2 a — \J 
' < >- I. - a V 
‘ « -dux;’ 

,. , 2 1 . * ■♦/(»» — b) 

v( 4 ji’ — irni) ^ ' 


‘“K%t'‘ = »(> + .X)- ' • 

Wlieu in<treov«a h a 9 a, tbc* pjvssun .it A she lowest point ii> a 9 g; 
379. Tojtnd tht *emvn 'Oihen tht bmu. ostSkuet in a eir^dtn arc 


guftvtg- 
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M-W'JONS PIliNCIPlA- 


JJTs* 


Hei' 


N - 0 


dx =r 

^ v) 

I 4 d X 

V <2 C jf ) 

ll ^ < — X 

dx "" o 
\ - c 




T> C •** X 

li ^ (1 • + 

^ c c 


>{ r: a 


< + 


o h 


d £ Oi * 

li u !«iH iliu» jf,l) lUc ^hoIc cmiarcic tram the hi^hcM ptntu 
II s=. 2 ( s 
aid 

Jl =r (> (f 

» »l»t, I n uHi «vt tin lo^* s* puii't kS five tim« h wei^Lt 
^v *1 M ib»j ieiisiim — 0, 

c + ^ 1< - 3 < St u, o« X -s: * 

i liub tnoxui^ dloan' a oia\e nrhoifi* pliuic i» villica) v.t'l i,i(H it whan 
R -p i) 

> 

.h.tl I' when 

<, + y '» 

<ui(i ihtii ptocofl 'o dcscritK' a pVaoola 

380 To, find the w^un*qj a >h\^ apu» a e oy > •'>'« n/<> i>/<' 
a'Ud on tnfjhreei in a {done i^ssing tirovfik Uu' eutt. 

Rdorrkig tho to thnee tecMUiguilHi tK<*i y. /, ou< ui wltteli 

U th« R3d|ji «f xwwtiW) wolShtsr is also sttuatt^l m tha plmit <>f it < , . • 
tfa« third ipetpeiKlititdltor to (ho oihot twt>. 

Let the fi>roO)i tiot in ike'pkm be reserved into two, r t t oaii< 
to tbc (DtiB of ie\ol(4i9lt % othtr r,’4hto the {hi<<t> i oi to. 

radwi »i |ife t (Mi jNpi^eeted (^n the pbuie p<wif>eH«lk'u]Ar t > <Iu am i b< • 

t I 



V COMMENT ABY ON 




ii ^ iLib ,ii(>j(rtrd mdiitt ^ and resobing die reactiMi ft (erUdi idae 
Mil >s 1 1 u r iti the aaine pfane as the forces) jnto foe same forectibil% foese 

col ipoMt/Xjt > dre 


siipposinic; x\ 
(>( ^ JS 


Sx*- 

V (d s'* f d |')«nd' the'WQipfo force fo foe direction 






md I (.solving th>4 agam parailel to v and y, yte have 

j,r=_(F+Hj-3f 

j/-- (''+«rOf- 

z +Kjf J 

> J\ »<*>-. 0 = a xd> — ydx 






t* t 


(!) 


(8) 


uui 

x dx4* y dy 

Ax * ” **■ * f 

. . . (8> 

Which, w 

X d ^ 4 - y '1 > _ J 




8o«k 1.1 
aad we hwr» 


NEW'rOlJ’S rRINClPlA. 




dt* d(* * 

Ako let tibe ooilTetpODding to ; be ^Ausa 
^<iy ~-y dx ss i*di 
and 

d X* + d y* s d + f* d 

and Mibetituting dw (2) and (S) bMube 

d. arf'O 

Integrating the firet we hmi ' 

(<^d ^ sr hdt 

h being the arbitrary constant, 
or 

dts-'U^— . .. • .... ^d) 

The Mcond can be integrated when 

-tiFd;~2^da 

n iiitegrable Now it for Fi Z» z snbstitnte th^ v.aliie8 in terma of ft 
the f \iii«^&ion will become a function of g uir ^ . 'ta integr^d wtU bo alio a 
lanction ol g. Let tbcrefoce ^ 

/(Fdj + '/djf)=: Q 
and Me get ^ 


dt‘ ■** P*’ Jt*'®' C — 


<i t* • 0 1* ' ‘ a t* 

which givobt puttiig for d t ita value ^ 

Hence also W 


If the iojiteelie ahe^ «e tutve 

‘ ' s f'jpa.'O ^ \ , 

'* ’ «i‘ S&w Au ** *■' J 



A COMMENTARY ON 


iSsCfB, X< 


y L<?)i f' u> Ia' 111 of j. 

/"ti unJtr vAat chcumtantt^ a ba^ 'wQl ieur^atirdt $n a 
uJac t<"ulbfum. 

1 1. 1 tins purpM-A' it lamt iiliva;s movo ^ a piano prrpendkular to the 
.iX.>i Ml icv'^iJtiou : i, i will be constant} olao (Prt^. IV) 


cos. a X 


coa. d <* 


gdt 
~ <Jt 


il*x 
d t ' 

tlb'iLt, •< in tin ')«( .ut. 


v*ca 8 . 


' - n- z*}-* . . 


li H)'- 1 « l>* i»i \i\y , ^ vertically along ivo havo 

/ 


iT'*c ^ «/ fu ihc " o/ nfvdtiUon of a Contcni Pmdohm* 

(Se* “N » .itj I 

'i f tUu.) ruiie fiie rictinii of a body moving 00 as not to dcaciibe u 
cn< It , V * 4 v» a^ted dIi bv gi 0^ *i 
Here 

Q - g ^ 

and 

C ^2Q ;=r J 5 ) 

k b^Tig an aibiti ,iy qinrujrv. 

Alw 

^ 2 i / — / ® 

i being mcasmi^d from Jie surface. « 

.\ £d^ = (r ~/) d « * * 
and 
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Hence (88a) 


^fser 


d t - - **■ P-^iA# ' 

v'{8g(k— »). ,2ra! — **r^^ 


In order that 

da ^ 

art 

ihe deoaminatm uf the above muei be put s. 0$ i. e. 

2g(k — /) (Sr i — r*) — h*5sO 
<ir 

~ (k "f S t' z’ + 2 It r / — ~ ss 0 

which has two poasible roots; btciiuse os the b^y moves, it wiil reach 
uiie highest and one lowest point, and therefore two {daces when 
dr 

<n * 

Hence the equation hus also n third root Svqtpoae these I'uota to be ' 
s A / 

where u i« the greatest value of a, aad|9 die least* wUdi occur during the 
bodj's motion. , 

Hence 

«« « - - r d . z .. 

^ (2~g) 


1 o integrate which let 


t •=. sin*-‘ 


I * i 


riiLU 


do 


^(3' 

d t 


Alsu 


sinr* 0 s 


jt/ f(a— t IT n ^ ^ j- 

dv 

- aV Ke — z) 




aim 


If ' 


8 St j9 4* (a 8) «in.* a 

* » y Iff 4‘.4*-«-ff) 

*! (y ~ 15 ) tt.— «•«!». 





A commentary on 




dt - 


2xdi 


(? •— P). v'il — 
v'licl* “ <o bo mtogrultd fxoin 7< sr ju, to z a «; thfit from 

v s; Otf^ i ss ~ 

UjI'* ex, rfodod uj tho same wry av in SI4« give& 

' vvg?p:3)'' {•+(-«)’+(-rr )*+*‘} ; 

whu U Is the time of a whole oscillation from the least to the greole&t 

•BsIcOtU- 

AinX 


(itf a 


It <t» 


hat 


""Sr* — z* 
and t <- hpnc(‘ known iu tprm« of *. 

388. A body atied m utf grmity Mon's (m a surface of' ttwiuiion vdiose 
am IS verHeal : 'aAen its foOi is neartjf eircdat, it ts r> ruired to find liu 
an^ie between the apsides ijf the ptuk pnpeeUd in tit pkute y. 

li tl IS cu'« 

J?jd 7 r a a Q 

.iiid li .u i>i i’tis 

. =• a, 2 s h 

•ic have 

(C — 2gk)8* — li*>r 0 

..Ca"*; f Sgk. 


irt.net' (380) 


'I ’ -= 


- v<r*fp*)fad| 
'V{38ifc- 


*'(' + p')^ 


t 4 1 1-8. 

Let a + *• 
t a 




d I s 

-ri = <t « 





. d * • _ • « ~ * (t? 

•'• d#r *= ' IP^T+'jp) * 

It it requisite to express the right-hand Ait of this equation in tenooi 
of A» 

Now Aitice at an apse we have 

« ss 0, i =: k« and f st a 

we have generally 


A 7 


d «2 


‘“='+;r:- + di;>o + ««^ 

die valuer of th^ (Uferenii/d coofljciciits Using taken foi? 
w s: 0 (^ci 3^} 

And 

da srpdefts — 

d*zs= — - {>^d«dp 

ori making 

d r * q tl t 

d*/ ss — {2p+qf)f dj di»ai (Sp + qe)8*dAi»* 
And if p^ dud be tlie Tolnes whteb p tind q dbsume Wbox # a <2^ 
f s a, ne hare for (hat cai»e. 

J|‘;.a(ap,+ T,a).»^ 

Z ss k-~p,a% + (2p + q,a)a*.-j — -Sie. 


Alaq 

Hedne 

bdooaws 


,*-(i+-)' = v+%“ + 

^ . 


# *•— P.^ ^ «) «*• ^■+ 4 * 

But hm mcnvtt in at'ifde o£ radios a, ise barn 

nu.*w 7 i 4 *T^ - - 

* P' 

In liUs nodjrdnm / nearly in » dvcie* h* will bavt 

neai^^l^gliUk ^ put 

^ ^ *)g**P. 4 # 



^ COMMB.NTAKY ON 




I Sect, 


in otil 'I t«> ^ ( tlir ult mnto Mhra the orbit becomes indefiuitely oeir 
..ii.l fTt'i.u ViC tMJv put 

J»‘ ^ «a’p, 

nad 




i' ^ L «. jL\ 

ftv 


iMCtan'S 

J** ti P/ + h' “■* <1/^ 

lu whicli the Mgber ptmeK of <a may be negleciod in compsiison of «i ' ; 

. «1 l3 J»/ +3 “If'' _ — C® P. + ^ “)** 

•if/ - B *(!»-;■ " ’’p.Cl+'p*)* 

- __ (*P/ii 

P/(* + ]\ ^ 

^ii». oiii'iiiiig j>.nn.» »'Lo\e ibr p s p^ -p A w 4- &c. 

T>>fluiunti iti and dUido b} ? d <*, and »e bare 

- -N A. 

P,{1 +!>’■) 

ill Which 11 k lu^c^^rjl i& fakt^u so tha*^ 

I r- •!, aI.cM -= 0 


I 

(M r i «in M N. 

\im 1 jd}.» froDi 0 i<i jU gieaicbt ^alut, mid cohsoquently ^ pfls&>ci 
‘f *01 \] . v.<l» < lu It ».iHHh » nijxiiwmii or mmirnum^ while ihe arc i? s/ N 
I t s H r j II > 'vi - . 1 1< ru i loj the einglc A between the apsiflaa have 

A >s - i*r A s= - y^vT 
V N 

lu » t 


\ — 

~p (I + IV'*)’ 

S84. lAt tlu */?//(, t ih. I iptvrc and let the path iaerUcd he ncar^v « 
tiirfcj to fiv! >hi hj, ',«>/ ,/ av>^fe Itiweti the apudet, 

Snppo»ii)(> ilie on^iu i<> be at the lemesi pdnl of tiie^l|ir&GC!i we have 
a « r— 



.\p, » 








Heocc tJ}e.8ii^'bii^(^i;^a{j^te ..., 

. ■" «.'■■ As'‘^-i8y ^ yS. 


the 


iiiotion <rf,-*''ppW:on. &'spJie^^ si^aw'iB 
raotnnt' af« pet^nlate 

ten^lir slrioig^jgroni a. .«ij ^ |i^jji'.. 

and die string w^b9irt wei^i ■ ^f' 

lical pla»e> it wi^ go ort dssiiiitji^iii t^ in t3» mnigiep,^;; 

ready considered., t; Blut if ttks i^duiai^ Jjaim 'Sny ' lateml ^15**^-;' 

go ott' revolTtj^i'fibotit .die lowest poJpt> *^d.ijS^a31y 
pniaciungtoitj'flQdrCcej^^fV^ Byaprci^if'^t|astmwitpit^'i^^ 
wd direedefi'# ^y 'deJ^be^e. 

de, it •*(, 

can find '^. .^‘ 


if a .& ii- 

pears 'Ikmi- 
don is 
acrilffiS « ^ 


•afeii.ir-t tt S rtM — i ' - ‘ ^» ^^^^1^vi^pdttijitB*s I'cvoln- 

li' und like hodt’ do* 

^^•'..i!i' 02^,^- iia, 

L fives' VJ 





988 


\ COMME?NTARY 


Ifa* at ^ lhat the string is iudiiled ^ to the Vertictd ; 

» ' ' I 

A I sp 118-.W 

If a ^ s - / ; so that the <ctriog is indHoed 0 O<* to the vtsrtiMlt 
A tr rr ISfi* neully. 

:tS5. Tfl the tHTjatr be i/m ifmrted ea•l^ mth t/s 4#tS vertUaf: to ^nd 
the h rttt/iofal aa^- befwm the apsides ttiAen tie MU'ii mtrlj/ u eircte. 

I.I , i !)e tlu inciius oi the drcle and 7 the anjg^ vldeb the riant side 
m«k> vi'h tf ftun/on. Then 

z s: f tan. y 


and 



ten. ) 

0 

8 taiw y 
tan. 7. see. * y 


eoK, 


A 3s» — rr^- 

cos. 7 V 8 

If 7 .-s 60 » 

A .ni = ISO*. 

8M6, 7 iM ihi bUtface ht an inocfled paraiabM xekete pamUMiet ' » c. 

- 5 S C / 

d e He 

• « |l ss: -ijpp' !SS — ^ 


q = 


Tg 

9 


N =: 


S a 
o 


6.a ^ 

c fc ,4 0 ?*.''. 

as .Wfjs-is-A- 


~fx . 4 aS "* If A**' 

” a*'j \ ^ ^ ^ 

, If a as g , or the bcriy revolw at the extncc^OfllM 

N •= a 


A SC 


v«* 


ainl 









soo 


A I OMMT’.NTAttV ON 


C9«o».X 


- - Z f d f + H . 


fiJti thc&c« c>U i r\m£r that 
X 

I »> h i\t 

A I Ki iiu tL‘ni » 
c •» 

t» " 

Mihn i(t oh cn 0 / lh.*t d i. " <- fl ' :;r d aT)J we li 
’ ' * * * T jmI >/d/ -<*d£rt 

,^“tr 

y ' ; d /] — II ^ fl fa. 

i 

f y =* ' 

' i + ^ d; = td, 

\ J ^ -• \' •! V + <1 \ + «f % sr i d * f + d f *. 

) \ T1C< 

! ii \ cdfcl : 

y/ (I f -• r d z) — JR ^ d 8 ♦ 


l*U' 




il 


Mb — U ' 


V / < . - I d « - ii g d d /. d g 
<1 itl t* d $ 

' ‘ '' V ' + d // -^ d % ^) d z 
^ » d l * d a 

X A fi * ih * jl . ur^ jfnre> \\cliave (74) 

Jj 

* * t ' - /4 (I g 

11 i 

» \ ^ f il < + d z'' =r »l tf * 

«r hi To* di'-* r L * 

IJtnu 

1 Z d ; - r it a . da* 

- - ds"" +nTi 


Hei« tt !■> mmiteM. t’ui 


d " • — d fc d z 
* pit 'd. 


* • • f * 


? (10 




dP 



9 die MiKftiv of tbo velocity lo^oUed uitu th« WUltdlMt 

d 9* — d b" 

rt*? “ 

> th« squAro dT tb« stlocity molved periwQdifitdor '1» g. Tb« tifo iMt 
:tntub ni tell involve ihute qunadiie^^ funn duA ptut of die ledstance 
»)iicU b dti tii iht ceiitiifuf^ fetec; tin dM term U duit which eriHcb 
iiiim the r(«>oivcd put ot the foroeb 
Vu la thb expifMbiot) we know the %a)ue ot* )l^ io> wc Ita'Vi, m bcibre 

^-;Uc-sy(Pa. + 7..,'. 

xtlvo 

dr».-ds »dt" 
dt‘ - dt ~ 

Henci 

apsrC^?/«F'.‘ r/'.> 

1 


8tJ9. To Jltid 1 /h Kn 10 P lif'ii jHftdtlit'* vit )/a nu cul m fuO' 

c- + /.a. =. w- li 

j s V / ; 

dr i 

d/.“ VlSr/'—z'' 

d • i 
dJT r — 7 

db^^ I X 


Hence 


U^b^ » ^ X 

d a. v’^Sre — ? ) j 


r ^ r ‘ f i 


mf> as tlilfi of die perdiduiu onuUaii. g lu a seit* t* 

ieIo(% at the «Bme dibuuiceb. 

aH\l AUiiofi of & hottif tpon oujf 

mknmrnm*: V. i 

du9 aurtfle^ which is in tlu direction of < nor- 
f" ihc ch i1ji> 1 *n ‘ I 



^ COM MENTARt ON [Sfirr* X- 


ai.i. *»'• iIjc 01 N, y, ' liioptctivi'ly ; mc ^all ibto hAvte, ccinsidoiv 
i*r{{ the r^boivcii of Jl amoii^ tlie ^otces which act on the poitit 
cl \ V . i> "1 

(t t. I 

“ Y -f>K.. coSi »* ► 

W; the iiiiur* ol'wi' inl'H'e ib expressed ly an ctjualion between 
, > / id if we buppo'^c! tba* we have deduced from ihis equation 
dz srpux-fqtly 
, H ift j d z 

where p = j ^ and q ts: , 

p a id q hrinff taken on (he foppobirion of y and x being ci u-* im^ rebp#v* 

I leij ; \u hn\e ioi d*e cquatioiib to the normal of (be poin'a whose co* 

• >ldlii it'*'" II 


’ /* 


v. i 

x' — T + J» (z (t) IS 0 1 

J “ V ?) s oi 

A, ;'. /' WLig TO miv ijojwt in thf* normal (are f.jcroi.'c, 

\o n.i) 

fk.'tt II T>at if PK be the noiirat, ^ 

{’ (i* j’ tl 11. , .»jvU>oi'. t>. piiiies pailtUel U* I li 
S /, V T»-\ <*.t IV , 

i ' I H '* > ' ( I I' i .■> 

I' J- jv (/ — 

. 1 ' )« nci l/x_ 

I- 1 I' Ns 0 ^ ~ 

I 1 

V ?i s — p.l'N. 

Smiiluily ihe i ij, '■ ♦«.». < f P H is 
*' “■ } "i •] *'' — s: O 

wheu< i.‘ 

H iSl 4 t, , P N ZL 0 

nNs~.»i.pN. 

i»ud hen^e^ 

' l>h ” 

cos. * s cox K P h aa 

O 


-.liC. . 

n 















' si - • \\^ i * 




VSdSititttfjf^ ‘^die vibkLs; m il z j^t^iectivdjri in 

.tlMiihife'Mjitatiemiitji/nad ottM^rvhi§..& v'C » \‘:v'?X>'‘, 

(Is ft'-''*- :’■“■•■ ' ' '■' 

^ » t ■'lyy t ■'>■*'» = X dx +, xV?+ zij»^ . \ ' 

aud integrating ,■. • • I. -' ^■,'7;‘'-'-.- ■• • ,'><'v; ■’. ., ■. 

^ */ {X ^ + 52 <fV) - 

andif tills can be inti^grated» We thr^ V 4 J(^iy. 

If 've talio die three origiaai aiwi Multiply di^nt mpiH^^&vcly 

by _p, ~q, ijwd 1, ijndl th«jn add, wc obtain ./* ' 

<}^& f!*'y d^vs^ i, ■ '-; / . ■> - , 

— Pg-j;i , ■ 

But ^ ;■’■ ■ ■: ' ; .; ; ■ ;■:-. t ; . ;/y-- . ;• • 

I'|c^ .,'■' '.'■'■•■V;.- V' '■’'b.-'i-^-'-’ '■. .‘ 




V and tiding 






niy ^g^e^'-R^ ^we lind two Mwad 



A ( OMMENTABV 0« * * C»W»- 

and p. wli>i.b am abo Known v,heu the snf&cetii$ kno^n^ 

^'uii ibo <*qivtion to *!ii Atirfitce» by t^hitli z fs Ichown in tetiatf of 
X. y Sinx cf2uatiii7t;s horn wbicb we eta timl tile reiarion bMoaM* tbe 
nine s»ai* ib:* tbio cooauiiiate/». 

'I) ////tZ yf.i/t w^U^h a bodt^ tnli ds^criSt ^p^m a givih 

. / V ^ *if t pan ^ t ' 

Jii th j fa^o wt. luu^t Uiaut , ^ 

-S, Y, Z ♦*acb ste 0. 

rhf^ii^ if we niiilllply the thret* tu]u&iion& of (lie li»3t art. rc^peCiWt^y by 

- ;r( Ai -t- it y), p (J :» *(- >^9 d x^p dy 

III f aJd thcin, wc (iiidf 

- fqd/ +• dy)d‘x + .pd[z+d^»t)d^jr + (jj[d?:~pdy)dV 

r ~ (q d z + il y) CfM. f \ 

1< lit ' J + (p d * + d x} cos. > 

( -j. f<^j5dx~pdy)cos.j' / 
vr pntlii'u f< 3 <• js. s ''oo. cos. thdr values 

ill « c, <i*" curve describf<(] in thi» csisc* yiH twive 

( • . M ti — fidx)(l''i!+(,q Ja+dyJd'N. 

Tfi's coi'flbon e<’pri«s<s a icUtion ljcl\v<*tn x, y, a wiUiout auy ic|;ard 
, <11 mill' Ifcrcc, vri 'Day aupposc x (lie utiiependmt varinbie, and 

il K iv I’, v><.nt» wc I'.i'c 

(pti < 

'I (lis »'iji coiiilmuO iiitli 

.1/ rrf dx 

{ji\uj t>u il .(r'Kd, v^(M> the body Is In^t U. and moves along 
the -itrftco. 

The .un- ti us 'J«*si.n’jt-d is die shortest line whicjt can he .drawn |rt>»i 
one of sts ptuiiis tu la ou vhc lutilrf'c. 

The soloi'hy is ci'iistunf as njipeai''! from the e^natlAil 
v' = Hj tX dx + Y d > + i d r). 

By methods bosa what shniU'J we imght detemine 
iifKitn ft pven curve of doable tnmvtinv* or a. lidi'na^ hi OM 
wS«a actol fovtes. 

S9D. To find the W9^ of presrare, t.> {kat on lehzeh a bo^ dinem^- 

ing Ay thtfidci equalljf of ottfoim. 





mwTom ^RiKciru. 


, A be the rerticel abi><A»'b s x, M T* (he hori' 

«(M!^ aediimtie ;a[ ^ ) the arc o| (he «uite s, Uie iimo ^ 3 

ead the nidius of (.umtore «t P as r, r being posdtxfe ' 

when Rte uuve ie eonoeve to the axis ; rheu R being (he f ^ 

reeedoin at P, wa havt^ b; what lias {ir&eeded. 




fl) 


MS 

Af 

A 


tiut if H M be thi huftht Uttr- to tlit at P, 

A fl a b, wc have 
<U* 


<it 


- « g (h — x). 


Al4o» if we euppose d a eonstant, we ham (7i) 
d s *1 X 
^ *“ «i ^ y 

and if the coonlant v'llui n* R Im k, Cijuntion {!) laecoUKii 

- R «'* -“/ ) *1 y 


cl s d X 

' dx 

g ' « v- (1 

Tiu light-band side i* obtiontly the difllfetnlal oi 


’= V/b—xl *?> - 

x'- 75 cU'a v'lh -lc) 


X) 


dy 


d s* 


i/ (b 
luncf y ir^gidiiiig 

Vtb-X) = -V'pa—x). J^ + C, 

g U b 

Jt i' is 0, (he bufvc becpinet a stndgbt line iucliiiid to the liori^oi^ 

Ic 

which obeiouidy aus>werf (he condition. The sine of intlination b - . 

la 

In odiei «88e« the curve is lotmd by eqRation {9)^ putting 
V (dx^/^ dy*) for dn 

and rotegnuiitg. ‘ , 

If w« diifti^diiite e<lii«tiou <S)a d « tiuiag constant^ w« hove 

,•,) 

And tf^i|().{i0!dtrve!» r b |M(dldV«> ^ dte cui .c u coueute (o the axis. 

T * 



^?l>G 



V, u }iftve the curve paraltel io^' 


k C ' ' ' 

wijcn =: >- y ; when' 

S V (h — x) ’ 

^V' *)<;*.' X ;f!Cjeases beyond tbis, the 
i- i\!\:\\v;i:; it can nevct iwcome ^ — i V heiii^ B the thp 

rt ''iid Ih itialv/Uff . ' • 

c ' ■ ■.".” •■ ■ : ■ '•' 


e^gt 


--“-(E' + ip-. ■ , ' 

IJ’ k be < g, the curve descends towards Z, it JippuOTimates perpe^ 

■ -• . -'k 

tunliv to the inclination, the rime trf vrhioli is — , 

If' k be > g there will be a polnt.ait which daiefiirve bcctnnes horiasOntal. 

C known Irom (9), (5), if we I'.new tb# |>re 8 $uro..otr the ladids ofepir- 
s'a'.^r^. fit ;: given point. . 

11 C iic.gauvo, ih« enrve is convex to the tneisi. the part 

oi the j'vossure arising from centrifngid. force dimini$bes/tfaK paft arhn% 
i'ioiri gravity} and k nsost be loss tbah g. • , ■ • . f ' •i 

3li3. Ti< }>>■■} l> : iui c<‘ Kkifh a given assmM^c ^ iMti>eSi '0_ as fa 
//uTi Si/rt.'/rt .vno.ij. or (ieserrptihie Ig/ 

■.. •' ■ ' ■."■‘s, '* 

Lot A F. A P', A t*", hcc, bo curves -qf tb^; . 
same kind, referred to comm>xi base . A 
. and differing only in their parameterk, , ^br. . 

constants in tlxur equniicais, such u£ the ' 

bf a cirote, die axes of an elfipSo, tfcc;) • ’ y i 
Let the vertical A M s= x, M P (horf*ob|^) '^: «i- 
■ = yi J ^ epanected. tgr an’tjpaitiiiai ;/ ; '.ytr 
, -Unvoi-mgc .The thapie dowp A .‘' 5 , 'r' 

T' , *■' . wf*'" -I ' 

■■ ''fV'; ' ■ /’>. > ilK ■- - ’ ‘■ 

'•/'V 







Heoc% we my |nit 


NEWTOii’S P^INCIPIA. 


8t1!. 




Ug')"' 

k hmg a cohttant (gwuitiUg nnd in iMorcutiatuig) w« tnust sujlqposc ^«} 
reriablc aa well u» x uuU a. 

Let 

d aspdjg 

p be* n rutcofioii of k, and a nhicii vvill bi'if 0 Uimetvicntif becaim d 3(« 
and d a ate qtt<i.tu:ics oi tiie uune dinumtonc. (lenct; 


nod difll/ontiitiiis 


/• Pds , 

■f V (2 j{x) ” ^ 




(«) 


Now, si)iC6 p i‘ of '> iltmeivjui » up > <ni<l a, it ib easily geeix that 
^_pdv 
^ v' 

's jt frpct a » dmi^nsjoii^- in x isd h me h ai«*e ihi duo* n-ion'- 

of an c^pvs->ion mu^as^d Ip J in niugiat^ns* ITuni bj ik own 

pjopiitj hoinogeiieoa^ fxJlict^qp^ we Jmet 


v't^gx) 


f qa s. i k • 

k u v' \ 
‘’<“2A-“avq»lc) 




sulfttitutudg tb($ in eqautlon ^:l,) it li«v, >nie» 
p d g kdn |»davlt__- 
V (Sg X) "iy a %' (» f,» ~ 
in ah'cb, if i»e put fur '*> . its aiduc in x and ae hate an < quatiun uie 
cumPP P". 

if ttie tlm (,k) be diet of judlng domtt a Tetdral bright hi 

have 

*- 1. 

and Kenre, cquatioti 0) becantes 

. p(ad3(>>~xd«f 4 da v'tbK;*.- H . . . 

ISx* A Pi A P" be aJ (^fotu' '»/ «/'»«/ /b n.^ 

et«Ndirk ui^ ^ Jfk 

D bbHifo axi» <tf anj;!^ of tb«H c)o!<<l^ and 2 a, I ciiij,, 
Hid TWliuir tf Atidg circle^ If C M rs wif «bail aavo e> U' b ci. 



I V 


A COMMEKTABY on 


[SiBCl-. X. . 


ti*i « **(**0^* 


) f. 1 'V 


x' SB 

I I / 


j 2ti 

= V2F::f* 


I* i i (ii.niuHi ( 1 1 bt'romeb 

V ^ d y'(», x) rs » .... ( 5 ) 


A ti A — ' d u .1' a ^cl 

V JU; 

irdn V 
V(!?— u) 
cS. " "i 




4- (I A V (h “ a) =■: 0 
1 V h 


J 

, h 


•SB 0 


•. f X \o >. ■“ ’ ’1 — ^ ~ ^ 




I, '. .. : < , ■»|.> u<»rt">u A P ot ibc '.ycloul tiecomt* » vwlittil 

!•**' . *i» * 

\ - J , li .-r C ss. 0. 

} * lU c 

y h 


,, r 


(T) 


V 11 


t ^ ' n» ji,.’ , ♦; i.l*umiai'vd by the equiitiott to die* 

^ f *i * '* vb >« 


- »i M V « V (i? 0 X -- X ) • • * % {^) 

Si 

ah' f c i.o.'lfl 1..1 « r^iu i't*o lo Uii < requued- • 

M f '♦i rropi ('5i \*< • 

), rr V V * hi — (i?«x — X-; 

. <i a h % d u 4- ^ d — X d .V 
^ ^ V (a iij ' ax —X ) ' 

Olid cUnHUfttaijf •! a hj (5) 

d V _ 2*i -X 


2 ft — X 



Boo* Vi NEwioira ^ 


Bat d^brenOatitig (8) tapjiaila^ (») coofMaii, ut tlie tpSM 

And hence (91) the cunu P F CnM tlie cdl itu; nj^ 

the subnamiHl i»f the foianer caindidi% sttbtaiigeftt ^ 

each Ix'iw^ ' 



rhr c u\^ 1* P' r* v'llf Tijieet -A O m tlie |•otet R biuK that 4hc given 
t>:i>e is Huil { d salbi^t^ tli<r ^hoh* c^cUml A Ih It will uiffit Uur YOVticel 
lin;^ m } ^ h> th«it rhiaiigh A K in tbe^iven tiai^ 

894.^ li ut bitppibLig all the <^cloldi 
to meet iu tht' point wc suppose them nit to 
pass through eny point their Imoes ^ till being 
in the same Hue A cmvc V P drmn 
that the timos down P C\ C» &c* are all 
equal, will ittt nil the ct< l%.)idh at light angles. 

I'his may mily be deinoiis^iatod. 

S 9 *i ys A d rrUi^Oift^'^noitH rur jeh oi thvy ^nh to <l gn*otJit^d 

point a bfnfy d€^c^*ul utl fusiantid i^huh ir*f :♦ oi the satne tme* 

( I) let ihe force lie ronstaiil and act ni pnralM ltlias» 

Let A tbei lowest point be die Ibcil point, I> that 
from which tho body hdU, A B vcrticalj, B jr>> M P 
hoxirortal A M =s x, A ss st, A B = h> and the 
cou'^tant foru ?r g. 

Then the velocity al 1' is; 

’ vs= v(2g.ir^) 

' nod 



T ■• 




s''\ 




.M 






4* — 4s 

, ate — - « '-c/'-fg V Ir— «) 

ami die wboic d«e,(nt t^ill be 'fouud by intcgratii g tl)>s ftoui 

X si: iij to s 0. ' 

Ae time is w bi^ die saruo, iron» wliat*.*v.-r poii'i 1) ilic l • 'v 
itiNtjSver Wbi steatiuned, taken Mi 

be iwd(it><^4eTit'’of k Tb^t i>, if wt take tKf uiUjrul > > 

fod abut j||t 4^,di|i^^iK'«it4f)gethtt’ froHi ikc itfS’tll ri.1-. 

*ai« WJW^IP fiK(»«*a4e m |.«t Ih.' ttsult in a 




A < OMMENTABY ON 


CascavX 


II J o 


h ' 


^ , AC *^iat is from !t& bdng of 0 JiuoonsicRis itt 


It 

Js s pdx 

I c> p tcnrnd< only on <be cuivo, aitd doe^ nor involvo b. Ttkeo, we 

!. 

/• pdx 

‘ -- 

- -V72-ir-/t hi +T' hi +«.4 hi +®^1 

111! i.ou I u ' 1 > r I , •! 1 , it IS evident, tbot each of the qaantiti/es 
/•pj'c /"pycl .. /•px“dx 

• « » y I » / 

a • u h . 

I ■! Si ’ It) (fin 

-n-xJ 
C X~ j 

— 72B 5 


t fc It ’ 1 


* tiK 


oi li 


and 


idOj+J 

j \ * d lun^t =s c ; 

, , 2 n f I IJ*-' , 

j» X » <l X ^ -g c \ cl’ 

Sn + I c 

r - -x 7 - • -i J 

" X ® 

* ,' '.--a' 

P--V 


a 


^ j i ^ 

“ 

vricic'h »s a c>t «he vvcloid. n, 

Willioi^t axp<niduigi d'e iMup may be prdweb If^ba 

of m eSmensions in 3 ^ ^ -a I diiAndttalj 

dtntensions of an expre%ioa ore imeaseJ bv 1 m 

/ylsia 





sbt 




_ ^’otm 4. I ,dipitti^0^.id';|^ ^»<j^)»^fo’^lb'is'pat for‘jc*'df 1^ 
iikins in k Bti< It po^ to' be ibden«tiideitt ^ nr of 6 tl^kn«itok 

; ■'m+-issO 

as befiinu 

396. (S) jtef th Jitree tend to « senlee May hit ipty^unidioit 

diaanee. jReqmred Ta^odh-onota Cmik : '». ' •. A ," ’ ■ 

Let S be the cent^qr qf Att'ce, A the. potitt to 
whidi the body nnW descend ; D- the pc^Cfrm , 
which, ft descends. . Xttt also 
;. SA,ae»,St)ssf,.S'P = f, Af es 
P being any poiot whatever. 

Now we.have 

w*ssC — 2/Fdj 

orif 

■■ '^Pdfsi P(f) . •• 

' y*«p(f)--p(f) .' ' . 

the velocity bemg 0 when 1 3s f. 

■Httfoe tiie.tiiue of describing 1> A.^ . .. 

* • ds' ■ ‘I .. 

te/- 



taken from i ^.^‘to j s a. Aj|si.;dim. tbe time mast Iw the same what> 
ever: is uttegi^ so''ta&«ri^^^ of i> 

.. 

SOI r. men 




^ 1 > 


V rOMMENTAliy"0»' 




lUl 


f V flT^J ^ ^BwewHoiM. 

I Jenc^ n + J=rO, n=t — and 

p=7l 

Tlirrctoir 

whenie the rune is Irnown. 

If /• i.t :)ir .tngh A 8 O, we have 
<i s = 

<>)u] 

d« 

i’ 

win ncc nta^ ho fonnd a jaoUir equation to the carve. 

1\. I. T^t (bt idvu vorjr at the distance, and be nttmctive. 

I'btin 

F = A*t. 

z SS. ff—f «»/»({• — e®>; 
da ss 2ft;d; 

ds = da^-|*2^fde 

— A UlSJ' 

cl s * 

when f =: 4 , j- IV infinite or the rune ih perpendicular to S A at A* 

If S y , peipendicular upon the tangent P Y, be called \h hara 

I* — 

< ’ d 

= ‘-rF 

s= 1 — 

4 r.'n' 

If e/fe 0. or the body desaend w^c watui tliit 




«t oases ]ji|^ , 





JlitkK te} 


NEWTOSTS 


4r/t as 


^ *• a* — •' 


the equation to tlie H^qweydoki (9^) 

If 4. c s ), the cnrv« becomes o ctraigbt liQi^ to wlilhS) S'A !• 
pendicular at A. . ^ 

If4c/itbe>1die cur\'e will be concave to the center and gp off to. 
indnity. * *. 

898. Ex. St. Let the force vary invertely M the d^pim of the thpMuto. 
Thmi 


and as before wr bball find 


^ ^ 9 a c e * 

899. A bo^ being acted vjxm btj a forte in paraUd Unett in %ls dateent 
from one iwtr I to another^ to fad the Bfaeh^fddmn^ aft dut move of guiek- 
nt disetrU heNtttn them. 

Let A, B l)e tLc ^ven points; and A O PQ[ B 
the reqidred curve. Since the than* down k 
A O P Q B IS lew than down any other Ot^e^ ff ^ ‘ 

we tidee another os A O p Q B| width coweito 
with the former^ ejteept for the arc O P wo ^ 

(hall have ^ 

IHinu down AO^ Itos tbha 

Time downA 04‘'1< * {> * 

and ff iho tinDOs down Q B be the edho OB the two suppositions, we eh ill 

% ^tUno down aiqr other arc O p Q. 

i&ll B wiQ 1 m lh« Wne hn ^ two cases if the vdoLi^y 
.jfd Q ^ )°*<**'^ ^ folo^ Acquired at Q is 'h* 

Ijllqto wP|^;^fi^‘''9ESoend down 

tjbe tknt doan AfjhVQBbea mini I’nm, the 
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i 

Lr* 1 vciij<ai iioe of sb9ris(a& b«> takm in the dircotien of the ioToe; 
an 1 ]>r){jcn(jit i]*)i i rd'natts, O L, P Q N be drawn* it bong 

»■» d till 1 

LM =• MM. 

Ti I], if L M, M N be ^nkon iudefinite]^ 8m(i)!l* we may consider them 
a tb» diflcrential of x: On tins suppoiftioii* O P* PQrwUl 

icpnsoit tin Jiflliiiitnls of ibe curves and the relocAy mny be siqipobed 
tuiu>tant m O P* and in i' Q. Let 

ALsat^, LO=sy*OAs8* 

anil It^ (I 'ey d ^ d ‘ bi the diflferenUals ^ the absdssai ardinote^ and 
cuMo a> ltd 1 itii lelocit^ there; and d d y^» d ill* v' be the 
1 '' p m li ig i, laiPittc* at P Hence the time of deecnbtpg O P Q. mdi 
be tir> 

d M ^ d s' 

■y +1/ 


whii li i« <. njinimuni , and consequently its diOhrmtial ss 0. This dit> 
a >1 1 ki d < til It which art«e> (Wim rcp^iosing P to aSSame any positiw ds 
[1 i p o< the iiiiv'* O PQ, .md as the diilci aitiala indicated by d arise 
ni«.i >up]>us n/ P to Vary its position airng the curve O PQi «te thoU 
II Ml indiuite the differuttiation, on hypothesis of funsoig frratf doe, 
iiiui to uiothoi, ur die witiafums of the quantides to which h is 
pictixcJ. 

Wf shall also suppose p to be in the line M P> rc that d x not siq»' 
posed u> vniy. Thc>i. cous’ ieratiom being Uitradil9*(jh\^ 
coed llius, * 

(ds ds'l _ 

“i-v + iM ^ ' 1 

Aiid Vs no t)ic £f*utu v^haher ite take OF,«, or 0 p 
vc'ocily at p ■= velociii «( 1*. 11 nrc 

«v-=0,«>'ss0 
and 




Ml) 


t 

e 


** Now 



la'ssdx'-s-dy* 
.\dai$ d s s d y j d y* 
(ibr { d X as 0). 

ds'^dsi'ssdy'Sdy. 
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' / •* 

Sobbtitutkig the valw ot‘ d d i d e' vhioh thiN 
we have 

And since tLe points O, Q» fexpaia finad daring dut variadoa of P» 
position, ue h»ve 

djr + djr' =: const. 

Sdy'ar — idy. 

Substituting, and omitting S d y, 

* V rl b v' a s' 

Oki i^ce the two teims bdoitg to sucoessive points O* Ft 
difierence will be the difiereiitiai indicated by d; bencs^ 

d. '\y-=o 

vd 8 ^ 

SI UHikU . (8) 

V d h ' 

Which is the proi>erty of the curve ; and t being known in terms of x, 
we niu^ iletennine it& nature. 

Let the force be giavuy ; tlieu 

V sa V (Sgx); 
d V 

I y /o. \ = const. 

ds V{8gx) 

*^y. iL ' 
db V X V a 

« bring a constanVi 

which is a proper^ (di^'aidoid, of whuS'ttMs ajpaii pandleltox, 
arid of lybkb An base poises (lOroVigh ^ pednt fnim whidi the boil> 

iaH*. . . , 

If dm body SU from b ^ anolBter given point, setting of 

yntib TslMt^y'Bpqidiwd height; the curve of quulust 

^ ^haeapt Si'« Imim coinddob wkh the horlHiutai 

fimn 

.400/ 9fikjlljM*j^4H$ed trn fraoify, tkf'cutve ^ *** ^eiteit df^wU 

wti Hu tetter at right angles. 

' ^t^KnmNikkiP^SeAi ^ B M the gbr^cttr>e ; A B the curve ol 
V.M violit saudea 
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If Is oijiiifefct tljt. cuive A B must be e cycloids for 
fl ( vcloid inighl be di<imi from A to B* in ^ 
nliich the (]• ii^iit would b' bhorler. If possible^ let \ 

A Q iJjt tjtloiil of qniriciit descend the angle 
A Q 15 bt .ii.r "tute. Draw oiiother cycloid A P» and T ** 

J. I F P' Iw tSu rurve which cute A P, A Q so as to \Nv. 
)i.akellji arcj A P, A P’ >i/nchronous. Tlien (894) P P' 

IS pi tpi lulicul <r <0 A Of and therefore manifestly P' is 

latKiv.n A .mil (.}, <iud the time down A P is less than die time down 

A Q. fill M Jojc, ibio littci is not the curve of ^pickest descent. Hence> 

11 \ Q bi’ ujf ijoi'endicular to B M, it is not the curve of quickest 

d( 'U It ^ 

'Jbi* ruloid wbuh is perpendicular to B M may be the cycloid of 
/ >« / ‘ ('< vient iiom A to B M. 

fill // 1/ M'/ Ir d tni htj and ^ AH be tJie ju 

• or/ /t/>r/ t d/’sci'iljKyn the amv Ahtoihe point m.', 

1 r, I II nd (/ S'Lat A, ispeaeXtet iu B V, a jperpen- ^ 4 -'' 
di I ,1 to the (iitvf A B at B. f 

1 1 i* V lie n< t piialkl to A T, draw B X paralld to |\ 

A Uj ai.d 1 vlliiiir bi tween B V and A. In the curve A L \\ \ 

* ik<* 1 point u iicai to A. Let a B be die cycloid of quick* \ \\ 

«. t d* 'Cl in from tlic pouit o to the point B; “ind Bb being 
t ik-ii i.i,uiil and paialUl to a A, let A b be a cycloid equal 
and i.nil r to a B. f'lntc A B V i» a right angle, the 
ciir\e B !' wlmli tuts oft’ A 1* syntb’X'noas to A P has B V for a tan- 
"i,nl. vl'-o, ii’limitfly A a coincides with A T, and diierefore B b with 
R X I li . 1 . p I> IS between A and P. Ilencr, the bmo down A b is less 
dittu l)u> liP'. clo\.n \ P, uud theiefoics than that down A B. A"d 

hpiicc the tunc down a B (.^blch is the same as' that dpwn A b) is less 
tlin'i th It down A B. f lente, if B V bo not parallel to A T, A JB is not 
tl c line of quid cd di .rent Iroin A L to B. 

lOa. Stp/Hising a Mh to he arhd on am^Jorcet whatever, to 4 efeiiMine 

the liiachi/stocfiroit. , ‘ * 

Making tlic same notations and suppositions as befoxe^ A L 0^ (aaa^ 
a preceding figure) being any rectangnlar coordinates; befoie^ ‘ 

the time down O P Q is a minimum, we have " . 


./deeds'} „ 
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id$ . tdSf, 4aAir ds'lv' 
+ 

Now as befiire we also bave ■> 

. j- ^ 4r^d9 


mppoaing I d x s 0^ aad 

*s— 

dv c: 0 

for T Is tbo vdoca^ at O and doe<i not warjr by aUariog tba cmfve. 

t' asV +.4*^ 

d v' i» d* A a 7 as i d V. 

Hence ** ' 

vdfl v'dr T* 

Also 

Ibi d ▼ , &c. must be omitted. SabMitittiiig' tjiis ki the seOond term of 
the above equation, we have « 

dyody-k;4|'dT8dy _d8'«dv _ 


srO - 




Now as before 


' - Id ^ - 


' And itt foe o%er siiiM 


* And ll> tbn o%sr ntesn 0» Py put 

d^HI#for4v»dKvaMf* ' 
tfwe46'^i»d^idi^w5:'<vWj^^^ ’ 

f" ••••(«) 


Xt tii|ft imift wlj^,9(9W'd|il|{^.ai(HDt) IJr 'eqidvateait to X m the 

wabaigt (371) 

^ I 



A OOMMENTAB1? OHH 


30S 


CScev. 


'll cause ^ V *=: 0, A f) X ■=: 0 ; also JLaad Y alb Ametions of A L« audit O, 
.uiJ therefore i)ol affected i. ' 

Suh‘>fitutit>g these values in fhe eqnajtSi^ ttf'tlMt oiirv«t ^ Imve 



Cl 



which 11111 give the uatare of die curve. 

If r be the radius of curvature and d a constaat, we have (from 74) 

r — 

— d^'y 

r being posiuve when the curvw is epnveit to A M ; 

d s y s 


and henc 


— — 1L1? ^ 

r ““ d 8 


V ^ e 

Th«* <j[Udntit> — 13 the cefttrifiigal Ibice (StO), and therefore that part 

X d y— Yds: 

of the pn Hsiire which arises from iL And is the pressuic 

which ntises fiom rtsolviug the foi^ees peqicndicular to idih axis* Hencci 
It appe ar& tlicn In the iirachyMocliron for any gi\an forces^ the parts of 
the picssinc which arise from the giwen forces^ and from the centri&gal 
loin inu I cfj idl. ^ ' 

103. If wf suppose ibi ioice to tend to a cent^Sjr 
whiih ma') be t^sumed to lie m the line A fund 
to bt llf3 whole loicc , i1m> if 

SA= u,SP::z,,S Ysrp; ' 
then w< ha\e 

X d y — Y d X , • cs i 

= force in P S resolved ] 

Y S = F X 
and 

v»ss C — S/gPd» 

r g 

also 
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.•.c- 2 gyTdf=s- 5 :||i 

p c — 2g./ rai 


NJEW'rOM^ ViUNPtPlA. 

Fp_^i 

P 


to» 

V, 


and integraUng 

p* = CMC~2g/Fd|l 
whence the velatioo of p and t ^ itnown. 

If the body begin to descend from A 
C~2g/Fde = 0 
^ wiieu ^ =: a* 

404, Ex. 1. Let iht force vary ditcrtly as !h^ d dan'c. 

Here 

F = ^l 

C — 2g/rdf 5= v* = A*'g(a* — /) , 

C '.(a*— ^•) 

which agreeb with the vquaiiOii to the JrfypocycloAd (SQOb 

405. Ex. 2. Let th finrcc tant 7nvt*r%ilj at Oe ^quutt qf dhfa**i,e g 
then 

f = £ 

C.-iRyF.W = 2 f/‘-"f 
- i ^ 

. 2 tt a — £ *. a 2 

P* — . — ^ isr t ** - » 

^ a ^ e 

by sapposHion. 

pJ^LcS^— C*B 
-f* — P" - ^ » 



^ (t* 4 c'f— 0*^87 

{itr^ 

Wbm fttn, dtfsO; >• 

e*+'*^*— c‘ii ?5 * •>', 

d 4 if infS^^ end tihe to lilie 1^ liiu 

^ «<|u|fioa lutt 01^ 000 
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iu^ -/ .SBs-r?-,. 

*j ** -I- 11 11 ^ 4- 1 

10»K * j bo*i'fn*nieb on a given i^ittfxce^ tn detemitii* th( Biachif* 

t 

Li ^ tx' * j^Un^aihi (ooi<]liii&.tcE9 bring vertical; and &s befoije 
f 1 -s I ) ( MU snci.t oitivti eiements of the curve ; and let 

•i X, d 3, d z, 

J x', d y'j d // 

1 ' ih o».« M' irliiig ekments of x, 3 , r; then bince die minimum pro- 

, <n v j( liuc of til* indefinitely small portion of tlie curve, we have 

iA- bt loit, Mipi •‘iuig V, v' die velocities, 

d s , d s' 

- + — :r = nim. 

V V 



lit \ ai<ilio 1 % ‘udicated by d are those vrhich unse, supposing d x, dx^ 
to be I xju d and c Oii ^uit, and d y, d a, d y^, d a' to vary 
Now 

do =r vix^ f. dy* + dz^ 

. d^i>(Ujidyddy4dz6dz* 

^’rnliity 

iK ds' =. .’y'od j + dV^dz. 

A*m , tic o tiiiiUet i f ihe arc 
I ' + d 

belli wo lu* « 

i "b I / — viHist. 

. d d V -r 0 d 3 ' =- 0 

i z -t- d / I onsL 
.% ^dz + ^d z' SI 0, 

Heiia* » 

id.' = y— 

And the nirGic« is defined an equation between KW 

coll ‘ * 


(*) 


L = 0. 
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Let this diiTereiitiated give 

dz=.pdx-)-qdy (8) 

Hence, since d x, p, q are not afTccled by r 

Sdsai^ady (4) 

For iho sake of simpUdQr, ‘vre wiD suppose the body to be acted on 
only b} a foico in the dtrecdon of x, so that v, V vill d^Mid on x aloM^ 
and will not be aflected by the Toriadon of d y, d a» (1) 

a d_s , 

V ”v' “* 

which, by substituUn^ from (2) bccotnen 

i .lrl«dy + /-i/,-.4M«dxaO. 

l\'ds' sds) vTsf 

Thcretore we shall have, as before 

d.-*^7-ady + d idasOjk 

vds ^ * vds ^ 

Sind by equation (4), Lhib becomes 

ij j y , ^ q d a ss 0 (6) 

vds^^vds '' 

whence the equation to the cqrve is knowiu 

If vit suppose the bod} not to be acteci on by any IbreC| \ isiii be con-* 

stout, and Uic path desciibed will inomiestly be the shortest bne which 

con be Jianii on tbt given surface, and wjU determined by 

j dy . _ j ^ 







( 6 ) 


If we suppose d s to be consUint, Mi 

•* ** - d'* y + qd* z s= 0 

yrhidi ageeia with the equation there dedu^ ibr the path, «hcn the 
bS^ u acted bo ty noforees. 

Heoceull a|yps|X ^h i M^ qa'*a body moves along a suriace undisturbed, 
itwiUdesaibeti]SM|HWie^ that snrfaoe, be> 

tween any pohftatfmpNa ' 'XA* 1*' 
m. Let P^Qie ^ 



x<^ ' 'Vj 11 '* j 
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'1 . ji ^o.<»olvn\, thw, i nros p, p , 'we have 

‘)_Z = r'g,y'rLi-_EI. L] 

u t fA a' ^ a I 

- . ilB y'—y 


By Kmibmmg these with the equations in x, x' and with the two 
v* + y* = a*, 

(x'— x) + (y' — y)* = a'*; 

O^oaid, by olmunating p, find the motion. But when the oscilla- 
tions siu.ll), we may approximate in a more simple manner. 

Li < i s b»' the iiutial values of y, y'. Then manifestly, p, p' will de- 
pi ivl ou the mill fl position of the bodies, and on their position at the time 
( phI hcti<<. ^^c aiaj suppose 

P ^ M + P/S + + K y + S y' + &c. 

oTiil sip.’bjly ioi p^ 

Now, ill ihu equation^ of motion above, p, p' arc multiplied by y, y* — y 
Tv'i*ch, the oscillaJons are very small are also very small quantities, 
(v>' of ih'* Older /i). Hence their products with 0 will be of the order 
and ji<sy bt ncf^kcud, and we may suppose p reduced to its first 

leiiii '\f 

M 1 tlio < ^psjon of A P, when ft iS* &c. arc all s: 0. Hence it is the 
lui^ion when P, Q, hang at rest from A, and consequently 
M r= it6 + 

Siijriaily, the fiib» term of p', svliich may be put fcr it is m'. Substi- 
tuting t) 0)0 T*ilpts and dividing by g, equations (1) become 


j]’y re' +ii±£'\v + i!^ V 


jLy ^ _ >- 

jdl* a' 




Multiply iho second se etjuations by X atld addfft to the flreti and 
we hrtvt' 

gdl* Va' 7 /^ Va'* 

And mttdfestly tliit can be solved if the second mendier be ||Bt tv 
ihefimn 

—k-{y + J^yO 


^^jLmSJLsL ^ 

a' 


tliat ls> if 





or 
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‘ M a' 


a'k = — + S' + !!!*L--K 
/» a ^ 


} .f 


Eliminating X uve have 

(..-k- i).'i, _ = (.' k- 1) (/ + ?; + «ii') 

' tt' a ‘V'jj 

Hence 

+■?)(* +r)*'‘=-r-^ ••••») 

From this equation wu obtain lau values of k. Let thest be 
noted by , 

‘k, 'k 

and let the corresponding values of X, be . 

*X,*X. 

Then, we have these equations. 

and it is eedy seen that ^e integrals «f dMse •quationb are 

y + ‘X / ss *0 cos. t -✓ (‘k g) + *!D sin. t V Ck g) 

. y 4-*xy' B:*Coos.t <✓ (%g) •^''Dsin.t V Ckg) 

‘jr>, *€^ *D bafeoff arbitrary oonstaqts. But we nuqr suppose 
'C cos. *e 
OO s e 

*C as Wcos.^ 
iy = ‘E8in.*e 

By introdudi^ these values we find 


y + <X ]|r as >E oos. {t V (*k g) + >e) -I 

♦ ^ 1 / 


(s: 


.yfXy'sa'EwAft 
Fi^thwiitiwinasaBly^^ * 

Ity (*kg)+V}l 

^ .a f •••(«) 

^ ^ (*kg)+^j) 

ThMildiiiPWi^^qait^^ % tcc> dsmid on the initial portion and 
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oi' i'le poiiiN If the velocities of P, Q s when t = 0, we 

* Itiili V 

•E, “e, each ss 0 

ita .•]tpea>^ hy the DiffereutiaJs of y, y\ 

1( eitliti o> tl'o two ‘E, -£ be ss 0, we shall have (sopposing the latter 
cabc and mnitunp ’e) ^ > 

y = cos. t V ( ‘k g) 

y' = ix;^co 8 .tV(‘kg). 

1 J. fice )t ap}ii a?s ^Yiat tlie ojcUlatioDS in this case are symmetrical: that 
till builu'. J*, <i come to the vertical line at the same time, have similar 
mil I fjiinl ijM^tions on the two sides of it, and reach their greatest dis- 
^•<i j lurn it lit the same time. It is easy to see that in this rase, the 
]i oiKi!) IimS the law of time and velocity as in a qrcloidal pendulum ; 
niiil lie nine i)i jii oscillation, in this case, extends from when t =: 0 to 
% hen t V g) r: 't. Albo jf /3, be the greatest horizontal deviation 
ot P, Q, we slnll h.ivO 

y sr jS. cos. t V ('k g) 
y' r: 3', cos. i V ( % g). 

In oruii find the original lelation of ,8, fi'f (the oscillations will be 
\ the foi* v i which urge P, Q to the vertical be as P M, Q N, 

I- .IS iy • • n. I1cnc(* the conditions for symmetrical oscillation might 
l)( ill ui mined h) tiiu'uio the position of P, Q that this might originally 
hr. die rcl tion of ^he foicos) that the oscillations may be of this kind, the 
uj«y, n..l \cli'cil«(.> I t.uig \\ w*' have by equation (6) since *E ss 0, 

0 4 .. 7 = 0 . 

SimiLiil}’, »i wo hf d ^ 

d f ‘ ^ 0 

wc should JittA'. T = o, and tL<> oscillalioiu would be synunetrical, and 
would ctofloy a luno 


-7 (¥}:<• 


Whun licit hei of ibuste relation:* obtiuis, the obcilladons Quqt be consi- 
dered as compounded of two iu the following manner: Suppose Ait we 

i 


pot 


y :s H COS. t 7 ( ’k g) + K COS. t 7 (% g) .' . . (7) 

* 1 ^ *e^ and altering the conetents in equation (6)f and 
' tbit we take 


MpssH.cos.t'/Ckg); 
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Then p will oscillate about M according to die latr at' a cgrdoidal pdB- 
dnlnm (n^ecdng die ▼erdcal motion). Also 
p P will ss K . cos. t V ( *Ic g). 

Hence^ P oscillates about p accui'ding to a similar low. while p os<al<> 
latcs about M. And in the same way, we may have a point q So moved» 
that Q shall oscillate about q in a tim^ 


V(-k 

while q oscillates about N in n time 




And hence, the motion of the pendulum A P Q >!> rompouiidctl of the 
motion A p q osdllating symmctiically alxmt a vrtttcol hue, and of A P Q 
oscillating symmetrically about A p q, a. it' that were a fixed vertical line. 

When n pendulum oslIU.iIuj ui this niminei it will never return exaedy 
to its origiini position it V 'k, ‘k oic inoominensurablu 
Jf v' 'k, v* *k ore loiamensuiable so that we have 
m v' ‘k ss n V » k 

in and 11 being whole numbers, the pendulum' will at certain intervals, rc> 
turn to its on^pnal position. I'or let 

t ( ‘k g) ss 3 11 « 

diet! 


t </ ( It g) s; 3 m w 

and by (7) 

y =: H cos, 8 » « + K, roe. 2 m t 
* H + K, 

wMdi is the same as ivhen 

t ss 0. 

And similarly, after an interval such that • 
t ^ ( *k g) ss 4 u e, 6 n T, Ac. 

the pendulum will return to its original posidoii, having describe* 1 in the 
intermediate times, similar cycles of oscUiationa, 

to deteffKiae the oscfflations. 

Hen e^mtkm {4).b(K)«ilne8 

a*k»‘— 4ekss-.B 

U ’ 

>V K S'!; 



A ( OMMENTAIIY ON 


[jStctit X* 


Al^o, bv 4.imation (S) 

a k 1 = 3 X 

*X = I + V 2, *X =: 1 — V' 2. 

IJeucc, in order that the oicillationi may be bymmetrical, wo must 
^ II i » l\M\e 

4 - ( ? j- v' 2) // = 0, whence s= — (V 2 — 1) P 

Oi 

/i — (VS- = 0, whence =r ( 2 + 1) S. 

J'i* l\ 1 , a» uri^Laieiits indicated by these equalious arc thus ropre- 

t ( .1. 



'ric in si coiuaponds to 

Pf ^{s^2+l)p 

O' 

QN=:(^2+1)PM. 

In tills cib(\ the pendulum will usoUlate into the position A Q', sinii« 
1 . 11 1) situ itod on die otliei side of the line ; and the time of this complete 
os(ilIatu/n v. ’1^ bu 

J |5 S-Va)}' 

Ill ihe « tln*r ca's?. concbponding to 

~—{V 2— \)I3 

Q is on dll* other side oi Uie vertical line, and 

QN = (V 2 — 1 )PM. 

Hie pendulum oscillates into the portion A P O', the point O renidn 
ing always in the veitical line; and the time of an osdllation is 
^ / a ' 

Vv» + V 2 )V g* ' ' 

The lengths of umple peiididoms which would osscilSte retpectiTei]^ Ih 
dteifrliiDes would be 

' ^ a a 

yZTV^andg-pj^ 
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or 

1 .707 a and .898 a. 

If neither of theee arxangemeiits eidat.originaBy, let A i9^ be the origu 
na! values of y, y when t is 0. Then making t ss 0 in equation (S), we 
have 

*E = ^ 2 + 1)^^ 

and 

*E-=/3_(-^2 — l)/y. 

these being known, we have the modon equation (6). 

400. AmjnuMherqf mahtiol points Pit Pg^ Pg. • • Qt 
han^ by meiinh nf a sh iftg wiihaut 'UkVgJtf^ from a point 
A; ti t'i leq^iirrd to determine theh small OAdllation^ in 
a vntirat dCj^u, 

Let A N oc ii voitical abscissU) and Pj Mj, Pg 
&c. hori/ontal oicliiiates; so that 

\ Ml =r xj, A =: xg, Ike. 
l\ Ml =- yi, Pg M* s= ya, &c. 

A Pj 2? ai5 Pi Pg ss OgD Ac. 
tension ot A P| ss pi, of Pi Pg= p^, &c. 
inns> of Pi =s /Xj, of sr A& 

I/ei)c<. . wo have three «»qutitionsg resolving the forces par.illel to the 
horizon. 



^ _ Ei^ . y*. + a« . 

dt* #», ai a, . 

4* y» 4 ~M. y«-7 jri + fei . fvry* 

4J& . 2c=n4. M. arL» 

^ Ht a, ^ Mt *» 

at* M. ^1 


• • • 


(0 


And as in tibn tail, it witt «pg#r|lljll 8(e, may* ior these snail 

o6c))ladon% bp etankifffPi e*ia$UBb f» state <d mb 

Henceif . , v' , , 

• U 

’4h s» It — ---/■» 

by Jb aiiAamBffitw^lttMS abdtta aquations may be put in 



“in 
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X< 





yi + 

^ 1 

M d 1 

\ai£ a| 

Ml as 


M Ag 

gdt 

_ J'._ / 

/*2 V 

'-^+ 
Mu a* 


Tf + 

BX# 

/<«as 

d»y» 

pdf 

- 

Ml ^ 

P- + 

'^Maan 


ys + 

EtBr 

Ms 04 

d >. 

=: p» y**-i . 

Pn Jn 





M, 1, ’ 

M^n 





. . . ( 1 ) 


I ii III -t ind l.t>t oi <lu<.c tquatious become symmetricAl with tlie rest 

II I •>>< |\C tItJt 

>o ~ 0 
i.il 

Pu I * P* 

\ritv it «rc multiply rkcbe cquatimu reqieetiTelj by 
1, >, X', X" &c. 

.Hill .uUi them, wc have 

d yi + X iH y, + y3_+ __ 

fidt* ' 

f_ J’* _ J’L.a. A.P*Xv, 

a. \»^8o wsHa/ 

+ [ti-i _ / (Ji. + JS-) + ^U, 


I K-lUn /^On } 


opfl llu& y\\\l be intcgiablo, if tht. n^liUliund side of the equation be redu« 
cible to form 

^ O I + > I" yj + &c.). 

That is>, if 

— r ' ^ ^ Pa 

• ‘ll Ml aj fikj Ur 

kxrr- +x(-‘^ + JSL^^filC?' 

(tiOt Vv a* #«? Os/ i»9 a 

k X' = -^ + a' ( ^ + JPi ^ 

IN a. 'INai INa.! IN«« 


fhkmmX Un Sji 


(3J 
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If wc now eliminate 

^ I fiCc* ^ . 

from the^e n equations, it is easily seen dwt we diaB mi «iqttalipa,i|f. 
n dimennons in k. 

Let 

•k "k 

be the n values of k; thtm for eadi of thfse there is a value of 
X', X", X'" 

easily dedudble from equations (3), which we miy represent by 
‘X, V, ‘X', &C. 

*x', X", *>'", Sto. 

Hence wc have these equations by taking coTtesponding Tallies X and Ik 

d',, 1- V^'-.:jvd J + ■X,.+Vy,+ fc. ) 

and so on^ irialvisi^ n er|UPtioi]h. 

Tnti£:rafinn lach of these equations we get) as in die last problem 


> I + *^ )/ + h. y# + &c. s ‘E co8.ft V (‘kg) + ‘ej j. 


(5) 


i’l + ’^ >2 + *>>' yi + &C. =r *E cos.it (*kg) 4* h*| . 

^6) -Gs &C. being aibitraiy cons^ts* 

1 roin these n simple equationb, we call) without difficulty) obtain the n 
quantities yj, vi, fee. And it is manifest that the results will be of this 
loim 

}l=r ‘Hi cos.it V (‘kg) + *61 +*Hi oos.{tv'(*kg) + * 6 } + &C. \ 
j*=‘ILco 6 .it -✓ ^g) + ‘ej +*li^cos.{t 1^(41^) -fd 4. &c. t . . . ( 6 ) 

&iC. SihCC* y. 3 

vitberc See. luhst be dedoood frop d||, ^ &C. dm original values 

ofyi,y2,&c. ’ ^ 

1( the points hav’e no initisl veloddes (L e 'when t ss 0) we shall bare 

^E " 0, ®E 25 0, Bee. * 

We may have s3miilietrieal'*oadll«doiis in foUotnng manner. If, 
of the qiiaiidti)tt>£,‘|^%4^t^Ta|iA«)h^<tae^ibv instance ‘E; we 
have 



onidiMfi 




(V 
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jProin rlu n ~ 1 of the>e equatioos, it tppean that 7t> jb» &c. aie ia a 
given ratio to yi ; and hence 

yi + “>^y* + ">>'ja + &*• 

i> a given multiple of yi and s m yi suppose. Hence^ w» l»v« 
m y, = “Ecos. v' (“k g)j 
01 , omitting the index n, vhich » now nnneceM|^, 
m yi as E cos. t V (Itg)* 

Also if y» = cj yto 

m ya s: Ees cos. t V (kg) 
and biujiiiuly ior y-, &c. 

Iluice, it appears that in this case the oscillations are ^metrical. All 
the poinU come into the vertietd Ihte at tbe,;tame time, and move sireilaiv 
]y, and contemporaneously on the two Bides of it The rdation among 
the origmal ordmates /3], /^, fin &c. which must subdst in order that the 
oscillations may be of this kind, is given the n — 1 equations (7), 

Si + ‘^ Ai + + &C. s= 0 

fix -f- Ai "I* fif &C, 5S 0 

&0. = &0. 


These give the proportion of /3| Ai, fto; the arMtiaiy co n sta n t "Ei in 
the iimniuiiig equation, gives the actual quantity of the oiigiiul displace- 
ment 

AI u, wc may take an> one of the quantities 'E, ^E, &C. for that 

which does not vanish ; and hence dbti^ hi ajdhBfehmt way* such a sys- 
tem of n — 1 eipiatioua ait has just been dasaRiad* Hmioe, there are n 
diffcicui rclalioiia among 3i Ulc. or n diflhrent modea of arrangwaot, 
in ahull the points luuy be pLtced, so as to osdllatB qnnmetrically. 

( Wc might here also find these poationa^ whidi give symmetrical oacil'* 
lotions, by requiriog the force w each of or^hatas P| Mi, Pa M« to 
be as the distance^ In which case the points P|. Pf, 4 k« -wanld come 
to the vertical at the same time. 

If tlic quantities V% haye one XUapnsf^ there will be 

a time after which the penddum will come into its oiq^ |lositian, 
it wiU describe rinular successive cydes of vfonUhxis, If Rtcp fasljiflfir 
^be not oommensarobla, no portion of its motien vri|l ba^rianSiV ^ Of 
^^Mosding portion.) H ^ '3s 

(The time of osdUatfam in each of these fyanyMfjj i y it easOly loio««} 
Q^^oaiioii 

' mj!^ a9E««a.t V(*kg)>. 

Va *»1 I 



N£WT0N*8 PIUDOIPI rskl 

AofWB thftk aa oscillation employs a time ^ 

*== v{ig)- 

And hence^ if all the roots 'k, *k, % tec. ba dU^ent, the tiine Is difi 
ferent fin: each di6<‘reut arrangement. * 

If tlie initial ariangement of tlm points be difleient firum all thoMt tlnis 
obtained, the oscUiatiobf^ of lh«. pctiduluin maj atways be oanddesed M 
compounded of u sjminietnccJ oscillations. Tbat ]■;, if nn imaginary IMi* ^ 
dulum oscillate symmetrically about die \erticai line in a time 

and a second iinagin.iry peudulom oscillate aUmt the jdace of die 
considered as a fixed lme» iix tlie time 

and a third about the seconds in die same manner^ in the time 


and so on; the n*** pendulum may always be made to ctuncldo per* 
petually with the real pendulnm, fay properly a^usting the amplttndes «i 
the imagiuHiy oscillations This eppem by cotindering the equations 

^u), VIZ. ^ 

yi = ‘Hi roba t ^ (‘b g) + *Hx cos. t V' (It g) + fitc. 

Sic. ss&c. , 0 

This principle oi'die etejeutetiec v^utiom is ai^Uoable in aU cases 
where the vibratiiHM ate iodefinitely stM&jii in all Oqses eadb act ef 
symmemcfd idbratiuns takes pfawM^ and a&cls the system as if that erete 
the only motion whka it e^ieifcipcei^ « 

A familiar smtance of ihiriatndiiia b./iiea ja,<bb madlMyr in which the 
drcular vibmtions, produced by drOpphig' stmUM blittKSlift water, spread 
from thdr respective aeidei;i^li|«i^'^CtamSv^a>hUi4^ eadi other. 

IC the oscaHadods te ne^mtt ytiiiM, ere may take a 

horizontal erdhwm a in direo- 





turn of y efi&be lb* Msmdf 
tained 
W* 

aidt^ 
seMlCb 




results ob- 

of a. 

|ji#dhe Aimsdon of X, the vettical 
HrhenlAc nsdliattons are veiy 

!?*¥■' ^ ‘ 

1 sc /»), and also then 
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,, - J 1 - ‘2 P = tt 

ar K , I* i 

r I =- j 2 / 

*k — — J + 5 -^ — /' 

, k - + A' 

I II in«r h, 

j ^ ‘> / - - *ii + n — a', 

'i 'll ^ — A f y/, 

1 1 

' -r 2 > — 2 / — 2, 

1 - >'r-— X 

~ 2 V I.*? 

. J ^ 2 - ‘./2 / - i.) =: X 


/ -^.iA + r > + ^i=::0, 

1 4‘i 1 i\ ! 1 •,< * 1)) I mictiKal Tables. W(* ^lia*! find three 

\ III ♦ \ 

li net, ^ ItiM \ ^ I ot '' cotii'^pouiluig tu each value of X; and 

•' * ll^' C [ II i*- { 

, ^ V ' 4. x' p, r 0 I ,,yY 

^ « . . 1 A 1 • • • • • 

♦’ + ^ ^ HS — 0 J 

1 * ^ w\ *i ' 1 tv n of ** 

^\ « Ji I '» iiu’ 

r i .295 5 i 

!>• 

\ =r 1 31 .« 


" =s — J\V\Si 

accvulUAg as live take tin difiiu^il \ ilae» ot a* 

A i) ibi tupfs 0* o ('*iaMon ui earU va^e imU be found by tahiiif^ ^ 
vnlw of » 

U -=••—? A. ' 

ilW value 0! X trnnpr taktu vhtch i& not used in conation (VO* IIm Ai 
titne ol oscillation \siil lu. b; miikuie *’ *' 

tVfkg)--. 

If tlic values of Iwvc nut tins initial i<aIation» tlie 
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o 4 li bo OompoiiEidod 111 a manner frlmilai to tiiftt dtescribcd in the example 
Ibr two iKxto only. 

411 . A jflertbte chtin^ qf ttmfonn thidtaM^ ha^pjfrom affixed pOtnti 
to fbtki i<f that ffs tmU majf br itaL 

Let A M, tin. vertical ahsclsisa ss x ; H P tlio hon- 
/oatal ordinate s? y ; A P ~ b, and the whole langtli 
A C s; a; ^ 

r A P = a ~ s. 

And as before, the tension at 1 \ when the obcUlatious 
ai c bmalh will be Un weight of P L, and may bo rt picsent- 
ed 1 iya<— -s; This rciision wi*l an m the dirccUnn of a 
ung«*iit at P^ainl banco the part of it in the diroction 
P M will be 

d V 

tension x -j--; 



or 


(a. 


'3r 


Now, tf we take any |K>rUc<ii r Q a k, wr sliaU <\n(l tke korisontiU 

tuictt at Q in the »dine manner. For the point Q, auppoatng d a Kioatant 

d\ . dy . d‘y h , fi*y h* 

-ji becomes ^ J + jj-/.. j 5&.. . 

(kct 32 ). 

Alw, the tension wifl be a — s + b. l^^jnee die lioriAintal fiirct in 
the directum N Q, u 

(a~s + h)(Jj + 5 ^.l 4 . $( c,y 

.Stibtracting ^00) this die fetM hi ^ % we 1 uiv« Ae furec on P Q 
horhon'Uly. ’ 

a (a -lO t H 

and the bum oT P Q belif rii|^>W j^e b l | ^'.l^ Ae ecoeleniAig ibici 

points of P Q ?no\i 

wi A diiShwtt ^ Xfiplicaljle when h h, uido- 

finitely amn^ t y^wys wli te end coincide wiA 1 \ 

we hnn, V : , i , 
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But si/.ce the oscillations an indefiniteljr «bbD^ x edneidfla nith a and 
Hv huve 

V di IF 

arerT^rating force on P « (a — x) • 

Now, in oiilcr th.'ii' the oaciilation*^ may lie symmeti teal, this force siuit 
'.)c in tho <lirictii/n P M, and pi'i>|K>rUoilal to P M, in whidi case all the 
poitUi oi A C\ will cotnc to the vertical A I) at once* lienee, we must 
Lave 

(*) 

K being smne roii<tant quantity to be determimid. 

rills rqiuitlun cannot be int^rated ii^^fbtite tenns. To obtain a 
w.ii*’s let 

y sa A+ B.(a— x)-|> C(a~x)* + 8tc. 
=-B-.2C(a-x)_8D(a~x)‘ 

. > r- ^.2.C + a.8D(»-.x) + &e. 

d ' 

I K uu ' 

0 = ,a-x) — -f Iry 


I*. 1.2, (' (ft — x) + 2.SD (a — x)* + 8co. 

' iM 2C(a — x) + SD(a— x)»-f Ac. 
-’-k \ -V — x) + kC(a — x)*-f8:c. 

Equal:iig <.1 'J*' .< at ; im luivc 
U = — k A, 

2»r = — kB 

z. .-I ^ 

Ac n Ac . 

'"i r= ’ V 


Ac. S: Ac. 

k(a— «)ib^(b-n«.x)*— (a — x) + Ac, j> , . (2) 



*A i« B C» Ak value ofy wlwu x sa a* When x as ^ y sb 0 j 
* k*«* k *«9 

A 1-ka + 5j|— t &C. a 0 (8) 

]p^rom tide expiation (k) may be ibnnd. The action haa an infinite 
number^ dbinstotus aad haooe k iriU haiva an infinite number of Taluee» 
abich are nuq^ call 

'k. ‘k, . . . “ k . . . 1> 

and tlie^e pre an infinite iiumbei of initial iorms, fin arbich the rbatu 
may ^Miiforni sjinnetriral obcillatioiis. 

Thu uine oi okciliatiou ibr each of thebO lorou will be found OfiMt At 
the distance y, tlie force ia k ^ y : lienoe by what hat precedet^ the time 
to the Miticil ib 

a 

2 (k g) 

and the tinio of osciUatiou is 




'Hiliu ■ 




jimTomvfxmsmsk. 

af " *■ 


^Ibc greateet value of k a is iibont 1.44 (.EulUi Com. Acad. 
tom. viii. p. 48). And the tune of (nciUatum ifor this value la tbe same as 

that of a t>iui£de peitduluni» whose lengfixis '^|atiai|l^«) 


TIm ixnnts where the curve cuts the aajs 
Hence taking the vulpe *k of k, we liave 



0 = 1 — “kCai-x) + 


which will menifestKy be v^Tified, if i 

■ x) =: *k a) 


K, wa nave / 

"k*(a — x)/. •k»(4— x)* 
IP =^ 1 ' 


be found by puttingy ss 0. 

f kc. 


or 

or 



“k(a-— ») =s*k a 
foe. a. foe. 


because 

That 


* J ^ ^ •'ll' .. 

to lid ^iN^roete |n the order of theii magnitude 
oft win be negative^ and 


kiileid axis below A. 
X 8 
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A COMMENTARY ON 'CS*c». X. 

A 

it «• t “k, wc take *L, all tbe values of x will be negioirit exoapt the 
r> t ; tl u J Tc, the curve will cut A B In one point. If we take % all 
I 111. I jJa( 1 \till lie negative except Uie two fint> ancli^dM curve cots A B 
111 lU'i puiuis .ind so on. * 

liLiK I, tlic liinus for wLicb the oscillations will be 
'>j>in.ui.ii il, 1.1 of thv kuiJ thus represmted. ^ 

Atiil Jicic arc an infinite number of thet% each 
• >1 i« i'k nvia in a diilerent number of points. 
it II I ‘*it eijUjtiou (9) in this manner 

j = A p (k, x) ' 

It ^ I* 'It 'l.at 

} sa ‘A f (‘k, x; 

y =: ‘A f (% X) 

&C. = &C. 

a ill each satisfy equation ( 1 ). Hence as before^ if we put 

ys:‘Af(‘k,x) + *Af(%x) + 8 tc, 
and if 'A, 'A, Ac. can be so assumed that' this shall represent a given 
I ii'Mi fouii f*' iho d) tin* its oscillations shall be compounded of as many 
. staii' s^miiictncal ones, as there arc leiius ‘A* *A, &c. 

\\t lull now ti.mi nU ibis long digression upem constramed nu>> 
<ijt) rii( tcadci wlui -uisbes foi more compluti inforniation may con« 
Mil Wlavii' ’ L)}na' ics, one of the most useful and elegant treatises 
ever <«iitu.n, tiu various *|n(piilations Enler in the woik obo^e quoted, 
o< uitlict the (ninpi..hensiv'e methods of Lagrait|c in his Mecanique 

Aiubtu^ile. 

\\ c now piocctd to «imp]ity the text of this XBi (hetiem* 

412 Prof. I.. Fiist. S R Q is foimed by an entire revolution of the 
gtitiafing ciici' or "} ij. whose diameter ia O R, upon the gkfbo 
S O Q. 

lid. ^ vWidly, iiy tikmg 

' C A : C O ; ; C O : C R 

Rc ilflve 

CA ;CO -.CA~CO*. ca— CR 
:.AO :OR 

01 i thenfore if C S be jamed and produced to iiiaet;i^tile exHaipr incite 
ill D, ue liave also * * 

AD: SO(::CA:6o):^ AQ:OB.' 

But ' ' K ' 


SO SB theseluir-aMamferenceofthewheelOK- 


».0B' 



BiXMblO 


PRIKCIPU. ^9Slf 

.\ Ap ^ ? ai tiiedi«nmftitm»oftl^fi«ol wtt ow diiMt> »^ 

A 0i, . TiMt i>‘s is the vertex «r the B|piw]l4oid Al| ead A S 
p«Mtttu1arinSteC& Tliere> 

fere A S tonchat O 8 in Sl» 8(«» , f 
414 ^llriMl0rj^|prA8b8S.3 '. 

J >7 89 itaiedflljr ihet Hypat^dqldii ete dmiler when 

R:r:;E';r' 

R tod r bdng the ndS of the globe end eheil ; that b when 
, CA!AO:jCO:OR 

or erbea 

CA:C0::C0:CR 
A i^6 R Me ainilar 

415. V B»Y W«waflM^0OA,Oll.3 ,. 

If B be not in the nrcumRrenre A 1) let C V meet it In S'. Then^ 
V P boing e tangent et end idiice die element of the etuve A le 
seme aa nouhl be generated by the revolution of B' P around B' aa e 
center, and .% S' P ia peipendicuiar both to the curve end ka 
P V. thewfere P 13, P and B» WhMA^, * Dfllle 

VBmOA. 

Alto if tbe wheel O R deactibec O V wttihit A O deaeilbea A B, the 
angular velocity B P m eadi mu^ hty^'pnte^ eltlmti^ at fiv84 et 
O and A, they a^e » right anf^ to Hence when dtey tbuU 

have arrived at V ^ B thmr dlrtaiiiwl ^] ^fO|n C B must be conqihancma 
ofeaJiother. Bi^ ' 

lTV^eBVP>4?-PBy 

A T V u n <W^My(|[||^ 

/. rtiWOR. 

See also the JeatdtaP nrtb 


Xet A«|^veai^e be qrmmctrical on bodi sidea 
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A ('OMMENTARY ON 


{Steer. X. 


( j i 'I }>t 1 >1 N> i tlip lectangular coordinates r^rred fio the vertex 
IJ, nii^J u, 1 tlu> < 1 f till centers of curvature (P) sre have 
r islT = O'— 

1 {r>ii(< , Ulc 10.11 <1.1 btinj^r of the second order (74) . 


X _ r/ + ( y — d) ^ y = 0 


jiiil 


dy- 




(») 


11 M\<i t'<]unuons hy mcan«> of that of the given curve, will |;ive us 
s? 1 . i( 1 .11 /. ot ilio eciUMtioii to the Locus of the centers of curvature. 

J s \ be tile Lorus corresponding to S K, and A Q the Other half. 
1 hi n sii |ji ndiiig a body from A attached to a string whose length is R A, 
\ 4 b( n *111.1 string shall be stretched into any position^A P T, it is evident 
that V helLg the point where the string quits the locus is a tangent to iit 
am! that T h a fHiiiit iii S R Q. 

Lx. 1 . Lei S U Q the rmnfiton parabola. 

Here 

y* s 2 ax 

. i2 - A 

‘ * 7 x "" y 
d*y^^ a dy^ 

— y — gjjy 

*, *uh''ihiiniu:: v\c Jr** S' 


+ 


Mid 


«). - = 0 
y 


^ + XX - 


- = 0 
2xy , 


\ — 


3_xy __ 
u “* 

Ol 



.iiid 

X = 3 X + u 

1 


a 


But 

y* ss 9 ax 

.?*» W ** « 

•1 *. * 


..S - 

**" u 
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“ a ^ . 87a*' ■ ' * 4^™- 


Ntnrwhea^ s: 0> « = a; <rhich showi jhot A 
string must aquitl a. '.Also making A tha oxigin of iibaellNlaa, 4iUf i% au^ 
ms^ting a by % -wa iunro 

jJ'* 

»; ■ . ^ ¥' . 

tho -e^aation to semicabioal parabola-A ^ A Q» wblyh may be tnioail. 
by Uio ordbiaiy rniff (35, iQk.): and tliorcby tbc.body be ntpule to omiUaita 
in the cotamioit^rabola $ Q R. 

£x. 8. Zisf iS U Qbeifu ciltpse. 

Tlioo, referring to its cental, iust^ of the verCeit, . . 
b‘ 


or 




a*y* 4- b” ** s= a* b* 




A COMMENTAIIY ON 


C8ecc.X. 


l>i tite nniu<xcd /ij'iirc lot 

Cl C b, C It = a 

C M - A, TM ss y. 

I }>( II 

V S / 5 , r K =r a. ^ 

A.m^ io »oi 4 ur*ici A iS' point&i iirstput ® ^ 

vJiuii by I'lon (li) 

, a* — b* 

— a 

fhe V. Itie i>i A C. Lot 


“*- 7 Q 


= J I,- 
tlic ''.’Ijo ul S' C oi C Q'. 

Ibr Cl *0 nuke n body OhcxlLlc in tlje semi-ellipse S R Q we must 
I. ki I ,K ai'luai ol the A It, (pert sr A P flexifalei and pnit 

^ : bec lusv* S S' iioruonhil\ and no ^^Iring liowevei stretched 

fan b lioM/ontai — ite WheiiellN MKbanic^i) and sii«5pend it at A. 
rinn A I* iKW^ ill contact ^itb the Locus A S's V T wiil also touch 
A N l', r. \c. 

Kx :i. / / ' S It Q V cunmon cycloid t 

d lie I M lo tiio ^ 

v’T'=VC‘-’) 

0 V r 

* d X ~ ^ 
aLciivC 4 i*) ieuuii iluit 

« -«x + 2 v'( 2 ry— -y*)J 


1 lenci* 


vi a ^ *lLir 
1 * X "" ~y* 


dx 3 £ V ^ jT"' ' 

piki^ b abo the equetbo of • of tlio ||nnniii(^ 
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i * * , 

pvMMdIy thoMUM «s the fon]Miv''A« oniiy cUfftjindMtliQlSskt^ Wft'iiAjll^ 
cfi%tt«fdie«rdi»tte»aiidafmorigiDofthttShfedbR». 

Ttm nek «C this seetioa is tendered luflioieatly tntelli^ble liy tlM 
Notes of P. P. Le Sear and Jsequier ; and I7 the ample supideineRtaty 
niatter we have inseetad* 


SKt'TION XI. 


417. Prop. LVTI. Two bodip*i etmiauig oite another, describe round 
each oUitr and round the center of gravity similar figures. 

Q 


e 

( 


' c 




^ t 

Since the mutual actious will not aifixt the oeirttr of gnsvi*y, rtio bodies 
Mill u)w.iys he in a btraigiit line paMiRg tbrongli 0, and their distaiices 
fioni C will dirays be in tlie same proportioh. 

.% SC:TC;; PC:QC 
and 

^SCTsQCP, 

* a 

the figures descrilnd ronml each other are tnioilBr, 

ALmi if T t br tmn ^ the figure wbudi F seems tu dcscube 
round S wiliU- 1 Q, awl ‘ ' ‘ 

TtkT<l:;SP:TQ 
::'CP CQ 

•ml . ’/-r ' 

v. the ^goMe t <!{ P end the satire which sS btew-i io 

dmrOfetmMPMtbiiA^ figure which P to 

dewtihfctlwwdB^ 

nught l>e <k- 

NMM tWrfigares which Pend S 

tfeedl'to des^^fhe^hHlKid h^lti er^ual force. ^ 





’ARY ON 


..A 



1 1 M L' at < !>u]')) 0 ‘>C(l »unilar and Q R, q r inderinitdy small. Let F ana / 

I lie J in diiictions P R, p r (making equal angles C P R, s p r) 

'ii«b ; locitii ^ tlibt 

^ - -4^ ^ 

V ‘✓8p"'v’pq‘ 

I 'll 11 ^sinoe d t = 

*1 - ‘✓rTg _ 

* ” PH* •^'Tq ~ 

s 

hut ill tlh beginning of the motion f = -^ ^2 

2 

F W R <j[ r 1 
I ~ ill 'QH 

'Hk same tlnivi ukis jilact if tlie center of gravity and t!ic vAiole qrstem 
movi iiiiiloriniy forwnnl in a btraight line in fixed spacer 

110. Cob. 1. If F ou Da the bodies will deicril^ round the common 
• liter of gKii lt\% and round each other, concentric ellipses, for such would 
1)0 ^ In r louiid S at lost with the some force* 

("oiiuj if til' figiuLa L«* ollipsps concentric, F «D. 

< ‘''ll. *i. 11 V wc the figures will be cnnic section^ the foci in 

{if 

die centers, of force, t>itd Ui< co^»e^*c. , „ - 

4?i ( t f! f} JCij 1 il r. I, 1 C describid round thd center cf gravity, 
aiul lound ejili tUiiti, m equal tunes. 

. • V * , . . 

4fiS. Con. 8. OOuHff^ at* 

tyymilerinBtsoftliecitfeee^arqirin^ *' 

e|>q:^C P Q t: sp*: C]^* is (S+^‘ : e* in qj^vett zatb; 
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loidT. Atrouu^tp'QtT.duroafi^CPQi: ^ S+ J? : l^Si 
and : : T.throogh tprt IMiitOHgli OPV 

T. durongh C P Q : T. thfou|^ C P V : t T.dmHig^ $pq i T.throagh $pr 

::«]tq:«pv(by<8eetll>) \ 
::rPQ:CPV 

dta aNtt dacrtbed round C are pnip«|Ualul to Uto tiaMM» imd <]» 
area* detciibod round each oihor in the nine tinmk wladi are bimiltt to 
the areas round ore also jiroportional to tlss times. 

42S. Pjiop. Ll^ The period in the iignrc described in lost Ptop. 
: the period round C : : v' S 4- P : V”Sj for the times thropgli similtt' 
arcs p P Qi me iu that projiortion. 

434. Prop. LX. The ntajo*' nxn of an cUip&o which P seems to de* 

sciibe round S in motion ^ Force ee : major aids of ui» oHUpse whkh 

would lie describinl l<jr p Mr wiiti /lav* round Sat rest ‘ : S + P : firat 
of (no mean piopor'tmrda between S P .uid S. 

Ixt A s major .><» of an ullipse dcsciibrd (or sctuned to be deaenbedy 
round S in motiun, and which H rimilar and equal to the ellipse tki* 
scribed in Pfop. LVIII. 

Let X s migor axis of an dlipse which would be deacrRied vouad S et 
reel in (he aame tune. 

period in eOipae ronnd 8 in morion ^ t tvv' 

’* peiKTEri5iiS<315«rrouini3'Sar^ “ ^ ^ ' 


and by Sod. Ill, r 

period ui eil>)>so rouitd S a( rc,t_ A ^ 
period tnTrcqi^ed ellipse ly'^und S at ^ 

, perioailrenipw roomy’s .in ,0*0^ 

^adssrta^ ?r7s?> 

pnfPOKional. 

Viyi.JWitaiar.) 
earth wonld rite muon levolvt 
now revolves round <.lo 

if acted niKm by bodies at 
faf’oe^ and the law of firce with i o« 



>.j4 A COMMENTARY QU iSBeb XI. 

p< It X tl>c tti<.tinciib /rent tlic center of gravilgr wffl hi iSit same as vitli 
n ^ Cl ' ' u c (iiM xicis from each other. ' 

1 1)1 r c iori 0 in the hne of 4he omter grt r ltyt ahil 

Inxi « . M li {v 'icti d upon a* if it eame fnnn the center 6f gravity. 

\iid i^u d stance from the ctntcr o£ gravity i$ in a gi>«m ratio to the 
> si ii'ii firm (<tcli other, .*. the ibrees whidi are the same ftmetions of 
liv < distances will be proportionim 

197. Piiop. LXIT. Problm ^ ft(<o hoiits vkh na ifutidl VeJodtiet. 

r oc .i. . Two bodies etc let ftU towards each other. Determine the 
IJ • 

niol'f>n< 

1 lie < .nter ol giavity will remain at ret^ and the bodies wQl move as 
it .uii 1 on lij bodies placed at the cento* ' ‘ts, (and c*u.rUng the 
h It «• torci at nn^ given distance that the real lotlics exert), 

*. the motions may be determined bj the 
I'A-' I’loi* LX71L Problm of ttko bodta, sun gflVR tntital t'elo- 

tliU,. 

F « . Two boibes aiu projected in given directions^ with given 

velociovs. Determine the motions. 

'Phe nuitiou of the c aur of grhvi^ is known firasn the vdodties and 
directions of projcr‘io.i. ^iibtiact the velodty of li^a center gravity 
from earl, oi the given velocities, end the vemaMvj^'will be the velodties 
with nhich the bodies will niove‘‘t'^tvn«ot of iftiSti othsf^ and of tiMroan* 
tet of gravity, os if the center w«i4 *>nao they 

are acted upon as if by bodie-. i^he center ^ gfaiyi ^ jgiftoee magnitudes 
are deieimined by tiie .>quelUj ot too torcetOh 'fM^WNUs moy deter* 
mined by Prop. XVTT, tJecU 111, (velocjtieafiwig ftqpposad to be aogdrsd 
dosrn the finite d'stunce), if tlie directions of prcjedkai do nol tend to the 
eeqUT, or by Prop. XJ^VIJ, Soot. Vll, if they tetn^ tutor diroiM||r 
the oenttr. Tbm the motious of fiw Itodiet wi^ reig^plt^tO the centbr* of 
j^ vity will be detenmned, and diese tOiOtioiweompeoadi^)i|||h*ti^ ' 
form motion oi the center of gravi^ Tt*l”flfljWiiijnn 
bodies ht absolute qpace. ~ ^ 

4S». Paop. LXIV* Y <x D, d^onainojMlM^^ ' 

bodies attmoting eatih Other. 



Book 1.3 


NEWTON’S PRINCIPIA. 


T aiid E will doMribocDOOMitric 

dlipsw (onnd 1>. . . 

Now »ld a third «»ody & , I -7 -oT 

Attraction of S on T may be r^ ► V - - -iD 

preaentcd by the dUtaaoc T S, and \ \ 

on li Ll^ (oUructiun at diMante \ \ 

lienig 1) ksoItc T 8, I. into \B \ 

TO, DS;LD,DS;vheie(#fthe s — ^ •*' 

parte T D, L D, being ni givun \ 

latioe to the whole, T L, L T, nill 
only iiifiva'^c the forore with wh* Ji 

L and T act on each odier, and < 

the bodice L and T will eondnue to deecribc eUipaee (ns fat m 
tlieau new forcee) but with accde»ti‘d yelocitice, (iur in iqniilar pirtt Of 
umilar figiues V* w F . B Frqp. IV. Cor. 1 ai^ 8.) The rOmabdogi 
forces D 8, end D 8 , being ctjutd and paraUd, wtU mA alter the relathnb 
moUbne of the bodiee L aad T, they wilt centiaud^ dmeribe 
rodud U. which will move tewerdM the line I K, but wfll bo impeded in 
ite approach by niuidi^ the bodice H nnd D 0 ^ bdtog' T 4* !•) deecrflad 
conc«‘nttie eUipHie round tlie center of gravity C> iKAmfpmjevtod vdth 
proper velocU’en, in t^fioeite and parallel dineedtlttk Ketr add a ibailfi 
body V, and oil thn previoiM motiane will oenljnMt'^ nOMli onty aotiiF*^ 
erated, and C and V will deiMtihO rannd*^^ y moott f 

proper velocities. ^ * • »v ’ 

And soon, forany nfbodlen^, , . « 

Aleo the perio^io aU ^0 4 U|lt«l wQ e 
force oil T * L.tL + S.Ti>an<^|^Tlh 4 ittf +S). 

T 1), L e. when wthivu boAMB ^ 4 ie anm 

of the three bodiee nf ^a&Blwe T l|n» ftype’on T> 

towards C as 

^ tDtDC 

w T end D 


aaif^ 


bgee^ln 




‘ elwolate ftnw* die 
Jit WdMy deeeribe el- 

( 

.%$;<?, ond Vf wove 
V ific fheotute lorces 


^ «m^oedve dutances. 





\ COMMENTARY ON 


£8&cx. XL 


J ^f> oil, <1)1 .111- number of bodies. 

I.JO. r*^or. LX\ J. S And P revt^ve roond T, S in tk» extenor orbili 

'*'* iit tl * 'Mf J ior, ^ 



F « T? > when P will deicribe round T an orbit nearest to the 

nnri aieas most neatly prpportioiial to-tiie 
( > «l.; Li t S, P. revolt c round the greatest body T m Me same j^iaite. 

K 8 for tiic force of $ ou F ot the mean distance S K, 
and t 

L S = S K . ss force at P, 

lesolve R 8 into L M, M 8» 

L M is pDialkl to P T, and .*. tends to the tenter T, .*. V mil con* 
tiniie to describe areas loond T proportio^ times, as when acted 

ou ouly by P P. but since L ’ 1 does not « ^ of L M and 

P T will not ct , ... the fonn of the elhpric orbit PAD will be 
lUsturbed by this foitr, L hf, M S neither tenils ihmi P to the center 
T, nor « iv4jr. , hum the loico M S both the proporrionali^ of areas 


to tamos Olid the cihjmc form of the oihit, wQl be distaubed, and ibe 
elliplic foim on tno actouiiTs. because M S does t!|o( tsud to C* “pd Im. 

canse it does not « . 


... the areas will be most prq|iortiQ|ml to the tames, when the foittH 
M 8 i< least, and the elliptic form will be uioskeoci^el^, when 
M L M, bnt jparticolarly L aie least . s 
Ufowlet thc^ictse of-S oki T ss N tlien this e|^4te^RlVQe ' 

IC^S being awl Twffl not afiCect their 
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^GstaxlHiig ibroes will be kaut when L M, M SSff ate ImM* or L 
ii^ when M N ielenrt, i.e. when the fiticeeof SOU Pend T are abarfy 
eqoA or S N hedrly cs S K. ' , ^ 

itiiel S and P revolve runnd T in d Jcreni^tmies, 

Then 1« M will act as beibre. 

But 9£ 19 aeUi^ parallel <o T S, when S n not in the Ime of the Nodes, 
(and M N does not pass throvgh T), vnll ranse a distuihance not only 
in the loaiptiide as before, bnt also in uie lautade, by deflectiu^ P from 
the plane of its orbit. And tho dtsturbaiH*? will be least, when M N is 
kas^ or S N nearly s S K. 

431. Con. }. If more bodies ilvoIk lomul thj gicaust body T, the 
motUm of the inmost body P wiU lie lea.* di.tnibeil vheu T is attracted 
by the others e<pially, acoordhig to the d ^Karcs, as they are attracted by 
each other. 

48S. Cob. S. {n the systen. of T, if the .‘itrrai.tiont of .my two on the 

thiid be as P gvUl describe oieas round T iv.th gicater VLiotuy near 

conjimetiQn and oppoaitkm, than mat the cuaJtatures. 

4^ Ha jperove thi% the following mvrstigntinn is necessary. 




\ COMMLK'I’ARY ON 


CSscT X(. 


~U (’ 11'="®-^+ R‘) 

S /, . a/Sr ^ r<x . S.A ^2rcoihA 

■= H + t(f - R V + 2. 4 -(“R W’J *®7 

!S' 3r . /3 8.5 rA\>**oN 

- n v* + '^-(-2 ‘-'€1 

^ / I J I* • COd* ^'\ 

-■ i< - V ^ “ R " r 

i\li '». k' »•> uidiinvUl} ;>ieal wiUi ie'‘pect to r. 


V w S/, ,8rcoA. 

- Siu -- Sn = Kf — 


uUllUtll* J\ 

«ipfl \ II, =: N { f R ^ — 1* R r a»s. A + i ') 

~ . (IP — 2 ll r cos. A + r 

^ S 1 . S, >r . 

- U- IP” 

zz -p-- ii^^nutc Ij. 

Mt, Cill I m r*t a«l<1it’tiou'2 force 

iiid Hi Xi th » I J It' M la fo^vt 
ami ni ii =- 1 4 1 3 ^ •»n. ^ 

Ue&uKi 111 n ml > i*i q, ii. 

llic. pMt oT <h( iblitif 10119 force ^liich ecU in tike direction m q 
-= m n . < On a 


3 * S 1 . 1 « IN . A 


= ccntii’ iblatitioKs force. 


3 S V 

'Dk* ('ini'diliti’ jiiM -i \’i n . «in. A = "^"3" • ^ 

— ^ r * 2 A — iongCDtial nLlatitious 

.*. the whole foicc in 'he direction PTsslm — mqtas 

a 4fl (» •— ' 8 «»•* A) 4M a* 

whole force in the direction of the Tangent =: q n a Vthi» 8 

4|I5. Hence Con 2. is mami«»t, for of the four forces actisyr^A Pa’ti^. 
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8S4 


three firat, namely, attnution of T, addidtieoe force, and central abktiti- 
008 ferce^ do not distuib the equable dftscri(>tioa of arena, hut the fourth 
or tangential abladtions force does, and this is -I* Ato B, «—frani B 
to C, + framC toD, — firomDto A. .*.theedodQrisaecd<aatedftioin A 
to B, and retarded from B to C, .% it is greatest at Bh Similarly it is a 
maximum at D. And it is a miqiiaum at A and C. Itliis is Cor. 
iS6. To otkcTioue calaJutethe central and tangnitinl oidiMUm Jorees, 



On account of dir giral distanci of % S M, may be oondllit^ 
puralleL and « 

PT :s L M, audSP S= SK = ST^ 


.% thi ablatiuous force s 3 P T un. # s 8 P K. , 

Take P m s: 't P K, and reuAve it into P n, nm. 

Pus: Pm. dn. « sSPT. ua.*tf s errttlcil eUhditlOui force 


w A 4 -* -« 

n in a: Pm. Coe# s SjPT.sbb ,lS(^*4h*,%Atse1ogenlhd 

ablatitioas f<»oe. , 








(4> dlju.bm.*< 




revoitU?of9 
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“ since tos. 2 < is dcsti oycd during a ivhole ievo- 

Jut I >. 

<75). I I JiS’.ii >)uig forces on P are 
' 1 1 lit tiOHs ST a= A. 

12’' . 1 1 J'lii n‘ ss 8 . A . suj. ' 

3 . A 

, 1> »i {) ' larger ml iblatihous'ftircc * . cos. 2 


II I 1 tvT.ti I thJAOtious fo»‘cc a- 8 A 


COB* 8 


8 A S 

j toicc in the dixertion P Tss A — - ^ « cos* 2 

A . 3A ^ 

ft 

I' .1 in a a) ole ieruJat*on cob. 2 will destroy itsdH) .'. the whole dis- 
l 111 ]t.L 1cm lit *he direction P T in a complete revolutioa is aUa^ous 
. 1 ^ us force. 

fi P 

Ti* c I ole fo.te in the direction P T as -^(1 — 8 sin.*tf)(Art. 488 ) 

ss *^y *>* (1 cos. 2 6^ 

^ r / 8 8 

iniiuipll t! c bv d.t', 1 ’ I d e integral « — g 1* + y • •it** 8 

\ 

B T ^ 

=r turn ('1 11. di-*iirbm » 1 >Kts and this wben^?**^ becothts . 

This na isi U* dbHhd h> t, and it gives the nUMd ^rtur W lig force act* 

ft r 

in^ til P in ll c ibitvli o oi ladirs sector » — J • * * 

tl ). 7 bi 2vl Cor. > J anpcai horn Art. 188 iied' 4641 . 

tt i'>| " <> 

Foi die umgtutin] ablatitiou'>f >ru‘ ss ^ .sin 2 B. x ad^ij^dopB 

It** ^ 

this ioic' «ili acccletrte Uio desciiptiuD of uie arpas fitein the quadra. , 
tures to the syrygics and retard ft from the ayzygj^ to the qaadlAttot% 
since in die former otoe sin. 2 B is 4.) ana in letter ■ 

44t. Cob. S is contained in Con. A (flttue 
tronoin\.) 
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442. P V is eqmvalwt to F T, T Vt aod ac&derates the motion ; 

p ’’^is equivalmt to p T* T V, and retards the isotkm. 

44 4. Cast, par.} the cune u> o( greater curvatuie ip Ahtjuadi^ 

tures * n in the sjttsygiMu . 

For rinre the telocKiy ie greatest m the (and mp eentnd abl8> 

titaoos foNe being the greatest, the remaining ibree of Pto T is lheleast)i 
the body will be Lm deflected from a right lino, and the orbit will be less ^ 
carved. The contiiaxy tttkeo place ui the quodratorev. 

444. The V{hC$4jgMrce iromtSin the directiunPTs^f (1 — 8 aln.*0 

4% T 

(see 438) ao^iie three from T in the direction P T js — 


^.^(1 — 3 hUi . 


Intis more curbed in the 
th^ &jin of an db’p&c at 
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i> • 1 If a fTcater distance from the center in tl'e qaadnturea 

• 1 I tj ! \./^ Its, wikifli u Coi. 5. 

!*'• f'/it > Ifnirc 'he body P, ra>t. par., wiii recede fiirthcr from 
jt) lliv. yia'Jiali'Ks than In the bj/ygies: for since the orbit is less 
V (I < >i >ti tite $s/3'<j;>cs tliaii lii the (juadratures. it is evident that the body 
1 1 I firiher /loin tlie centei in the quadtaturea than in die sy^gies. 

1 1 (> ( cl*. U. The addititioob centnJ force is greater than die ablati. 
I •! j'l ittj O P) ond from P' to Q, but less from P to P', and from 
(»<mO , .. O' I ihc whole* the cifitral atlmction is diminished. Mut It 
It h uh i. i^uit th«' ams ai>j acederated towards B and D* and \ the 
I Ilf truou^h I' 1 * nuiy aot exceed the time through P 0 » or J e time 
. 1 i Ji Q Q cxiocrl that thiough Q' P. But in all the corollorics, bince 

• •!. j.)r very small, when we are seeking the quantity of* un eiror, 
! ii^ivc a ccrtiiined it without raking into account some other enoi, 
i v*'l hu ji error in our error* but tbij enur in the error will lie an 

• 1 I) o* lii order, and may •% lit neglected^ 

'1 h >1 i’ to r being dtimiiishcd in tliecoisrst of a revolution, 

t!w ilisoliiU loio totvii<b T diminished, (being dim* hed by tiie 


I* Tfu \ i “,*,1 439,) ,% the period which « 

U V f 


jni M ist 1, snppt^ ii IX * cor/e i* 

*Int 1 H|nM Mil.cs .s u'hjcb it w'U do f»*oin iN h'^her apse to the 
low(i) Ii rhiittnishid. the d M ubiiig force ^which^involveA niil lie 


i u i 1(1 .u II e M I \ i* u> T more diminished, and r will 
b<* , *. fin hoi'. ic<<mk,is (the diminution of f and incrcaibc of i ) 

the )Kuod will Ik uurea-cd, 

the (HMiod of the moviii riiond the is diorter in bummer 
than .a winui. lloiico tl c Aiaiiial etpiat'ioii in astnmonly.) 

\\ hen T iM'tilis from S, R is increased, and the disturbing force di* 
muiidied Aiul r d nimibhi^d. ti^*> period w'ill be ditrihiished (notmoom- 
pai isoii u III) tlio pi I tod iound T if liit ro were no Ibdy S* but in compark* 
son with what tin period was before, from the aetnal diaturbanceO 

4 17. Coa. 6. The whole force of P to T*ii| the quadratures 

- 

? __T SSr 

i — ~ — the i^sygies 

. . oil Uie whole iIk iittm< *i(tn of P to T b dhnianhed in $, fevolution. 

For the oblatidous Ibrcc in the »y//giescqnale twice the addifrUous force 
in the qpiednitiireii. 



Book L] 
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At a certain point the ablatUious ioi.v the udditiiious s when 

1 :r i\ii. 4 


A s 55 , \.c. 

^the whole force being then sl * < 

Up to tbU pobdt from iho ipu'dral •»* tor.v is -'m .i»» r 

than the nblatitioiv force* i » mi * KjiU'iy disMiit <umh 

the sy/.ygies on thnoth<-r sulo, <lu ubUili loub ' » r v » u r ili.*!, theuildilifiouii ; 
in a whole revolution grs.vl.} to V in ih* iu» hi L 
Again since T alternately approaches to .imi i i* «} 's fnnu S, ihf* radiub 

V 

l*T J. increafiecl whoa T approaiho» uni ih * j* *1 x. * 

* . h hr !i»i t K 

and sui<i*f K danlni^ued, and .* i lU. /t • m 1 , m \k » «l v * in *s in-. 
(Tca;^cd on both arconnts* (for f is dinnimhiil l>y ih»* ol ila dis- 

luihiiig forces which involve If ihedislanti- o' cj he il n hu 1 1 i!ic 

aUsoUiteforcLotSonP willbc truTcascd. ♦\th(.dl .‘vI M 

troai S are ian'«Msed, and l^’s grii\ity U» 'J' dina..idi !. .*.1 • is*. ’ » 

tinic is iiJCTcasfd in a gieatcr ratio than (Ixcao • o*' flu: on .•! • n.*.i 

1-2 X 

i in the expresMon eod wh#'n (he dispuu^-cd S is iiu.* “^d, fin .h - 

turbipg force will liirdaisbed, of ’‘fill M* fitm of I' » 'I 

diminished by the clmurlrniiot of *»ml i vilj l#c ihtM.i* . «' 

period will be jjdimiiiiiibed a h ss ratio than r 

449* Call. dfoct of the distill biag forec oo •* '..a 

of ^ apsides of daring one whole icvolutioo. 


rtioii PTs= ‘ f I 


! / I . \) 


a ^, + T . e .(If cos. ■ A', r ' ‘ ' '* 

U|jt% IlCtllfiMb j” .-by tli«; IXth .S. . 


i$ leas tlriui 180 when c ll'pdfilivc* >• o. hum <i to 1* »'>4 lix'ii 1 ' to 

** •» m 
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I " I an <,it. tu r than ItM viken c is argadve* L e. from P to P 

l^r «> 

III rM Jir >< '• 1. Ill an ides .'irr prugresar^ (regressive lu the quadra* 
I I » 1 iJ I in/i ni. 11. flio s vvgiea); 

T :> s 1 . . , . 

tliT* " ~ ^ 1 = ™ conjuncuoii 


'1 3. Si . 

^ = toict m opposition 


It ]-:'^i .U’T— 3.Sr'’ 


I U 


' I'd 


. U 

1 


d iR.1' most f. nil . und 
r ^ r 

V.1 til I lea- 1 v uh rc^ptCt to i', 

* < *1 IS lli» a i* »!'• iViz-tuli s *u m the sy^ygles. 

:: u r+.si'* 

• ji i H* 

III! * S ^\u i>.l ^ vkWu ) Is jpo*-i nearly equal tor', 

I *' r< ii. 7 Ls i.tl i) 0 aiiiijle liopi *he quHiliatures, wlicii the an es 

I a I n 


\i 


1/^ 


f) 




l>i w r III ' ' to T b at d - 1 P K, m n {wrpendirulai to 'X P» 
.isoi' 1 * u, nil 1 11^ r nH «'• <<.of n '« iiLiUier incremcb oor diminuhes 
till nicclt'iaiitif. ^ n )l P tu 1, l.ui 1* >i li>s»en9 that force, when P o 
=r r r. till' aci'clcr. loico of P is laiihu' increased Vor dlihitifaiie^ 
ind the ujuea a:«. qi' I'sioiit, , ‘i 

hy the mangles PT.PK::PMs»P£:Ptt 3 sPT ’ 
lu the lequired poiitionL^iiiP s PT* ' 
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S4S 


^ 4 


1_ 
✓ 8» 


Ot 


i ss 3^' 26'. 


The addidtioiu farce P T — 1* ii is a iiiaSkimitut in qua(lnitiirr>». 
ForPT ; P K 3 P K • Pu -= * J-p 

PT — Pii = PT~? K a maximnui ^hen P K ss 0^ 
or the body is in 

450. Cor. 8* Since the progression or oK tlu* Apsult*^ de* 

pends on the decrement of the force m a ^icaUi or U«>s ratio theu T) % fiun 
the lower apse to the ti})pcr, and on a turn] u nu i> nunt doui ilic upput 
to the lower^ (by the IXtIi Sict.), anil is . • in v] on the pu»poition 
oi the foicc in the upper apse to that Iowcn ruMk liointhe 

iiivei m: square of D» i% is manifest that the Aphides pi the fastt»t fioni 

the ablaiitiouS force, wheu they arc in the ^ygics, (bccruse the ^ hoh fov ccs 
in conjunction and oppositiou, i. c i>t the nppej and loaei .ipst^ being 
T 2 S 2 

r' ~ “iJTf when the apsides are in the and i\hui i a gicauM 

T . 

at the upper apscN ^ being lea^t, and the negativf paif of the c%p*LSvion 


2 S 1 

- lieinq graatea^ the whole cx|ire»&ioo u least, uud whir i is ivn^t, 

T » 

ui uiu lower K]ise, being ’greafest, and the negative part luist, *. (he 

whale expression is gNbtest, and the dispropurunn betwcai the forr' s i 
the upper and lower afise is greatest), and that the> regress the kIowvi 

S r 

in that ease from frm addititioos frircc, (fur p + » which is the 's}i<»le 


lorce in the qaadratonn^ both before mid after conjunction, i b .<ig die 
send QdQor aihi ijn eicii"4)aM| diffim least from the inverse squaie) ; tlunc 
lbw,gt^fsh«d»fbs piW^ oonrse of a revolution is greitvst 
wliettfria aiaddas awin 

Similarly tliei!igressioiiis^|rMteet when the opsidea urv m the quudi w 
tuies^ butatii^ltiliiot equal to Uie p^ceauon in the r(>i<r<>e of di< 
wdntH- ' 



tr.'fBnC & Let the iqHMas b« ht syitf^cn, and lt*< die Im'* 
a* tba ’OpiMer tipm i diat at tibe lower, : • D E : A A 
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;!;<• 

taf\' ordinato i* inversely 

I’l 'i:. ..i (•.-<, 1)1 <,.• thp'-cforci'S Wing 

■: I, ■ . 'i. I, !i!<. );.n O E J'l Uie upper apse 

I.' I. IM i , 'Iiid the fun e 

\ 15 ii <( .• lower **p<.e by tin* quantity 

l.(‘ i:;\i t 'I which is the now three 

ii ' 

- MFV' i.ts ,s* (icciertsiiig hi a 

'fn lU r r tio -liiiii . 

Lu till .!|. i !* s be ill till* ^iindratun s then ihr rorce E D will lie iiicrea*?fcd 
• . ’b ‘ .1 q ifoitbj , su'd the fore, A 11 by th^ Ica^l 

<iu. a 'vbiili i*? the new Ibrcfc ^urve will have Its 


iT U 4 



• MHiin iW^ iU frc*»sin; hi a Uas rntio than . 

1 .1 t’oK.O. Su]»posi*tlK biir eif apsides to be in quailmturcMhcujvhile the 

iv. ‘v I h V s from i hicji-r to .i lower apse, it is aetetl on^by u force wliich 

1 .r I r U’T+Sr» , 

».«/«• ro» iiarc’ 1 , 1 ' so fast ti.s j-j? (Jor tno loree =? r " * ’ *** 


I. » f*. !.i(o» drfroai»ov ns th»* dcAioxuinator iacrensesl, the orbit will be 
r to UiL v'iiptic orbit ?uid the cxcciitri city will be decreased. Also as 

Sr 

the !i i '.ihs^d l>y the force (I — 3 cok * A), the loss lliis 


fi'ice Is i-.jK (o the Ic’s.s will the eseccnlricity be dhninislied. 
Now wloln the h jv ot ilje aps’ih '• moves from tlip lino of quadratures, the 

^ I* 

fbur (I — eo&.' A) is diuraixshcdv and when it is iiichneii at ^ S&^ 


l<> xhv disiui’Kinfir fbice = 0, and .% at those four points the cxcentricity 
Is unaltered. Att^r Uils^ it tnuc be shown in th«: '<aine manner that iht. 
^•M’oiitiicuy will uc eontitiually iuLreaMfl until ihe Hue of a{)sides coin- 
tides wi(?i the liti#of sy/yg'ci. Here it w a maximum, t'Mce the disturb- 
ing fort'o IS in'gativo* Ahirwardt it will •tfcreSsc as before it increased 
until the line of a]iKiv*cs sgaiu coincides with the quadratures and then the 
exeenti'ivity s=‘’matii|pniuiii. 

(Hence Evection ui Amtou.) 
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45S. LBauc\. To calcnUte Ui»t part of the aUatitiooa Ibrce which b 
employed in drawiog P from* the plane ot its orbit 

Lei A s angular distance hoin 6yrygy. 

Q s ai^lai distance of nodes from syrtgy. 

I as iiidinaijun of orbit to orbit ol S and T. 

Then thi^ fo**cc requiiod =: ^ cos. A* ttin. Qe sin* L (not quite , 
accuiuttly.) 

\\ lieu P ia ill quadratures, this force vaiiithei, tiiioo eos. A ss 0. 
When nodeb arc iii syzygy, ■> . - bince gin. Q s: 0| 

qtuidratUTe8> tl»is fcjitn. (c ict. jntr.) =s nioaU 

11 uin, «'Incc bin Q =; sin. 0(1 s: rad. 

}5a}. Cnu. l?s Tlic r^cct^ product il h\ Uiu ilUtuiuiiig forcea are ull 
(Ti eater alien P U iii conjunction ilniti a^hcfi in opnositioua 

1 or they iinolrc j| 1 1 when R is l«fcst| they are greatcnite 

45 i, i%ij • let Lit S be supposed >o guat that tlie sysi#*m Paud T re- 
solve louii'’ lixod. Then the distiirbiiig foiecs will he of the 401111 kind 
as hefoie, ue «ui»{ios^I S t<» revolve round 1 at rest. 

The difltwnrc sull he in the iriHgultiidc of these lbtces« wliich will 
hi. IKK iiMscd 111 the same ratio ag S is increased. 

K).; ('ok. it If uc suppose the diflercfit systems in which S uiul S T 
X, liiii P T ayd I’ and T icmain the samCy and tiu. period (p) of P louitd 

"r rt munis the same, all the ciTois « •x , if A =: d# nsity of S, 


and d its dianietc 1 , 
^ also 



a If A given^ and Ssapparent dmiii. 

P s pcaiod ofT roniid S. 

.% the errort <x p~^ , 


are the linear enor% ond aitgnLir «<rrors ex' in Un »anii i tio, 
Miicf I* T Is gimu 

45d< Colu is. If S ami T he varied in the snnic r<tt1u, 

* S Tf* 

AcccScatil^ fiirc^ aCSl ; Ood of T : : : ~1 ihe same ratio as beloie. 

thgja huhiiiiiMiiMi iiiiiiii the Hanie aatMfore. 

if K and i be abo varied pod^ortioimll^.) 
the l&iear in V’h, orbit « P T, (»inc» tJt» y involve r), 

* •' ur^** . if P T oc.ihcMcSf r'.niau.Hig'onjUDf 
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, , c iM f rn ^ linear errors ^ P T ^ , 

i. .. ill aj’""J ti error* of P ai seen irom T ot p-^, « p-ip oc 1 , 

.,'.11 . . i' <• -.I >11 in (I'c tvo systems. 

'i II. s'l’i.l'.i liii u* errors at f . T P T « f, X*» and f « 

I’ I P T 

,j. I'at 1 H i-fli'niting force ot T on P ot — - . (p ss peiiod of P 

nuind T,) 

T « p and « P 
ST* PT* 

(li,,. i»-. Of « L,^ « p'.) 

('iii{. II ill th<' s} stuns 

•S T, P, lladii R, r Priiotls P, p 
S', 1 \ P R', r I*', p. 

Linear errors dato t. in Ist : da in second : : » . : i*, . 


1 . 1 
p t • p' » 

I 1 _ 

pt • p/ 


a!i;'ular error's in tlio period of P - p ^ . 

Con. 1 >. li. till, sviitonis 

.<T,P, R, 1 P.p 

T', P R'. . F, p', 

. S T' , R' 
so that -s: ,p. and 

. jl - H. 

" p - pf • 

Liiumi I KOI in .j rcvolutio)! ot P iu Ist : do. in second ; ; r : r' 

. .-U'n I rmi* • ; : : 1 : 1, 

t'vni I'*, hi 1 . 1 * _*'t*-ius 

s,' r, V, R, r p, p 

r.p, ^ K,r p,p'. 

I.Mii ji 1 .1 .1 . t«. volution ot P in IsU do in second : : r p* ; r' p'* 
aiV.t!..i Mo . a iiVoliUion of P : ;; p* : p'*. 

To etui', 111 ti.-’ s. ..IMS 

! ■ X, A. p r P. p 

rp — R',r' P'. p'. 

A^suT 1 l* dv* s*... \ii 

(.), V. r. p — R-, , — — p, p 

••• I 7 {!♦) liitl j i 1 1 1 u. P S revolation in (> 1 ^ : ia(S} : : p-, 

h' (J®) ' •‘•r- ••• •./ ; Iu (9) : p'* 

thcrdsi.e* iii.ns in (I' ; ni 
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Or attniiM the qntmn (8) :i^ T« P p 

, X T Q r’ 

M tint ^ at ^ ^ ? 

11 S 3 S 

the erron in ( 1 ) ; erron in (8) : ; jn • if5**’ft»*p**T*^ 

<8): (S)::l:l 

..SS'.E* jr,E» x>* 

S r». S' P* P'* 

*• E^T * P** P'**' 

4^7. Con. 10. In the UUfeient syKtenu tlie nmn nngulnr errori of 
P a whether «e consider the tndUou of apses or of nodes (or emov 


in latitniie and longitude.) 

1 or fint, suppose esciy thing in the tno different systems to be the isme 
(xrept P T« p 'Hill vary. Diridc the whole times p, p, into the sune 
r.amix r of indefinitely snisil iiortions proportionol to tin wh(d> &. llum if 
lltc position cf P be given, the disturbing forces all « eiu'h other oc P T; 
and tlie space et f . T*, tlie linear errors generated in any two rorr«»> 
spofidi ig pardons of tune oc P T . p *. 

die angular errors genemted in these porUons, as seen from T, ec p*. 
Comp", the p riodic angular errors as seen from T x p ^ 

Now by Cor. 14, if in two dillaront systems P T and .*• p be the same, 
cveiy thing cist, varying, the angular errors geneiated in a|^en time, os in 

P» “ji'i* 


neuuls dads, in diflerrnt iqfstems the angolct enori gemawted in Uic 

• K *' 

tunc p <x jpTi 
Now 

I, 

the engaifaHr cAMifl glUEratiid ha the mtkn angular errors) cr 
Hence the memi notiaii of tfui nudes at eeen finau T te mean motion 


4fi8.Cafi.17. 


mei^ltelimi^VlhroeofS f:PT:6T, 
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r- . »£ • ® . . r 

V‘ R»’Fi ‘ 
ST. PT 

rail.\ 
»*/ 


XI. 

«) 


'i>r c or S on 'J‘ . i 4 iCan force of T on P: : — ^ 

P* 

^fbice ot 

. . 211^ in aiMi'itioiis (orce : intan force of Ton P: : p ® : P* 

.• ahl ifitiou:* force z int'^n forcr of T on P; : 3 cos. . p * : P. 

ill lan^Tinifo) juid ceiitia] ab^.liuoiis and nil the forces mny 
I i iimI mi o ot 0 V mean foice of T on P. 

\i/i 1*1 o», L\ Things being as* in Piop. LXVI, S describes 

d. . •! I ) > ii oi ( n< jrlj piojiortion^il to the limes, and the t*rbit more ellipti- 
• .] I Oh. d (lif Mt**' of gi'a\ 5 ty ''if P ind T than round T. 

P T 

1 oi ihr Joro s oil S arc p’gi ‘ 



' the till c< lion of the compound force lies between S P. S T; and T 
.lUi S M,Ol< t!»«M P. 

11 lii** iiiaui T di h \\ 'ind nearer C the center of gra\nlv of T 
m)<.l P. 

ilii' iir^iis M uiul C cre more proportlonnl to the times^ than v]ii.n 
loi t)U r. 

A*-o a - N P >nci\‘.vc oi dccrcavts, S C increases or decruases, but ST 
the , . . ilic cvunpoimd foict i.s more nearly piopordoiial to 
the invert scpiarc of Js C"' than of S T ; /. also the orbit round C is more 
nearly clllpiu* (‘rising C in the iocus) llnui the orl)it round T. 



A 


SECOND COMMENTAET 

ov 

M.CTION \1. 


400. 'Jo fl 1(1 iltc niajoi of au «1ioae periodic tiiae round 

S at i(.M Muu'J ( (lui tiu |«eri'«diL tiim oi P lound S in Qiotioiu 

J ‘t .4 1 juai rli^ aria nuyoi of sn oUipse described round P at mt 
' 1 1 il the axis tnnjor of P Q v. 

1 ( t X c(]ual the axis ntiyor nquiredt 

P T. of P luund ftj m motion : p S at mt s ; V S : V 8 + P 

P. T ol [) in die elliptic axis A : P> T. in ih*> elliptic axis x . : A ^ t x ^ 

P 'r ol P r<'uui 8 in motion : P.T.io the Aax. x t A* ^ P). 

Bjr liip. tlie Isl term cq^ials the 8«4 

.•.A»Sa*».Eirp 
A A;x:;(S+P>*: S*. 

“Wl. Fiior. LXIII. Hirvif^ giron the vehxi^, {dftOtfi and directions 
of tso bodies atttacud fo thnr oonmon ceixtei of tlie forces vary* 

i'lg inversely oa tbo distwNnV *0 nMMoni of bodies m 

fixed space. 

Since the iaWolinotlmis |»dUa«»gb^ of die center 

of gravity ok giron. Aad «• defevtbn tbe oa^e moveable cune 

lound the center of grae^ oa if onater arete at raal^ vrhik the ceuUr 
troves unifixndy in e lane. 

• Take therefoie Ae, moltoa of the oaiiter propurttonal to the time, 
i e. prcperiionetdo 

moveable orbits* 

/ * t la'* 

* U ImrWiw sens Iw ywyoriliB to th* Uetw 
toito oirtai as<aksm He Wisxlly* t v n mi, <lAvaMt<*o*MtTltlil>aru 

oS ttMo^ fk||mgAe|L 
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403. I^x 1. Let tne booy Pde^cr1be a elrde rannd while the center C 
mos es uniformly forward. Take CG: CP: : vofCivofPf and with the 



/ 



1 .'♦» i € • ii'd. C G describe a rirde G C N, and suppose it to move 
M pmI ill n<i a H, thin P will describe the fiochoid V L T, and when P 
M «• cl. sn ib« <1 tije '•f-micj' P A B* P will be at the summit of the trochoid 
point ci iIk «»einiciTi uraference G F N will have touched G H, 
li II 4 tj’i ds the semu'ucuoilerence G F N» 

“ V of P ; V of C . : P A 13 bemldrcumference: C R=sG F N semicircle 
* : • C P : C a Q . e. A 

'1*jS. Kx, 2# Let the moveable cuive 
be e parnholiij and l«’t tbo i oiilcrc fgiavity 
TTio\e III the dircUion of its primitive 

\ViiiT) tl'e bnlv i»atthe vertex ^ ^ 

A'l Vt S' be fhx of the center 

o» iMiv, jiid whi! * S' tins described 

]ly S' s, I* ' V bare described die / 

lie ot tbt ] .n « t>! » /\ V I 

Let A N =:■ V, N P •=: V, I'e the ab^ A' S" 
fici<%b.i. luid oi JifLiio ol ihe ciixve A P in fixM space. 

I » t Ip o^pi d the piianHtci of t3»e parabola A P. 

.•.AN = J* A'S=.^'S = x-»?* ^±S*=2l 

4p 4p 4p 

SN«-AX — AS AN P — 4 P'^- 

ArcttASPr-A VP— SNIV.^ANx NP— JNSxNP ^ 

Eir 7 . 

*l> ■ 4p 8fp 

By Prop. S' S cd A S P; therefore they art in sO®ae given latia. 

L«l A S P J S' S : s tt : b : ; ; ICJLZlZ* 

24 p 4 p 

*UCPss:CGtK<» Piitv* In luni spboe heccxM thr tvmnaon 
If r P > C Q ■■ ■ the oUiKigiM trodioU. 


s 


N 





KfiW'rONS HtINCIPlA. lk» 

Wp*y as 

A j|r*+ ■y*+ 18p*‘y— -Ilpax ■» P. 

Equation to dw ourrc ta fixod space. 

464. Ex. S. * Let B S'* be tbaoHdt of die earth iouikI dw laiiH M A 



that of tiio t >0011 ruiuul the eR*tIi> tken the moon will, Sfinte|gaMWti|i|doA» 
tittC( 01 1 a lonttactod or protrartail ^sicyck^ oooorduig aa A L has a 
greatu '>« lot- circumfcnmoe than A M* and the orbit pf the noon ronaA 
th^sun Ailt consist of twAiye epiegrekdds, and U will betahrays eoneave Jio 
tilt «un. For 

V 

roftheet-rthtothesuti: FortluiBwpntodM««tbt:|^ : 

400 1 

in a grratcr ratio than 2 : 1 . Biit tho {brea of dm Oartlt to the sun is 
near!} equal to dm foree of the moon to die sun, tbe foitCb of the in<}on 
CO the eairdk .% the deflettim 4o tbo mm edU uleMiyt bo miduii the tan> 
geutud or the cttixo is eontmiMfianndii dMfmuik*| 

465 Prop. LXVt If t|bi«e with foi<*(K 



\ COAIMENTAHY ON 


T.XL 


i *4 

/ the gjvatc5t, ♦he iunermust of the two wHl wore neerly diiseribe the 
proj;oiUoi)si) tc tht ttmc, nrd a figure wore nearly similar to an el* 
if f*»r <Trent( .t bociv bo attracted by tiie ollicis> diaii if it were atresii 
wi I it Ii w« ro 2 cted naich more or much le&s than the otlier bodies* 
M : I'T L : S P, 

r T 

i- r?. 

PTxSL SK'xPT. 

* ^ S“P“ " ^ 

K- : S J** :: SL : S P). 

1 / f .iii.a S itvulvc in flic same plane about the i^Teatest body T, and 
I • • 1 .. • ih< (•ibii P A n*ui V S K. Toke S K the mean distaiicc 

r P 1 • 4 i M, iind let S K rtjucijinit th«‘ riHi action oi P to S At that dis* 

I iju'* 'I .% S 1- . S K : J S K ; S P-, and S L will icprcieut the 

I'l It .* ' v»l S on V at the «li*^taucc S 1*. Rcbolvc it into tvvo S M, and 

I }1 para'll 1 to P r, '1 m2 V wii! be acted upon by three forces P T, L M, 

S }l 1 ’ll' fp .L foiK* P 'r itiuK to T', and varies inversely os tlio dis- 
* I. , /. P oitgJit by tli’n lore to clei.ml)c an ellipse, whose focus i> 

'I « m laL I M, be ing paralli 1 to V T may l>e made to coincide with it 
Ih ^IiisJiiection, and the body P \'ill being urtvd upon by a redlri- 
pet \\ r <uc tu 'i\ d< < cnbe nrea^ proportional to the lime* But since L M 
l.ics iM«( »uv».i'»eJy a*. P T, it will moke P iL^ciibe a curve diflerenl 
lo)iu V » u I ‘1 il /. the L M is compared with P T, the m*>re 

will iiie i M ^ diiki from an cllijNO. The third force SM, bf ing neither 
hi ilu* dircHlioii 1* '1\ ’joi vmyma: hulie inverse S'pio re of tliedisiaiicr^ will 
liiaki* d 1 bi* I . no iougerdesaibc areas in proporuoa to the limes, and tlio 
cai *0 d I i r \ urn b-ii, tlic Ibrmol an ellipse* The body P will *•. cle&crihc 
rums <1 . t s |K>p(>inonAi to the toneSf when this tliird force is a 
i.u:»imu'n, iiuo I* l» \ it appr<»ach ncaicst to llio form of an cllipsp, when 
(. »i li X I louts arc mininia, ^ow let S N represent the 
aitiiii hviii v^r N V 1 r i«ns i. ^ 2S, and if S N and S M weic eiptal^ P and 
T being ctjiutlS a.i* ut«d ui purjlUl d?re<t5oii« would lia\e rebtively the 
sam sauaiion, and T S N be greater ot less then S M, tlieir difierence 

N ih ^hc iliMuil>i»ig ioiro* mid the body P will approoch most nearly 
the equable description of areas, and P A B to the form of on ellipse^ 
when M N is f'itlier imilung or a minimuin. 

Case 2. li the bodies P ami S revoiTl(,aboi»t T in difFerent jdancs* L M 
being pamilel to P b wPi bn\e the same dBbct as before^ will neft 

1 - 



topiff)^ bMMj^ArtnS^ di« i >^i) a m . rf lii» 
«i^ptiij|i«fjl»Mi% Mdk m»i t» ImIok 4iliia d!itnirt^|ftm !• ^iqiylR^pi^ 
i|l^]C^|»«iniBii»«n,w]iNlmSN«;«4^ , 

4M. ^ e>6y||»te Ae m^iiidido of tit* aiMtt(]i^ imiHP, wlunT 
toon^ ia a drcular oibi^ and in 4a Mine fUm» 


Let die waf^ from die fpHulraturee P C 'Jl^ ajt 



1 

8|A; 



\ 

£\ 


S T 3S <]» P T s r, F a( tbe divtance (a) a M»' 




FonP s 


Mil* 

* 37 ”* 


.*. From P in die dircciioii SPi— pT«tdPt PT, 

.*. F in tbe direction P T a x 
But S P* a d' 4- r* — 2 dr fiiu. 4, * » 

••• F “ ->» >■ T » jjrjrp^i^hKTfl 

^ lndefiml»l||f fipypaiBd widi ] 

in dttaKtMnskm, aU t|ie tewm^may lx j 

taoUbes fiben ta topared 

I'TaA. 8/ pWpatUan aa beib»a)i, Ipwa ill 
_ M a* 8T _ ,* * 

1 ' 



356 


A ( OMMENTAlljr QV 




M&* ^ . t. ^ 

. force in the fUreciion S T ss “* *■ " «!>• i owntg^ tUlCtt 

rani^hva ^(itn conipnieil Kith and the foce 8 on T sst ■' ^ 

„ Ma* , 3Ma r ^ 

.• ablatitiou** F = '“JT" • W* » ^ •^^ST’ 


=: 3 A • sin. I* 


f: 


\ 


— J 


/ 


Ll V 1 (.<)iial the mlditnioub force, then the ablalitionb fiiTC^ equ&U B P Rt 
toi r K FT-:sin. ^-(1 =r r), 

5 r K = 3 P T • bin. ^ ss 3 A • sin. 

1 o »».jolvc the abiHliMoim force. Take 

P ni ; P ii : : P T : T K : • 1 : cos. ^ 

8 A 

« . ) ii P in X cos. 4 s S A X siu. ^ cos. ^ =s • sin. 8 ^ 


unsl^mX PKssSA. sui. * 


o A ^ ~ COS. 8 ^ 
O A m — g~— - , 


.*. the disturbing forces of 8 on P are 
1. 'Hu addititious forcts^^,— s A. 

S rii> »<'luilias foice nhich 1 . resolved into the tangential |)att 


3 A 


. £ i, .ind th it in tfai directien 't P 


.A.isAsti, 


whole dhtuibuig fone in (he direcdm P T sr A •** 8 Ay 

s= A — • li>s.8 4 ~ 8 it apd in tiietirhole 

rcvolutiuu the (iVuoo «.usme d«|^ojrs the negativoy therefore dta whole 
<1 >-'u<htng forct <n a eamfdete revolutioii ht i||b|^tiou% and e%aal |o cgia 
half u( the inejii .dilititiou^ f >' ce« 

467. 1*0 ccnpinre N M mkI 1. Id. 

* L M t r T : ; ('* L fcg§j*)7S ^ 

L M ae 








*' ;<v. i.V.'r- '^r V 

* . ■« '^*.'<3^’ -’ '^»*''i ''* - **,'**>^^ 

';' *-r • ■;'•?•' 

. ’ ' •• *■*■*'>■ . ’*\'' <*"’>•• 

■‘ i>' 

408. Next let S ood P revdve in; ^ 

N P N' be P’s orbit, N N' ibc Une ilf '«%T 8 an 

8 A . sin. i. Pass a plane tip ijt Aniilii P« ' 

^dicular imp’s 


to the plane of K 0 
hif it in-tbat ^rbitv T|n_^;p^|pPijK tg| p i^ 


nig it in tbat orbitr 
tu N" 51 podiic^ j jomj 
planes of 


M^diMikr 
meatr 
i^aiar^eular 
pbU ef Um 








«r iiM’if-tiM noiiM 



h:.h a OOMlCENtAltt d6 

P T : T K : r 1 s S ain.V 
T k : K IZ : : 1 : rin. f 
KH: K F : : 1 : sin. T, 

..i’T: KF:tI:S sui. I. nn. f , mtt. T, 
4bIatiuous !• rce perpanUicular to W F 

=• 8 J’ T X sm. {. MH, f> X aio. T -3 & A K uot^.diii. f X pu T. 
gfl. 1 H I e it apptars tliat tfactf are fianr £>roee acting on P. 

C 



1. \ttiattion of P to T * • 

IM ft * I* 

S. AJiliUtious F in the direction P 1' 

8. Abiatitious F in the direction P T :i • . sin. ' i, 

M 1* r 

♦. Tangential pirt of the aU.it’ticus fince ss }. • -^7— • «»•* #• 

Of 'he^e till' il'icc' first .-vims; m tl r direction of ♦he radiu«-\»-<tor do 
not Uisturli 'he c'j’ Lie dtxiit 'ion €>f Mrcas> the fopith acting lu thi. di- 
re.* til '• c.f I T ,4cii' j' r dock uitermpt it 

S>iiif tiulparl ofF’»fona«il^tiier*!'roliHlOTiif PM-sSAx 

aui. < at t‘. i *), ilicnfore P m ss 0, and cmMqoesitfy tine tangential 
F ~ ft : fi.in f > A, P 11 is in consequontia, anditbaM&vn acceleratct 
die biwi ji I' i>t \t It 1^.1111 eiiutiis 0. and from A to D ia in atatecadentia) 
and thcrci'brc rctar i» P : liont U to P il ■itrf'fentes: Jran B to CPit re* 
tarda. ^ 

riMiifaro vh > % Joelty id P ia i^Mastat A aiid B, bcqinae diese 
die points at which the •cctiecadMls caase iw< ai d nti o n| ,btgfa» 
the Telocity k leest at D and G. Td jBtfd^lllll^^lPa^y'iiidiiM (yT''dhe 
tion of diu tang ential (bica.* <,«•' 

dZs.FdxsSA.nn. 

a Vliiifc«d<i*.ti«e r Ti . miatnuia m ihi fli i n ss a twiwbdni|My>^^ «U 
^udbAtm a 4 ami aSWiwy ailMr Hat U ii 


; i.s 



Bttt when 4 a ^ |A« t»i^ei 4 ia( IP » 6rpod bm> vdoei^ b pn>flae<d|» 

.’. coe. S A » n «t I, *> 

•*• 9 1 (* — ««»•* *> «"i A- * •l«*-H‘ 

.’.iV’’ as S^A. Ihk*^ t 

.•, * at V* 8 g A. sin. <» 

.*. ^ m (do. ly* 

• Id 

% whole f on the moon at me mean (tibtaneu . f of 6 oa T t ; 

and the force of S on T : add. f nt the moan ihai.uico (m) : t 

.‘.wholo f ot the mean distance : in * : P* : p^and X whoIoftEC, mitt, 

Kow f on die moon ut any disUixr *°* r~t **" ‘^***’^ ^ mtoii 

dtsuiice ( 1 ) -« f — a* f — 

ptf mi»* 

* V8f*f 

* nijd ihcrefoie nctflya-Pj**— 

.'. m r (wh^oh equals the addititious fosu.) ss f. r. — ^ 4 -} • 

409, To coiD|iay<^ the ablodtions end oddiHtioiu forces u{k»i the moon, 
with ^ iirciA o^^vitjr upon the earth’s surfoee* (Newton^ Vol. 111. 
Prop. XXV.) ^ , 

ndAft fofSonT ‘ ' 

, " > ST PT 

fof 8 ,ott T : roftliewutlt op tbe,ttooa;( ; a# ^ v , 

' 4tadtt.f i^fdfthtAtarthon^moon ;t p* : P* 
f<tf(ltee^«kt{b»iiiq«^ . fon^tx^gravhy ;;*1 ; 60*, 

*' p» ; . fi) 

, A|l^£pdi||ddiop|^|prM :: 00*. PT. r*. (‘i) 

y* % »* j. > «•« 



A COMMENTAJIY ON. 






P >'< <!<• ’cribe grearer areas in a tinie at the sjr^y|(|i«B daut at 

irp j !.*t!rjl IIP 

I'lu* Kiw iji uI'LimUousi i ^ J . P T. Sin. 2 ij 
> j luic (lit c*i <ci ptit>ri ar^AS jrom quadifttuteA to ia(|j«tatd 

I Juju^ /y^i s to (|u:iiliAtaics, nince in the fonuer eat^ atn« 2^]^ positif^ 
Ti'l in tilt; laltor j c<iati\c*. 

!•> coTiuiined in Cor. 2. 

ri.c ^liHt fjuailraiit d. sin. being positive the velodl^ 'ineieasest 
.ri r)u s^.oTiii d. sin. negative the velocity decreases [kc. fi>r the lat Cor. 
:.ti C. r. ifcr. 


a! o \ :<f /i muMintun when fdn. ^ is a maximum, i. e. at A and Ba 
4 J (. t 4. 'rfac ciirvAtitre of Ps orbit U greater in quadiatures than 


ivi rlip s;'Ay;:y 

'Hio wisole F on P = -p 


l^r a * r 
d 


3Ma»r 


cos. 2 ii) 


K 


^3 M a ' r . sin. 2 C\ 

L TiV ) 


Id tpindrafuus nui. 2 ^ s: 0, 

M a-’ , M 41^ I* 

••• *• = + -r- • 

Viui 111 2 C> = ISO, 

sin. 2 *» ■=: 0, co». 2 # ar 1 


3 M.I i , 

ad-'l' 


„ 3 M a * r 

• r.is.8<) =s — -rj — » 


. »i. » I - 1 f> .1 Mn‘ 2Ma*r 

til. nhol. 1 on 1* 111 tiio syr. = — — — -- 
^ r* u 

V' i» grpntt.r in tiio quadrotem than in Uie i>yayg^eB} and the >’e]ocil 7 
IS gfi’utvi ill tlie limn ai thu quadratnrm. 

1 F 

lint the iurvatuiv < ^ x y is greatest in tbequedratttxes and 

liMsit in tin* •'j/jj'ifs- 

i73. C(*R- n* iMnce the curnttare of Ps oiNt.tt greatest in the quadra- 
tnreanU least in Um sy/ygy, the eircuhir orbitMsiiM asstiine the fitrm of sii 
ellipse whose major axis is CD aitife minor A B- . ^ 

P n'Ci-d< s taithri Iron T in the qaadrature than hi ^e syzygy. 


4TS. Con- ii- 
The whole I 


. n P in tha line P * “*“* ** 



10 


mniciPiA* 

«oa HI qrib -*» 

let liie ablattAotn force oa oquel tbe additltlou^ end ^ 
Me*r_8M'**ir » 

.*. un. 3 ss sin. SS *1 lIlC' 

V S * ^ 

Therefore op to this point <6001 qjuidmtiin tlM Alititioot fot^ 
then the MUttidowi end fimn tkhitoVMfo equallf dtatmlk fttfot'* ^ 
pointofqwicheture^theebletlliMnis greeter dutm the 
in 0 wboli revolotim the grenty of P to T if'‘^b>tmiit«e 

wmU be if the orbit were dtcular ot if S did not oet» end P tg *J i @ ei ^ 

end since the action of 8 is alternately iucreeoed or flllidllWiyh 
P ec from what it would be^rere P T conatent» both on atcoi^' ttFlINk. 
vaiiation, and of the absolute force. ^ 

474 . Con. T. * Let P icrolve round T in an ^Updo ovbHit 
,, .. , M a* , Ma* r . b . . _ - ^ 


P tn the quad, ss 


+ "t + cr. 



.% Q«(> M^rinee dw owlNr ie greater than the de- 

nonfa^oa G ie >tpt,ll||pjy>r»v tW a|ieide«>«re cegrecehre if the aenie 
efibct k preduecd as ki^jM die nt1|1(jj|^t||ii fonde ie greater then the abla^ 


trr 


than the de* 


f ^^^f,jg^gi^j^^jteSn41^wl|Mer<n«MBi^a«starsh* mMi ifcsa In (oinntr, 

^ iis y ^ssi! !^ **^^^* T^^V* ' ** i f^ MMsfoilHtf SlifGthll »v« tthffpte^ ift TtinUl 



•M •» 


A commentary on 


C8ec>. X% 




111 tl' »’k* ij'sifk" are prix^csblvc, and since ^ 

*>■1 ni|ii«',>vi iiictioTi a'- Jiiiii:; n.M ttiw ablatilioiis force is greater than the 
^ii'oiiu <.us, fiii'l hIku ilic ilktn'hi'ig iorcesare equal, loc ^ n c, therefore 
O s. 1 i. t. ih Jin-' t>f apsides is at rest (or it lies in V C produced 
Odi.) buicv t(tc^ etc regressive through lil*. 4' and progressive 

'»T8» *,8' the' 111 ou the whole progresuve. 

'!<• <uul ill 1 fleet produced by the tangential ablatitious forces on the 
\ lot iijf of I' Ip Its orbit. Assume u s velocity of a body at the mean 

(lisUiii'e I, iUtn-^ s velocity at any other distance r nearly, the oibit 

iiiiiiig ncnr'y circular. 

!.< t \ be the true velocity of P at any distance (r), v d v s g F d x 

^ K ■= 1 . For tbf tangent aMclidous f =: § . P T . 2 f,tod x' es r i*') 

= J P T. fu I , ^in. 2 

..V* :s •— 3PTmr coa. 9 ^ + C’, 


C - 
- r* ’ 


Ibiiiv ii ipiv'jis thill the lolrtcitj IS greatest lu sytygy and least in 
«]iiacli itiiit inn ir Uie loim'i ci s. . civ. 3 is greatest and i^gative, and 
in the lam r, gic.i>« m and {y>'>Ui\i. 

To fliui the iiK tomciit ut the moon’s velocity by the tangential force 
vliilt 'he int'ica Aom qiuidratniv to sytygy. 

v‘ s: — 8 P T.ffl. r . 008 . 8 4 d* Cr 
blit tb< iiikivincitt s 0, i hen I s 0^ ‘ * 

C s 3 r T.m.r, 

.% V* = 3PT.m.r(]— oos.9 4)B6PT,nkr.ti^/>, 
and when .* = t)0“, or the body is in syrygy^v* =s 6 P T m , r. 

476, C'oH. ti. Rwre the gravity pf P to T,tfe twice as mifdl diniimtS^ 

!. in^iytygy io it is hH!r«aM!d in quad^ijllnrc^ by die adlm of tlie diAttnliutg ^ 
' fetwe 8, the gravity of P to T doting • vliole veiaotlUion ts diihinkbid. 
,|Emr)khi' cKsturbiug ibrcaa dcp«)d on the propoftiaii between P T end 
It ob 4 tbciefore they Ivtcomc less or greaser u fT S becontas gyghir 
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or less. If thmiiftirn Tll||j|^wftl iiK'|nni|0 nf rtn Trill UTitilf 
nioi»dta4pfiUMdl^sndthQl«fei« PT^iriHtMt'tibf in«Noaa«Dt * 

Now P*. T 9c xr^fii^te"ferw ' vImb S T il ^ 

' tninikhedf R is lnrrcab<>(.l and the abtoiote fitroe dlmint^ed (fin* the ab- 
solate force to T is d'lmnishcd by the inerrnse of the dKtnrbing force) thft 
P . T is increased. Iti tho same way when S T is inrnsuevl the P . T is 
diminlshedy therefore P. F is iocreased or dirainishr.! oceunUtij; as $ T 
is dimiaithed or increased. Il^ce per. t of th-' nioou is Utorter in viiiter 
than in snminer. 


OTH»RWIS8. 


476. Cor. 7. To llnd the ofibet of tbo disturbiug fon < on Uiu motion 
of the apsidcv of Ps orbit during a whole rrvohitiait. 

Let f s gravity of P to 'F at the nuan diUatice (1), then p as gravity 
oi P at an\ other divteucc r. 

f f 

Now in cjuudralure the whole force of P to T as + add. f s: y, + ^ 

a and with this force the distance of the apsides a ISO* / 

which is less Uion ISO*, tlwrefore the apridco are icgriBsivo when Uic 

f 

body is in quodiuture. Now in $yz, ^ whole force P to P a p — 

S r X f thaelorc die distunea bcMhan the tnuideb zs 180* 

w 

(v greater than ISO*, therefore thedptSdesaraprogresbivv 

when das is in syaygy. ,t. . ^ * 

Bne ait ftil^ bnss (8 r) wfiien eausea the progression in Hfzygy is double 
die fine. <(1^ edUl^ can^ tha regresrion in quadrature, the progressive 
mothtn dian the ngresrivjlf motion in the qaadralu'w 

^ ^ ilDlsidaa' wriU be progrcf>sivr 



^ 9p^» win be piogressivr m 




PT . $pr 


. cos.St 



, A COMMENI ARY ON LS*cr. XL 

tt7. (' II', 8. To calculate Uic dletarblog force when P's orbit is «x> 



P T 3 P T 

'rhe central disturliing lorce = — • ^ + - y - coh. 2 i sz 


ni r . 3 in r 


- • cos* 2 i (m is the mean add. f). Kow t sr ^ 


1 — e* 


6 cote U 


hs i\W. 1 — c* + e . cos. u + e*. cos. ^ u» &c. neglecting teims in- 

* e* c* 

\olvIii; I , btc, =• i — g + e . cos. u -f . cos. 2 a; therefore the 


tontiul tli »ii»rbin*» iorcc =. 


m 


. me* m . e . ec*fl> u 
2+4 2 ~ 


ri e • cos. 2 ii . ... 3 ni c ’ am.® • ... 

. , 4-1 r.i cos. 2 „ — . cos. 2 ^ m e. cos. u . ros. 2 ^ 

12 2 


in « ' i.os. 2 L) cos. 2 P. 

■178. Coii. 8. h has LftMi iihowu that the :ips»ides are progressive in 
syrvfsy in ct>iisc(]uence ol’ the ablatitious force, and that they are rcgrcs^ 
aive ill ({Uudraturo froF.* i}*o (ilcct of the ablatitious force, and also, that 
they Hi'i* upon Uie whole progressive. It follows, tlierilbre, that tlie 
greater ihc exersd of the ablatitious over the addititiaus force, the more will 
the apsi(lt>s 1)0 progressive in the course of a revolation. ^ tmy 

{iosition HI M nf U\e line of tlic apsides, the excess of the ablatitious* in 
conjunction T in i pposition zz T% therefore the whole excess 

ss 2 A 1). Again, the excels ot th<* addittiious above the abladtioua Jonse 
in cjuadratuie = C I). Tnorefore the^apsides in a whole fevoluticm will 
retrogiade if 2 A B be less than C I>, and pc^pesstwetsif S A3 be 
gcoatcr than C D. Also their piogre^on iltt greater^ the gnmlev the 
exc^ of 2 A n above C D ; but the oxcess'^is Uic greatest when 
in Bjaygy# tiien A B is greatest an4 C J3 theleast AIso^ when 
is In ayzyg) the ap^tdes ticing progressive are linovbg in the saiie * 

itcii^irtth 8^ nndt tbereferc will remain for shme length of timo 
Aglbb^ri^ epaidea are in quadmlurc AB s P 
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' ' t r 

but if Ae orint b» osiurljf' dtudvr. S A B « gMMtcfr flUBi 09; 

the aiptMes «re ptiU in • m^I« rtmiotion iiK%r 4 i#i^ iltoi^ 
niudi M jn the fimner cosBi * • ' 

In orbiU ,ne«rfy ciroulat It fi)UoKB from^O sz when E « 

that if the fuirce xarjr in a greotci ratio than the inverse aquare^ t1ni« 
apndeti aie pmgrcrave. ti therefore in tli«> intcr&t. aqnare thej era 
rionaty, — if in a leas ratio they arc rt|p!e^ee. Now fiom qua^ata^ lo 
^5” a fiucc which ce the di tancc is added to one varying inverMiy'ha 
the square^ therefore the compound variek in a less ratio than the inverra 
fcquare, dieietore the apaide* are rej^'CSaive up to this point At this point 

F cc tbfttiore they an stuionary Fmm this to W* from 

another □ » iinatmly v trying as the distance is subu acted fiom 4fM^ 
sniyuig inversely as the hqimii, therefore the resulting quantity amfdl 
ill a greater latto than the U)v«fse square, thuefore the apsidaa ||i^ 
progtessive through SIM**. 

miu itwiSL. 

479. C^n. A It has beat shown tiuit the apsides are piof’resMve m 
syzygy in oonseijuvnce of tlie at^titious force, and that they sre regrassivo 
in the quadiAtnrch on account of tht odditiuoiis toree, and they ore on the 
whde pcogressi.c, because tiic nblattt'ous ioice n on the whole greater 
than the od'liiitious. the greater the ckceks of tho ahUtitious force 
above llie additmous the moie will V tho ap*ides progressive. 

In any {KMtttnu nt tl.e line A B i>i eonjaiKtran the excess of the ablati'* 
tious above the addititioua .s 2 i’T, lu oppokiUon 2 p u the whole 
cxcesa in Bw^syiyi^ s 2 F p. In the qua^tures at C the ablatiin ns 
force vanishes. the age^ of Uio addldtipus * addition -=- C 1. 

d>* vrbdta addidtiouk in die quadratures s; C D. 

NovdlM apndes «iU, in tfic whede revolution, be progressive or regrcs* 
Mve^ nooordii^eeS Pp is gaeUer oi^ less than C D, and then tht progree- 
sionvriU beipaatest in diat positiontnf the Una ot the apses when 2 P p>- 
C jP Ja ^ gseatesly h «• when A fi is ip the syrygv, for thou 2 P p 
2 4 S^»lfcejr^a*B|t ImM J*® eHtpss^ and C J> » E jr oiiIIiuU =- 
leatt 'ilte focni. •^1lPr<-«4?D is a Buiximum. A1 o whtii 

iL 1| B is ^ sy)^, ^ tii^ of lapjyi^ progres$ivO| will mov#* ihi* 
foiilE ,*., k w ttwsjn h» *h|fc longer, and on tlni. . ecount 

w ^ apsides ai» in «'>e 

'q«N|l4l|Ul22iB<P sw PWa B< and the oibit betug uca I\ 

eardAMl^ n nearfy eqtiaK^i^ /, 2 P p — O D Is posiuvr , srnl tin 
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ajjsiJf s are proj{i'«»iire on the ivlicJc, iliuugh not so much m in tb« hut 
, f ml tbo apbl(le» being mgretsive in the ijuadrstUKs move in tihn 
dj-rtiifa to S, are soewor out of the qnadnttatei^ ^|^ RgKv 
I ,< 1 1 tl.i* (juttlintmc i& V ss than the ptogression in the 

480. LiM.'fA. Tl from a quantity wbidi fit ^ any quantity 

he buhtraettd or A thr iemuin(]«‘r will vary in ft higher ratio than 

th invt-rsc squall* id A, but if to a quantity varying as ^ another bh 

ji'dc I 111 (ikh « A, the sum will vary in n lower raUo thon^ . 

I I c A* 

jj he dimiiiiailiChl C A = — If A increases 1 — c A* 

docriasosf, and increases. .% thequuntity derreosesy I — c A increases 
noil increases. increase^ from both these accountSs -% the i»-Iiolc 

A* 1 

4 u lutity varies lu a Ingher ratio than ^ . 

1 + c V ^ 

If C A be ftddi d — • as A is increased the numerator incrtascsy 
and decicase-?. •% die quantity does not decrease so fust os and 

if A be diminished 1 -r c A * is diniinishedg and inereasedn the 

* . . 1 
quantity i.> not ircrcHScd is ft»‘i &c. Q. eado 


oTue&)i»i8r. 


ItU. CoRv 9. To find the effect of the disturbing force da the exfoih 

1 *» ^ 

tricity of l”s o>-bIti If V were ucted on by a force ce ^ » dbe cxeantmiQr 
of its oibit uould ni. t be nltcivd. But since P it acted on by a force vary* 
iqg jpaudy os md partly es the diataaee» the exctmtridty will oondnoid- 


ly varyw 

Suppose the line of the apsides to tioiacide ttith dte qaadratnxa^ then 
while the body moves from the higfaCr'lo<the^)iwcr«apse^ i^Vne^^pon 

by ft fom which does ^ot inereaM'^&st ns foe 


p •f m and the bpdy will describe an orbit cat tcri fo 'ia ^ 
which' woqld lie de$c -ibed by die force « 
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wfil be &rtbcr from ibc £)ca« at die lower i^jMe thul % wowhl bare letli 
Imd it oui\ed in in eliipHr oriMt, or Uio esoentticily is dinii&Hlied. •il»i 
AS the decrcaso in e&centricity is cau^ by the force (m r), the ImMan 
f 

forc^} is Miili respect to the less vil) be the diminution ofex 4 kiiitd<!Ky» 

Now wlule the line of apside<« pmvos from the line of quadratures, the ibree 
(m r) is dixiunished, and when it is itiolmcd at an angle of W the 
Jisturbin j ibree is nothuig, and •% at those four iioioUi tlie cxcentricity 
ipmaiiis unaltered. After tins it may be shotin in the same manner that 
the cvccntiicity will bo contuiually inmoacd, until the line of apsidei 
coincides with the sj*zygics. I It nee it is a maxmmmi since Uie disturbing 
force in these is iiog*\ihi. Alterwards it mil dorreaso as before it in<« 
(Tcas<d, until the lino of onsides ftfpitn coincide^ with (he line of quadra- 
tiiio, and the excentiicity is a niinimuin. 

Cor. 14. Let P T s= r, S T sa d, f ^ loiu? of T on P at thi distance 
1, g =: force of S on T at tlic distance, then tlie ablaiitious force 


ss if... the position of P be given, and d vaiies, the ablatU 

tiou3 force or Ilut when the position of P is given, the ablatitious 

: addititious : : in given ratio, «*. additiiions iorco oc or the dis* 
turbing force a -p. Ilencc if the absolute force of S should a the dis- 


turbing force Qc • Let P ss Uie periodical lime of T about S, 

pr « ^ — density, d = diameter of the sun, then the 

^ A ^ 1 

abwlate foive oc A 0*, then the (}j<«turbing force « 

parent diameter)* of tbe son. Or since P T is constant, tbelincar as null 
as die mgulnr eiTors « in the same ratio. 

4S8. Cob, 15. If the bodiefe 8 and T either remain nnchunp'cd, or their 


absoliite forces are changed in any given ratio, and the mat^n.tude of tlic 
orbHtl'deeeribcd 8 and P be 8<$ dmnged diat they remain similar to 
whal ihef Were b^>re,.aad thmr inclination bo unaltered, suite ihe itu 


«raiSig4brce ^ P to T 1 ^eelonaiqg force of S ; 1 


absolute force o( '1 _ 



^ ^ ^ numemton OSd denominators of the last 

mSMrt «VBt0^(H%;ed in ibl Mae given ratioy the aoreUratmg fotecs riiuaiii 
ioidM swno ^do as before^ and the linear or angidai errors at os lufoic, 



368 


A COMMENTARY ON 


£ilRCT. XL 



i. & i"> lb' rii.i meter of the orbits, and the tlcoes of those errors cc P Ts 
« f tit .* bi^iiics. 

CoK. in. Ihnf^ if the foims and inciinatuAs of the orbits remain, and 
the nia^'titudf <>1 the fortes and the distances of the bodies be changed t to 
find the vcriition o'* ihc rriors and the times of the errors. In Cor. 14. 

It was sh>iv>”. I ow ''Oil when P T remained constant, die errors oc p,. 

Now let P 'I' also 'X, then stnoe the atitUtidous force in a given poMtkni 
1 1' P y. P T, anil In a given position of P the addititioos : ablatitious in 
n latio. 

(\>u. It a body in an ellipse be* actcil upon bv a force which varies 
in li niiici grt'ater than tlie inverse 
sfj.i.irc f»f the diManctf, it will in dc- 
from the hifjhor Btotlu* 

]<• wn A, be draw n nf‘.'rer to tho 
cent i, / iis S lb fixrd, the execn- 
tricit^ Incrciucd, and fjoia A toil 
the exn nlricily will be iiicrcaseci 
a 1 s 0 | because tho fbvco (h^rc.ises the fabler the disianco'' inprea&es. 

481. (("(ui, 10.) liot tl.*' piano •'!' P’s urbit bo inclined to the plane of T's 
orbit Then Uic «icldititioMs foice beiii^ parallel to P T, 

Is in tliC s.uiH* plain* >Mth ii, .\nd s\ df)es not alter the inclination of the 
plane. Bbt the Hblatitiou*) foico acting from P to S may be resolved into 
two, mif ;uiah<*l, .uul one pn-iHnahciilar to the plane of P*s orbit The 
fin. If Ps oibit = 3 A X bin. (» X sin. Q X ain. T 

will u * .... pi u!.i( distance c»l P trom thv' quadmturesg Q a 

flistnnc' it tlu III* ot till jiotli • iumi tht. i^yrygy^ T s first iocline^a^ of 
thcp*‘'»ns. -• 

Hu < i wh n the bill, ot tin* nodcr is hi the syrygy, S =: 0, •% aiiii as 0 

Ui» foro‘ iUiS perpendiui*ir to the plane, 
niul tl*o inclination i*i not elnngeiL When 
tile lino of ihi. nodes is m the quadraturos, 

^ s= 90®, sin. i« :i maximum, .% furct p'r- 
pendicttlai procluccb the greatest chsingc 
in the inclination, and bin. i being pobi- 
live from C to D, the force to change die 
inclination continually acts trom C to D 
pulling the plane down from U to C. Sin. 4 
k negative^ three which bafims was posi- 


C 
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tive pulling down to the {done of S’s ofbit (or to libe plane of th^ paper) 
now ia n^ative, and pullb totheplanedf thepi^>er. But Pt oidlit la 
now brlow the plane of the pi^r« .% force atOl acta to change the nudina* 
rim. Now amee the feror O to D oootmaally drawa P towards the 
plane of ETa orbitt F wQl ertive at that plane befinw it gets to n. 

If the nodea be in the octants past the quadrature, that ia betwwn C 
md A. nrhen irom N to D, sin. i bdng pobltiTu^ the indinariqn hi di* 
miniahed, and from DtoN' increatcii, inclination is diminisho^lAMOugh 
S70°, and increased through OtV, in this, as in Uic fomer ckde, it is 
more dmiiniblitd than increased. When the nodes arc in tlie detanta bee 
fore the quadraturei, i. o. in 1 > H, inclination is decreased from H to C, 
diminished trom C to N, (and at N the body having gut to the highest 
puuit) increased from N to D, diminished from IV to N', and increased 
from 2 N' to H, iucUimtion is increased through STfr*, and diminialMd 
through 00'*. .’. it is increased upon the whole. Now the inclinatiou of 
Pb orbit is a maximum when the force peipcndiciilar to it is a mininiiun, 
L e. when (by expression) the line of the nodes is Jh the syiij’gics. When 
U the quadratures, and the body is in the syzygics, the least it it increased 
when the opsides move from the syzygics to the quadratures ; it is dituin* 
ished and again increased as they letuni to the sy/ygics. 


485. (Con. 11.) While F moves from the quadrature in C, the uotles 
being in the quadrature it is drawn towards S, and comes to the plane 
of iPs orbit at a point nearer S than N or D, t cuts the plane befuro it 
arrives at the node. in this case the line of the nodes is regtesrive. In 
the syqrgies the nodes 'rest, and in the poiiita betwi'cn the syzygies and 
quadratures, th^ are aometimes progreasive and Bometimes rigrci-sivo, 
but on the whole regressive} .*. they are either retrograde or stut'oimy. 

48Q. (Coo., 12.) All the crroib mentioned in the preceding corolhuios are 
greater in the ^qrgtes than in any othw polata, because the disimb.iig 
force is greater at the oonjuocrim and oppoallitnh 

497. (Con. IS.) And since in deducing the preceding coFoilaries. no n > 
gard was had to the m^nitude of the principles arc true if 8 be i>o 
great diet P and Tiuvtim about it, and shicc S is im-reased, thcdistuihinf. 
force is increased} irr^olaiities will be greater th.in th<'y were iK.-lbr'*. 

(Cob. 14.) 1, |C s = N ITM =s " - sin. .•. m 

pspadon of P, if P .T ranttih unaltered, the forces N M and M 
‘ . Tsfc L As 
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, j X X jpji^^.ofTfbr(~ct.».P'« i5^) 

w})L*tli(*r i}ic absolute force \ary or be con&taiit» Let D es diameter of 

0 rr cicoMt} of S, and attractive force of S os magnitude or. rjuantity of 

1 Mill I a 1)'* Oy 

foicn L M oud N M « 

u’ ^ 

n H Ij- “= iii)j>arcnt diaaieter td S, 

ii icea X ('ippaicnt Jiameter ) ' d another expression. 


(iJoii. J.>.) Let another body .is F' revolve round T' in an orbit 
n to tlx. ozbit c>f P round vvliilc T^is carried loiind S' in an orbit 
tlijjiai iu that of T round and let the orbit of P' be equally inclined to 
that of 'f' with i}»e orbit P to that of T. Let A, a, be the absolute forces 
ni 'i; a\ <)t S', T'y 


a ceJcraliiipr l«we of P by S : that of P by T ; ; * i 

. Oil the orbits being similar 

accclouitiiig force of P bj S' : that of P' by T' : : x^T 2 • 

•. *1 A' • «' ; * A . a, and the uibits being similar, 

S P • P T' S'P' : P'T', 

JKC* 1« I iting iou*t of P' In S' : that of P' by T' 

. ioi.L' oa P by S . force on P' by T', 
and tlie erruis iluo to the disiuibing forces in the case of P are as 
A 

^ j,, X I, ni the case o[ i*' and S an as y-rp-r, X R, 


lineaj euoi , in ibo ihst ca^ that tn the second ; : r : R. 
da. cjroi'' , 


Aiigulai *iiors x 


K 


niigulai errocN in the firNt rase : dial in the second 


1 : 1. 


VT T x* • linear errors 

Now Cor. 8. Lem. X. T* a 'TC — 

^ iingida r errors ^ 

.*• T* ot angular errors, 

.% angular errors : StU) ; : T * : P *, 

T* X P^ X angular errors, 

.% T X P for = angular errors. 
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490. (Cos. 16.) SiqpfioM Sm: forcts of ^ P T, 8T to ^wey in any nun* 
ner, it is required t«t«onpsre the ongalar errors tlut P describes in siini* 
lar, and siinilsrly sitoated orldts. SufqMMo the force of S and T to be 
conttnnt^ bddUitians &rce oe P T, if two bodies describe in similar 
orbits =c evenesceot AMs. XSnmr errors oe p* x P T. 

.’. angular errors « p^(p as per. time of V round T, P s that of T 
round S). But b/' i$ar. 14. if P T iu girciti the abaoTute force of A and 
ST*. 

Angnhnr errors « 

if P T» S T and the absolnte force altunmtely eeryj 
•Dguter erims « , 


/P 3 per. time of P round T - 
'p s per. time of T r.utnj Si 


M ii" r 

* -J.-' 


, linear errors 

angular ej rors * twdiiis” 

liii. * jrors » fitree T* * ^ X P * by l.tsi C’or. 

, rP' }’*\ 

angular errors « p) • . 

■RT* 

Now the prrr»rs d t X p s whole angular erron * 
error d t * p, titcocc the mean motion of the apsides * mean motion 

t 

ui the nodes, for each « for each error is formed bg|r forces varying as 

proof of the preceding cordlaricB, both the distwbiigg dbreeSk aitd .*. the 
errors produced I 7 them in a given time will * P T. Let P debcribe an 
indefinite small angle shout T (in a given f^tion of P), tlien the linear 
errors genersted In thtt time * force T P tmw*, bnt tiie .(hna of descril)- 
ii^ B et^lea ebont T oe whda perioihc time (p), .*. liucnt mors * 
PTp*, and ee'tiae sawt'i* true for every smali portion, similar; the 
Uiieer errors daring' A whole revolution « PTp '. Angular «ri or^ 

SB •*» « P* .*♦ lichen *8 T, P T, and j^ie absolute force vary, th ' 

t ^ ■tmjlliite n t ..tiS 

Shgular erfon se ^ ' g (when the absolute fotr. i* 
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nivtiu.) NW the error, In my dmAfCtMTikritie tbewhoiecyproaii^l^H^g 

B resolution a ^ • *.*. tlie crror6‘!il •lijrg[yen*tiins : Henca-ilie 

ntciin motion of the npsidei' of orbit vanev^liie^iiiesii noUoiirof tlw 

nulcs and each will a » the excemrUdtiii nilMkliaattoa being attnll 

I (I i(*tnait>ing Uil .lune. » 

l*)l ^(’on. 17.) To compare the disturbing forceiMmth the force of 

I’ !<• r. , * 

absolute F . a 

•mF 


V of S on T : F of P on T' : : 


V 


ohwl ute F 
i\i:i major ' 


"sTT 

A. ST TP 
. ^§}\ ^ 

S T . TP , . ' d; r 

^'.W r* 


i,.f.in a<lil. r : F I'f S on T — ^ : 

. IMP ut idil. ; r i’ on T ; ; p * ; P *. 

loy '!<, ('(■m))ire tjio dcnn.lics of different planets. 
l.ti I' ii.(l I’ tu* the ]KUuili«. limes of A and ^ r and ^ tfaeir distances 
fioiii ill • Im Jj loi.nd whith they revolve. 

r «>t A to y : F of 1$ to S : : 

')>iiniit> of niatt er in A , do. in B ^ J)*of AxdaiMty . D* of I ^X de nsity 
I'l aiipo* dbiiincc^ 'diataneft* ’ ~Qistence* 


irxd IV'xd' 
!» ' ■ r •’ 


r 

pi • prr 

1 1 
p'iJfT. 


* il ; il \ p-, s ‘ ^ • j* , , 


e*.. 


■ S » P * ’ 

where S and .S' represent the af^rent dijineten of the two plhnets. 

403., In what ymrt of the inoou's otbit is hi*r gravity towardoidia aortb 
unaffected by the action <ff tho sun. 


and when it is acted upon, only l^the force of gtwnty s fix the 
other forces then have no effect. 





nuiraiPiA. an 

r S ]iA*«.at!r*cos.«4 . Jl Ms*lr ^ >4 

» a= 0 

1—8. -g— ^ + -g^ StiK a ^ =r 0 

I ^ a ^ ^ un. a ^ s 0 

, ^*8 1 -sinyc ^ . o. - 

1 — g + 5 + n MI1.9< Si 0 


Ltt X =: bin. 

(.*. 1 I + J — j sui>*49 Hr jl X 2 ««. ^ X cob. ^ =r 0) 
uid 

i-?^+-»xV-n^ = <>. 

An o((iiation fiom vrliich x moy be foiuid. 

491. Lemma. , If a bod^ moving tawfordfc a plane given in iJO'*iti(mi l)e 
u( tcci upon bv u liircc |v i pciidiculor to its motioii tending townrUs that ploneg 
tlioliKliiMti >ij iA die mbit foth# pliUie mil be mcroANCil. Agniniif tliebody 
be moving from the planci mid the force ncU tioin the plancg tlic inclina* 
tion is aNo Jiici eased. But if the liocly moving toauids tlio phuiis anil 
the force IlihL iioni the plain*, or if tlie body be moving from the plane, 
and the force tends towards Uic plaii^ the incbuation of the oi))it to the 
plane is dmiiniblicd. 

495. '1V» cnlciilflte that part oi the ablatitious tangential force which is 
employe d in drawing P from the plane of itf orbit. 



1^ the dotted line iipcm dieectiptic NAP N(ibe that part of Ps mbit 
wbttii lies above it Let C D be the inteieection of a plane drawn ptr- 
lieodicidar to dtei ecliptic ; P K perpendicular to this plane, and 

Asa 
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Anc to the <>cliptic. Take T F as 8 P K; join P F and it wUl 

rrpic II I. disluibuig foice of the son. Drayr P i « tangent to, and 
F i p' ipi-'ii'x-ukr lo tliu plane of the orbit. Complete the rectangle i no, 
anil P F riay Ikj rcsulvf>d into P ni* P 4 of which P m iadieefibcttve force' 
to iilior ihu irrlination. Draw the plane F O i perpemficiilar to N N' ; 
ihi'ii F G i& perpendicular to N N'. Alto F i 6 ta • i%bt angle. A$« 
iuine P 1 ‘abolar rad. Then 


P T . T F 
r F : F G 
F (1 • Pm 


R : Sg\ 
R:. }.. 
R;i J;* 


P T : P m : : E' : S g. a. i 

« PT.8g.8.i 

r m s , ■ ■■■■- » 


n rr sui. C =. sin / dibt from quad. 

0 s s>in. p sill* z. dist of nodes from 

1 sin. F T i sr sill. F G i s; sin. iiiclmation of orbit to ecliptic. 

Hence the force to draw P from its orbit as when P is in 

the (juadratures. .Since g vanidies this force vanishes. 'When the nodes 
arc ill the sy/^gics s vanishes, and when in the quadratures this force is a 
nia\i*nani. bhice s ts rad. coian. parte. 

40(5. To c ilculnte ^hc quantity of the forces. 

Let S T = d, P T =s r, the mean distance from T as 1. Ihe force 


I. 

./ 


I - L 

'■ (_ \.1" w 

— yii"“ 


M 


o*” T \>ii P at tlie •ne.ui disnnee b f; the force of S on P at the mean 
distance ss g. 

Then the force S T = , and the force S T ; f P T : ; d : r« 

force P T B , hence the add. f b ablat f s the 

mean add. force at distance 1 b the central ahUt. 9 siiti * C Ar 
tangential ablat. f ss . ab. S 4. 
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Tin Wbole dutarbintt force of S on P ^*^***^ 81; the 

neen (^tarbingf ■> (smeo coa> 8^ mririret) m ^ ~ bgr snpposi* 

fflAve 

Hence weluive^^ wbolegravitatioD of P toT X 

f rr 

cote 2 and the mean ^ ~ (since cos. 2 viiiiiii|^ill^i^ 

I’ROBLFM. 

497* Required the whole afiect, and also the mean efihct Of tlie sun to 
diminish the lunar gniv%; and ahow that li V mid p be the periodic 
umes of the earth and moon, f the earth’s attraction at the mean 
distance ot the moon, r the radlus^vector of tlie moon’s oibit , tlic addili- 

tious force will be nearly represented by the formula |*p-j — ii^}o. 

P narS P T. sin.* 6, and P T — 8 P T . sin.* #»» — + -^ P T x 

\ 

cos. 8 s; whole dinunution of gravity of the moon, and the mean di> 
P X C T 

— -g— + -g-Jr by supposition. 

Acaui 

P* « d* 

•b- f d , 

•‘•"3T * F** 

498. To find die central oad aldhtitton# tingradal forces. 



Tfllca P 18 te T f aikMdoitt force. 

Than P n «■ p • sin.*#?tt|'OMit^ forw 

f » P i? oto . » t as jri>laddoiis force 

Tojftnd idha;^ icilie dUlurbng p. 

' 4*4 
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XI: 


Tlic distill bing fiircc 


= PT — aPT.sin.*# s X 


I‘T = 


+ g P T. cos. 2 6. 


'i'o ii'iil the mean disturhing force of S doriog a wbola revolution. 

P T 8 

liCt I* T at the mean distance ss m, then + -g- . P T ce 


PTcos.2« 


73 *’1^’ in 

;= — s; — ^ - sure cos. 2 4 Is destroyed during a wliole revolution. 

too. To find th< disturbing force in jijrzygy. 

A T — A T =; 2 A T B disturbing force in syzjgy; 
t! f forte in tj'ndistiiro is wholly efiectire and equal P T, 
ibiii in •luadi'Ptara . fin sjvygy : : P T : 2 P '1* ; : 1:2. 

To fi 1(1 tlmt jioiiit ill P’s orbit when the forte of P to T is neitlier 
imreasod uor diuiinidird by tiie force of S to T. 

In this P n = 1* T or 3 P T sin. * < s r T» 

. , 1 

bin. t S -ssn 


i B 35" 10'. 

Ti And whtn the central abLtitlous ibroe is a mindmuiq. 
P n B 3 P T . sin. * S zs tnaTimnin» 

.*. d . {bin. * ^) oi 3 shi. S , cos. S d 4 b 0, 
&!>.. i.ios. t zs 0| 


ii*. . v*' 1 — suT.'"T ss 0, 
j.nd 

sin. « B 1, 

01 the l.)dy ib ill 'jiiKiiUioii. 
llicii tProp, L\ ill, LlX.l 

i -1 ' • -i 1' : C P : S + P 

II d 

1’ . t ’ : : A : X * 

•. A ' : S + P ; K 

and 

A . X :: iS+ P) ^ : sK 

500. PiioB. Hence to correct for the axis major of the moon’s orbit* 
Let S bt the earth, P the moon, and let per. t of a body movii^ itt n 
gecondaiy at the parties surfiice be found* end also the periodic 4bne id 
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the innt)n. Tben we may find the axis major of the moon's orbit round 
the earth supposed at rest == x, by supposition, llieii the t’orrertt*d axis 

or axis major round the earth in motion . x : : ;S + Pj ^ : S ^ 


axis major round the eaith in motion 




S ^ 


Iluiice to compare t|je onantitjr of matter in tlie earti) and tnooDp 

A 8 

y : X ; : ^“JS’ + P ; V'S 
.•.y’ — X* : X* :: P : S. 

bOI. To de^ne the addititious and sbintitloas forces. Let S T repre* 



sent the ntlia* live force ol T to S. Take 

hL,ST.:^^ig-ip:;ST*:SP* 

and S I. nril! repivacnt t)ic attractive ibree of P to & Resolve this into 
S M, and L M : tlien L M, that part of the force in the dltectiun P T 
is called the adiiititions force, and 8 M S T =r N M is tlie ablatitious 
force. 

502. To c<«inp(.rc these forces. 

Since S L : S T : : S T * ; S P% S L sa t ~ attractive force of 

P to S in the direedotl S P« and S P : 8 T t : t “ attractive 

force of P to S in the direction TSasST*(>5T — PK)"" ssST 
4-3PK; :s: SMaeatly, 

S P £ US' T hf.s P L ss abktitioas force s 3 P T . sin. i. 

P T 0 L M s P T nearly. 

Henka-t^addltitkMie jbc0 £>ree : : P T;8 FT. sin. r : I 

Q.a.d. 




BOOK III 


1. Pbop. 1. All secondaries uro fomul to describe areas nmod the 
primaty propoitiousl to the time, and these periodic times to be to eoeh 
other in the (lesquiplicate latio of their radii. Therefore the cmiter of 

force is in the piimarjr, and the force t* 

2. Pbop. II. In the same 'way, it ipay be proved, that the son is the 
center of force to tiie primaries, uiid that the forces ce , . Also the 


Aphelion points arc nearljf at rest, which would not be the case if the 
force varied in a greater or less ratio than the inverse square of the dis> 
tance^ by principle^ of the Otb Section, Book Ist 
S. Pkop. '111. The foregoing applies to the mo<m. Tlie motion of the 
moon's apogee is very slow — alxiut S' in a revolution, whence the forte 

will 06 vis • It was proved in the 9th Section, that if the ablatitious 

force of the sun were to the centripetal force of the earth ; : 1 : 357, 15, 
that tlie motion of tl a mo<m’s apogee would be ^ the real motion* 

.% the ablatitious force of the sun : centripetal force : : 9 : S57.45 

• : ; 1 ; 178 


rbis bdp^ very small may bo neglected, the remainder ^ > 

ttcen force of the earth on the moon : force of attraction 

^ force atlhe^bstance of thehtoon .* centripetal force at 
: D*. 

l^^tie beet observations, the distance of the moon from 
<1lii.ns|||ft^^9gS whnnt 'ill Senudiuneters of the eartii in syzygies. If the 
body at'the sante distance deprived of motion in 
i!toipsoeteCMhininntc^itwouIil fall thnmghfBspace ss in ,'/feet For the 



3^0 1 

kJo- f -m Jj-, lansTcnl in nM g toNr ofoTe the 

jkji i<c i/iJl A at ibo 6urftice o^ite ea^^kij||l^<ai^Qi||n^ket ‘ 

For 60 ' 1 1 : : D*f 

« 



ttiLiice ir c mi*i>i retained in its . •‘bit by the force o/ the earth’s gravity 
(j 1 <: lieav} lituiu i on tiio eartli’s surface. 

C. Vnov. XIX. C} the figure oi the earih, the force of graviij at 


Ae 



\h ' poll • ^orro ul 4 »nti*y it the Ckiuator : ; SW : 888. Suppose A B Qq 
} •p^cMuil Mvolvlno^ the lt\<>scr cliaiiioter V Qf and A C Q q c a a canal 
1,'led with watcT*. 'Hitn .he nngl.t of the arm Q q c C ; ditto of 
A fi c C : ; 2S9- The t- iitrifrgal ibue at the equator, thei'eforc 1 

.uppc.e , ol the weight 

siij » the r «»f the diameters to be 100 : 101. By com- 
putation, the ntti action to tlir earth at Q : attraction to a sphere whose 
rulius =s (} C : : 128 : 125. And th attraction to a q>here whose ra- 
dio:* A C* : m u i spheroid at A formed by the xdTolation of an 

il^ipri M) >u1 nnjoi :: )2G * 125. 

The mtiuLtiop ti d r i .hth at A is a nit iii proporticinal between the at- 

tractioDb to ibi' ^ph \ f.i so ladoj- rz A aiul th^ oblong spheroid, 
since tho ntliattu u vaip ^ ts the qnaiituy of mafer. and the quao'Uty of 
inatUr in the oblate ^ph» loij is a mean to the quantities of matter in the 
oblong ^phcroiii and tl c circimisi nbing sphere. 

Hence the attract ioai to th<‘ sphere a*bosc radius A C : attraction to 
the eaith at A :: 126 ; 125 

.*• attraction to the earth at the pole : aliraciion to the eardi at the eqoa- 
tor : : 501 : 500. 

Now the weights lu the canals a wholu weights oc magnitudes X 
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litff Ahtn&io the weight of the* oquetoM wlo : weight of the polar 
: : 600 X 101 : 501 X 100 
: . 5U5 : ftOts* 

Tbct^re the ceutritpgel fevee at the equator support^? <o make an 
equilibrium. 

But the ceUtriiiigak'feroe of tlie earth supjiorts • 

4 1 11 

***605 * 5^ • • 100 525 ” exc<^s el the equatorial over the polar 
i.'uliut* 

Honce the equatoiial i polnr . * 1 -f * 1 

: : 280 : 229. 

Ai> 4iii, Miicc when tlio In t s of rotation aixl 'lenity ate 'dfflerent the 

V* 

f i the <IinriK*^i.r cc , . arid that the time of the eaitli'a rotoi- 

UUIfr. 

lion s iJli. .5(/. 

TIk tm 0 of Jiipitcr'b rotation ss 50^ ' 

T)io ritio ot tlu* sqaaics of the vdiocity are as 20 2 5^ uud Ihh deotiity 
ot the euith . d* nsif^ of Jupiter : : 400 : 0h6. 

29 400 1 

<l the difieience of Jupitei^s diameter in as X ^ ^ X 

20 400 1 

d : Ju|Uter*)i least diameter • t g-X gjg X t : 29x80 : 94 m5x229 

: t 9820 : 21640 
; SB8 : 2164 

tt. i. 1 » 9| 

The polait duuivelfr : equttoiial diwneter t * 9^ : 10^ 


' ON THE TIDES. 

« 

r. TM8 V^OXESA OT rax TIBBS. 

' i 

■ffim tf^a^eediag Mgb snittxsis 12 hoais .5 
leimtM. vfriiit atatiy as dim squares of the time fron' 

» ''f. -f* 

V Td^ytjjjrtt Jumif ba called die lunar day. TIj- 

ftlterwid hatilreilfii kwo coiii p lh ^ tfda% tha tide day. Thr first luny i>c c*ill 
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cii iht w Ip II irjfcrior^ and at tbe time of new iDoon^ the 

M>» 1 r jf .1 Ki 'iig. 

;f. i iio Ijigli \*tafer is \ih n the mo( n is tu S.W. tou8» Tlie highest tide 
t Lhi lit t da) #1 half nftci lull or cliange. The third full sea after 
till high *1 .tt ihe full moon is the highest ; tbe third after cjuadrature 
tliL I >Hcst oi Ml i]i lidi, 

4 Also flip higljofrl -pnn« fide is iivlieD the moon is in perigee, the next 
g iMle IS tin. loarcst, smi' the moon is nearly in the apogee* 

I I tl) spring tnhs in <>ieoter than m summer, and from the 

biiiif li. scniii" the neap tiden ait h'>\tr. 

r». fn iiiiAd) lititudi, nhrn tbe inoonS declination is north* that tide in 
uliuh flic j . fvi IS il ovt ihc hoiiason is i^u »t( i than the other of ih^ same 
iln IP ivlnch fM( moon IS bt low (he hon/on. The coiUiaij^ will take 
P< ui if Ilia I theobsvivei be m bouth latitude ot the tnoo)i« declination 

M 111 

'up. I ‘^njipose P to b /*iv 
I uMih tiwnrJ.9 a ccntei I 

md hf tiu }.ravily o^* V to S be ripM- 
‘piiud lij Isis Dtttw ii \ jirpr^di- 
‘ U'l fi I* Ich ^'ill ih^'r lo»i i- 

pir inttiK di«imeiii if tht piaiu of il- 
liimnjii*iou. PriM N perpinauii 
1 \r lo b A, P IM peip uJ cuhu to L ( • 

I 111 n Ukc L I rs 9 P N, auvl join P 1* 

I* 1 will iopK-»it tht dist I 'lUio foicc 

of P I nni) *n Mbohed i’oo the 

two 1^ 1', I* y* 111 wl‘» !i JMj J < jUMlcr- 
KiL need 'n .jh ^aa . tul toloiee* 

r () <ts III f jv. tl’rect'oii N V 

Hfncc if the whole bi d\ In svippcsed 
to belluidf tlic fluid ii* tlu canal N P 
will lo;e iu cijudibrnOii, and therefore 
cannot rciaun at Now« the eqnU 

hbilum may be lestoi d bj adchns; a 
small poiuvippto the <unah car by 
supposing the watei to subside round 
llie circle 1) A, and to be collected to* 
wards O and C, so that the earth nay put on tiie form of a|Mfotiasf|ie« . 
rok^ whose tutii is iti the line U C, and pides in O and whii^ mjr be 


n 
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tlto cue since the itffccs whkii ere siqpendded ce N P, or the distance 
{rom B A, 90 lhat this mass may acqnii'eauch s protuberancy at O and 
that the force at O shall be to the force at B : : £ A > £ C; ind by the 
nbove formob 4 

_*L - ^ EC— EA 

T “* 4 g TETa 


S. Pttov. il. I^t W equal the terrestrial gwritation of C ; O equal Its 
gi avitaUon to the sun ; F the disturbbig force of a particle acting at O aud 
C ; S and £ the quantities o> matter in the snn and earth. 

• F • W • • j. I . . ^ 


Since the gravitation to the inn « 


and 


CS*:ES*;: ES;CG 
C G X C S* s= E S*. 

. V w E 

£ : S : : 1 : 338843 
K C.ES: : I : 23668 

ih ' : : F ; W. 

4W; 5F ;:C£;EC — EA. 


Attraction to the Qole : attraction to the equator : : 1 


4 d 


: I 


». • 


3(i 

'6 


Quanli^ of matter at the polo : do. at equHtor : : 1 : 1 — > d. 


Weight of the |X)Iar (umi : sreight of the equatorial arm ; : I — : I — j. 

, , 4d , 

1 + -g ; 1 

Exceia of the polar bb attractive force : weight of the equator oi 
4il 

mean wel^t S'l* 






6F < 

swr. 


•f . 
V 


fo Pnor. lit. * A S a Q |)e dm apikerokl, B K b Q the jnstribe<i 



A C OMMENTABY ON IBoor UI. 

j li ) - A ^ ‘ t> ^ iroimsciibyd sphere, «ml D F d f Ao sphere e4ual 
('n < j)*c'(v^ •’> tliii spheroid. 


A 



TJ)» u since i«’s anu splKioi.ij «■ ij'iol *o , oi ihvir circuwsctlbin" 
urn' tl’s' 111 j i.( ".,J =. o.Utre D T d h 
< X <•' 1> - < V. X C A 

( I.> r r . • D : i i, 

.1’ II I'l 

Cl.'.' } *. X 

1’ : . 1 . 1 X 

■ I • \ 

,■ t 1>: ( I . ; » A ; K 

blit 

C' I - s. 1. in .t'l/ 

.'. t’ V r IV. 

Also 

F X r ? E 1 ' pcnilv 
A T> -- 9 £ r.> 


A z Oi 2 X uMrir- 


• 5 . » « K Ur«AKjr 
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* P«Wi IV, 'By the hmni^ p I Xj, 01 N» ’ 

A B: 1 L : : V* : (eos.^*4kToX 
.% I L s A B X (cai.)^^l C A sa SjX (eoB.}*x 
(if S ss A B Olid X ss ei^lw distnnce from fiMt urn's piece.) 

Again, 

G£: KI::r*:(siq.>«/.TC A 
K 1 s $S X I*™.) * <5. <K. 

Cob. 1. The elevation of a spheroid above tlie level of the nndbtarbed 

^ \ t (_ 

ocean = li<~IinsSx (coa.) * * —“ g ss S X (cos I • 

The depression of the same ss S X (sin.) • x •— 8 ss ,S X (sin.J*x-- |^ 
Con. 2. Tile spheroid cots the sphere cijuol in capacity ta itself to a 

point Afchere S X (oos.)* x = -g- s: 0, or (oos.)* x as J. 

cos. X ss 67734, Ac. 
ss Co.,. o*l^« 44* • 

10 . Pkop. V. The uiu quni graviiatiun of Uie,^^lh to Uie moon is 
(4000)'* times grc’iter than tuwaids the sun. 

JL<>t M equal the elevation above the inscribed sphere at the pole of 
die oplteroul, y equal the angular distance firom the pole. 

.*. the elevation above the equally capacious spbcreasMx (cos.) ^7 — 

• the depression ■ ' i — ... asMx (fin.) * 7 

Hence the efiect of dm johit aetton of the sun and moon is equal to the 
sum or difference of tbdr separate actitxu. 

.•. the elevation at anyp1aoeteSX(co8.}* x+Mx(cos.)*7— i if+M 
tlio depre^on « — asS X (fin.) * x •(* M X (sin.) *7 — § 8+ 

1. Suppose the sun and moon in the some place in the heavens. 

Thun the elcvationat the pfie ar 8 "f- M | 8 4- M s= | S + M) 

the depression at the cspiator s S 4* 1^1 9 6 4- M x: * S 4. i\l, 

.*• the cletration above the inxotibed sphere ss 8 4> M. 

2. Suppose the moon to Ije hi the quadrafnres. 

ITie elevBtion at S as S — « 8 + M^ss S — ^ M 

thedeipfesmonatH^ f ss ^ 8 — S[ M, 

Che fiemfion at % fixrr* mi ipeevib^ sphere s= S — M, 
die desb^ at ]){ (by the aaese reasomug) ss M — 8. 
Bul(^«bmrWidoift) AisJiHdsdf^ voter im«{<r the uKKir 

ifdiaxtit is ii» iIm ^padntumb aUki that^.j^f ^rcssion at 8 is bclov. il>e 
mitBrai jhafi of dtt oeaoai MBeei fiope than twice S> and althnug.h 

^1. B» T 
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(he lii/jh Water never diiectly under the sun or tnoM). wh«i ibe moon is 
111 the ijuadratures high water is alw'sys 6 hours after the high water at 
fuM '^r change^ 

Suppose the moon to be lu neither of the former positions. 



Then the plutc fi I igii w ui r i'> where Uic elevation s iDaximuiDt 
01 wlitn S X cos, ' s -f M X co<H * y ss uMtidbritaBH 
and 

coo. * X s J } cos. 2 X. 
and 

cos. y St I + i cos. 2 y. 

elevadun ss maximum, when Sxcos.2x4-Mx cos. R y as 
imum. 

Therefon.', let A B S D be a great cirds of the eaith pmring Aroogh 
S and M, (those places on its surface whirit have the snn and Aa 

aciuth). Join C M, cutting the circle described on C S,ia(llD). ‘ttalte 
S d : d a } : fin re of Ae moon : three of Ae son (whidift^ is sit|:poscd 


Book IlLl NBWT0N*S PEINCIBU. SST 

knonn). Join m a, m d» and lot H W any poiitt on tba attr&ca of ibo 
ocean. Join C H cutting tha circle G on S in (b) ; draw the diameter 
h <1 h', and dra«i m t, a x |>crpandiciilar to b and a y i^uallat to it. 


Then 




to 



Ms 

Sd, 8 

s 

ad 


and 







^MCH s 

y,4.S 

c 

H s 

X* 


.’. 4 . m d h B 

24.M 

r 

H B 

2y 

and 







^adxs4.SdH s=Sx. 


d t = M X co<i. *2 y, d X B S X CO S \, 
ilcvation sz maumiiia when tx =r a y r- mjxuiiuni, 
or wlic'i u ) s a ni« 1. c. \shut It b' i« poinllcl to a in» hence 

COXiTBOCl lOX. 

Make 

S d : d a : : M : S» 

and join ir a, dtaw h h' poralle' to ain» and fiom C dinw C h 11 cutting 
the aurfaec of the ocean in IT, which !<> tlic point of high water. 

Agoit’, ihioug'i b' draw L C h', mcctuig tlic ciicle in L, L'; these ere 
the points of low water. Foi lot 

LCS B ii,LCM B *. 

cos. 2: a d X B cos. /. S d h' s cot. 2 4 . S C h' b cos. 2 a b d k 

anti 

cos. ii t ss cos. 2 L C M s d h 
.*. & X cos. 2 u 4* M X cos. 2 a sttnnx. 

(or. If d 1 1x drawrn perpendicular to a m, a u represents the whole 
d (lorciice between high and low watery a f aeptob iha point effected 1^ the 
sun, m f that by the ntoon! 

Tor 

ijn.* It SB cos,*it, 

. 

.*. elavBlinfl •f dspMufoojdt f t <4- M X : cosT^ - > 

j 4" S X CoS. X— “T 

4* M X i ni«.*y .fif :fcSiir*x^i 4- M X iScosT’iT— 

** ' rflp X C0I.2X + M X cos. ay 

and * • 

’ dtilhMx cas»*y 

I- ^x:«»s8 X eoib^lx. 

■* 





viisffTotrs vmmik, m 

Henee ifttbe octmui ni tii^ mtenr ae^tncMirt'ii 

nwtion; ii^igntngr it » lAnNiri ia ^sdtMuriw Tbnefore <|m tide 

di7 ia ^ octunti ttt i4li.'S0^ at UwloQMriUjj io it is len ss-Sib, 
9yi in q^nUtirw s: flfli. to'. 

For tak« any |nint (n) ndiS^ {m)» draw u a, u d» and d i patalM to « a 
odd with dw center (a) and xadina • a* describe an are t) which may 
be considered m a strri|^t line pMpriidtoular to a n di i h ore 
respectively equal to the modona cf M And And fay triangles u m T| 
d m f. 

u m . i li : : m a * m i. 

Therefore the synodic motion of the moon’s place * synodic motion ot 
hi^ water : : m a : m f. 

CoH. 1. A.t new or hill moonyin a coloeides witli Sa> and m f with Sd; 
at the quadratiuesi m a comeidcs with C a, and m f witjt C d ; therefiwa 
the retaidatiou of the tidea at new or full moon * retardaUon at qnadra* 
tnres :.Sa:Ca*:M4‘ S:M>-S. 

Cob. 3. In the octants, m a is pei|iendiculAr to 8 a, tlirrtfore in u, m f 
coincide. Therefore the synodic motion of hi|d* voter aquols die ayaodis' 
motion of the moon. 

Cor. 3. The variation of the tide during e lunation fa r c p i aa antad by 

(m a); at m a s S a, at C s C •• 

Therefore the spring tide : aeepride : : M •(> 8 : M — SL 

Cor. 4. The sun contributes to the rievatieiit till the hi^ water u m 
the octents, after which (a f) la v es riMtnfere the amt diminishes tlic 
elevation. * • , 

Cor. 5. Let m A be a given arc of the moon's ayaedic modoD, m v is 
the diiierenoe bttwern the tides as My n n coa!ei|HD^g to if. 

Therefore by jhe tahat|^ 

muimTs^iAdid^ 
m y « d f } 

and since 

CH 

e kuonn 


m d t df t : t ; alltv jn d'h : : r : sin. 3 M 

. . 


j 

4 a end 4 m d a I 
B oiii^lbajn^'adlfongation. 


18,Pn6ri,YL 

when die livs&wm oiMt’tta j>^' 


: I tut M t tan. h 
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then 

lur 


* — b • + b 

V = — - , X S5 -o 


M + S : M 


:mil •!> da:ntd— 'dft 

^ inad+amd ^ mado— amd 
: tan. ; tea. — 


; tfliia X + y : tan. x — y 
; : Un< a : tap. b, 
x + y:x*— y::a:b> 

«*. 2 X = a 4> b, 2 y = a — ba 
a + b 

... X — g 


and 


.V s: 


14. Pkoi>. Vll. To dud tlic proporhoQ between the accelerating foice<i 
ot tbe moon and bun. 1st. By <oinparin(< the dde day at new and fult 
in<x)n with the tide day at quadratures. 


3.1 : 85 
/ M : M 


M* S, 

3.. + 8.1 85 ~ 85 


2 


2 


: : 5 : 2,'a. 


Also, nl the tinu. of the gii \Ust .eparation of high water from the moon 
ill the triangle ra^ d a, ni d t d a : : r . bin. 2 y : t M : 


S 


'M 


sin. 2 y. 


at the octanib y i<> found 
R 


= 12“ SO', 
— fin. 25', 


M : .S ' . . 2 \ luaily. 

, Hence taking thW as the mean proportion at die mean of tbe 

moon and sun (if the earth St 1) die moon =s i~. .. 

. TO 4 

Con. 1. Itf tjie disturi^ £b>ees were equal there wodd'be no or 
,le<r iratar ef qmdrabireat but theot wonld be an deration above tbe in- 
ecribed apberoid all round the cird^ peautig Uirougb tbe bun and moon 
tsvf iH'i- & 
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Coib The gravitation of the son produces an eievatioo of iittlie^i 
the gravitation of the moon produces an elevation of 58 indbes. 
die spring tide ss 82 inches^ and the neap tide ss 88| inidies* 


15. Cob. 3. Tbuuj^ M : S : : 5 : 2, this ratio varies nearly from (6 : 8) 
to 4 : 2, for supposing die Sun and moon’s distance each as 1000« 

In January, the distance oi the sun s 288, perigee distanes of the 
moon S' 045. 

In July, the di»tanoe ctf thu sun a 1017^ apogee distaim of the mopn 
s 1055. 


Disturbing force * hence 

S M 

aptigee 1.901 4.858 

mean 2 5 

perigee 2.105 5.925.* 


5 A* d’ 

The general expression isMa^Sxij, Xp. 


* 


Tu find the general expression above. 

Disturbing torro ot diOerent bodlpe (8M Koa^Od,' Sect. 11th, p. 8^ 
C'or, Ik) cc jp. 


.*. disturbing fuicc •S.idistuibing force at man distana : : D* : A* 
disturbing force M : distoibuig force at meaA' distance : : d* « 4*, 

^ 5 * A* «» 

’ ’ *• g • 2 “i)'*' A»’ 


M 


3 ^ A* d* 
g X X yi. 


<or su] 


.•.hfts'|.XSxj^*X^ '' 


* **■ * 

10. PtMb VIII. Isel If EAm dmlhllh, N S^its oxii^ E Q its equn. 
', O its eater} lefcllte.niQljltt Ifo ifivdetian O M having tbo de* 
aatkm B Q. ^ ’ 


tor, 

clinatkm 




EnEsmtiB^^ 


•i -2 A COMMENTARY ON CBookBI. 

Let D be any point on tlie surface of die eard), D C L its pftrallel of 
b’diacir, N D S its mcriJian ; and let B' F b' f be die elliptical tipheroid 
ot the ocean, having its poles in O M« and its equator F O £ 



As the point D is carried along its parallel of lat^tde» it vrill pass 
tliiongh all the states uf the tide, having high water at C and L, and low 
water when it comes to /^d) the inteisection of its parallel Of latitude wiUt 
the equator of ihc wa<'*J v spheroid. 

Draw the ineiidi'in N U G cutting the terrestriil equator in G. Then 
(he arc Q G (converted into lunar houis) wiU give the dnradem of die 
clib of the superior tidc> G E in the same way the flood of the inferior. 
N. P > Uie whole tide G Q C, consisting of the ebb Q G« and the flood 
G Q is mote (h lu four limes G O greater than the inflsrtor tide. 

It the sphcroi ) loiicli the sphere in F and ii C CT b the height 
at V, L 1/ the licii>Iit at Iicnce if 1/ q be a concentric circle C' q will 
he the diifcreiue ot or and inferior rides. 


coNctnsioJta obawk rnoM raop. vm. 


1. If the moon has no declinotioib the duration of the inferior and su- 
perior tides is equal tot one day over all^the earth. 

t, If the mouQ has decIutatkiD, dm duratitm of the superior will be 
loi^ or dioiter than die dufstion of d>e ’infiarlwc aetad^ or die 
moon’s declination and dm latitude of die {dace en ^ the seme or 
eiit denominations. , 

* 8. Wben^tbfi tmton’s declination^equals dm odatftode or eioeeda k> 



BomlJII.] NEWT<^ jIRlNCtm. ’ 

diBin will only b« • superior or infioioc tidb in tli« ««m dtyi ^die psiikil- 
Id of latitade paasiti^ through t or betwMn K «nd £) 

4. llie sin. of are G O as tan. of latitude X tait dedination. 

For 

rad. : cot d O O : ; tan. d C : slu. O 
.'. sin. G O s cot d O G X bin. G d 

s: tm. dcclinatiim x tan. latitude. 

17. Prop. IX. With the center C Mid ndim C Q (rqueientiDg the 





whole devedon of (he Innar tide) describe a circle which may represent 
the temstfhd meriduui of any plo^ whose poles are P, p, end ctpintor 
E Q. Bisect P C in and mund O describe a circle P B C D ; (ct M 
be the place (Xi ^e earth’s surfhoe which has the moon in its zci id*. Z 
the place of tbo ehsenrer. Draw M CTm, catting the snibll cinle in A, 
and Z C N catting the small cireie in B } dratf .the dismetet BOD and 
A 1 parallel to E Q« ^w A F> G H, 1 K perpendicular to B 1), and 
jmn A C M’ cuUing tlio icif*r'(Iian in 

i/L\\ Thm wfM f 4 diiwri tiie moon will ccune inio the 

utuatioD ond (he MT 0 if (s the aa^ distance) a suppUnioiii 
the angle ICBs£.ID&. 

Also the £.ADBaBCAs zenith distance of the moor. 



391 A COMME-VTABY ON [Book Ut 

i li !>cc I ) I) K .t cc>». * of Uie zenith and nadir distances to rad. D B* 

v elevation of the superior and inferior tide& 

C0iNCLl .»10XS TROM PROP. IX. 

L The gruutest tides arc Avbcii tlie moon is in the zenith or nadir of tlie 
observe r. For in this case (when M approaches to Z) A and I move to- 
Wcirrls D, D, uiul F coincides with B; bat in tliis case, the medium tide 
•vhuli represented by D H (an arithmetic mean to D K, I) F) is clU 
ix.iiiishod. 

If Z ofpioach to M, D and ] separate; and henoe^ die superior and 
infeiiot and the mediuib tides all increase. 

2. If the moon be in the equator, the inferior and superior tide^ are 

and equal M X (cos)* latitude. For since A and I coincide with 
L\ and F and K witli (i) D i s= 1> B X (cos.)* B D. C s M X (cos.) * 
lat.'Lude. 

H. If the observer be ii» the equator, the superior and inferior tides are 
equal every where, and == M X (col.) * of the dedinatiSn of the moon. 
For K coincides widi C> and F and K with O ; P O ss P C X co». * of 
the miKiifs declinatioii M x (cus.}* of the mounts declination. 

4. The suiicrior tidowi are preater or less than the inferior, according as 
the moon and place of the observer are on the same or different sides of 
the cquatcir. 

5. If die colntitiulc of ilic pl:icc equal the moon’s declination or is less 
than It, there be no dupcrlor or Inforior tide, according as the latitude 
and the dcdiiLition have the sani^ or dflFerent denominations* For when 
rZ=rM tj, 1> coinndof with f, and ifit be less than M Q, Dfalls between 
I ai.'d C, M tiM. Z wu, not juvs through the equator of the wateiy spheroid. 

6. At the Uicrc arc no dlirnal tides, but a rise and subsidence 
cf the water twiv in ihj month, owing to the moon’s declining to both 
sides of die equator. 

18. Fiiop. X. I'o find the value of tlie mean tide; 

A G ss sin. 2 dedination (to rad. ss O C.) 
und 

O G ss cos. 8 declination (to the came radius). 

M 

O II ss cos. 2 declination x cos. 8 laU X 

•-.DHss OD + OH 

1 4- cos. 2 lat. X cos. 8 declination 

X ■ ■ “a - “ * 
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Now as the moon’s declination iie?or exceeds 30^} ikt. i os. 2 ileclination 
is always +y \ and never greater than ; if the latitude be thmi 
the cos. 2 lat. is + v e, after hich it bevonu » — v 

Hence 

L The mean tide is equally atTected by xioiIIa and souili declinatiou oi 
the moon. 

2. If the latitude s; 45^|the mean ibde jr 

3. If the lat be ies^ than 46^, the ^niean ddo decreases as the decUna* 

tion increases. ' 


4. If die latitude be greater 
declmalimi diminishes. 

5, If the latitude ss Oj tl 


die in«'an tide decreases as the 

w 

1 4* ro*. 2 deciinatiua 

< a 
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50 ft. PnOr. LXX. To find the attractioo on ftpictide plnofil 

n s|dierical surfac^i, force «*. ^|y 5 “ 0 » 

* 

Let P be a partic le end ^forwgfa P draw H P K, 

I P L making i| yety «dull ao^ and let them r> 
rerolve and gaoerate oonieal nrfaees I P IT, llA^ 

L P K. Nov since the ot^lea ati P exo equal I 

and the angles at U and L are also equal (lot 
both are on die some segmaat 6F the circle), 
therefore the triangles II 1 P,oP L K» are similar. 

Now since the mirfoce cf a cone « (slant side) % 
.*.siir&ceinteroeptedb}rrevolatioaoflPH:thatofLP£: : PH*: PL' 

^ 1 1 

and attraetkins dl^ch patdek in I P H K.‘ s jj-j,, s p-jj, 

. ' , * 1 ’ 

, ^ * =’Tri’'rL’ 

hut the wdmin «t fhi metier of partieler X attraction oi 

wwl: 


the whole mnmim <m P. 


ironi KLi: •jgffi* k t.» 

and dft atfie of foe qphetical 

.%PJs«tnah* ; vf 




K.L* 
1 / 

surface * 


r;5(^jw!i4pa: 

'•< • t ' ’'1 ■ t 

or «|fo«neal snefoeTt 


a particle placed ml' >u 



A COMMENTARY ON CSwfXlL 


JU t A 13, a b. be two rqwal apbencftl sur&ceii and let P, p be two 
patticlce at .'ny ili-iunce* P S, p » from their centers; draw P H K, 



P 1 L vei'y near eoch other, and S K 1), S Vi per,un Jicidor upon them, and 
fri'ii (p) draw p h U, p i 1, so tliat h k, i 1 may equal II K, 1 L rcsjtective- 
Ij , and s 1 d. !, e, i r perpendkulam upon them may equal >S F D, S £, 

I it n^iKctncly ; then ultimately PE = PFsspesrpf, and D F 
■= d r. JJiaw 1 Q, i q perpendicular uptm P p s. 

Now 

l’T.Pr::TU; DPI 

aii'i >.*. PI pf:pi*PF::lR:ir::IH:il 

pf:pi::dl:i( j 
Again 

PI;PS::IQ:SF-) 

and V.*. PI.p8:pi.PS::lQ;iq 

_8:pi::8i‘:{q ) 

P J’. p f p s : (p i) *. P F. P S : : I Q. 1 H : i q. i h 
: : cinumfer. of circle rad. I Q X 1 H: circumfer. of circle rad i q X i h 
; : annalas described hr revolution of 1 Q : tliat by revolution of i q. 
Now 

lot annu lus , 8d anmilus 
~Brblance‘ * distance* 

• .Pl’.pf.p8 (pi)».PF.PS 

Pr * (pfjs ' 


attraction i.ti 1st jnnulus : attroction on 2d : ; 


And 


; p f.ps : P F. P S. 


attraction on the annulus : attraction in (be directum P S : : P 1 : P Q 

;:Pg;PP 

p p 

attraction in direction P 8 ss p f. p s. 

I*, whole au*> (rf* P to S : whole Jtp. of (p) to s : : p f . p b . ^sPF.es.^ 
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nd the nine 


Mt W ram 'FRIKCiPlA. 
nu^bepMnief all the aanuBef mlikih dm nt&en' 


eooapoaed, nod dierefbM the nttnwtkm of P « ge tkcM^ 

the center. ' \ 


Con The attraedoa of the fieidfileB within the aurfiwee ou P f^wle die 
attraction of the pmrtitlfla without the surfiwe. 

For K L : 1 H : : P 1 1 P I : i L Ht'i Q. 

annulus described by 1 H • aUmdes jleacribed fay K L 

»:IQ.IH:KL.LH:!PI':PL» 
attraction <n the annulus 1 H : attincHon on tlie unMlliu K L 


PI* PI* 
• * Jfl* • P L* 


and so on fi)c,|prery other annulns, and one set of annuli equals the part 
within the snrfiioey add the other set equals the port without. 


506 PnoF. LXXII. To find the attiaction on a par* ije {laced vith- 
fiut a aolid s{>hen^ fcroe qd*. 

Let the sjdiere be supposed to be made up oi sphonc.d surUccs, and 
the attraction of diose ^ * cGsi^icP* thersfore 

tllSk KsftAl* * 


the wbde attraetiaita 
ge 


nmnboccf sttr&ceS' conteatafniliae ihametei* 

' * ....... — i gC 5- 


“Ps* 


T5.* 


and BPS fatatf a ^inm ratio to the dww>etet» iiMn< 


the whtdp at trnu tiop <•! P oe *ct dnuneter. 


UBT- I 

¥ » ^ 


507. Pnois XilKXlII. To find theattnction on the particle pl.irc(1 
viMit' > * 


Let j^bethepertigiai srithdUKL SP describe 
tbe interior i^Miro P Q; died 1^ Prop. LX% 
(OdosidekldBdaeiphero (f ho ittade spherical 
sttrfiMrinJM^tMil^n oC*^ iae pai^les cm* 
»MP< d ^aiftfireBces of tha tsso 

diftAi nelfahigit.hiaoinnchaat]iay 

ends ddWjof kad thehttniqjiipa 




m) 


A COMMEMTABY <m 


tSccT. XU. 


608. Frop. LXXIV. If the attnodam of tb« paiticbl of a cphoia 

V 

j and two umibr s{diens<attraet o«fh other* t^ihe tpheret 

will attract wdi a force «* as of ^hdr cttitecs. 


For tbe’attraction of ead» psitidie ot ficom the center of the 

attracting; >.phcie (A)* and therefore with respect to the attracted partiJe 
(he flttr.’cting sphere is the same as if afl iu particles were concentrated 
in Its rc tier. Hence (he attraction of eadi partide in (A^ upon the 

”'hoJt of (B) will a pardde m B from the center of P, 

and if oil ilic fiortides in B were cemeentrated in the renter, the attraction 
wunid he the same; and hence the attractions of A and B upon each other 
will be the same as if each of them were concentrated in its center, and 


therefore oc 


dislonie' 


Pnop. LXXVJ. Let the spheres attract each other, and let 
tlicm not lie homoi^eneous, hut let tliem be homogeneous .'it coirespoud* 
ing ilistances from the ceiKer, then Uicy attract* each otlier with forces 
1 

/.fg ' / 

• di-nnzr* • 



iSoi^Ktte a »7 number of spheres ^Zi^and K F, I K and L M» frc. to 
^ A B, G H, xe^ficuVelT} aI}d^ let G D end 
a, £ F and L M he hontogeneous resp^ctivefy; iili3r each of diese 


.l^beras wffl attract cadi otlier with forces 

spheres to be made up by foe additum and 
Md bouK^^i^ each of these qihetaa etttoctiiur • 



1.3 NEWtoM ^RINCIPIA. 

T'-. 

Other witli a force Qe<. ; ^ea the sum or difihmces yiill 

each other in the same ration / 

510. Pkop. LXXVIL Let the force oe distance^ to find the attraction 
of a sphere on n particle placed without or wiUiin It , 




Let P be the particle, S the center, draw t.w(» planer £ F, e f, equally 
distant from S ; let II be a pnrilch* in the K F, then the aurnelii>a 
of H on P a H P, and therefore the nllraction in the <)!recti(m S P a 
P G, and the attraction of the sum of the particles in ]i^ F on V towvirda 
S QB circle £ F • P and the attraction of the sum of the parlH^.les in 
(e f) on P towards 8 qb circle e f • P g, therefore the whole attraction of 
E F, e ^ a circle E P + T? g) a <^ircle £ F • 2 P 89 therefore the 
whole attraction of the sphfire oc sphere X P R. 

When P is within tiK; sphere, the attraction of the circle E F on P to* 
wards S qb. cii:de £ F • P G, and the attraction of tho circle (e f) toward 
S QB drdle.e,.f#'P g, and the difference of these attractions on the wbol 
attractiem to S « .circle E F (P g — P O) ee circle E F . 2 P S. TIhi'* 
fore the wiible affraction oi^ the sphere on P oc sphere X P & 

51 L LaMHA XXIX. If any arc be descril)ed widi the center 8, ra< 




4.)2 A COMMENTARY ON [Sser. XIL 

c'lOitig, ^rst, tlic circle iu £| c, and P S in f; and £ 1^ e be drawn 
pctpLiii'iculai to P S, then ultimately, 

D d : r 1 ; : P K : P S. 

For 

Dd;Ee::DT:£T DE:E6 

end 

E e : F f : ; E e : e r S E : S O 
.% D «1 : F f : : DE;SG;:PE:PS. 

512. F)ioi>. LXXIX. Let a solid begenerated by the revolutions of 8>. 

« v:.ntscei'f lamina E F f e round the a’tis P S, &en the force with which 
the M»lld attract.. P * 1) E*. F f X force of oath partido. 



E I), c d pcrjiond t alar., upon P Sj let e d intersect E P in r; 
diatt ru 1 I pt'iidirnhr iipo>' 11 O. Then ErtntttPE: ED, 

E r . 11 1 ) ru ii I . S =: jj d . P 1*1. the annular sui'&ce generated by 
the rcvoliitiitn of 1 . 1 at K r . E 1) oc D d . P and (P £ fennining the 
.s.i.iic) at n d, lint tiiL ji'iact’on of this annular Surface on P oe D d, 
P Fi. and ti'*' nttrtictiun in the direcUon P £ f tlie attraction in the direc* 
tion P S> . : r E : P t>, 

P D 

••• the atrfcHoa in the diiiction P S « |rg* Dd.PEotPD.Dd 

ntul the whole attraction on P of the surface described by E F ee sum of 
tlu P DtD d. 


Let F £ s r, D F = X, 

.•.PD = r~x, 

*. PD.Dds: rdx — xdx, * 

/, sumofPD.DdS =/rdx — xdx oe DB%'* 

and dionsfore the attraction of lamina or D £ \ Ff xforcaof adch'^plMiidCe 
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SIS. PBor. LXXX. Take D N ptopurtional X i<>ree 

of each particle at the distance P £» or if y repretept tliM lonM^iet X> N 
D E* P S 

« traced out by D M will bo proporUonul to 

the whole atmetum of die apherch 



For the attraction ol lamina E T f e « X) E*. T fxCbrtc o'* ca<h parti- 
cle oe (Lemma XXIII) X force oi each porticle^ or 

D E* P S 

« • ' p ' 1^ 4« <’• N . 1) d « attraction cf lanuna E F f ^ and the 

sum of tbe>e aieas of area AND will r^re»ent the abok attricuin of 
the apbere on P. 

614. Pkof. LXXXI. To find the area AND. 

>e 




h COM&IENTABY ON 


CSior.Xlt 


•iOl 


But 


rE"-PSM SE^ + 2PS.SD 


SF* ^ .'.ir* = PS. SI, 

.• PK‘ =1 P S* + P S.SI + S P S SD 
SI P S fP S + S I + » S DI 
= P S f(P 1 + I a) + S I + S S D} 

- P S }? L I + 2 S I + 2 S D} 

=s2PSjLi + SI + SDl = 2PS.LD 
DE*= S E — S D* = S E’ — (LD — L S)* 

ST SE« — LD^ — LS* + 2LD.LS 
= 2LD.LS— LD*-(LS + SE){LS — SE) 
2 LD.L a — LB.LA, 


•. N oc 


I)i: Pa 
PL.r" ®“ 


2LI^L^.P.S 
V 2SD.P'>".V 


__ L D P S T. A. P S 

VsLDTps.V ♦'2“LllTfSiV 
I cl 1 rnoc* ♦' V be giv^ n, D N mny Ihj represented in terms of L D and 
kn'‘ 


SKi F" . 1, I rt tbc force « A N B. 

/lii^ oc ^ V oe P 15, 


l)\ ./ 


Ls.iO.P-s ID^PS AL.LB.PS 


‘i J 1>. l» s 


■2XTjn^s "FraTFir 


.f LS~ 


11) AL.LB 

‘2rT)'» 


DN.D«1 <>. J.aua « L S. D d — ~ ^ 

. .iiea A N 1) > the vulaes L A and L B 

T B /I n T */' Lir— LA* AL.LB ,LB 
=:LS.(LB~LAJ-. - 


Now 


LB*— LA»=:(LB+ LA}.(LB — LA) ' 

* =‘{Ls + as'+Xf::^^^) absbses.a^ 

.•.area AND =sLS.AB — 15li^:^—:13Lg!yi 

JLBoAB AXawLB 

^ 
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# 

516. To construct thi» (ffM- 
Totihept^u A, B eract L A a» Bb, 
peipendienlars andletAassLB»«ndBb 
s L A| through the points (a), (b), dc> 
scribe an1i>peiboIa to which L 1, L B are 
Asymptotes. Then bj property of tile hy- 
perbolsy AL.AaasLD.DF, 

AL.A* AL.LB 


405 


D P as 
.-.DF.Dd as 


“ns nr 

AL.LB.Dd 
170 • 



.-.areaAaFD aa/DF.Dd ss AL.LB/LD, 

.*. hyperbolic area Aafb Bs; A L . L By* ^ . 

The area AaBb = Bb.AB + 

2 b 

BbsAB * aii4*Bh 

- 2 — f-— • AB = AB 

- AB a LS.AB, 

.’. area a f b a a area A a B b — aiea A a f b B 

- LS.AB- AL.LB/^. 

517, Ek, a. Let the force « to find the area A N B. 

P V 1 » 

U.v= 

. nw - LD’.PS AL.LB.PS 

..DN - i»"LT\^* 


but 


V PE PE* I>’ OWRPS , Ti* 

• *P*'“airS«"' a“A^‘“ -8 PS^,.lt>, 

• T\ V SlsLS SI ALsLBaSl noo ^ T l\l 

•‘»®^=T7ir“T~~“inny* — = 8Ps.g^.LD' 
.%/ow.i<a SI. 

^ V.areabetaoenlilte vtduesofL AandL B 





A COaIMENTARY on 


ISscuXvL 


4 . 0 a 

To con^tiDCi tbi& axea. 



7 »kc S 1 S <1, and describe a hyperbola passing through which 

1 ^ I. B aif» a^^inptotes; then as in the former case» tlie area A a n b B 

-- L . s = L Sj^S s/^ = S I. L S/^ 

.Mhe Ufj \NB ^ SI.LS/^ — SI.A*B. 

51 S. L\XX 1 J. Left 1 be a particle within the apberet end P 

same paitulo without the sphere, ^nd take 

S P : h A ; S A • S I, 

m will the atUiicting power oI the spUeio on I : atCractixig power of the 
sphere on P 

: - V iS !• i»>jro on I : v' bT. v torce 
D N loue on Ui piliu i* D' N force on iho point I 

J)E PS DE»IS 

PS. 1 E.\'; 1 S.PE.V. 
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DNt IKN't: P8.IE,I£>:IS.PE.PE*. 


P S : S E : : S E : S 1. 
and llie angle at 8 is common, 

triangles PSP, 1 8 E aie siinil.ir, 

P E : 1 E : • P S ; S E ; ; 8 E ; S I. 

.% DN : lyN' ;; PS.SE.IE* ; PS. 81. PE*, 

:: SL.l R« : S I.P C’ 

:! VSP.IF*: VST.PE* 

:« VSF: SlS VSl.PSf. 

519. PbOt, EXXXIII. To find tlio attraction ui' a bcgmeut of a qtlieio 
upon a corpuscle placed withui it*, centre. 

Draw the circle PEG nith the 
center P, let R B S be the scgincut uf 
the sphere, and lettlie attraction ol the 
•{dierical lamina E F G upon P be 
proportional to F N, then the area de* 
sepbedby FN « whole attraction of 
the segment to P. 

Now the surface of the segment 
E F O « P F D F, and the content 
of the lamina wboae tliickness is O « 

PP D F O. 

Let F, « attwictioB on P of the particle in tlmt 

spherical lamina, « (Prop. LXXIIL) 

_ (»PF FD- PD»)0 

^ ot jijni 

8 F D O P D* O 

« p-frgr~"‘-y p» -> 

BFD 



if F N be t^ken pMpoMSoinid to 


F N^lilklto diawlMile attr^on cm P. 

irv.ib^nd 




Vmtk i^XTV* i^nd tIi« 4 itttoet!on when the body i-flaced 
^ ^ ii8g||Mt>ri liitStM (p tke center of the qphetc. ^ 

• V r.e 
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A COMMENTARY OH 


CSsct.XUL 

IN scribe n cirrle with the riiiiu6 P E| and the augment cut off bf the ^ 
7* li o( this circle E F K round P B, ^ill have P iti its center^ and 



the iittrartioiL ou P of this part may be ibuud by the pneceding Propose 
I op, and of the other pait by Prop. LXXXI. and the sum of these at- 
PacLi rjib will be the whole Attraction uii P. 


SLCTION Xlll. 


j‘^1. Pkop. 1 X\XV. II the uttiaction of ii body on a particle placed 
in contact wjih il, la miich »*u tier than *f the paiUclc were removed at 
any the lca*t distance ii< m « < c \ the Cuce of the alti action of the par- 
ities Gc HI a h ‘^her luln tlnn that of r - ’ 

ill tame* 

For li the loieo x panicle be placed at any distance 


from tlie silivi , ih-n lla attiaclion oc ^ i from die centu of (he 

* dLsiance* 

sphere, ond •% not sensible uicreased by being placed in contact with 

the S}>hcrc, arid it is still less increased when the force oc in a less ratio 


than that indifferent whether the sphere be homo- 

geneoos or not; if it be. hemogr neons at equal distances, or whether the 
body be placed within or without the sphere, the attraction SliU vaiyiog ill 
the same mtio, or whether any parts of tliis orbit lemote from tbe point of ^ 
eontaef be taken away, and be supplied by olher ports, whether attmctifia 
or iKil» bo fni os attraction is conoemed^»die attracting power ofl^ 
qpliFrci and of an, other bodv wiQ not senMtdjr diferf t'nif the nlb«M> 
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neoft $tttted ui the Proposition bo observed^ 

ntio tttn that of — ■. . 

didtance^ 


the force raubtvaiyina b]||litr 


522. Paor. LXXA'Vl. If tlio att*actioxi of the particles oe in a higher 

rotio thon or * then tli« atuactiou ot abtidy pUceil 

in contact 'ivith anybcKk, is luiuh git,sVr than if tliiy were separated 
even by an evanescent distance. 

For if the force of each pat tide oi the <pht le oc in a higliu latio than 
that cf attittCbioii of the npheu on the particle is iiideflnUely 


increased by their being placed in cent 11^4 and the sonic is the case for 
any meniscus of a sphere; and li\ the acldiuoti and subtroction of attrac- 
tive particles to a spheic, the bedv may ussune any given figitre» and 
•*. the increase or doctonso of the attraction of this body \\ill not be sensi- 
bly different fioia the nttructioii of a spheic, if thi* bodj !»l placed in con- 
tact with it 


*123. Pbup. LXXXVII. I^t two simihii bodies, eomjnwd of panicles 
equally attractive, be placed at proportional distances from two particles 
which are also proportional to the budlc> thrinsclvcs, llicn the iich derat- 
ing attractions ol coipuscles to die attracting bc'idiCb will be propoitional 
to the whole bodies of which they are a pari, and in which they aie Mini- 
larly sHualod. 

For if die bodies be snpp«si«d to lou'^bi of parOch •v which are propor- 
tional to the bodies tbcmseKi.% tlnn the attraction of < icli particle in rni 
body : tlie attmetion c>f each particle In the oihei body, : : the nttructlon 
of nil tlic particles in the first body : the attraction of all the partidrs in 
the becood body, which is tlie Propobition. 

Cob. Let die Attracting forccb oc altrociion of a 

particle bl a body wliobe side is A i *— B 

^ BJ 

dlsience ?*l$oin A * 'di»t8iice“ Ironi 11 
A® B» 
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S/^l. Paoe. LXXXVIIL If the pat tides of anybodj a 

forc' 'u dLtouri', then the o'hole Itody will be acted upon by n.'fMxtiele 
x'lthoiit it, in the same manner os if all the parddea of which ^ body is 
cumposMl, were concentrated in its center of gravity. 

I of It S T V be the Uxly, Z the par* 
title xxithoiit it, let A ai'd B he any 
two }«.tituli.-> of ihe binly, G tlicir cen- 
te< of t>ruvity) thin A A G =: B B Gy 
and tli> i> the lurre» of Z of these parlU 
rlcs er A A Z, B B Z, and these 
h rtt , 111 ’ Ik.' » ’olved info A A G -f* 
i (,/, it D(. + li GZ,andA VG 
lioin;* - B 13 {' aid at ting in opposite 
dirtolioiiii, they xvxlt dcstioy each otlior, 
and foice of Z upon A and B will be 
piopoiuonal to A Z G *4* B Z G« or to (A d* B) Z Gy .*• particles A 
and D will lie equally acted upon by Zy whether they be at A and By or 
(< lit < t >d m ihcir tenter oi giasity. And if there be three bodies Ay By 
Cy the same may lie proved of the center of giavity of A and B (G) and 
C> and of Ay By and Cy and so on for all the particles of which the 
body Is oomposedy or for the body itself. 

525. Prop. LXXXIX. The same .ippJies to any number of bodies 
acting upon a jiai'tiole, the force of each body being the same as if it 
were collet ted in it« center of giaviiy, and tlie foi'oe of the whole system 
of boUtc ht tn<^ iiic sac’u as if tli- cverol centers of gravity were collected 
iu llu ciiuni’iii center ot the whole. 

52G. Pjiov. XC. Lot a body be placed in a perpendieolar to the plaac 
of a givtn <i!-tl>> Jr.iwn lioin its center; tofind the attracdoo bf circu* 
lar area upon the body. 

With the renter Ay radius s A Db let 
a circle be supposed to be describedy to 
whose plane A P is perpendicular. IVont 
any point E in this cinlu draw P By in 
PA or it piodueed take P F s. PE, and 
draw F K pnpendikalar to P F. and let 
F K ce aUracting force at K on P. Let 
1 K L be the rune described 1^ the pdint 
Ky cad let 1 K L meet A D in Ly take 
sa P and draw 11 J perpendicular 



R 
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to P H meeting this cum in 1* thea the attraction on P oC tho Jfcde 
oe A P the area A H I L. 

For tahe £ o nn c\ant>bcent jiart of A and join P ^ draw a C per- 
pendicnlar upon P E, Ee • EC : : PE : AE, Eo. A E ss E C X 
P E oe annulus described by A £, oiid the attraction of that luinulus in 

the direction PA« EC.PE.ppX fotcc of each particle at E oc £ C X 

PA X force of each particle at £, but £C = F^.*. FK.FfeeECx 
the force of each partide pt L, uttmctlun ol the aiinuius in the direction 
PA a P A.Ff.FK, and P A x sum of die areas F K. F fur PA 
the area A H 1 L is propoitioual to the aiuattion of the ahole part de« 
•cribed by the rerolut'on uf A E. 

627. Cob. 1. Let the foice of vach naiticle ot -r— ^ at P F s= x, 

' di-^uncc^ 

let b ss force at the distance a, 

F K the foice j't the distance x ss 

F K . F f St t 

attraction aPA.FK.FfssPA/- J,'.* 

D A 1 i * 

<x P A — ^ X iV — p p* 

and between the values of P A and P 11, the attraction 

n 4 1 1 1 jP A 

* pi”Fir * *“”Fir 

698. Cob, 2. Lettlte ibrce oc T K ss , 

attraction ss P A y"~ ;; - d x ot X i + 


end between the valnes of P A and P H, 

.. .. P A f 1 1 \ 

* 5^-1 

1 PA 

l^fCoiu 9» liet the dhlnieter of a circle become iidinitc, or P T1 

’ ' ' 1 
« e»f t^theaitivetioa tt ^ 

(fl^Pnpr. X^LToibd'liM^tttractkiin on a pertiUe placed m the 
•xif'|Nq}^|^me)^or a r^lor eiSiil. 
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I.cl r be a body situated in the axis A B of the curve D E C G« by 
thr if-volututn of which the solid is geneiatcd. Let any circle K PS 
{)> ipv niiKiilar U) the a\i 2»5 cut the ^olid, and in the bCinidiiinieter F S of 
J’' K [>i oportioral to ♦he attraction of tlie circle on P, tlieii 
F K . F 1 a atti irtioii •>f thi solid w1jo**c base =. circV R F S, and deptli 
=- F i, let I K L be tune tiaced out by F K, .*• A L K F oc at- 
icno 1 ot the ^soiiil. 


(’oil. I. Let <ljt M.htl be a cyliiidtr, the force varying as 


1 

disUnce^ * 



Thm the alrract an of the cirtl.* R P S, or F K which U proportiotud 
that 1 ~ },* jj . 

La I R ssb. 


•* F K. ot 1 — 


v'x* -I- b‘* 


F K . F f gt d X — • - 


X X' 


Vx* + b^» 

are» «e — X 
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Koir if P A ss St attmctloM ss 0^ 

Cor. s P D — P A, 

vbole attraction =;PB — PE + PD-^PA 
= A B — P E + P O. 
LetABs » = PE=:PD, 
atraction = A B. 


531 . Cor. S. Let th.' bo<l v 1’ bo pl.t ofl 
within a splirroul, Jtl .» •'puttouluMt siwll 
be included bci\\t.i'n l!it tvo 
spheroids 1> t) C>* K N L .«'d l«'t the 
spheroid l)c dci>"’ihid rouiiil S wlihli 
will })aSB Uirnngli )*, uud which is hIm'I- 
lar to the original »phi.ioid, di.'iw i) 1’ (•', 
V P G, very near each other. Now P l> 
=r Bh; PF = CG, Pfisr HI. I'K 
= CL. 



F K. ST L G, and 1) li -r 1 K, 

and the parts of the splu>roidicaI shell which arc inteicopted Ixtwren tlirso 
iiiK's, art' ui equal thickness^ as also the tonitul frn> turns Intel ciptcd liy 
the revolution of these lines, and 

attraction on P by the part D K : . . . . G 1 
number of particles in D K . . . G* 

••• • Pg* 

PD* PG* 

** P d*,’ pir^ ” * 

and the same niay be proved of every other part of a «pli< loidical li. !l, 'ird 
bcaly is not at nil attracted by it; and the same maybe pioved . 1 
other spheroidical shells which are incliulcd betn'cun the spheroitU, A G C, 
and C P M, and P if not afl fe cted by the parts external to C P M, and 
(Prop. LXXIL), 

attraction on P : attraction on A : : F S : A S. 


638. Pbok. XCHL tha attraction of a body placed without an 

ignite solid, the force of each {xivtiGle varying as « where n is 

Ipeater Aan 8. 

Ijft C be the body, and let 0 !<, H )f, K O, &c. be the attmclior.*- 
ef the fRiiml infinite planei ef which a solid b compo&cci on tl»e 
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ivm]\ i!.en the jrea C L O K equals tl»e whole wttrt c ti oo of • edid 



if the force 

'I’lien 

I 


H M a (j i^'or. 3. Prop. XC) 

.../H M. Ux + Cor. 


J 1 

* CC— 3~C Jl"-*’ 


and if H C s: cb 

tiicn the ares G L O K « 

Case 2. Let a body be placed witlun the sedid. 


L| 


N! 


0 !l K 

-> — 


ol 

Let C be the place of the body, and tal» C K s C O ; tb« part of 
the solid between G and K will have no effect oU the body ntd there* 
fore it is attracted to remain as if it were placed without it at die distance 
CK. 

mtmetioD oe c-^i:=s at (r^ssi* 
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SECTION XIV. 


684. Pro*'. XCIV. T^ot n Iwidv 1110 % c tin a bitnilar medium. Ut- 
minateJ bvpatallcl plant. «'i.1mcs, dDillcllhe iKxlj.in ite pus«ag« (hioii«,b 
tbi<> mediunij be attiacitil b\ .1 ft'rcc \ar^tng accoitliug to tiny ]n» ul ith 
distance from tbc plum ul umidort'c. Then ^tllKbe uni of uidinatiou be 
to the suiL of itfraction in a given 1 .itii . 



Let A a, B b be the planes wbicli terminate t ;iie uudiunu a«l O If b 
the direction ot fiib body’s Incidence^ and 1 11 th ui b s unetg'i.ti . 

Cobo 1. Let tbc force to the plMie A a be co’^gtant, then 1* h viiil 
describe a parabola^ the foK»> acting parallel to I >R,trhu>l ^ 

of Uie parabola described. II }f will be a tangent to Ae parabola, and if 
K 1 be produced I L will also be a taugent to the parabola <it f. 1 <.t K I 
produced meet O M in L with the center L» and distance L 1 des< ibe 
a cuvle entting I R in N, and draw L O paqrandicnlar to I II. Now by a 
preper^of the parabo|fi M I ra I 

ML HXb M O » O It, and.-. M N = I B. 

The angleX M l8t|i%apgle of Incidence, and tbc angle M I L — u '>. 
plepient of M I K ra aiipph nie n tfri ang^e ofVncgcrcr. 

Ifow ' ' 

- ^.MleaJ(H*a}j6ML" 
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Lut 

MN.Ml=Ml.IRsMQ.MPsrMt+LQ.HL~LQ 

sML*— LQ* 

.•.L:IR;:4ML*':ML»- LQ* 

S' t L find I R are given 

aML* — LQ* 

.'.ML* oe L Q* a L 

•*. 31 L o. I. [ oi s!n. r^'f] action : sin. inclination in a given ratio. 

C'cc* 5?. 1 L* tin Jurcc \arj> uncording to ^ 
any Jaw ofilistarivc liuiri A n. y’ j/“ 

iSvidr^ tlic imJiain by parallel planes A a, c 1~ 
r» ( ^,1) il, {fct- and li-t the plains be ai 
t\.u* MU diotaiiL s from each other, and 
Je*' liie l*»rco in pissing ftum A a to I> b, 
liom i> 0 u> C t\ from C c to IJ d, ^ , Li 
uniu>ini. 

' 111 . 1 at II ; -In. 11 at II : : a : b 

Mil. 11 or 1 at I : -in. li at K : : c : cl 

sin. 11 oi 1 at K sin. R It : e • f, and so on. 

sin. latH : biu. U a< 11 : ’ a . c . ^ : l>. (1 . f and in a constant pro> 

portion. 

£.15. Vuofc Xl V. qp'* \clo«.nj »ri. pnrt'cle bcfoie incidence tTelodty 
aTui einoufoce : ; siq. rci'srotx'e : sui. incidence. 


i G 



Take A H =s 1 d, and draw A O, d K peipendkahr upon A •» D d» 
Ui, dirMtiona of incidence and emergence in Q, 1^ 'Let- the 
uaotite oTlN B^be resolved into the two O A. AHt'I^'dl^ die ve* 
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lotkj p«Tp(ffldicul«ir to A a caiuiot alMk> di« votioo in ^ direetfon At; 
dMnfofe the body will descrilie G H, 1 K bi the nato time m the upeoee 
A li» 1 d Bve described, that is^ it wiU dest ribe G H, I K ia equal thaee 
bcAre die iaoideiiGe and after the emei^ence* 

Velocity before incidenee : vdooity after emergence : : G H : X K 

Id 

* sill. iiKiJericc * siU. emux^genSe 
. sin* uiicij^ce; sifl. Incidences 
536. pRop« XCVI. Lf t the velocity before inddence be greater tluin 
the velocity after etner^ipu, then, by indining the direction of the hid* 
dent particle per]ietuull}, ‘he say will W fracted back again in a llillihr 
curve* and the angle of ivtlcctiou will equal the anglo of incidencee 



Let the medium be sepaiated by parallel planes \ a, li b* C c* D (1* 
E e* 6rc. and since the velocity before inddence L» greater Uian the 
velodty after emergence. .*• sin. of emergence is greater than sin. of in* 
cidencc. II P, P Q* Q R* &c. will continually make a less angle with 
H a* b^ Q c* R dt &c. till at last it coitiddr .with it as at R; and after 
this it witt be reflected back again sad dascribe the curve R q p h g iiuni* 
lar to R Q P 1^ 6* and the angle of emergence at h will equal die angle 
of inddence at H. 

53T. Paop. XCVI I. Let sin. inddence : sin. refraction in a given ra- 
tio* and let tlie rays diverge from a given point ; to find the sar&ce of 
medium so that th^ may lie itfracted to another ^ven point 
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and draw E F, E G perpendiculan upon A D and DB| then D F, D O 
arc the sines of incidence and refraction; or increment of A D : decrement 
i)f B D : : sin. ineidence : sin. refraction. Take .*• a point C in the axis 
tlirough which the curve ought to pass, and let C M : C N : : sin. inci* 
dence : sin. refraction, aud points where the circles described with radii 
A B N inteisccl each other will trace out the cur\c. 

^>38. Cor. 1. If A and B be either of them at an infinite distance oi at 
any n^y^'t^ed situation, all the curves, which arc the loci of D in difierent 
i»itunLioris of A and B with je<;pcct to C, will be traced out by this 
pioccss. 



.>30. Con. 2. Desciibe circles with radii A C and C B, meeting A D, 
B Tl in P uiul Q ; then P D : D Q : : sin. incidence ; sin. refraction, since 
P D, D Q are the incrementb of B C and A C. 



BOOK II. 

SECTION I. 


1. Prop. 1. Suppo&e the reautanceor retoaty, and supposing Uic nhole 
timo to be divided into equal portions, ilto motion lo<>t w.l' ^ sclmity, and 
tt space described. Therefore by composition, the whole dccicinout of the 
velocity « space desciibed. 

Con. Hence the whole velocity at the beginning ot motion that patt 
which is lost : : the wiiole space which the velocity laii describe ; space 
nlieady described. 

2. Prop. II. Suppose the resistance « velori^. 

Case 1. Suppose the whole time to be divided ibto equal portions, and 
at the banning c£ each portion, the force of resistance to make a single 
impulse which 'Wir^l cc velocity, and the dedremeut of the v^noity 
a resistance in a given time, a velocity. Therefore the vtlouiics 
at the beginnmg of the respective portions of time will be m a con* 
tinned progression. Now suppose the portions of time to be diminished 
sine Umite, and then the namlier inereoMd inffinifumt then the fuice of 
resistance will act constandy, and tho at the be^umg of equal 

sucoessive poctioos of tine fill be ta geonetrip progression. 

Can 2. The spaces descifted trIU w as tliti decremenu of the velocity 
ee vdoc^y. '*■*. 

S. Cob. 1. Hence if tin ^ne be represented 1^ any line and be divid* 
ed into eqtud portiqpeii ordhuites be drawn pcqiendicuhur to tins 
Km m geometric pro gresdt iM , Mdioiites represent the vdocities, 
and tim area cf.tiMcnsff^imhtilftiM'log^ curvr, will be as tho 
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Sui>]Kj<!q L S T to be the logarithmic curve to die ejyyi pto te, A Z> 
A t'le >elocity of the body at the Ix^nning of the motion. 



Tiic sjiftce described in the lime A 11 witli the first velocity continued 
m.iturm ; s]>acp described iu the resisting medium, in the enme time ; : 
yi II P I. : area A L S H : : rect. A L X PL: rect. A L >c PS* 

‘sPLsPS(ifAL ss subtnn. of the curve). 
Also since 1 1 S, K T rejiresenting the velocities in the times A H, A K ; 
P S, Q T aie the velocities lost, and there&re cc spaces described. 

♦. Cob. 1. Suppose the resistance ns well as the velocity at the begin* 



ning of the inooon to be re)i.H < wted by the line C A, end aftej any time by 

the line C 1>. Ihe uum A li G D will be as the dme, and A D os the 
bpace debcribod. 

For li A B G I) increase in arithmetical progression the areas being 
the hyperbolie li^thms of the abacissas, the abscissa wUI decicase in 
geometrical progtemion, and therefore A D will inciease in die aame 
propwdon. 

6. Prop. HI. the finroe of gravi^ be Kpresonted by the rectangle 

* Ze( at M. nmAswtMitsidLeftlwawrfvaaMX AX» 

.Mli«HwAL#HaaMxAJ.~UxH.SatKrxFSatAl.)(f& 
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B A C And the force of resistance at the beginning of tlie motion bj 
the rectangle B A D C tm the other ude of A B. 




Br 

a. 






I I 


U 


Describe the hyperbola G B K between the nsyinpiott s A C and C 11 
cutting the iiripeiuUculais D <1 c, in O and g. 

Then if the body ascend in the time icpresti ted by th. area D O g J, 
tlie body will describe a space proportional to tlic area E (1 g c, and the 
whole <spnce through which it can ascend will be propoitional to the aica 
EG B. 

If tlie botiy descend in the time A B K Ij the arui desuibed is B F K. 

For suppose the whole area of the parallelogtani B A C H to be di> 



vided into povttonsy which riiall be ai the increments <»f thi » lo< it^ im 
e^al times, riierefoie AfcrAhAm^An, 8te. will a t< Im itv. and tlu'u- 
fore a resistances at the of the ‘respective times. 

X.et A C : A K 1 : foidft erf* gravity t resistaiKc at the b< ginning ol tiu 
eaeond portion of tsme^ tfltiMi ^ tendlriogradA B A C‘IJ, k K C IJ, fee. 
win rspnesent dw abeoiotofoi^ihliW (Be and wdi decrease m gcoinc- 
triad p r cg psfo i onr K k, i. i« ftc l>e pru'lia cd to iiic<.i 

C<t3 
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tLc run'c* in q, r, &c. these hyperbolic areas bdiiig all eq^ will ropie- 
fciu the times and also the force of graviqr which is oooitaiit But tlj^e 
atcfi II A R q . area Bqk ‘:Kq:|kq :: AC: 4AK :: three of 
gra\!«.y : resist nici m the mill He of the il^^t portion of time. 

] n lilt* snmf wu}% tlie areas q K L r, r L M s are to the areas 
4 ^ h 1 r, i ] ill \Cp fts ihe force of giaviiy to the force of resistance in the mid-* 
(li« ( k the second, thiid, &c. portions of lime. And since the first term u 
con ti])' and proportional to the third, the second is proportional to the 
it Mill, simibrly as tothevelociiies, and therefore to the spaces described. 

b} composition U k q^ B r I, B s m, Ac. will be as the whole spaces 
(lf«oiibcJ, Q. e. d. 

Tlic same may be proved of the ascent of the body in the same way. 

0. C la. 1. The greatest velocity which the liod^' can acquire : the velo- 
4 .ity niqiuicd iji any i;i\cn time : : force of gravity : force of resistauce 
j t \h end of tlip given time. 


7 Cor. 2. The times are logarithms of the velocities. 

8. Cou. if. Tlie space described by the body is the difierence of tlie space 
representing the time, and the area representing the velocitj^ which at ihe 
befjlnuing of the motion arc mutually equal to each other. 

Suppose the ic.^i;>t:iTice to o velocity, 
r \ * 

c' : v‘ : : r : =>'el'«unn<rfoicerorrcspond>ng withdicvelocity (v) 


••• *’ cl V 





X dx, 



X = — b X 1 V + C, 
X = b X 1 -*■ 


I 




t 


tss — bx— - — + Cor. 



.% A. timet being W geonctiical progretnoo, the vdkxiliies Cl &c. 
vOl be in the teme invene geometrical pto^retnan. 

Ako the qmcee will be in arithmetical pr og r egrion . 
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9. Piior. IV. Lot I> P In the dh«ctu/n (he projectile, end let k 
repreunt the iiittid velocity j draw C V peijiendiculnr to C D, poS 



let D A ( A C 1 1 reskliinoc : gravitj. Also DP: CP:: resistance : 
gravi^, D AxD P:CPxCA;:R:G. Between DC, CP dc* 
scribe a hjrperiwlacattiitgDO and A B pe(p«edicu1ar to D C inOaud B, 
from U dnsr R V parpendkalar cutting D P in V and thehy])CTbola in 1', 
complete the pandlelogtMn O K C D and moke N : Q B : : C 1) CP. 

Take 


,r.-OTt_«._aTEI 

y g SS OV it T Sg * ■ I 

for Pince 

N:QII::CD:CP::OR R V, 
and M 

OTEI_DRxQB — OTt_„ 

UT ** 

in dbe tiBgTq we a en ie d bgr Omt TO thp bodj will boat(r>, and tlicf,(eat- 
est aldto^ gs it and the « V I„ 

FerdtaoNXldti «p7baaM4Yedint*.inpivi^«bding and 1(<(. 'ilie 
lat^ madail k lypwe t ^ '{be motion iti .scent b) 1{ r. 


A s.OMMK*NTAUY UN 


I Sect, il- 




.) W X A i X A Q 

I ' (; • i( r : • S[ . A b — A Q, or Q 1> 

. : C iJ : C P, 

: : ]ot4rr&l moti *n . A^ccndu^’ motion at ttie be^inniiigf 
/ (i) lie ihe place of the bori> m|uired» 


SECTION JL 


io ]"> ») \ Suppose I ho rosicfaLoo to vai^j Ob the irlochy *. 

'liK»i fci dccrcuieiii of velocity a resistance a ^eU»Clly^ 


Hi 


I 


I 

I 


\ 


\ 


AK 




J "t t’ c (iiM A 1' tic into b ^reot number of equal por- 

tion'-, .1 <1 iH ita Cl Jinates A It, iv k, L 1, M ni, &c> to the hyperbola 
»!• wtibed la'twtcn th' two rHungiilarasymptotes, C Hf CD; then by the 
property of the liypoiln''’, 

i It' K k : : C K : C A, 

A’l- Kk:Kk.;AK:CA 

: * A B X A K : A B X C A. 

A ^ - K. ’ r ^ B X K k. 

In tlio same 

K k — L I Ji K k% See. 

' n 

or 

A PS KkSLi\ilLc. 
are pi-opo*nonal to tlieii difll icikcs. 

a*, vcluciues mil decrease in the SAiiie preq^ortioDa Abo ilia qfiaoas de- 
scribed are represented hy the areas describ^ hy the ardjoaies ; hence in 
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the time A M the gfog* deMribed wmj }i 9 ,Mptm»td bgr Um vbob.MW 
AMmB. r ’ 

Now stqppoBe the linee C A, C K| and alinilarly A K« IC L| ftOi lik , 
geometrical progre«auHi» then the nrdinatea will deoleaao IH Ao IwverM 
geometrical progresriont and Ae ^wres will be off equal to eaeh other. 

Q.e.d. 

J 1. CioB. 1. 'fhe space deecribed in the reMSting medium : tlte apace do- 
sciibed with the first velocity eontinoed uniform iur the time A D t : the 
hyperbolic area A I) G B : rcetnnglc A B K A D. 

1 A Cob. A The first resistance ctiuaU die c«>ntrip«tnl foicc which would 
generate the first velocit} in the time \ ior if the tangent B T be drawn 
to the hyperbola at B, since the hyperbolaia rectangular A T s A CiUad 
with Ae first resistance continued uniform for titc time A C Ae whole 
velocity A B would be destioyed, which is Ae time in which Ac same ve* 
locily would be generated by a force equal Ae first resistance. For the 
first decrement is A B — K k» and in equal times Aerc would be equal de* 
crements of velocity. 

lA Cob. 4. The first rusistinLC : force of gravitv : : velocity grnciiitcd 
the fiwee equal Ae first resistance in Ac time A C : vvlocl^ gen>‘iated 
by Ae force of gravi^ in Aa same time. 

14. Cob. 5. Fice versi^ if Aia ratio is given, every thing else niny bo 
found. 



lA Pjrop. VIIL Let C A rqiresent the force of gravity, A K the resis- 
tano^ti A C K rqntaeotVAo abeohite force at any time (if Ac body de- 
aottiSfi A P^ a mean ]»itinrti|Bwd A A C and A K, represents Ac >ctu~ 
dtyt K L, P Q are contenqioeaiieons increments of Ae resistance and 
Aevcloeity. > * , ^ 

Then uooe * ‘ 



m 
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iliL leiiicijr of vtlority ac force when the time ib |pven» 

. K L X K \ o A P X K C X K N, 

/ iiinui uiily K L O N (ec|afli the increment of the hjfperboUcarea) 
'*v P rx • ](»• itjf, oe space described^ and the whole kypeAblie area xz 
ti I* sn»o of .ill the K L O Ns whuh aie pro^iortional to the velocity, and 
. p»i» c d(* If the whole hyperbolic area be divided into equal 

portion*, ilio absolute force C A, C I, C K, Ac. are in geometrical pro- 
j,ress»on. Q. e. d. 

i«' Cou. 1. Hence if the space described be represented by a h}per- 
ool.t no i, I lie Jbicc of gra\ity, velocity, and resistance, maybeiepre- 
senf* (I iiy burs which arc in continued x>ropoition. 

I r. C on. ti 'Phe greatest ^clocity = A C. 

IK (,on. It the resistance is known for a given velocity, Uie greatest 
vciooity . oivui \cloci!y : • Vforce of gravity : V ^ven resistance.* 

IS). 1 nor. IX. Let A C represent the gieatesl \elotity, and A D be per- 



,1,0 I> ,„rf A D dc™*. 

tejjo-iim Ail-.»«l,I,ol,jp„bJ.AVZ. D«.a»Mdgl>p,j>p, 
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Mf 


Vss 


by 

0 . 



oe incranent of the timOi 

«oinpo«doii> tiM whole eeotor « whole time till the whole 


Ciue 2. 11' the body deacend; as bcfurc 

D V T : D P Q r : D T* : n l»” 

;:DX’j D A«:: TX*: AP* 
— TX*; DA» — AP« 
:: A D‘; AD* — ADx AK 
: : A D : C K. 

By the property of the byj)erbo](i, 

TX* ss DX» — 1) A* 

.‘.DA* = DX' — TX* 


, Tj ■« m D P Q 


PQ 
(’ t 


oc increment of thu time. 

by composition, the whole time of dcscmt till the Ivnly nrt^iii e its 
greatest V as llie whole hyperbolic sector DAT. 

20. Con. 1. If A B = i A C. 

The space which the descending itody describes iii any time : .>p.tcc 
which it would describe in a iion>i'esisting medium to nccjuiie the greatest 
velocity : : area ABNKii^ATO, which rupr* ’•onts tlie time. For 
since AC:AP;:AP:AK 

KL:1PQ:;AP;1AC 

and 

KN; AC ;:AB;CK 
.•.KLON:UTV;;AP:AO 

: : vel. of the body at any time : the greab'st vel. 

Hence the iucrements of die areas oc velocity oc spaces described. 

by compositioa the whole A ti N K : sector A T D : : space described 
to acquire any vducity : sqiace described in a nun-resisting medium for 
the same time. 


21. Com 2. In the some way, if the body ascend, the sjiace described 
till the velocity as A p t rspaee through wliich a body would move : : 
ABafciAiDt < 

2^ 'Cob. 8. Alsi^ the vc^oc^ of a body falj^g for the time A T D : 
vebAuty which a body would' ai^re in a ndril-resisting medium hi the 
soBM tiine? : A A D P : sce^ T D A| IS»r since the foire is constant. 
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428 


. C8)u».11L 


the vel(K:i(y in a nou-resisting medium « time, and die force in a resiai^ 
iP(T ;nctl<um a A P a /h A D Pe 


23. Cor. 4. In the same wa y |ilic velocity in tlie ascent : velocity with which 
-I I/Ofly slirMilil move, U) lose its whole motion in the same time : : A A p D 
: siaH't 4 t T) : : A p : xirc A t- 

For let A Y be any other velocity acquired in a non-resisting medium 
m the same lime with A P. 

A P : A C : : A P D : this area 

and 


A P : A C : : A P D : A € D. 

("hereforc the area whicli represents the time of Acquiring tlic greatest 
\eIoiity in a non-resisting medium =: A C D. 

Ill the same way, Jet Ay be velocity lost in a non-resisting medium in 
t)je •> i.ne time a\ p in a resisting medium. 

•*. A p : A y : : A A p D : aiea which represents the time of losing die 
Velocity A p. 

time criooiiig the velocity A y = A A p D. 


2 V. (bn. 5. 1T< neo the time iii mIucU a filling body would acquire the 
i.y A i ' . ti.i . Ji v«nu.i, ill a n >ii-ivs]sting mcdiiini, it would acquire 
the groattM velocity : : st*ct<»r A 1> T : C A P. 

AUo the liiiic ill which it v««)uUl lose die velocity A p : time in which, 
111 !i in(MlIu«n, it iiould lose the same velocil}* : : arc A t : 

tangent A p. 


25. Con. 0. Ilcnc*' die time toeing given, the space dosciibed in ascent 
or descent may b** liiiown, for tiie greatest velocity which the body can 
ac(|iiiie is constMU, thorclbre die time in which a txxly fslling in a non- 
resisting nii diuui, i>oul<l acquire that velocity is also known. Then die 
sector A P T or A 1) t : u A 1) C : ; {''.>(■21 time ; time just found; theie- 
fora th. velocity A 1’ is k'lopii 01 A p. 

Hwn the area A li N K or A 6 it k ; A D T or A D t : : space souglit 
for : space which the body would describe uiriforoily with ks g|reatei>t 
velocity. 


S8. Cob. 7. Hettee wrf versdt if the apace- be given, the time vnU be 
known. 
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27. Pbov. X. Let P F Q be tbe curve neetiag the plane P Qk iLel 


T 



(}, H, I, K bu lliv. pomtb in the <.ut\e,(Iraw thernJuintCb, let B C s: CD 
= 1> E, Kc. 

Diaw II N, G L tin^ats at II c nd G, meeting the ordiimtes produced 
in L and N, romplotr the {nira1lel(v,ia>n C U M D. Then tlie times 
a •/ Xni and V and the vclocnies « G H and 111, and tlic timer 

oc : let T and t s times, and the vilocitics a mid , Unrefuic 


tbe decrement of the velouty arising from the uMvdatim of Ks.stuiice mid 

O II Xi 'I' 

the acceleration of gravity « • ,|r ^ , also the acceleratim^ forre of 


gravity would cause a body to describe 8 1 N in the same tiino, therefore 

2 N I 

die inen incnt of the velocity from O s: , again the are is iiicn'as> d 


by the space sslll — IINsRIss ^ •> ***** 

,, ,, . G H HI , 8 M I X N / 

crement fiom the lesistance luone sa -n y- — ~ ^ ” t x f 1 1 ’ 


OHxt 
T 


. x»f.*MlxNI«^, 

resistance : gravity : : -- y — » -> It 1 4- — ■'fj j ".-SKI. 


Again, let 

A B, C D, C Bs R o i be o 4* o, 8o, 3o, • 

C H ra P 


M1ssQo4' Ro*4>So*4‘&c. 

DlaP>^Qo 4 * 

£K s P«-;'«Qp-rd!lo*>-&c. 
BGraP 4 ’Qo 4 s'&c. 


and 
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A COMMENTARY OK CSscr. II. 

CII)‘ + li C‘(=: GH*) = o*+ Q»o*+8QRo* + aic. 
G H* =s r+^i* )C o* + 8 Q R o* 

aG H= V 1 + <i* X o + 


QRo* 


and 


QRo’ 


Z'ubtract fioin C IT j tlio buni G B and D I> and R o* and R o' + 
3 o * will Im: the rrmaindti, equal to liie sngittie of tbe arcSf and which 
aic ijrDportioiial toLJl and NI, and therefore, in die subtracted num- 
bci t-f the tines, 

t / fr+HTo R + JSo„, ,3Su 

T “ V • -u— * -TT" * ‘ + T B- 

(J 11 X t ^-.'X’rrn ^ V 1 . 3 ^ 

- o V . + Q* + ^ + 2 II 

. Qllo* .3 SoWT+Q^. 8So„QRo« 
^ o. vi+Q* — 2K — + 


M I X N I _ H « ’ X Q o + R«* + Jitr. 

■‘Ill ” MfV r> Q' ,■ Q R o' 

^ V 1 +Q' 

G II X t ij , , 8 M I X N I a XT T 

rr^ihi'aiice ; jsravity : ; — v^r- - — H i + jj-jr ; 2 N I 

..nso' VT+~ q: 

Si It • 2 tt o 

: : 3 S 'q“ ; t R'. 

Tlic veiocitj is equal to that in the parabola whose diameter s= H C”, 
and the lat. rocU = or — . Tlie resistance « density x V *, 

therefore the density « — a ~ direedy ot 

* -K v-r+TT-' 


S8. laXa 1. Let it be a circular axc^ CHs^ AQssii^ ACsra, 
CD = o^ 

D I* s: n* ~ (a+ o)* s n* — a*~2 a o — o* s ••-—8 a o — o% 
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NEWTON’S PRJNCIPIA. 

e So* Stt* * 


Ps:c,Qse*.R SLL. S — ti* 

ar” ® - jTe^* 


4SI 


a A stii. 

n e e cos* ^ 


3 A tl ^ jl li ^ 

The resiUancu : gravity : : r- X • r» J • S a : 8 n. 

2B C Q Ij 


89. Ex. 2. Of (he hyperl><»la. 



PI Xb s 
pjlt P C S3 
a + oxc — a — osx 

.-. D I ss 


PD*, 

b,CDsso,QPssc, 
ac — a* — 2no + co — o* 

ac — a* 8a + ^ o' 
B 5 ” '°~ b’ 


and aince there i^po fourth term, 

S s 0, 

.*. draw y sa 0. 

30. Pbop. Xlll. Suppofce the resirtance to « V V*. 



Caae !• ShifpOM Ac body to |aoend wiA the center D and rad. D B, 
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11 . 

('.escribe the quadrant RTF; draw B P an indefi uite line perpendicular * 
t ) U 1), and parallel to D F. Let A P represent the rebcitjr ; join D P, 

1) A, and draw D Q near D P. 

resistance ocAP* + <iBAxAP, suppose gravity « D A% 
decrement of V « gr8vily+ reustanca oc A D*+A P*-f t B Ax AP. 

ocDP* 

DPQ(«PQ):DTV::DP«:DT‘, 

D T V « D T« « 1, 

therefore die whole sector E T is proportional to the time. 

Case 2. Suppose the force of gravity proportional to a less quantity 
tliaii DA', draw B D perpendicular to B P, and let the ferae of gravity 



« A B ' — > B D'. Draw D F jiarallel to P B and s D B and aitli the 
center 1) — ^ axik-iitajor = i axls-minor = D B, describe a hyperbola 
from the vertex F, rutting A D produced in and D P, D Q in T, V. 

Not! since the body is supposed to ascend. 

The decrement of the velocity a AP'’ + 2AB X AP + AB* — 
BD* <* BP* — B D'fB r* s: A P« + A B* + 2 AB X BP). 

Also, D T V : D P Q ; : D T* : D P* (by similar triangles) 

: : T G ' : B D ' (T G perpendicalar to G) 
::DF*:PB» — DB*. 

Now D P Q ae decrement of velocity oe P B"— > D B% 

.*. DTV«DF*«lot increment of tha dme^ ainee the time flows nnU 
fonnly. 



B.>ok no NEWTON’S PRINCJPIA. 

t 

Cue 8. If the bod\ dtHCond: let imtitv u nl)* — AB*. 


V 



With ( Ciller D end lertcx B, de&cribc the re<'tttii^<i!,’i. Itvi^erlNiIa H T V, 
cutting ih«' laic* 11 V, D r> 11 Q produttd in 1 , 1 \ 

The iucicmtijt of V « B D * — A B - \ 11 x A P — A P* 

« B D’ - ^A li + S I"' u B D* - R !’• 
DTV;DPQ(«PQ' DP DP* 

..(}!» PP* GD' i;d »P 

, 01# IH) 111) I'.D- -p. r 

D T Va BD* '^ I, 

. . the whole sector El.! * 

31 Con. With the center C uid distance i# A <i«s<fihc an aic si>ntL 
to B T. 

'Pben Uie i-ilocuj A P . the velocity sib'"’ in the tiino T. D t a hod 
would lose oi aCQUU’' m n noiMcaistir'K D A P : siiri 

ADU 


For V in 0 luii'ic xsang tnetli’ ^ * ™®* 

32. In the rase of the akCW'h ^ 

Let the ibrec of grav^Q^ w L Rcais^mcc <j{ S a \ h v * 
! r a 1 + 2 a V 4 


• ^ , or time. 

by DeoKnvre’a hrst' Jormal*. 

f. or time sr 0 

when 

d V 1 * 

^ 1 ’ + i ' e v» ' V» ” f *^ *^’ *^ ***^- «^ 8 

t , ’ ' toagent ss . + a 

• h. Tj 
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CSrct. Iff, 


{ • L, time '>l»cn v — o ss X cir. ate rad. ss g 

O 

and tangent =; a 4 - C. 

I • 

. . < oi\ n ii«: ^ X «*ii. arc rad* =r g and tangeht v + a — cir- arc rad. 
/ I ni a. 

. . iLv time of accent ss serioT EDT— 'g* ss 1 — a*, 
n. !'i the i‘as/ of descent^ 

d V X 1 — Hay — v* 

Ui 

4- a sr X 
d V sr d X 
V * 4 - “d a V -r a* ss X* 

A 1 + a^--x®rs 1 — 2 av — v» 

*riinc as 0 , v sr 
X ss a, 

.0 = ,*- X /S-+2 + C 

Qg J g— 

•. trot', time s: ^ X *— • E£-i- . 

2g J g— -x J g — a 

rnnr. XIV. Take /. projKirtioinl to gtavity, and A K to tlic 
r ■slauuue «>n contrat}' sklcsif die ascend, and vice venJ. 
the asymptotes iwsenb* « hyperbola, Ac. Ac. 

Diaw A 1) perpendicular C A, anti’ 

A .yAC. 

Tito mca A b N K iucrr..>.*s or den eases jn arithmetic progression it 
the forees be taken in geoineti*^ progression. 

Now 

A K oe lesistaues « 8 B A P + A P*. 


let 






T 

^BA X PQ+dAPxPQ 
.’.BXsr — ' Z 
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A COMMSNTAJIi? ON 

.*.I>P*s: CiC X Z. . 
.•.DT*:DP*;:I>B«:,GK xrZ , 

anil In the other two case* the same result w^ obtun. 

Make* ' « ' 

OTVssDBxm. 

DB xm:iDB )rPQ:;DB*:CK XZ 
.'.BD^xPQsflBDx m X OK x 2. 

.•.AbNK = ?LPi<^^L2L2 

. . A h N K — D T V = « A P . « velocity. 

il will roproient the space. 


SEj^pN IV* 



3.j, f’liop. XV. Lemma. Tie 

A O P Q a: a rectangle s 4 O Q R 

Olid \' , 

4 8 P Q s 4 the spical s 4 . 8 Q R 
.•.46 PS s 40Qa . : 




Book 11.] 
AIm> 


NKWTON*8 V^RINCIPIA. 




TQ : PQ;; PQ: 2PK 
.•PQ* = 8PSxTO 

whicli also foUowt from the grnend propci ty oi* ovety asm. 
PQ*s= PV X QB. 


. • Q n =: 


PQ’ 

TW 


36. Hence tbe rckUtance density x squAie ot'tbfe velocby. 

37. Deneity oc ecn1r.p«tal force « density* 

Tlien pioduco S Q to V so t}>at S V =: S P. and let P Q lie an aic 
described in e small time, P R deu ribed in taice that time , *. tin dccre 
mente of the arcs from ^rlial noald be dcmilxJ iii a non-Ksistin^ iiio> 
diom « T’. 


decrement of the nic P Q 's ^ deuemrnt ol'tl *> .ik P U 
decrement of the r.tc P Q r: J 11 1 (if Q S r s area P 8 Q). 

For let P q, q V be errs desttibed (m tiie « me time &■ P Q, Q R) in a 
iion>ieiiistmg mcdrani, 

Pbq^-PSQsQSqsqKv — QSr 

nrSv — QSq 

SQSqsrSv 

if 8 T ukiniately a 5 I be the |K.iiK>ndicuIar on ilit tangents 
STxQqaiStXrv 
< •«.% 8 Q q a r ? 

and 


Hence 


Rv s4Qq. 

* 8 Q q a R r. 

Aesielanoe : cenU^tal force tsi R r : '1 Q, 

k 


T Q » 8?*> « iiiM% CKewt C'ot II.) 




,,.P ?!l.“ w 


Also 
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[SfCT. IV. 


) \ 


VO Q R • vlHii 

. .S‘i ^ X S P 
1’ Q . Q r : : S Q .S P 

iric< j I as ail C'jaal, onJ tiie angka ut P and Q are equal. 

.-. P Q R r : : S Q • S P — v'"g Q "x S P 
. . S Q ; J V Q 

ill 

hg = sp — VQ 
. SQxSP^^sr*— VQx SP 

•. s/SQ'xTf sr SP — — — &C 

.* i \ Q altimately = S P — P X 

o decrement of V Rr 

UcMsUincc a * TwT- i’ 

time* P Q* X SI 

J V Q 

“ I'l? x“?rQ X feP 


and 


iVQ-PQ: iOS.PO 


. 1. 


OS 


I' t J X s(,uare of the veloaty a resistance cc 0"jVy § ' pi 

, O S 


O s . 


. 1 !»' .1 til • log.' Ill’ I sjiiidl ia constant. 

diiibity ce Q.e. d. , 

S8. Coii 1. \ III bpual -r V mthe circle in a oMIi'naistmg medium .it 
he s lino dut incc. 


:U. Cor S. Resistance : cenlripeial finrqett^RrlTQ 


..tVQx PQ.4PQ* 


t.lVQ.TQ 
’ * ::^OS;OP. 

th'' ratio of ivustooce to ifanc«at>ipe(a]l ibree is knovtt iC theqwal be 
giviiiytiud Id vnd. 

40. Cor. 1 If Sio resistance exc^ i A* c«ixripe||p|i^ Ibfc^i the body 
lannut inme in d^iq^dnil^ Foe if tijc mSstUKo eqnaj^lli* cehtripetat 

f » 
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foice, O S =: O P, the body wQl descend lo die ce&ter in a straight 
line P S. 

V of descent in a straight line : V in a ncMwredSting medium of de» 
scent in an evanescent parabola : : 1 : V 2t for T in the spiral ss V in the 
cirde at the same distance, V in the parabola = V in the liicle at 
i distance. 

Hence since time y ^ , 

time of descent in the 1st ca^e : that m dd : : : L 

41. Com 5. V in the spiral P Q R = \ in tht line P S at the same 
distance. Also 

PQR : PSiti agi\eu lino • PS PT. OP-OS 
time of descending P Q R • that of P S O P : O ' 
licngth of the spiral ss T P =- sm tor of ti o / T P S. 

^ a:b*«b c c;d* d c 
a + b + c + &C. b + c + d + 8tc. • . a . b 
•vm-f b-b c 4- Ac. a.;a:a^l). 

48. Con. ^5. If with the center S niul any taro given rntln, two 
circles be described, the nnmbei of ie\olutioiib which die bod} n dcs 

between the two circumfereaoes in the different spirals a tnngtnt o the 
^ p^ o 

•i^le the >i»nd 

Hic tine at dwcriKng A. revolwdpti : tui^c Jemi tlic (iiflirtnte oi >lii 
ladM : : length cTflie xevplatku i A«t ^i«d c. 

Ad a ' if* j| y 

thne « length of et KcaAt of tlic lui^lc of ilic jui ' 

OP 



4ia A C0MMENT4RY ON CS«ct. IV 

43. Cob. T. Suppose b body to lerdvB Bs in tbo propositioii» and to cut 



(! e radiub in (lie points A| U, C 9 D| tbe intersectious by tlie natuic of ti c* 
^pllal arc in lontinucc] proportion. 

„ , , perimetei>ilc scribed 

1 nta »» icvol ifon y s ^ ^ 

du! \(loLity Ot ■■ 

VdislBDce 

tt AS*, BS*, CsS, 

ilic ^^ho)e t»nic : time of 011 c 1 evolution : : AS*+BS* +&c.:AS* 

AS*: AS* — BS*. 

41. I’nov. X V i. Supp<. ’ the cvnlrip^ fiwee ec » 

time ce BQ X SP< 
and velocity «e ^ j 

8 P ' 

VQ QR::SQ':SP« , 

Qi.PQ:.SP :SQ 

Qr . QR :: 

Q r R r « t I'la *-* — S P »' 

:*SQ :»r*£rin. V O: ►.•i 
FW r ' 

‘ .$P s VQ, 
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.•.sp3-i = SQ--> + J-il. \ Q X SQt-s^ ««■/ 

.• SQJ-‘ — SP5-i ss i_-Jx VQ xSQ«-‘. 

Iben a*i before it may be proved) If the aphnl be gi%Mi» that tb^ deniity 

* bT*’ ®' **• 

Co ll« ]• 

Kosihtance : centiipeUii force . • » O 8 : O 

foi the resi^tnnu centn|)etitl force : : | R r ; T Q 

•• xVQx PQ PQ* 

_i:- “-mx — ‘- 8 ^ 

« I-“xVQ I*fi 

• : 1 — J X O S • 0 1». 

46. Cob. 8. Ifn 4- 1 a 8, 1 >>§ s 0, 

A 

resMtaoce ss U. 

CobT S. If II 4* 1 be greater than 8, tlit u ■>i<iaitt« t» pri^itUmg. 

SECTION \]. 


47. Paop. XXn*. The distonceaof an^ bodiva’ ceaun of OKillation fiont 
the oxih of motion bentg the aamei die qnao^tues ef matter a» weight 
X aquares of the dmek ctf ovdllation iit xHtewt. 


For the Tcloci^t^erated • . Fei«e on boiboi »t 

<.i|ual distances from th« lotrett points cp wtdghtt, times of dcsti bm^ 
corresponding parts of the moUen m whole time of oscillation, 


. . quantities of matter 


farce x time of osdi. 
* Tel^ttw 


«^tvei|^ X Sqtdurcs of the times 

unee the velodtice %|,«qiial spaces 

48 . Cob. 1 . Hencfthe ilfiSSes bebi^tlieeBWe^ the quantities of lu^ttir 
m w^ghils • 

' COjt. S. ||r«hotfei||fitllln^|lMPNS dM|,jqua^ms of matter » time*. 
$. If d|B<||8|ti(ids ef tviuer be die weights o> . 
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) ij 


J'l C’o'i. i Generally the accelerating force cc of matter, 

• and L 00 T T», 

- WxT* 

.L 

if W en'Jl Q be given L x T *. 

If T «..l Q be given L oo W. 

. , , . r weiffhfXtime*otostinalic 11 

»;(» Con. 6. g«'ier.i)Iy the (jnantity of matter at — « • 

ill i'Koi*. XXV. I ft A B be the aro wJiich a body would describe in a 



iHi'i-’ « siafui.; .1 . 1 ’ ,1 in aiif I'M-' 1 hen the accelerating iorce at any 

l»wln I) X ( i‘ , let C 1) lopic^ent it, and since the resistance ec iinn. 
It ii’HV H- :eji,>eiU».d by the I’f C o. 

tile acceleiating turfi Li i resi>tiog medium of any body d> — od. 

Take 

od:CD..*B:CB. 

Therefore at the liegirn ng of motion, the accricrctiag force will be in 
this ratio, . . the initial velodtics and spaces described wiU be in the seme 
I at to, the spaces to he described will also, be in the same ratio, and 
v< nish together, the bodies will arrive at the same time at the points 

nil.) o. 

In thi same any when the Ixidrcs ascend, it may proved that thqr 
will ’iriie nt theii higliest founts tfi, ibe same lime. If A B : a B in 
the ratio C B * o B, tlie oscillations In a non-resisting and resisting me* 
'hum niU lie isocUronouv Q. e. d. 
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Con. llie greatest velocity in a renating Btediiun ia at the point Oi> 

The exptesbion lor tlie ^ time of an oaallation in vaeuoi or time of de- 
scent down to tlic lowest point a quadrant whose radius s 1< Now 



suppose die body to move in a reaUting medium when die lesistaiiee 
: hiice of gravity • ; r ; 1 . 

ilicn vclv — -gFdx + grtl4, sj— gd'x -J- grU/. Now by 

A Z 

a piopeity ot die cycloid, if be the axis, dx ‘drtixt'^'iria, 
id/ 

<1 X = - 

a ’ 

V d V s — X «d X g r d z — 

= — Ax 1 * + grr, 


Now 


■ X ligrx*|- C. 
z 3 s d, V s u, 

A M ^ ^ 

•. V * ae « X d*"— x"* — ggrX d — a' 

*s §* X?* — ealcr+“ 2 ad fa — f*, 

V as y*--^x V^— liard 

f\<‘ w * 


Assttme 


a^etr 
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and 


d 2 =: d y 

,..u=/3 X . Tfi . 

^ g V'b*— y* 
t =5 y* ~ X circular arc, raditu =? 1 , 


and 


z — a r , ^ , 

cob. 5s -• + C ai.d C r: o. 

a — • a r 


. ilie wIjoIc ti»»ic of descent to the lowest point zz f ~ X circular ai*c 

^ e 


■ n-- HI* , , , 

whose ro‘ “ <1 n r * *** vacuo : time in resisting niocliuiii 

ipndiant: arc \\ hose cos, =r j " * 

Con. 1. Time of descent to the point of ji^atCRt acreleratioii is constant, 
fi>i ill that case / =r a r, 

.• t = y X quadrant, for d v = 0 , 

/, e <1 V sr 0 , 

- g/dr + gofzs.*!, 

/ s= a r, 

. z * I : • a : I 

Chh. ?. To find lilt* O.CCSS of arc in descent above that in ascent. 

V d \ -h ji T U X + p r d z, 

I g ^ d / , 

•- V d V = — g r d z 


ni 7 


*• a 




,* V ^ ^ 


(<I* — /*)— U - tl) X 2 « 


= a' ^ (***“•*«*' *i) — (8 » r s — * *) 

Mhicli when the hotly arrives to thn highest point s: 0 ^ 
d* — 2 ard — aarjt — g'sO, 
d* — 2 s t d s= g* + 9 R r 
.’g + arsd — at, 

g s d — 2 a r, 

■•••d •— g s 2 a r. 
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fiS. Prof. XXVI. Since V a arc, and resistance cc V, reaistaiice « are. 

Accelerating force in tJ>c resistiitg medium a arcs. 

Alao the mcremunts oi decrementB of V a accelerating ibree. 

.*. the V will always ce arc. 

But in the l>«>giQning of themutiun, the forces which « area will generate 
velocides which aro proportional to the arcs to ha deaeribed. .% the vido> . 
cities will always « aica to be described. . 
the times of osdllatioa will be constant. 

53. Prop. XXVIII. Let C B be the arc described in the descent, C r 
in the ascent. 



.'. A a as the difl’erence (if A C s C B) 

Force of gravity at D : reaistanee t : C D : C O. 

C A « C B 
Oa » OB 

CA—OaorAa — OOsCB — OBssCO 
CO s i A a 

.*. Force of gravity at 1> : reristance : : C D : i A a 
At tlie b^inutflg of the motion, , 

Force ofgravitiy t leristaiiM : ; S C B : A a 

it* length of pendulum : A a. 

.54. PaoB. To ^Ad the resistance on a thread of a aenrible thickness. 



• r , 

Rjitfatanfe • V* x B* of mspended 

|V ntriMaoce Ml the whole tbr#d : r^stanolf on the globe 
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2a^b’.(ft— b)* . a»r*c*-~r*c*.(* — 9b)*, c = a + r. 

.. a»b*. (b — b)* ; 3a*r*c*b — bab*r»c* + 4b'r*c*, 

. : u’b . (a — b)* : 8a*r*c* — bab r*c* + 4b*r*c*, • 

leaistunce on the thread : whole resistance 
:;a'b.(a — b)* ; r*c*.(8a*— bab + 4b»). 

Cob. If the thicknes* (b) be small when compared with the length (a) 
3 a* — bab 4 4b's8a*— bab + 3 b • (nearly) = 8. (a — b)*. 

Resistance on the whole thread : resistance on the globe 
. a»b:8r*c* 

.t’ld 

Renstance on the thread * whole resistance to the pendulum 
. a’b a*b + 3r*c*. ' 

S'lptMise, instead of a globe, a cylinder tx' suspended whose ax. s 2 r. 
1)^ diflfeicntials 

tlie resistance on the circumference .* resistance on the base i 2 3. 


'V 




V 


M 
PX ju 

K 




X/ 


Ry composition the resiiitance to the (yliiidei . resistance on the square 
s8 2 1 . 1 2 • 3. 

Renstance a x * x', 
rehistance « x 

resistance to the whole thread at x*. 

Resistance on A £ « (a — > 2 b)* if 2 b s; £ D. 

.*. Redstance on the thread ■ resistance nf the globe ^ 

1 : 16 « a * b * . (a b) * : 3 p • a* (a— ^2 b/* x r * . (a,4' *) *• 

* 

35. Prop. XXIX. B ais the wholearc of osciUation, In tliut line OQ 
takefeur poinU P, R, so tbatif O K, ST, PI, QBbeere^ 
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perpendiculars to O Q meeting a racUagalni hyperbola between tlie 
asymptotes O Q, O K in T, I, O, and tlirough I, K F be drawn 




1 hHF 




k. 

iv4~ »t 


parallel to O Q, meeting Q h produced in F. The area P 1 £ Q may 
be . area P 1 8 T s : C B ; C a. Also lEFilLT ;Ott OS. 

Draw M N perpendicnlar to U Q meeting the liypeibulo in N* so tliat 
P L M N may be propordonal to C Z, and I* 1 R to C I). 

Thou the resistance : gravity • • ^ q ^ T £ F — 1 G II •• P 1 N M 

Now since die force « distance, the hks and loices are aa the hyper« 
Imlic areas. D d is pFopordanal to R r’G g. 

Now by taking the differentiala tfaeincrement of (q ^ ^ 

= Gllgh— ?^^iRrxbB::HG-.\j®j|^:OB:«OR x 

HG^IEZx,yQ50PRPl— (OBxHOsORx HR — 
OPx PIaPiHIlaPIRG+IOH).:PlRG+lGH— 
§-qX lEFiOPx PI " 


Now try 1 


^^xlEF •lOH.IbeiiMMmeDtYocPIOR- 


Let y SB the whole .*« V <^*R » actnal accelerating 

force. InoresieDi tf ^ ^ hMXement of the tiin*.. 

As thereMstence • leflsbntee et V X increment of 

•eaistanceflt V — E ifMiee WgtvyiV Q R.*-> Z, if Zhe the 
^ Ebce the bcMbeot Y « FI O tT*— Y, wA the increment of Z 
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xPKiR — Z. IfY and Z be equal at the b^^oning of (he motion and 
begin jf the bame time by the addidon of equal ieeNmemtaf th^ will still 
remain equal, and vanish at the same time. 

Now both Z and Y b^n and end when reslstanoe s 0, i. e; when 

lEF-IOH = » 

or 


Oft-IGH 


O 11 y I E F 

— ux $ — 


tOH 


0 . 


Z 


ItesUlsnce s gravity : j .lEF — IGHiPMNI, 


SECTION Vlll. 


(tO. Piior. XLIV. The frklion not bang conbiJered, suppose the mean 






altitude of the water in the two arms of ^ vieaed to be AB, CIX Then 
when the water in the arm K L bai,«pegM W£ F,tfa«iiabttiaiWana 
, M N will de s cend to G H, and the moiriag Aree of tha^imter eqnala the 
excess of the water in one am above tlwVater in the i^er, equals twice 
A E,F B. Let V P be a poidulum, R S a ey<||||jjfcai ^ of lii# 
canals and P Q a A E. The aocelerafiDg btMffiit* vnim i 
> : A E or P Q : P B. “ • 
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Ako^ tlie accelerating force of P Uiiough die nrc V Q : whole* weight 

of P ! : P Q : P R; therefore the accelerating fotcc of the w^ter and P 

QC the weighu* Ihexe&irc if T* equal the weight of the water hi tho caxHilf 

the vibration of the water in the canal will br himiiar and cofccJtjporancous 

with die oscillations of P in tho cvtloid* 

^ • 

Con, 1, Hence die vibniiioa> of the water arc isochronous. 

Cob. if. II the length of the canal equal twice tho If'ugth of the 
poutulum which oscilLUix in ricconds: die vibratio is will also be performed 
ill seconds. 


Cor. 3. The daie of a vibration will Jt V L. 

Let tho length =r J,, A E =s 

then the nccelciatii.g loixi w'iioU* w^^ight • 'in. T., 

\ accoiciating (owe 

whe I tho sniiace is at 0^ the acccliiuiin*, Turn =r ? , 
Pn( E 0 s x, 

A 0 S5 a ~ X, 

.* no<v leratlug forcq s: ^ .5 . 

% d V * 


V * ss X ^ a X — X*, 
< 


X \ ' 


1 * d X / L 
d t ss - - ss ^ 


^ 'V 2 g a- ^ ’ 

'*■ * 2 g*‘ ^ ■- 

+ cw*. foid cd^, . 

tw 0 , xsf^’ 

’ sfe 8. Uli>8, kc. 

• * V57i'>sYf»’'«<‘) - (•»•“ ^/-?^ * ?• 

tis^ of on* entire vi>i!ptio» ss p^:||t =s Uidc oC ojip caUre vi- 

.V ® 

of s pendnliim whoM lenga ^ . 



A COMMENTARY ON 


[SEar« VUIL 


lf7. {'on- 1 SiiK'c Uir distance (u) nlKSve the qaiescent suifiMe does 
rt/t enter into the expression. The tone will be &e seme, wbateveir be 
the value of A E. 


68. Cob. 2. Tlie greatest Telocitj’ is « A as 


- ^ /» • 

iTE^ 

•V-TT* 


6t>. i'ltor. XLV7T. Let E, O be ^ee physical points in die line 
R C, wliirh niv cqiieDy distant, £ c» F ^ 

<} p the spaces tliroagb which they move 8 -rn 

dill iiig the time oi one vibration. Leti^f^y 

l-v. liit'ir jdace at any dine. Make P S s / \ 

iC r, aud Insect it In O, and with center O / j 

and radius O P cs O S, desoibe a drcle. \ r^/^a / 

Let the circumference of this circle repre-^^ ^'1 w ”» / <> 

sent Iht lime of one vibration, so that in 
the tuDO P II or 1* ir S b, if H L oi Ii 1 
he drawn perpendicular to P S and E s be 

taken s: P L or P ), £ • may be found in k' 

E; suppose this the nature dm medinrn. ' f.. 

Take in die cii'camferenrePHM» the arcs . it 

11 L IK, h i, i k whicli may bear the 

same rado to the drcnmfafwacc of the uicle as E F or F O to f! ! 

B C. Draw 1 M, K N or 1 m, k n peipcndiculai to P S. Hence ' ' 

P I, or P II S 1 isOl represent the modon of F. and P K or d ' 

P II .S k diat of G. £ f. F^, Gy a: P L, P M, P N or Pi, t '. 

P m, P n respectively. 

ITfcPce <yorEG+G',' — E»asGE*— LN a; expais* * 
sion attytoia: £G+iu> 

ill jj^wng, expansion : mean cxpansicai :: G E **-> L N ( £Q 

In retnrningt - —— — — ■ : ' — - O -b 1 n : EG 

Now join 1 O, and draw K r perpendicular to H L, H K, r, 

I O M are similar triangles, since the^Kllrsj|KOkss^ 
10ise.I0P and z. at r and M as 80% • ‘‘i- 

L N : K H I M : T O or O P» 

EG:; circumforence PSLP:BCt:OP:Ys Tudins of 
the circle whose drcumforence s B C. ^ 

, .*,byoompo«tkmLN:'OE:tJ^M: V. 

V. eiqMHMwn : maen expansion | : V M t T 
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elasti^Q : mean daadcity ; ; la the same way* for Ui«’ 

points E and G. the ratio wiU be y-jj-j;; : y «e y ' 4 

. : «xrm of claatiiity of E : mean elasticity 

I1L~KN 1 

T \ -OTx vniTTiTin} ’ T 

: s H L — K N : V. 

Now 

V « 1. 

the excess of £*s elasticity or 11 L — K nnd uucc 11 L K N 
H 1 ; H K s ! O M j O P, • 

H L ~ K N u O M, 

.% excess of E’s dastlcity « O M. 

t 

Since E and O exert tbenisalve!« in opposite directions by Uic arc's Uiu* 
deucy to dilailb cx#)ks is the acccleradnit foioe of • y, anekiating 
force OD O M.** 


OK Ttl^ HAOWOKIC CURVE. 


Since tibeaidina^ in the hainonic curve diawn perpendicular to the 
eyia are in a consul ration the snbteoses of the angle of contact will be 

in the aame gKva raUa Now 'the subtenses ee ^ ■ » and when 

the curve perfenns very snudl t(|ttii*lbns, the arcs aie nearly equal. 

Mow the CttiT. « i^btcRae ee ^nrvatuie. 

HeQC4tdipa(M'letadiie''fivce on any point'e^ the string oe curvoture m 


• VSiirMiMtVfiaix * ^ 

O V V«-«- pA<s 2 far>-<y#wsate 

l.a.i»« » eeilMi llB> jhwi« diiiMMqljppoew^ljeflsyeim. 0. 4 
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lo thid the equation to the harmooic curve* 



Let A C be the axia of the hanntiii^ curve C B Ai D the nicldle pwn^ 
diaw B 1> perpendicular cutting dui^rve in B; draw P M perpendl* 
cuLr u> B I) cutting the curve iu P, and cutting fhe qnodrant deacribed 
-.vitl the c< ufcr D and radius D B in N. JUpiw P S perpttdicnlar to A C. 
Put y ‘ 

BD=;a, PMs:y»Bllfs9x,i 
. • D M = a — X = P a 

r = raiL of cnrv. at B P s: z, .*/ 

f) « tff Y 

1 jJ. of cuiv. ss — — - (if d a be caas^||^). 

' A ’ 

iSO.V , 

B D . r : : curvature at B : curvature at P 
: . i^d. of cor. at P : rad. at B 

or , • 

d z d X 

“ ='d*y'''' 

..r.id'y-fadzdx — xdxdzsO, 

•. 1 a d y + a d z X — — g— as 0 + C. 

Now 

X = 0| d y a: d x» ' 

.% r a d / =. 0 + C =5 C, v 

r a d y + a m 1 r — r K d 


ax~--=:b'. 


rady ss ra*-b*dz, ^ 

r*a*dy*a! (ra — b*)* x dx* 4* r*a*dy*>#<i»®rab.*deJM?^^i'r'^ 
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••.(m— b^*Xdx*=: S ra 

r* a*dx*s 2x ab*dy* 

if (b) be Bmall compared to (a), 

r adx* 

*'b» ’ 




dy* 




adx 


a X ' 




•f> Cy and cot", ss 0, 

becauae when y — ()« x sa 'ey 
.-.arerrO. 

, > ^ 

C I) ss X qpildnuit B N E, 

and therefore 


/- 

V a 


CP 

iTSTE* 


li N X i Z 

•'•y = "FNTr'* 


00. Pbop, XLIX. put a s: aUncUumof k hompgmiewK almosiiheio 
when die weight and deraaty equal ibe weight and density of the medium 
through which the jAy^icol lino E O is sni^poaed to vibrate. Tiicn every 
thing remaining as in 'pMf. XLVfl. the vibradon of tl)e line F. G will 
be performed in the same litnes as the TibtetlcniB in a qjrcloid, whose 
length s P S> Bhtcein eeeh cese tliey would move according to die same 
law, and tfaroi^ (he nme apMOr Ako, if A be the length of a pendulum, 
aince T tt ^ ^ , 

The time «'vibnitioii : time ^waaillation of iicndiiluui A 


Xi* 


VT»T>: VTT. 

-14 ♦ 


'Also (Pbop. XLVI1.X the'wxdenting ferco of EG in medium : ac 


odeiBliug fesee in cyckdd '* 

:i.AxHI^sVx EGj»d ^ 

alMeHKtOEttPOsV.' 

: : P O X A : 
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T * ^ T’ ^ “ given. 

*. fbe time of vibration : time of oecilktiim of tliepei)du)ttni.A 
.. V : A 

: B C ; circuttfbifnoe of a cirele rad. a: A. 

N'>w B C ST space devuibed in tile tim«, of one vibration, therefore 
tl ciriiimtcicrce of the c'rcle of nidins A as i^o« described in the tune 
>1 th< cvcill.ition of H peuflnliun whose lengfb s= A. 

^uic.' the fmo of vibration : time of describing a space as cironm- 
fuctiic of U.e circle whose rath s A : ^ B C : that circninfercncr. 

Con. 1. The velocity equals tiiAt/ecqoited down half the altitude of 
\, For iu the same time, with tiiia velodty uniform^ the body would de- 
sciibe A : t'lid since the time down hidf time ot an oecillation : : r : 
4.11. umicu uce. In tbe limqof on oecUbMOV^e body would describe the 
ftcumfi’it-nce. ’ 

Con. 2 Since the comparative force or welghthw densi^'^ attraction 

‘ i hoin ueo'I iiu^phere, A « » audLibe vdbdty « VX. 

V t’ •>*M loro* 

/ - 

V d< 'isity 


SCHOLIUM. 


01 Pc XlilX. Sound is pioduoed by the pulses of air, which 
ihcoi . t-> 4< iiO'iuod, l*-t, ftom thevibrations of stdid bodies opposed to it 
*'.! f in I the oinruleiice of theoiy with experiment, with xeqpect to the 

vl'<« »m I »Mi d 

1 III. )> i lie 1 nivity of air : that of tnercniy : t 1 : 11890. 

N V > siucc i)>e oc 1 ; 11890 1 : SO indiea t OOIM feet sz 

^P* s*** 

.iliitiulo i.i I lO homii{,encoas atme^liere. Hiihee a ^wndolnai nduia 
Lneili ss 20 “.;% ,,,11 perform on osdlktioil h|i l^s in wUdt tibha'liy, 
Plop. XL1\, M»und will move over ISOtSS tiiettsfete in I*' sohM 
will d^iibc 979 feet This computation dpeajnpt take into cwiiidna 
tion ihe su’uliqr of the poitides of air, tiaeoii^ wbidb stand is pn^ 
paga^ instantly. Now suppose the partidea of aim hava tfia aaiaa 
density as the pmucles of’water, then the diame^ af «ach fariltls t dis- 
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tance between tlieir ecnterC : : 1 : 9^ or 1 ; 10 neorljr* (Foi if then an 
ta o cubes of nir and water equal to each othinv D the dinwetrr of the paiw 
ticles> S the interval between them, $ «b D ss the aide of the cube, and if 
N = N**. S N D ss. N**. in tlie bide of the cube, N**. in the ouba 
J9 N \ Atto^ if M W the N". iu the cube of water, M D the aide of the 
cube end the in the cube « ^ 

I*ut 1 : A N* * M *, 

A M = A ' N, 

by Propontioii 

NS + ND as Ml> ss KA^ll, 

' A S a: 1) X 

A S + D J D : : A 1 . • j' - t if A -i «ro 

<« 10 . I il A as 1000). 


Nov tlio space described by aound * space whicli the airoconpies : . 0 • 1 1, 
space to be added ~ velocity of sound i* 1088 

tict pu 1 


Agaui, also tlu dastirity of air is inoicased by vapom . I fence tnre 
die velocity ce ; if the dcoaify leinain the same the velocity 

a V eiastici^. i^pbe if die fur be supposed to consist of 11 feet, 10 of 
air, and 1 of vaponf, tbe elasticity will be increased in the ratio of 1 1 : 10, 
therefore tbe velocity will be locrenaed in the lado of 1 1 j : 10 j or 21 : 20, 
theieibre the velociQr of sound wOl altogether be 1142 Icct per 1 ", which 
is the some as fimnd by experinent. 


Iu summer die air baing more elastic than in wiutei, sound will Le 
jirtqjogated with a greater vdkaaty d>an in winter. The above calculation 
relates to tbe mean dastidiy of fhq air whicli is in spriug imd autumn, 
Idence may be fimnd the internals Of pulses of the air. 


Ey oqterimenit a tube whose length is five ptcis was oba er vrd 
l^va dm saaoe sound as nehonl which ubraMtt ipo Ihnes in and 
die aame djqa aound moves thrmi|^ lOtO iuet, dieiufiMW ibe intend* 
the pulses if mr s 10.7 Or dMsit twiSa the length of the pipe. 

' Ffe 





CSlcx vjir 


ir.!i A CbMMSNTARY ON 

riV, On ^ibr»tions* of a hnniiomc siring. 
t • * Sii c 1* hicli a string ieruls ip tbo center of the cQi've : lon e 
h s'ln.’.cs ihc stung : ; iength * radius of curvature. Let P p lx a 



j*all portix u <»f riui bti'Iiig, O the ceutta of the curve ; join O P, O j), and 
J.i P p u at V and p meeting in U omplete tlie parallelu- 

gi.ini r 1 p Join t r, then P t, p t ccpreseiit the stretching force uf 
Uic string, ^liali inuy be resolved into F x, t x and p x, t x of which 
Pa, t) X ilcctMij other, and 2 t x sr force w'irh which the string 
ten h iO the c»Jiter ( K Mow' the /.tPrsr j£.POp, ^tPx = / 
P (> p, . , t r P t ' . r p • O P, i. e. the force witii which any parl?cJi‘ 
H.f.i* in\. I ; the cciiUv of the curve : force wbicli stretclies it : : length 
: ) . 

(.3. W' iltul tl iwny ^ of vibration of a harmonic string. 



Let w 2 = weight of the string. L e= lesgtii. 
D d : L ; : weight 1) d : w 

weight of 1) d = 




tPIA. 

: die movii^ fon-e of Dd : P 


46T 


.PxDdxap* 



: PxDdXap*^ L 

.p» X 

^Fx*p* 

.. •-mr- 

if D O S X, jp b etf «, O CW a~x, 

.’. the eootderatiog force at O s 

.*. ▼ di ” X Td jT ^ X (i'x 

■'* ^ — a * 

X v' 2ax »x*.' 


.*. C and 1 B Of 


j . _ d * _ / jLw 

•*• d * = T “ V iTpTf 


dx 


g rp* ■ V 8a v — X 


and 


t s ^ ” * 

r 

/ 

X 

vets, bine ss 

when X 3 

t s 0. 

•'* ® V ^ I 

Bile 

® * ^ V gT* 

.*. tiine of fj^ibretion ss I*' 

.*. number of vibntdonk 8if‘ 1^ si • 

B of thuupaetubmuo of 


Cor. Time of vibration as time of th||i|paei 
-. L w ' 


a pendulum wlio^e 



'\r,H 


A COMMENTARYt^fcc. 


For tins time s 

fit. Pkop. LI. Let A F be a ^Under moving in a fluid round a 
fixed axib hi S, and suppose the fluid divided into a great number of solid 




orbb of the same thickness. Then the disturbing force oe translation of 
purt^ X surliiccs. Vow the dl*«tiirbif)g forces are constant. .% Transla- 


tion of juirts, fioiii the defeot ot lubricity a — — . Now the differ- 


ence of the angidar motions 


tia nslati on 

distance 


1 

* distance** 


On A Q draw 


A a, 13 b, C c, &c. : : — 9 sum of the diflerences will 

a liypvtboilc aren. 


periodic time or. 1 ^ — oc ^ j— oc distance. 

^ angular motion hyperbolic area 

In the same ^ay, if thej were glo1)C5 or 6|>heres, the periodic time 

uc'iild vary as t2.e distance*. 
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1.1 VrCOW 

rtlMt » lkLLAt*liLl>» 



INTRODUCTION 


VO 

V OLD MR IF. 

AND 10 Ifik 


MECANraiJK CELESTE. 


ANALYTICAL GEOMETRY 

1. J'o Aetnmlne thfjpasition a point in finrtl tpaen, 

A&sume any point A in fixed space as known and inunovenble, and let 



0 iT 

dtree fixed planes of indefinite extent, bcf^kcn at XOglei to one 
another and passing through h. *TheQ shall thehr ioteneetjona A 
A A H pass through A and he at t^t ang^ to me anotbert 



11 


INTRODUCTION. 


T1)’4 being premised, let P be anj point in fi^ed space; from P draw 

z pitr»llel to A Z, end from a where it meets the plane X A Y, draw 
z is zy parallel to A Y, AX respectively. Make 
Ax = x, Ay ssy, Pa = z. 

'I'iipn it is evident that if z are given^ the point P can be found 
j^)uulicaUy by taking A x ss X| A y sa fp drsiring x z* y z parallel to 
AX; lastly, from rheir intersection, nudting z P parallel to A Z 
and pqual to z. licnoe Xp y^ z determine the posidon of the point P. 

The lines x, y, z are calti^ the rectangular coordinates of the point P ; 
the point A the oiigin of coordinates; the lines AX, AY, AZ the axes 
of coordiihiloft, A X being further designated the axis of x, AY the axis 
•»f y. and A Z the axis of z; and the planes XAY, ZAX, ZAYco- 
oidlnnte planes. 

These coordinate planes are respectively denoted by 
plane (x, y), plane (x, z), plane (y, z) ; 
and in like manner, any point whose coordinates are x, y, z is denoted 
bnr'fly by 

point (x, y, z). 

If the coordinates x. r, / when uieasiirctl along AX, AY, A Z be 
nlua}s considoied positoc; when measured in thu opposite diiections, 
viz. along A X' A Y', A they must be taken negatively. Thus ac- 
cordingly as P i^i in the spaces 

ZAXY, ZAYX', ZAX'Y', ZAY'X; 

Z'AXY, Z'AYX', Z'AX'Y', Z AY'X, 
the pciint P ^ill be denoted by 

point ;x, }, 7 ), potnl (~ x, y, 7 ). foint (— x, — y, z), point (x, — y, z); 
point (X, y, - z), point ( - x, y, - z), point (- x, - y, - z), point (x, - y, -2) 
rcjspeciively. 

£• Given /iir ty' txio poivfs (a, /?, 7), (ot', )8', /) in Jured space^ 

io find the distance between f/u'w. 

The distance P P' is evidently the diagonal of a rectangular parallelo- 
pijped whose three rdges are parallel to A X, A Y, A Z and equal to 
a s ft', /Ss/S', 

Hence ^ 

P F = V «')* + + (r — *0) 

l^e <t!$tonce required. 

if P' ccNticidtis with A or vf, ^ equh! chro^ 

. tfjLi, 



ANALYTICAL OSOHlSTRY. iM 


a. Calling ihf dUtancc of any'potni P (x, y, *) from lihe origin A of 
coordinates the radim-wtio^^ end denodag it suppose it inclined to ‘ 
the axes AX, \Y, AZortothe planes (y, x), (x, x), (x, y), by (he 
angles X, Y, Z. 

Then it is eonly seen tibat 

X s { cos. X, y = ; cos. Y, s s ; cos. Z (S) 

Hence (see 2) '' 


cos. X SS r 


I » COS* 


•/ (x*+ y* + 


Y=: 


v'(x* + y* + z‘')’ 


cot. Z = 


( 4 ) 


^(x*+>* + z’) * 

so that uhm the coordtnaiet of a jwut r^r utten, fht anglrs vihiei the r»» 
diuS'iYctor makn with each the axn mat/ At siv bcjound. 

Again, adding together the squares ut oquaiions (S), we Imve 

(x* + y* + z*) = (cot.* X + cos.* Y + cos.* Z). 

But 


;*=:x‘ + y*4.z‘ (see 2), 

cos. * X + cos. * Y + cos. * Z =: 1 (S) 

\ihich shows that when two of these angles arc given the oUicr may he 
fuand. 


4. Given two points in spaeCf viz, («, ft 7), («', '/), and one of Vte 

corrdinatfs of any edher point (j., y, z) iu the sit night line thnt jwsvs 
t/noNg/i thm, to delamine tins other point , Uiat is, requind the rqnntioiis 
to a stiaighl line given in space. 

The distances of the point («, ft 7) from the points (a', ft , 7'), uml 
(x, y, z) are respectively, (see 2) 

p F =t V (V j:- ft) * + (7 ~ 7')s 

and 


P Q ar s^(« — x)' + (8~y)*+ (r - 
But from similar triangles, we get 

(7 — z)»: (PQ)'*:: (7 — />*:(PF)* 

whowe ^ 

(,— )• > .I(— >)'+(^j) ■+(r-'n 


w h ic h ‘ Hiv e s 

1 ^’-*')*+ (S-/90n(r-*)‘ = (r~/)ii(«~*)* + (^-y)‘t 

t Btlt since a, are indcfieodent of ft ft Ito vice versa, the two fii&t 
tenps-of ihh aquation, * ' 

(♦*4)». (7-*)*- (7-77 {«-»)• ~ (Z“7T(^y)* + ® 



INTRODUCTION. 


arc esscntiiUy (lifienent from the lost Conseqoently hj (6 toL 1.) 

(« — aO*(r — r)" = (y — /)*(«— »)• 

( * (y-*/) * a (y-yO * (^y) ' 4 

. y-y' f * W 

These results may be otherwise obtained ; thus, pgp^^is the pfojection 
ol the given line on tlic plane (x, y) &c* as in fig- 



Hence 


7 p q : p p' 

m n : ni p' 

; : y — ^ iS 


* ~ y 2 7 ' ~ 7 • : p q : p p' : ! p r : p in 
: : a — X : a — a'. 

ttenco the general forms of the equations to a straight line given in 
q>ac% not considering signs^ are 

* = «* + *>l f>r\ 

zsra'y+b'f 

To find where the stnught luic meets the pUmes> (x» y), (x, x)t (jt a)» 

weinake 

zsO,y = 0»x;pO^ 

whidi give 

b 




ANALinriOAL GEOMETRY. 


y 


b 

a’ 


X s:W 


X 


b'. 


z =s b 
y - kr 

arhidi dclernune Uie points ici|uired. 

To find when tlic straight line is parallel to the planes, (x, y), (x, z), 
(y, z), wc must make /, y, x, rcsiiectivcly foustaiit, and the equations be. 
come of the form 


a' y ir tt X + b b' i 

To find when tl.o stiaight lino is pcr)icndifulnr to the pliiuos, (x, j), 
(^» (y» P'OjIlel to the axes of z, y, x, wo must i>s,umc x, y; 

X, z; y. ■/} n-spc'Ctivclj constant, and z, y, s, will be any \ h.iU'xir. 

To Ihni the equations to a strdght line passing tlituugh the origin of 
coordinates ; wc have, since x s: 0, and y = 0, when z s 0, 


z -= iix I 
=r a'yi 




. 1 . Tojind ihe conrhfioMs that tOM straigltt lirtes in Jixed ^pace map itilef- 
sect one another s and al&o thdr point of inlai section. 

Let tlieir equations be 

z ss nx 4- A ) 
z = b y d- It f 
z s a' X + A' I 
z as 1/y + li ^ 


from which diminating x, y, z, W’o gel the expiation of rendition 

a'A~aA" -J* 

V-Ta “ b'~b” • 

Also when this condition is fulfiUul, the point is ibiinj fioui 


A - - A'. _ B — ^ _ .n’ A — A 

. y.“r>~b'’ ^ a' -A 

6. To^nd the angle I, at v:Ai>’h these lines inten t/. 

Take nu isosceles triaugle, whose equal ineasiioMi t>' i< 
lines equal 1 , dde opjiosifc tlie an^^lc K(|Mit<-<t >•■ < 

then it is evident that 

cos. J SI I — 3 i* 

. mS 





INTEODUUTIUJN. 

li lt if at Ac extremities of Ae line i,U.e i>omts in Ae Inttitectiug lines 

i-'h (1^' » y' » O. tl»«» (*e« 2) 

i*j. (*'-~x'0* + (y— r)* + — 

‘i cos. 1 = 2 — i{x' — x") * + (/ — y") * + (a' — *")*! 

Uui l.y ilu‘ equations to the straight Une^ we have (6) 

Z' = a x' + A \ 
z' = by* + 1} J 
s!"se'i"4. AO 
K^=b' y' + B'/ 

d by the constraction, and An. 2, if (x, y, z) be the point of inb rsec- 
lon, 

(X- X')» + (y — y)’ + (X — ar = » j. 

(X ~X")* + (y -/)* + (/ - ) ‘ = 1 J 

Uso at tlie point of inUtHeclion, 

z = ax + A = a'x + A'l 

z = b j + 33 = b y + B* / 

From AetiC acvcrol 'tiUHtions we cosily get 
y — // = a (\ — a'3 

y..y'=-J (x-x') 


y-.y«=j;,(.~V'; 

whence by sabstitutinn. 

{K — x')* + a* (X — xn* + (X -- x')* = 1 


(x - x"V + a* ix — x"r + jjTT ix— x-'J - = 1 


which give 


X — X' =: 


V + ** + f0 

I 

a/ + + 


Hence 




1 + «?+ Ji 1 + a'+ES N (' + **+i?) tj ( * +*'*+ei} 



Aliio^ since 


and 


we have 


anaLYTICAJL cubometry. 


y-y' = f (* — »') 

y~y"*'r(x~x'o 

* — a' ss a (X — x') 
z — z" s= a' (x — x") 


vii 


n.+ 




no' 




r.+ - 


i+*’+;’ ■ H a'+j; V('+'+S)n' (‘+»'+b^ 

PZcncc )jy adding those squares together “we get 


2 cos. 1 :s: 2 

vvljich gives 
cos. I = 


ii+i- .(■ H - } 

I V(‘+*’+ ‘Ov ('+“"+ 


1 + aa' 4- 


aa' 

bb' 


«/(‘ + *' + f)v(' + “'* + &') 


(II, 


Tins result may be obtained with less troubie by druTvtng straight lines 
from the origin of coordinates, parallel to the intersecting lircs; du n 
finding the cosiub bf the angle formed by these new lines. . me luiw 
angle is equal to fiic one sought, and the equations simplify into 
2 f cr sx' s by', zT' = a'x" = b'y"^ 
xsaxssby, 2 s: a'x sr b'y 
X'* + /*+/• = 1 
^ = 1 

Byom the above genesd.^ti^resdbn for the angle, formed by two ioier- 
nun^'^artiillbtp dtaa^nencea may be deduced. 

' bfttaaee, regitif^ tie^.iimdition9 .rtsuistie tit^ too itraigl.l lhu'<; 

^j^aee me^. iiUer^ ni ti^ht mgks, 

alV<tlus equaJ^n must Se fiilfilled, (see 0) 
a'A-aA' ^ — 


a' — » 



Till INTQOPUCTIOM. 

nnd that being the cue, in ot^ for tbeffl to iatanhct at ia^.Mi|^» 

we have 

I SS — I C09a I S D 

and tljertifore 

1 + an' + Jp = 0- <ia) 

7. In the preceding Na the angle between two intersecting Imes is 
expressed in a fiinction of the rectangular coordinates, which determine 
the positions of those lines. But since the lines themselves would be 
given in paralld position, if their indinadons to the planes, (x, y), (x, a), 
^y, z), wtre given, it may be required, from other data, to find the same 
aiigie. 

Hence denoting generally the complements of the inclinations of a 
straight lino to the planes, (x, y), (x, z), (y, z), by Z, Y, X, the problem 
may he stated and resolved, as follows : 

jRc'jttired due tngk made by the two straight lines, whose tmgke of incUntt- 
honurt Z,Y, X; Z^ Y,', 

L<t tno lines be drawn, from tlie origin of the coordinates, parallel 
to I'lvuii lines. Tliese make the same angles with the coordinate planes, 
’iiitl nith 0110 another, as the given lines. Moreover, making an isosceles 
til mglc, whose vrilex is the origin, and equal sides equal unity, we have^ 
as 111 (6), 

cos I = 1 — i i* = 1 — H(* (y— /)* + z')*! 

the points in the straight bnes equally distant from the origin being 
(X, y, i), (x', y, s'). 

But - ' is case, 

X* 4 . y* 4* ** “ * » 

x'* + y'*+ »'•= 1 

and 

X s cos. X, y =: cos. Y, x ss cos. Z 
x' =; cos. X', y' as cos. Y', s' s cos. Zf 
•» cos. I=sxx'+yy' + zz' 

a: cos. X. cos. X^ 4> COX. Y. COX. Y' 41 cos. Z. COB. 21 . • {18) 
Hence when the lines pass through the ^^eo^iaatei, the^ ieme 
eXigrtn^n for then mutual inclinatkm habit gaak'i but at the same tiaao 
X^Y.2; X'.Y', Z', not only mean the ooaqimentt gf the inelmathns 
to the phuMX os above described, but. also the s'ndftMt|l(otMnf tlw Uncx to 
i. the loex'O^eoordinates of x, }, z, respecdvely. ^ 



(H) 


ANM«1 

(L) ^ i 

akm*i9*»io tkejianes (x, j), 

^4t$ pr^feetfuti t^on Un&e pUmtH! 

By the t^fpxn in (4) it it ea^y Men that 

Lpn>jecledonthe|duie (i^ y) a L. sin. Z'\ 

• " * (Xtf)ts L. un. T > 

- — (y, z) a L. sin. X J 

9. Instead of determining die poraUcAistn or direotiuo of • 

tn space by the angla Z, Y, X« it is uofe oondM to do it btKmeaiW 
Z (for instenee) and the an^e I vUdi its projaetiqo <m d>| 
makes with the axis of x. ' ' ^ 

For, drawing a line parallel to the g^ven line drom tlte or^n of ' ' " 
ordinates^ dte prqeetion of this line is parallel to that of d^| givaA'j 
and lettlitg foil fhmi map punt (x, y, a) dt the tdm liac^ perpendkraaia' 
vpon the plane (x, y) and upm the axes of x and of y, it eadly qppeari^ 
that ^ ^ 

X a L cos. X SD (L ain. Z) coa. t (see No. 8) 
y a: L. cos. Y s (L. sin. IQ aia.1 
which g^ve • > ' .' 

cos. X s ain. Z. OOB. I\ 

cos. Y s ain, Z , sin. t) ^ ^ 

Hence the expression (18) nteqmes this form, 
cos. 1 s sin. Z. sin, 7! (cos. Icos. + c*’** Zcos.Z' 
s sui.Z.8in.Z'co8.(S— <0 + cos.Z.eot.i^.« . . . (18) 

which may eanly be ad^itad to logarithmic compntation. > 

The expresrion (4) hi HoNly verified by the substitution. ^ 

10. 6sn«fi At ta^' ^ itteneaim (I) itfaum imt lion tii tpace nnd 
Aeir tfUUtuiitiu lorffts pfone (j^ y), So jfind the angle at tolfol Aeir pro- 
yMiMiu igcm Aai plane intenect one onaAer, 

1^ as abov^ Z, Z' ' ' 

upon the plan^ and S, 

X, we have from (18) •’ ij. 

GT' ' 

.... (17) 


me vneenea one onamrt 

' be the "implenlentl bf the’ indbadons of die lines 
f, t thvlibiuuk ^ pri^m^ions to the axis of 


/. VI cos. I — cos. Z. cos. Z' 

CO., (s - o = J35rZT-sInr2? 


rank indica^ that I, 2^ Z' ate aides of a spherical tri<uigle 
ri 1)^ ^ — y t^.nnglo Subtended by L The form may at 
' *,|^ pbtehim}^ tffrhilg fhe origin of coordinates as the center 

of the spherirul tri- 






lines paralld to the 



X . INTRODUCTION.. 

« 

HATin|( ooiisidMvd at moic icngth tbe mode of datHtutoing dte pori* 
tion and proiwriiea of points and straight lines in fUnd qpoc^ we proceed 
to treat, in like manner, of {Hanes. 

Jt is evident that the position of a plane is fixed ca* diaerawiutte in post, 
(ion when three of its points are known. Hence is suggested the iolIow> 
iog probItan. 

11. Having g^H tike tikree ptintt (a^ ft ^)t (if, y)r B", in 
tpaeet tojhd tie egneticn to tike flane peuieig iiac^^’tikem-t that w, to 
Jhd the rdation between tike etordimtoeef enjf other point in Ifie plane. 

Suppose the plane to make with dm phoes jh (% x)*4ie inteneo 



tiont or tra(c.s B L C rt'spectixely, and let P be any (Mint whatever 
in the jihinc ; theii ihio"{.'h P draw P Q in that plane parallel to D O, 
&& Sk ubotc. Tlii-tt 


But 


r~QN = PQ'=:QQ'cotDBZ 
=s y cot. D B Z. 


QN = A*' — NA.colCBA 
A It 4> z cot C B Z, 

• . c; A B 4> x oou C B Z .f y oot D B Z. 
CMusrquert'y if wc put A B ss g, and denote by (X, Z), (Y» Z) the 
indiaations to A Z t»f thi* trace* in ^e planes of (Zt a), (y, «) impeCtiTdly, 
we havr 


a 8 + X COL (X, Z) + y cot. (Y, Z) 


Henco the form of the ctpiauun to the piM|s is ffr—vtiy 
a = Ax+ By + C . . . . \ * 


. . m 

v.i flUL 
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» ^ * 

19ow to Hod these oonstents there Me gffan dte |litibll#tilrtes of tbMe 
points of die plane; flwt it 

/■eAa+Bdd’C 
/ ss A«' + BH' C 
/'= A«r + B19^+ C 
from which wo get 

~ i‘^rzz7ir+ •'"li v^/? ^ a cot. (X, Z) . . • ^ ^ 

» - jyE-r: :Uf~ i" / + - ««. (v, s) ...•(.■ j 
c = • • • w 

Hence when the tnee ctnncides with tUc iixit of *, wc hate 
C s 0, 

end 

r • 

A SS cot. g =3 0 

/9^ (y o' -,/«)+ /S (/ a"-/'*') + $'(y" «-y*' ) - 0 > 

.^0' — / + — + — y^'-O) 

o_ 1 (9— r?"). +('3'— 13"). (/'«—>»") 

® * /3^'‘ »F— *e j3"f ' 

Olid Utc etjuation to the plane beoomct 

1 = By (i») 

When the plane is paraUel to the plane (x, y), 

A ss 0, B s; 0, 
and 

. * = 0 

firon wlucbf by meanb of A ss 0, B s 0, any two of the quantities y, /' 

being elhninal^* the value of C will be somewhat unipli&d. 

Hence also will casUy be deduced n nuiubur of oilier patticuLn rc.uli • 
oonnccted with the dicoty of the p1an«» the |>oiiit, and the &i.fli(>ht liii>', of 
which the following arc some. 

Thjbidthe frtyedUm on the plana (x« y), (x, v), (y, z) the mfutt - 
Iten ^tiejplMiu, 

•esda A » 4* By 4* Pi 
sss A'* + B'y-h O'. 

EliminatiDg z* we have 

(A -A0* + (ft-.B7y + (?«C.C « 0 , . , 

which is the equirtioa to the prt^doh'on y ). 



JN’TBODUCTION. 


J^l* 'n 1 iiiff 5r, cel 

„ A// 4 (A IV— A'B)y + AC' — A'CssO ( 38 ) 

vkhw it the ccjUiilJoii to the projection on ibc plane (y^ z)i 
A 111! 1/1 like manner, wc obtain 

(ir — ;VB — AB')x + BC' — B'CsO . . • . (2y) 

Ibi the projection on the plane (x, a). 

To ft nd the rontUUoris taiuhiie that a plane and sfrai^ Uae Aall be 
parallel or coincide. 

Let the equations to the strai{;ht litie and plane be 
z ss a z 4- A) 
y =r b « -h B jr 
*z = A' X + B' y + C. 

Then by substitution in thi latter, i»e get 

2(A'a+ B'b— 1) + A'A + B'B + 0. 

Noh if thestrsaght lino and plane hi\e only ( tl jxunt common, ue 
biiould thus at once h#ve the coordtiuiUs to that puiiu. 

AlbO i( 0,K strMi^r* t «iiin ((uricidt^ with the plane in the above equation, 
•/ ^ iiulcieritiuiatc, and ^Aif. 6. vuL L) 

A'tt + I -'0, A'A + B'B+C'=sO . . . (27) 

But fmalK if iln* Mi i '*hl luu is to be paiallel to the pmne, the 

ub«n^' /oiuhtions ro be fulfil Uv? i\en v.lion the ]>lane and line aio 

jnovid paiallc)'^ op to ilie on^in or uliui A, B, U aie zero. The only 
coii'Jilioa ill thia ca^i h 


A' a 4- IV b = I '28) 

To fihd the eondt/i' HA fkat a sifaiglU line be p* rpctidiculai to a plane 

z sz A X 4 " B y 4 * 

Since ilte stiaight line is to be pe>pondjcular to the given plani.N the 


plane which pioVctv it upon ^\, j ib at ri^Jit angle? botli to ilie plane 
(«, y) and to the givni plane. The intci section, ihorcfoic, of tlie plane 
(x, y } and the given pi mo is perf »eiidicular to the projecting plane. Hence 
the tia eof ihv ^ \u' piano upon ^x, is }*t*rpendicuhir to the pnjee- 
tion Oil O oi tij 1 hue. But Uie equbtions of the traces 


of the p'ane on ^\. M, ij, /\ loe 

^ / : A \ + C , 7 5r By 4.. Cs 


/ : \ c 5 7 ss i>y 

. IV. i Cf 


and it'UiOSk* of tlir | ti](.r bu 


X == a 7 4 - A, "I 
y srbx + B,1 



* AltALVtfCAl.'dpl»il&TRY, ^ 

it it «asiiy seen ham (11) or et Onet, tfatA (he eoadttUw tftMc tniiH 
being et right angles to the pTC!)ectwn% art 
A + assO) A4>ba3 0. 

To draw a sfraighf tine post^ though a given point (<h i9> y) at right 
anglfi to a gtven jdaw. 

The e<}uiitions to Uic sti sight linc^ arc clearly t * 

X — » -i- A (z — y) =; 0, y ^ .f B (> *** f') as A. . • • {80) 
Tojind the dutaiM of a giwm pui$g (a, a given jtfaM* 

The distance is (SO) evidently* wlien (x* y, k) is the oonunoD gchtth In 
tho plane and peq>cndicular 

f (u — y) * + (y — /3f**+ *< < — •) * » (*— y) Vi -H A* +15^. 

But the equation t«> the plane then alw subtistSi via. > 

/s=Ax + By + i' 

froin which, and the equations to the ptrpeiidicular, ne have 
z — yssC — y+A« + Bf, 
therefore the distance required is 

C — y + A« + B5 ^jli^ 

A-np-flt <*') 


7'o ^nd the augh: IJonurtl by Itto pUuus 
zesAx-t- By + t*, 
a r: A'x + B'y + C'. 

If from the origin perpendiculars be let foil upon the plaucs, the angle 
which th<7 make is equal to that of the planes tliemseives. Hence, if 
genendly, the equotiuos to a line passing through the origin be* 

y SB bzJ 

die ooadltiona that it shall be pefpendicular to the first plaae are 
A H* k ~ 8, 

B + b = 0, 

and Ibr dihoAor j^koe 

- A* + MSS 9 , 

fflf (h ^ 

Hptqt dm equations paroeadiealars am 

llP' 

y+ 



INTKODUCTKMr. 


’ ' li i>o bii dvUuu J iroci tbo Ibnm (90 )l 

Ibiic'j lioiii (ll ) wc f.il 

. _ 1 + A A' + B B' 

vli + A 7 +Ti*)“V{i + rMrB^ * • • 

I Icncp to Jinil <he itu {•} qfapkutc viA the pbitr (s> j)« 

\Vc tnabc the bccond plane coincklent with (z» y), which giv«a 
A' = 0, B' = 0, 

and dicieioic 


V (I + A‘ + B*) • 

In likr> manner may the incIinatioDB (q) of a plane 
z-:A'q + By + C 
to tl.c I >aiic<i (\y /), (y, /j be expresMd by 


V \l 

^ ^ * Vjr+A* + b*)r 
= v (I +"A“+"B«y) 


ITenco 

1 . 0 ./ » + coa. ^ + tos • =r 1 • • . e • . (36) 

llciirc ii ^ be the mcitimUom of motlicr plane to (Xe y)f 

(^1 -h (V,/). 

r lb. I ■T' CO*- coSe / + CO*?. <J cos + cos, v cos. q' . . . (S6) 

To jtml iht / //» n ^ '//’a I vt jr a / + A\ y =: bz + B', 

fa iht plant z =. A \ + IJ y + C. 

Ihc iii|Uiii4l ia that vvhich it makes ^ith its projecticMi upon the 
pluiH. Jf vvi Kt tall iifiin any ] ni of the >traii}ht Ime a pci peiidiculei 
upon the plane, tbc an^le of tliosc tuo lines fiili be Uic complement of i/. 
From tl e oii«p*i^ dr»m 'iny straight line whatevci*, \iz. x = y b'z. 
Then in order thai it may h: pt ij^ndicnlar to the plnncs 
a' = — V, b = ~ B. 

The nnf^le which tliis niukes with die given line can be found from ( 11 ) ; 
conaeijucntly b} *hat exprobsiun ^ 

I — Aa^Bb 

^ VTr+ a« + b*) ^;(iTAr+^^ • - - (») 
Hence we cablly &id that tbc angles male bgr ttiif Ml iBoni eoofr* 
dinatc planes (\, j', (x, i\ (^, z), via 55* V, X 6fon 

^ 1 


C05.Z ss 


V .,1 Pa»+1/)' 



AHALYTRUL OIBOIfimiY. 


X SB . . , *1 , . . . 

mhidi agrees with what is done ia (S)« 


TnANSrOR STATION OF fOOItaiNATiS. 


18. To tran^ef the origin ^ ooordinairs to the point («f fif y) wMumt 
ciMgrng their diretiion. > 

IjA it be premised that insteml of stipposmg the coordinate fdanes at 
ripilit angles to one iniothcr^ v e sliall here bup|>osc them to imke my 
angles whatever with cmcIi othcu In this case the axes cease to bo rcc* 
Uingalars but the coordinates y, i aro ^ti)l drawn parallel to the axes# 

This being undeistoudi nssunic 

X a= x' + a, y =: / + p> » e a' + y ^SO) 

and substitute In die expr^-s Jon involving x, y, /. The result wll contain 
x', / the coordinates referred to the origin (wi, jGff y). 

When the substitution is mAdc, die signs o* a, P, y as explained in (1), 
nin&t be attended to* 

IS. To chaikgt the direction qf the exes fnm rcLtangidar^ mlhout 
ojgccttng the origin, 

CoxiechMi three nt^ axes h%\ A y'l A the firbt ax*;*» being supposed 
rectagguler, and these having any given arbitrary dliecdon iiliafc\fi* 
Takoeny poiuti draw tlie coordinates %\ y\ // of this point, and p!oj<'Ct 
them ^qpon the axis A X. The .fbbcissu v will equal the sum, taken euli 
their proper signs, of there direc pr4jgtctions, (os is easily seen by drawing 
JbiUt ^ (yi y^t sc') drnolo tlic angles lietwc*’ri iho 

Ax'} Ay, Ay'j A a, A z' rm^xirtixily ; tlieiie piojottiorh 

Ill Sbr IbSmm #iv^nige^ Sm «tl>rr*«x«s> voi therefore get 

ys/o^{/y) + j^<cia.(yyM^co».(3t'y)} . . ,(40) 

(*'»)+ COfc (y^») if Jl' COi. (X' %; J 



Sft INTRODlHrriOHr. 

r 

Stnoe (X \\ (\ y), s) are the aq^es which the ete^t line A V, 
hiAim with tfae^rcuta.iKular axes of x, f, z, we baVh (5) 
er ^) + Ci>s.*(x'y) + C0f.*x'2 ss 1 

^x) 4. co».*<y'y) +oo».*(y'2)= I V ... ( 41 ; 
fy x) + cos.* (a' y) + cob.* (z'x) sr 1 J 
X” from ( 18 ) p. 

vos ^)=:cos.( j:'x)co?.(y'x)+ros.(x'y)cos.(y'y)+cos.(x'z)coa.(y*a ) 'i 
cfi ;j.V) -=cws.('i'x)cos.(2'x)+.os.(x'y)cos.(z'y)+cos.(x'z)cos.(»'*) >. (4S) 
i'os.t y V ’ = cos.(y'x)co!>.(/x) + cos.^y )cos.(/y) +ci)S.(y'z)cos..(/z) * 

Till, rqnptioiis (40) and (41), coiiUiin the nine angles which the axes of 
x', y. make witli the axes v>fx, y, z. 

''iiicu the equation; (41) determine three of these angles only, six 
iliCPi i”oittin arbitrary. Aho when the new system is likewise rectangu- 
lar, or '*0 .(*'>) = eos. (x'z') as cos. (y'z*) ss 1, three others of the 
arbitrani .. ure dricrmiiied by equations (4:1). Hence in that case tlierc 
rrmiiui luil three arbtt 'ury apj'les. 

14. Iieq'tttfdi» irnnyiru the reetanf^dur axr of eotodinates to other 
ifctan^ulci a.v. q hai //• the 'ut>u lnt ivo qf vhich shuli he situated 

in o f r* c:i i»e. 

Let the qiven plant h ' Y* A C, of which the tince in tlie plane (z, x) is 



A C. At the disutnee A C desciibe the ares C Y', C x, xx* in the p l«tng« 
CAY', (7, x), and X'AX. Then if one of the new gxes of the coordi- 
nates bo A X', iu position and that of the other twi^’A Y', A Z', lyai be 
determined by C x' ss f , C x = and the sphetioali aiij^e x C x^ ss S as 
inclination cf thv given piano to the plane x). 

Ileacp to tranaforni the axrs^ it mly lemidoa to express the angles 
(x'x^ (yht)t AOi which enter the equations (40) in terms of# nnd f. 
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By 'qdierici 

cos. (x\^ ar cos*. rot. if + »»ii. %}* sin. f cos. K 
III like manlier rormiiip^ spheii* '*1 triangles, wo 
cos. (y' \\ =; CO-. + f) cos. 4 + <;in. y '^In. COS. $ 

cos. (x'y' = cos. •f- w} coK e + 4* 4) {' ^ 

cos. (y' v) =5 u>6. (90»+ }k*os.(M 4 - J)'1ii.(HIH^^)cos,| 

So that \vc nbt.iin :!ivso fi>ur Ci{aatioii' 

cos. (X^ (\jS. 4 C»)S‘, p -f" ^'n• 4 till. ^ i*‘)s. {I 

cos. (v — — sin, : ‘ill. f + siij. 4 toi. f cos. ^ . g. 

to*«. y) — — .ill, 4 ^ -f- O'", vj viii, p cos. 

*y'y} -- '•in. ‘ I <‘‘S. V ‘*oi. f <|>S ^ ✓ 

\gaiii bv .jj*i<‘ric , ^-.ipcc* A Z' is |>t iivinbrtilai* fo A C\ aiiM tJio mcliil** 
atioii of ll.i.- pl.nu-.** Z A i\ (v, v) is - .*) m l)n\c; 

tOA (z* r- bin. 4 * ) 

cos. (f *y) = co‘«. 4 ‘Ml. * ) ’ * 

And by ouiMdcring thnf ibr angle In L\vcM*n llic* plai.cs / A (*, Z A X'f ss 

90'^ 4* ^ by spberics, we .iKo ge^ 

CO • k \/) *■“ sin Mil. I N 

iom fyV) =. - f .-‘Xi. d \ 

COa, (z/.) = COb. ^ 3 

which gP'C the niin* i ocllichMits uf onnallons (40). 

Equations (ll)* 'Jti) will also hereby be bulisfiod ^%licn the ‘ystjiUa are 
rtX'tiinguiiir. 

l.>. To .hvli' n <•/ a aiitjacc M%fle by u jAun*:. 

The last tr.Mnsibniiation of axes U of jrreal u^e in delecnuiung I lie nu* 
ture of the section of a burfacc, made by a pLi»iC, or cd the s*‘olion nitidc 
by ..ny two surfaces, piano pr not, provided the secrion li'*.> in one 
flir having transforini'd the axes to others, A Z', A X', A i', the two lat- 
ter lying in the plane of the section, by the equations (I't), and the i?c- 
tcrminatiwTis of the lost aruclc, by putting / = 0 in On cquaiuri v) the 
surface, we have that of the section at once. )r ^ hnicr, Imwovcm’, to 
fiinko z :s= 0 in the equations (40), and to .seek dirc-ctly the i:\lueb of 
cos. (x'x), cos. (y'x), ftc. llic equations (40) thu» Iieiome 
X = x' cos. 4 + y' ^ cos. 

y «s x' sin. Y cob. 4 cos. ^ (40) 

* ■« y sini^ I' ’ * J 

10. To dtiermine the itaitJrc and posUitm of aU ipnfacca of ffic st^rond 
ordef’i or to dheuss the general equaftm tf second ladir^ vi/. 
ax* + by* + cz»-f 2dxy + 2cxz + 2fyz + liy 4 ^ — ^ • * b'b' 

First simplUy H by such a tratisformatiiin of coordinates a.- .-h ‘*1 de<«troy 

6 
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tiji* In X y, X z, y 7 ; the axfs from rectangular will become oblique, 
hy «>ijbsli luting the \alucs (*10), uui the nine angles which enter these, 
being sul)jc('ted to the conditions (4 1). there will remain six of them 
aibitrary, which we may dhpose of in nil infinity of ways. Equate to 
/L'lo tl.r* < ui*iHcicnts of the terms in x y', x' z, y' //. 

Init ii it i)e te(]uired that the new axes shall be also rectangular, as this 
condition will be expressed by putting each of the equations (42) equal 
zero, ihe iir aiWliaiy angles will he reduced to /A;rr, which the three 
coeHinentb to be destroyed will mabe known, and the problem will thus 
III* d ‘tcrihiiail. 

'I’lii'i iiivebtigutioii will bi* icndered caM* r hy the following process : 

Tz't X =: a/, y = / be ^tho equations of the axis of x'; then for 

bn*. jIv in iking 

' = v (r+ 

we find that (3) 

cos. (x'x =: a 1, cos. (x'y) '=51, cob. x'z = 1. 

Ucasoning thus also as t<i the r(]iialioMs x =: a' z. y =: if i of the axis 
of y', and the sjinir for t!ic axis of/, wc git 

COH. (}'\) = ' r, cos. (\'y) =: .5M', cos. (j'z) =: 1' 

O's. (7. \) = ‘ I cos, (/. j » ::r C'' I COS. (z/ /) =: 1'', 

llcnci* by substitution the equations (Itt) become 
X 1<. \' + I'r/y' + l''V'//x 

y 1 1 a' d- 1' y y' + 1" 5" // J. 

/.-lx' ^ V y + r /. j 

'I’lic n.iu* .III;;!. 'I «.l ihi piobicm are repl la I by the ’^ix unknowns a, 
c/\ u\ '5, 5 , |uii\i(icd (li.» t*(|tKuii)ns (11) arc thereby also satisfied. 

Substitute then foil tlusv. valu* ^ of /, in the general equation of 

the 2d degree, and equate (o zero the cocfliclcnis of x'y', x' y^z', and 
wc get 

(a«^ + d 3 + c) '' + (d -f b ; + n S' + c « + f /J + c = Ox 
(a flt + d 5 -b c ) 'i" + ^d + b 5 -f- t j 5 ' -p t +• f = II )■ 

(atf" q- d.'*' + •') 4 - id z q- b ^ .p 3 ' q-ea" + f/5'' + c = 0 3 

C^iuM>f those iqu.ir ions ir»ay bo fuund wiiiiouttlie others, and by making 
the Mibstitutioii only m part. Mon over from the symmetry of the pro- 
cess the other two equations may be found from this one. Eliminate a\ 
6^ from the first of them, and the eqiiutioiis x =: y = /S' z, of the 

axis of y'; the resulting equation 

(a« + djS + e) X + (d« + b.3 + f) y + (e« + f« + c) 8 =: 0 • .(b) 
is that of a plane (19). 
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8tlt tho fir»t equation is the coiKlilI«)n Hhicli dc^troxs the term x^y'z 
since if we onl}' cunsiikM' ii, ^ , mn^ be any whatever that will 

snti.sfv it; it siitUci'j tliercfore (hut the axis of y' be traced in the plane 
nhox’o nlluiled to, in order that tlio transroriiicd cqiialions may not contain 
•my term in x' y . 

Ill the ^amc tnnntu i eliminating ,? « from the 2i\ oqualioii bv means 
of the equatioihs of tlio axis of z, xi/. x =. a A y p' /, we shall hax'c 
a plane si'th, that if we take for the axis of / r\»‘ry htrui^ht line xvhich it 
will there trace out, (I.e tr msfoiinod equation will not coniaiii the term in 
x'^'t Hut, from tlie fiiii'i of tl»e t\x4» fir^.t etpMfioiH, il is evhlwU that this 
seeoml plane Is the lani* as lie' Ur&t: therefore, if wo ihi»re ti.uc the axes 
of y and // at pleasuii, this plane will be ih it of y' and z', and the 
traiisfoiined t'qiiiition xwll have i.i» teims ii\v..lving x y «r x z'. The 
direction of ihoMi uses in the pl:mi» being nity whalcxoi, we hixe an in- 
finity of sx steiiu? which will bOiv* thi> iiup('s»‘; iIm' . i|ii .lioii (b) xvill be 
(hat of a plane paralhl to (he plar ' wIiMi bi’-eits all (liepariileh to x, 
and which is il t n lore callcil the Diamfhicul rUnc* 

Again, if we wi^li to iiiakc the term in y* z disappear, the third coum- 
lion Will give «, P, and there me an infinity of oblique axes wliieh will 
answer the ihicc ie({uircil conditions. Unt make .v, s', nctungular. 

The axis of x' nnist bo pcrjientlicular to the piano {y‘ /') xvlit^se iqua- 
tion xvc have just found; and that x ^ az. y = /3z, may b«; the equa- 
tions (sec equations b) wo must liavn 

aa + df:{ + C = (t a f'M- c) a • . . . (••) 

d a + b /3 + f (e + f (3 + c) /3 • . . . (d) 

i^iibftltuting in (c) the value of a found fioiu (d) we got 
I (a — b) f e*+ (f ’ — e =) d { 0 ' 

+ \ (a — b) (c — b)e+ (2d'’ — f — o*) c + (2 c — a — b) f d ( 

+ I (c— a) (e — b) d+ (2c"' — f' — d*) d + (2t) — a — c)fc{ 3 
+ (b — c) fd + (t* — d'; e = 0. 

Thii equation of the 3d degree gives £br & at least oiifj real root ; hence 
the ec^uation (d) gives one for a; so that the axis ofK' is ilctcruilnt«(l so es 
to be perpendicular to the plane (y', z',) and to be fuc Iroui (crni's in 
X* z', and y' sf. It remains to make in tbii plane (y', z',) the axes at i ight 
angles and such that the fcfm x' y' may also disappear. JIlI il is evidi nt 
that we shall find at the same time a piano (x', z,) such ib.u ihi* i • * l > 
is perpendicular to it, and also that the terms iiyx' y ,/ y an* ; d 

But it happens that tlie conditions for nmking (ho j of y ud.* . 
to this plane are botli (c) and (d) so that the .>anic cquat'on oi tb., ' 



CNTRODUCnON. 


/..c 

u]Lr must give also 13^. TIk* same holds good for die axis of z. Conse- 
ij(untK t^c three roots of the eijuation /S are all real, and are the Yahiea 
ol i", 'j . TluTcfoie a, v\ a*', arc given by the equation (J). Hence, 
'J/hre IS 07J1/ atie sj/sivtn f/ tectangular axes ik'huh elimniates x^y> x' ar, 
- y ; fftid there eristic wie In (til cases* These arc called the Princi^ 
^Htl ous of ih* Sutjate* 

I«rt iis analwe the atse wldch the cubic in presents. 

I. Jr^ejiiuko 

(ii — b) fc + (!’— f') d = 0 

ih • »rji! tiion fs <lcprived of its /list term. This sliows that then one of 
tlse nui»s of /3 Is infinite, ns well as that 't derived from equation (d) bc- 
i e + f 3 z= 0. 'rhe eoi responding angles aie right angles. One 
i»*‘ the .'M s, th.il of z for instance, falls upon the plane (x,y), and we 
ohf.iih ir; « rjuatioii by oliniiiinting c« and from the equations x ss «z, 
Y = 3z, v^hirh < (piation Is 

e X + f y ~ t) 

'riir directions of y', // are given by tli*^ ( qu.ilioi) in ^ 1 educed to a 
rjUMiiiMturc. 

‘h.dly. If besides this first ciKfiicient the second is also = 0, by substi- 
n im • b, foinul fioiu du .ibovc rquation, in the iactor of 3% it reduces to 
dir Li«-t til 111 ol'tlie oqii.idoii in /3, viz. 

(a- <Wd + ~CP) = 0. 

HIum* Ino ('qiKitioiis t'vpress the i%mdith>n rec|iiired. But the coefli- 
<'I( til oi j hdiu\d iVum tliAt of /J ' by changing b into c and d into e, 
.»nil dic H*iine ImldM tbr tlu' fil^t ,ind hisl U’ini of the equation in jd. 
I I'l u liir cubic Ciju.ilhm is nho thus '•.itisfied. There exists therefore 
an inliipl) of reitaiij'nPr which dostioy the terms in x y , x'z', 

\'r/. I'Jimiiiatiiig a ai.d h Jroin c<)U.itions (c; ;ind (il) by aid of the above 
two oqiiuiions « f amd.tioii, we ti'.d that lhe\ arc the product of fa-— d 
and i d — d b;y the lominoii iactor c d 'x fild + These factors 
are ti'ieiribio nolhin^H; and t liniiniitiiig a and d> find 

f X <1 /, e j == d 7 , e d X + f d y -f- f e z s 0. 

'file tiivo tir»t are the equations of one of the axes. The third tliat ot 
a piano which is pcrpcralivular to it, and in which are traced the two 
other axes niuhr aibiliMry ilirer^IoLb. This plane will cut the surface in 
n t 'iirvo v/licrein all tin rectangular axc^ are principal, which curve is 
theivfoic a citcic. the oiiiv one of cinvcs of the second order which has 
that property. The surface is one tlien of revolutioii round the axis 
whose equ ations wc have jn>t given. 
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The equation once freed from tlie tliroo rectangle^ becomea of the 
form 

k2* + my* + nx* + qx + q'y + q-a = h . . . . (c) 

Tlie toiins of ilu* firj»t liinicii'^ion arc cviilciitiy clcsu*(»ycil by removing 
the origin (39). It cl*jur this cuu be cfliTtail, except In the caaic 
where one of rhe si|uai ts x % y % z * is vleficicnt Wc ihall exMlilie these 
cases separately. Fiist, let us disrii'»«i the equation 

+ in y * + n X* ss h (Q 

Every straight line jiassin^ thitnigh the iirivin, ruts the surface in two 
points lit equal distance:* .ni hnili niJes, since ll'.c ujuatiou rtinains the sania 
after having change d ih** sign, of x, y, z. 'I'lie origin being in the middle 
of all tlie eliordsi ilriwn tlnough (his ju'iiit is :i # rw/rra 'Ilte sur/are therefore 
has the p/opertu Of posscssitti* a f«. n/ci* ti’//, >imr the transfartned itjmtion 
ha% the sqnuit"i fj' all the variahtca. 

\Wc shall always take n pc»^itive : it remains to ex'iiiiiiic the canes where 
k and iii arc both positive, hoth negativcy or ol difl* icnt signs. 

If III tlie equation (f) k, tu, and iiy are all posttivey h is also p(ik.‘'i>e; 
and if h is nothings wc havi* x =: 0, y = Oy z =: Oy and the surlHci^ has 
but one point. 

But when h is podiive by making x, or 7, separately equal zej/^^ 
find the equations to an eUlpM', cm ves which lesiilt from llij;. of 

the Mil-face in qii* '>i’ori \ty the three coordinate pi a Every plane 
pmallel to tlicm gives nisf) an ellipsCy a»i^! il v.ill be easy to show the 
same of ail plane* sections, llolice tin suifare is teniied an J\i!ip-^ 
sotiL 

The lengths A, if, C, of the three pfinetjal a.tefi are (ditutiiid hy find- 
ing the sections of the surface through the axes of x, y, and r. 1 h e 
give 

k C * s Ilf ni B • =s hy n A • = Ii. 

from which eliminating k, m and iiyaiid substituting in equation (f) wegt i 

A- = ■ I 

A*B'z* + A*C*y* + B* C*x* ^ A* ICC j 
which is the equation to an EUipstnd referred to iti centn- amt ptinctiml 

diet. 

We may conceive this surface to be genvrotci! by an citipse, irnc ed in 
the plane (x, y), moTing parallel to itaelf, x^liil-.t iw two axen v:irj', the 
curve sliding along anoUier ellipse, traced in ibc plimc (x, z) j'l a diiecU 

* s 
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riA. If two of tlie quantities A, P, C, are equal, we have an ellipsoid of 
If all three are equal, wc have a sphere. 

Now suppose k negative, and in and h po^ilive or 
k z • — m 3'* — a X ' = — h. 

JNLiking x or y fvjual zero, we p^ceuxe that the sections by the planes 
(y z) and (x z), arc hyperbolas, who^c a\is of z !:• the second axis. All 
planes passing through the axi!» of/, gi\c this same ciir\e. Hence the 
surface is called an /n/pirMoiJ. Sections parallel to the plane (x are 
always real ellipses, A, 13, C s/ — 1 designating the lengths upon the 
•iKi » fiom the on\*in, the e(ji]ation is the same a*! the abo\e equation ex- 
cepting the first term beroiiiing negative. 

Lastly, when k and h arc negative 

kz* + my* + iix*=s — h; 

all the pl.mcs which pass through the axis of z cut the surface in hyper- 
bolas, whose nxU of z Is the first axis. The piano (x y) dot s not iiicot 
the surface and its parallels pa^bing througli the opposite limits, gi\c 
ellipses. This is a aho. hut luring two vertexes about the 

axis of 7. The otpialion in A, B, C is still tlic same as above, excepting 
that the term in z* is the only positive one. 

When h s= 0, wc have, in those two eases, 

k*"= in y* + II X* (48) 

the equation a cone, which cone is tlie same to these h 3 pcrboloids that 
an asymptote is to I'Vpeibolas. 

It icniain^ to consider the case of k and in being negative. But by a sim- 
ple invorsio.i In the axes, this is referred to the two preceding ones. The 
hypciln»loiii in this case hns one or two vertexes about the axis of x ac- 
cording as h is iipgntive or positive. 

When the equation ^c) is dcjiiived of one of the squares, of x* for in- 
slanco, 1)3 transferring the origin, wc may disengage that equation from 
the constant term and from those in y and z ; thus it becomes 

kz* + my* = hx (4-9) 

The seotion^ due to the planes (x z). (x y) arc (lanibolas in the same 
or opposite directions according to the signs of k, ni, h ; the planes par- 
allel to thc>c give also p.mabolas. The planes parallel to that of (y z) 
give ellipsis or parabolas accoiJing to the sign of m. The surface is an 
elliptic paraboloid in the one c.ise, and a hpperhdit paraboloid in the 
otb^case. M1ion k =r m, it is a paraboloid of revolvtion. 

'^hen h s 0, the equation takes the form 
a*z*+b»v‘ = 0 
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According to the ngns of k and m. lii the one case we have 
a s 0, y = 0 

wliatc\er may be tho value of X| and the surface reduces to tlie axis of x. 
In tlie other case. 

(az + by) (aa — by) = 0 

shows tisat we make another fsictor equal zero ; thus wc have the system 
of t^o planes which increase along the axis of x. 

Whci: the equation (e) is deprived of two squareSt for instance of x*, 
y % hy ii.^nsferring the oiigiii paraltelly to z, we reduce Uie equation to 

Iv/’ + py + qx = 0 (50) 

'ri)o sections niadt* tlu phtiies drawn lutonling to tlic axis of Zf are 
pan»b*/ins. The ]>laiie and its piittilleis give struiglit lines jmr- 

alltd to TIk' in, ther.Toii*, ti cjiindcr whose base is a pain* 

bola, iji a inirai^olit < jlivdit. 

If the tluec squares iii (r) .u«* wantiiigi it will bo tiuit oi :t plain*. 

It IS ca>y to rcto^ni'e tin* ca'-e wlicii* (lir proposed eqiintiou i*. deiHUii* 
posable into rntiunal fat tin* lasi* wbcie it i.s farmed of ]>oMtive 

6quare^, which u.>o!nc into two cM|uations t^piosenling the sector of two 
planes. 


rAHTIAO DIFfMir.NCl.S. 


17. If u rr f y, /, fcc.) denote any ftinction of the variable x, y, 
&c. d u be taken on the supposition thniy, 7, &c. an* constant, ih'Mi ih 
result termed the partial clilfei cure of u relative to x, and is thus wiiilt n 


ClD-'- 

Similarly 

dP''y- (ik-)''*'**'- • 

denote the partial dillcrencei of ii rclativily to y, /, &t. tcspccH'i V 
Now since tlu* total <liff^rcncc of u ailses from the (!••<*.(. s* 

of its variables, if is evident that ^ 


du =;(;[“)■ tis+ 


i \ 
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But, !)y tlie general principle laid down in (6) Yd. ^ tbU lesult me; 
Ko dciiju'istratcd as follows; Let 

u + dusA + Adx •fBdy + Cds + &c. 

A'dx*+ B'dy* + C'dz* + ftc.'i 
+ Mdx.dy + Ndx.dz4> Ac./ 

+ A" d x-i + &C. 

Then njuadng quantities of the some nature, we hoTe 

dussAdx4'Bdy+Cdz + 

Hence when d y, dz, Ac, =s 0, or when y, z, Ac. are considered eon- 
staiil 

d u s A d X 

or according to the above notation 

^ = (a-D- 

III llic same maimer it is sbowiiy that 

8 = O 

Ac. 

Hence 

- (di*) + (■df) ‘‘> + (a“') 

Lx. 1. tt s: X y/, Ac. 

( d u \ / d n \ / d u \ 

Tu) (d/) U/-) 

d u s y z <1 X + X z d y + x y d z 
d II d \ . d \ . il / 


4. ii 4. 

+ -+ ,• 


T\x. 2. II x \ /, 
cl 11 , 

“u z" "y* 


Here as above 
d z 

+ + &c. 


And in like manner the tot«al difference of any function of any number 
of variables may be found, > iz. by fir^t faking the partial differences, as in 
the rules laid down in the Conmicnts upon the first section of the first 
book of tlie Friiicjpia. 

But this is not the only use of partial differeucese’ They are frequently 
used to abbreviate espressioud* Thus, in p. 13, and 14, Vol. 11. we 
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m'(x' — 

n{x -x)« + ,y— — 3 ^ &C,~,_ 

relainiim the notation there adonted. ^ U* * + jr'+ z •) JJ 

But if we make 

^ * + (y— yPlh (z—jif* ■ - p 

oncl general] V **• ' 

v'(v--Cx-vrrrnr7=r-7'v^r 

and tiu'ii imMuiiL 


^ = V + V + 

* 0 . * 

+ + ^ + &c. 

» «.■> 

+ P - + ^ + «(c. 


we get 


(arl) = ('!-;) ^ 

(jy) = (af) = + J 

(4a-) = (4 t) = + '-'4;="' + .v.j 

We also get ’’' " ' 

<». I 

O « ^ {-‘;j 
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TIenre bince (B) has one term less than (A); (C) one term lest than 
^D) ; autl so on ; it is evident that 

+ (Ji) + ^ (r^) 

+ (^') + (d?) + ^®- 

oiiil tlicrcfiire that 

p. 15, VoL IL 

Ihncc then A is so absumed that the sum of its partial diiFci cnees rc^ 
lalivc to X, X, x" &c. shall equal zero, and at the same time abbreviate 
the expicssion for the forces upon ^ along x from the abrtve complex 
formula into 

^ * /dX\ Mx 

dt* "" Ah Ux/ “e* ' 

and the same may be said rclativdy to the forces resolved parallel to 
y^ Z) ^ c« 

Another conscquoiuc of this assumption is 

* O + = >■(<?.-) + ^(dr) + *'- 

= ^•y(Tx)- 

For 


/dXv _ wt'(x'— x)y x)y /^/s-'Cx-"— x) y - 

y w J - — p ^ P 

0, 1 0, i 0. 3 

/dxv ^V(x — x')y' — x')y’ « x)y 

y ^rx '7 ” — — + Y — + p 

, » (x' -x' ) r . -X*) y" . o.- wt'C* -x)y' (/(»v*''(V-«')y‘' 

V(K'; ~ ' + 73 n ,» 


Sic, 


r 

o,a 




S 

2.i 

Hence it is evident that 

xy -X) (y-y") ^ 

> f 

+ (.'Lr-y ) + su. 

+ ■is’w'zi'JjL-yJ + 4V-y(y--y») + 

&C. 


S.4 
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'In like manner it is found that 

i.x (^) = ^ ^ 

+ wv-rt (X-XQ ^ 

•f* ];* 

&c. 

which is also perceptible from the substitution in the above equation of 
y for X, X for y; y' for x', x' for y' ; and so on. 


But 

(y-y) (x— x') = (x'— x) (y_y') 

(y — y) (*—*") = (X — x) (y— /') 

&C. 

consequently 

* ("ay) “ (44) 

See p. 16. For similar uses of partial differences, sec also pp. 22, and 
105. 


CHAMOJB OF THE IKOEFBNOEIIT VARIABLE. 


When an expression is {pven contuning differential coefficients, such 

^x> 3 ^*- 

in which the first differential only of x and _ .ore to be fimnd, it 
shows that the differential had ^n taken „t.!^*nfffV^*tion that d x is 
constant, or tliat d*x s 0, d* x s: 0, and so on.'* But it may be re- 
quired to transform this expression to another in which d*x, d*x shall 
appear, and in which dy shall be constant^ or from which d*y, &c. shall 
be excluded. This is performed as follows : 

For instance if we have the expression 


1+ilL 

. + ^ d 


"HTy' 

in[i 




the difihrential coefficients 


dx* 


pL 

OX 
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may be elin)inated by means of the equation of the curve to which we 
mean to apply that expression. For Instance, from the equation to a 
paraboLi y = a x *, we derive the values of 

^ 

wbicii being substituted in the above formula, these differential coefBcients 
will disappear. If we consider 

dy d*y 
tfx* dx* 

unknown, wc must in general have two equations to eliminate them from 
one fornnila, and these equations will be given by twice differentiating the 
equation to the curve. 

When by algebriucal operations, d x ceases to be placed underneath 
d y, as in th's form 

_ _ ( 62 ) 

d X ^ *1“ d y ^ •— y d * y ' ^ 

the substitution is effected by regarding d x, d y, d‘y as unknown; but 
then in order to elimiiiatc them, there must be in general the same 
number of equations as of unknowns, and consequently it would seem the 
elimination cannot be accomplished, because by meaiid of the equation to 
the curve, only two of the equations between dx, dy, d‘y can be ob- 
tained. It must be remarked, however, that when by means of these two 
equations wc shall have eliminated dy and d*y, there will remain a com- 
mon factor dx% whK^ w'ill also vanish. For example, if the curve is 
always a parabola represented by the equation y = ax , by differentiat- 
ing twice we obtain 

♦ lxOd*y =; 2adx* 

ar--* being in the formula immediately above, we shall 

obtain, after suppressing the common factor d x *, 
yf\ + 4a*x*) 

■’4a*x»~2ay ‘ 

The reason whv d x * becomes a common factor is perceptible at once, 
for when from a formula which primitively contained 

d*y cly 
U X* • dx’ 

we have taken away ilie dciiouiiiiator terms independent 

of and must acquire tlie Victor dx*; then the tenns which 

d * y * d y 

were afliKted by <^0 not contoux d x, whilst those affected by ^ 



ANALYTICAL OEOMETRY. 


xax 


contra d x. When \re afterwards diftarentiate tbe equation of the cnnre» 
and obtain results of the form dy =:Mdz,d’y = Ndx*f these values 
being substituted in the terms in d*y, and in dy dX| will change theni» 
as likewise the other terms, into products of d x 

What has been said of a formula containing difierentials of die two first 
orders applying equally to those in which these diflerentials rise to supe- 
rior orders, it thence follows that by difibrendating the equation of the 
curve as often ns is necessary, we can always make disappear firom the 
expression proposed, die difl&reutials therein contained. 

The same will also hold good if, beside these differentials which we have 
just been considering, die formula contain terms in d * x, in d * x, 8tc. ; 
for suppose that there enter the formula these diffiirendals d x, d y, d * z, 
d * y and that by twice differentiating the equation represented by y = f x, 
we obtain these ecjuntions 

F (x, y, d y, d x) s= 0 
F(x,y,dx,dy,d*x,d*y)r:0, 


we can only find two of the three dilfcrcndals d y, d* x, d* y, and we sec 
it will be impossible to eliminate all the differentials of the formula; there 
is therefore a condition tuutly expressed by the differential d * x ; it is 
that the variable x is itself considered a function of a third variable which 
docs not enter the formula, and which we call the independent variable. 
This will become manifest if we observe, that the equation y s f x may 
be derived from tlie system of two eiiuations 
x = Ft, y = pt 

from which wo may eliminate t. Thus the equation 

(X — c)* 

y = 


is derived from tlie system of two equations 

X = b t d- c, y = a t*, 

and we see that x and y must vary by virtue of the variation which t may 
undergo. But this hypothesis that x and y vaiy as t alters, supposes that 
tliere are relations between x and t, and between y and t One of tliese 
relations is arbitrary, fbi the equation which we sr^resent generally by 
y = fx, for example 


y = 


a 

I) 


(x-c)*. 


if we substitute between x and t, the arlntrary relaUon, 

l» 
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this value being put in the equation 


w ill change it to 


y« * (x_c)* 


* K< » 


y = 

an equation which, being combined with this, 

t». 

ought to reproduce by elimination, 

(X — c) * 

y = ai— 

the only condition which we ougiit to regard in the selection of the varia-* 
ble t. 

Wc may therefore determine the independent variable t at pleasure. 
For example, wc may take the chord, the arc, the abscissa or ordinate 
for this independent variable; if t represent the arc of the curve, w’c 
hove 

t = V (dx* + dy»); 

if t denote (he chord and the origin be at the vertex of the curve, W'e 
liavc 

t = V (X* + >*); 

lastly, if t be the abscihsa or ordinate of the curve, we shall have 


t = X, or t = y. 

The choice of one of the three hypotheses or of any other, becoming in« 
flispeiisiblc in order that the formula which contains the differentials, may 
be delivered from them, if we do not always adopt it, it is even then tacitly 
supposed that the independent variable has been determined. For ex- 
ample, in the usual case where a formula contains only the differentials 
d X, d y, d y, d ’ y, See. the liypoihesis is tliat the independent variable 
t has been taken for the abscissa, for then it results that 


t 


dx , 

X, j j = 1, 

d'x 
d*p -■= 

cl ^ X 

= 0 . 




and we see that the furinula does not contaui the second, third, &c. dif- 
ferentials. 
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To establish this formula, in all its generality, we must, as above, sup- 
pose X und y to be functions of a tfaiid variable t, and then we have 


d y ^ d y d k ^ 
d t “ d X * tl l * 


fiom which we get 


dy 

= ‘li (6S) 

tl K ll X 

<n 

taking the second differential of y and operating upon the second nicmbet 
us if a fiaction, we shall gif 



d X d * y d y d* x 
d ~t * iT t _ cTt d t 

d X* 


dT* 


In this expression, d t has two uses ; the one is to indicate that it is 
the independent vaiiable, and the other to enter ns a sign of algebra. 
Ill the second i elation only will it be considered, if we keep in view that 
t is the independent variable. Then supposing^ d t* the common factor, 
the above expression simplifies into 

d* y ^ d X d^ y • — d y d* x 
"d X "" d X* ^ 


and dividing by d x, it will become 

d* y d X J* y — d y d * x 
cTx* "" U 


Operating in the same way upon the equation (53), wc see that in 
taking t as the independent vaiiable, the second member of the equation 
ought to become idcndral with the first ; consequently we have only one 
change to make in the formula which contains the differential coefficients 


. («) 

To apply these considerations to tlie radius of c u i f S nr e which is given 
by the equation See p. 61. vol. 1.) 
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if we wish to have the value of R, ia the case where t shall be the iiide> 
))c»(lent variably we most change the equation to 

<1 X d * y d y <i * x * 

Jx"* ■ 

and observing that the numerator amounts to 

(dx« + dy*)^ 


we shall have 


n - (dx« + dy«)g 
"* 3^ d* y — d y * d* x 


... (55) 

This value of R supposes therefore that x and y are functions of a tliird 
independent variable. But if x be considered this variable, that is to say, 
if t ss X, we shall have d * x =0, and the expression again reverts to the 
common one 


_ (dx« + dy*)fr _ 
K “ dxd*y = 


(■ +!&■)* 


Ax* 


But if, instead of x for the independent variable, 'we wish to have the 
ordinate y, this condition is expressed by y = t; and differentiating this 
equation twice, we have 

Tlie -first of these equations merely indicates that y is the mdqpendent 
variable, which effects no change in the formula ; but the second shows 
us that d * y ought to be zero, and then the equation (55) becomes 

B (d X* + dy«)S ^ 

dyd*x ^ ' 

We next remark, tliat when x is the independent varial^Ie, and 
consequently d '' x =: 0, this equation indicates that d x y^einstant. 
Wlience it follons, that generally the independent variablelSta always 
a constant differeptiaL ' 

Lastly, if we take the arc for the independent variable^ wo riiidl bkvo 
dt =: V (dx* + dy*); 

Hence^ we easily deduce 

d X* d w • 
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diBerentudag Emb tqaatbii, we sfaaB n^jupd dt it nnoe t b Em 

independent ewieUe I we get 

sdxd*x , Edy 4-y _ a. 

-nn'- + -w^ = *' 

wfaidi gives ^ ^ ^ 

dx d** is -~dy d*y*' 

Coneecjnentlji if we euhstitale the valtie of d * x» or that of d * y, in Em 
equation (5A), we ihall have in the first case. 

„ _ (dx* + dy')^ j e'(dx* + ay). 

and in the second case, 

R ^ y .;. ) ! ■■ .,d ,g,yJ) d y . (58) 
(dx + dy*)d*x ' d* x % ' ' 

In wlia^ precedeb, we have only considered the two dififenthd coeffl- 

cients s. 

‘-U iU^ 

Jx’ dx* ’ 

but if the formula contain coefficients of a highec order, we tniwt, by 
means analogous to those hero used, detcimine tlte values of 

d'y pd*y . 

which will belong to the case where x and y are functions of a tUrd in- 
dependent variable. 


FEOPLRTlXa OP HOMOOXXFors VUNCTIONa, 

’ t.. 

IfMdx 4. Ndy .f Pdt + Sui. ss aa, oex AoeMgMMW/iMByeii ^ 
aay lamher of vartabki, x, y, t, &e. in wUeh iht ^ ' 

n, ihrn is • , • ^ 

Mx *1. Ny + Pt 

For letif d X + NdyljM the difbvfijiMiEsr * ^ 
z botweeii two vxe^i^ i and 
exponents cf die 
tion, we shall have 

lldx^.N. 

“ • ...* 
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.iiid n |>1 '( ii'g, 1)1 the above equation, y by its value q x, and calling M* 
\\ It a.id N then beconn^ that equation transforms to 

M' d X 4 » N' d. q X s d r: 
ind substituting the value of z, we sliall have 

Itrdx + WdCqa) = d (x"F.q.) 

Uui (I (qz) a qdx + xdq. Therefore 

(M + N'q) d X q- Kx dq a d (x” F. q). 

Blit, ( M' + N' q) d X being the difierendal of x " F q relatively to x, we 
li.iti (Art. 6. voL 1.) 

M' + N'q a nx""* X F.q. 

il'ia this etjoatioii y be put forqxy it will become 

M + N-^ a nx*~‘F. q» 
or 

Mx+Nyanz. 

rii ‘.9 theorem i<; applicable to homogeneous functions of any number of 
vat iablcs ; lot li we h.iTe, for exampli , the equaUon 

‘\Idx4-Nay + Pdtadz, 
i'l which the dimension la ti in ova.y roni, it will suffice to nuike 



to piovc, b} reasoning analogous to tlic above, tliat wc get z rs x* F (q, r), 
and, conseqaently, that 

Mx+Ny + Ptanz (69) 

and so on for more tanabk'S. 

** 

Tiironv or AnaiinART constants. 


An equation V sr 0 between x, y, and constants, may be considered as 
die complete integ'al of a t< itain difierential cqnation, Of wbic^fh^ order 
dqieitds on the numbei of constants contained in V a 0, Tlieim cemstan^ 
are named arliiraty eonstanls, because if cme oPdiali b nprmeqM bjr «». 
1 ^ V or one of its diffisrentials is put undtir the fimn f ^ ^ a we see 
tint n will be nodiing else dianthe arbitrtiytxnttten| given by die integra- 
tion of d f (x, y). Hmic^ if tbe difieresi^l eqpMlW in question is of the 
order 4^ each integtatiou iiitroducing an arbhvaiy coentan^ we have 
V a 0, which ^ gbren by the last of three intcgntioqib end contains, et 
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leo^^ n arbitrary con&tenis more than tlie given <lifitn*entul equation. Let 
therefore 

F(x,y) = 0, F (:-.y»^) = 0, V (*» y» -fj* * 0 (a) 

ilu primitive equation of a difibrootial equation of the i>eeQnd order 
aiul itb inunediale'diffisreiitiah. 

Hence we may eliminate from the two fii&t of the&e three equationii^ 
the constants a and b, and obtain | 

f (3^ yj a: 0 1 ^ j, a • . . (li) 

If, without kiiOtving F (x^ y) s 0^ wc Bud these equations^ it will be 


sufficient to eliuiiiute from them obtuig F(a»y) a O9 whuh ^ill 

be the complete integral, Mnri *1 will contain the arbitrary constants a, b. 

If, or the cot tirry, we Uirnuipte these two constants between the 
above thiee equations, \%e slj.dl ai rive at an equation which, containing 
the sariA ddFeicntial coefficients, may be denoted by 

^ 

But each of the equations (b) will give the «ainu. In fict, by eliminating 
the constant contained in one of these c(|uatioTib and its immediate di(&r» 
ential, we shall obtain st,|Mrut«ly two iquations of the second order, 
which do not dilTer from equation r) otliei wise than Uie values ul x and 
of y arc not the same in both. Hcncc it loilows, that a dilAirentinl eqtui* 
tion of the second order may result fioiu two equations of the firat order 
which are taecesardy different, sinte the arbitrary constant of ttie one ia 
different frain Ihiit of thd other. The equations (b) arc what w« niU the 
first integnds of the equation (i ), which is independent, and the eqdatioa 
F (v, } ) s: 0 is the second integral ot it. . ^ 

Take^ ibr exagqplsh the expiation y m sx if V 
two copsfatat^' as the |win>i^f«>^ 

of the aedlpd adit, VjiKflioe, by dHfiwfattittigl;/ 
of a, we get 

di 



These two firat 
are seekings bciflgg 

the eliminationjif ■$» 



bfA^erbich we 
equ^, by 

,#l4 In the 
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"• * t 

( .e where the number of constants exceeds that of the required 
toustms, the surplus routiintSy^faaing connected witli thd same e^tt<(t|^|^ 
do not acquue anjr new relation. Required* for instanoe, the eqnatw^of 
the second older, whoae pi^hive is 

y ss i ax* + bx + c c: Oj ^ 
d ffcrentidting we get 

§2 = .* + lx 


1 he elimination of a, unil then that of from these equations» give 
sijurifel}’ these two fiisi integtaL 

= ax + b, y — i ax* + c . . . (d) 

Combining them each with their immediate differential^ we airi\e 5 

In two rliflfeicnt ways at jTf- ^ contiary, we had eliini- 

n iteJ the tlurcl con*»taiit n betwem the pruniUve equation and its imme- 
chdte diffeitnuHl, that would not have pioduced a diffeient result; for 
we should have ai rived at the same result ns that which would Icsid to 
the cliininvtion of a ium the equations (tl), and we sboulcl tlieii have 

fiUen upon the equation x s — b, an equation which reduces 


to 



=: d bj combining it with tbo iii*>t of the equations (d). 


Let us apply these considerruoiis to a differential equation of die thud 
order: diftert minting three nines successively the equation F (x,y) = 0, 
we shall have 


Thaao eqoations admitting t)ia same values fmr eadj oi dm arlatraty 
eoDstanta cootiuncd by F ('c, y) = 0, we may genendiy dbnlnate diese 
cmibtauts between thix latter equation and three pceoe^luaiQiiesi uud 
obftun a resnlt which a'e shall dhnote by * <- 

f . . . (c) 

This will be the differential nquatiqiiisf tSefjUleiii okdar F (%y) 9 
and g||K»o diree arbitrary eonsttnts' ^^InMed; ruqiprocanyt 
r (*» n * ®» hjfeithc third hit^ral of tSe eqn^on (dt 
If hsj efidlAMa auccesstvely leach of Ae aflnM^ «ops£|pla from fba 
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equation F (X| y) = and that which wc lnH% derived hy difihrentiati6ii» 
we sboU obtain Acee equations of the dtst which wilt be the seoond 
integrals of tte equation (e). ^ 

Finally^ if we ehminate two tiie dune arbhretf ronstants means 
of the equation F (x,y) a 0^ and the eqoatlqns which we deduce by two 
successive di/Tbrentia&ns, that is to any, if we eliminate theM couStants 
fi oiu the oquatiuiu 

F (^^y) a 0, F (*,y,^) a 0, F (a,y, a 0 . , <l) 

we shall get, successively^ in the equation whidb arises fipom the eiinunif- 
iion, one of tlic three arbitrary emstaxitoj coiisequently» we hove as 
many equation*, as arbitiary constants. ay b, i, be thr^ arbitreiy 
con Stan :>• Ihen the eqiiauous hi questiony coiisidcicil only with regard 
to the aibitrary coi stunts which they coiitiUii, aony be ropreseiitf^ by 
^(=L0ypbs:Oypa=s0 « e « 

Since the equ^ition* (f) nil aid in the iJiinination which gives ns one of 
these last equationb, if thence follow** ihai the eqnetions (g) wilt eedt be 
of the Sv^cond order ; ue call them the first integthU of the equadon (e). 

(lenerallyy a dllFcicnt d equation of an order a will ba\e a number n 
ot firfet intcgiriid^ wlitch will contain tlieielbre the (hllcreutial coefficients 

flora intluslvtlj , Uiat is to say, a number of dhORufentisilf * 

i . 

cotfhcienu ; rnd we &ce that then, whi>u these equAtions are all kntnrib 
to ohiuD U.0 |yriiiurwe oijualion it will biilficu to eliminate tirom tiiesa vqiM* 
tions tiie several difierential coeihctenib. 


VAVTfcVttgL aOtUllONS 07 OIFrERntTlAL KfttAttOKS. 


It is easily seen tiwt a porticuiRr integral may always daducad il6xa 
the complete integral, In giring a suitable ralnc ta ^ aUll&tnd^. «IWi> 


btaiit, ^ 

Few dMople^ if we have given tibaoquadoft' 
itdx + ydyw 
ubose oomptete intc^ftsi it 

y + cee4*(il 

eoRvemeBO^ j^^adol 


fl>) 
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nnd fhr co”iplete becomes 

Scy + c* — X* + »• ss 0 . . . . (i) 

J lenc^ in UiJcing for c «» arbitiaiy constant indnn e s 2 ice 4uin 
obt';in this particular integral 

" 2 c y + 5 a* X* =5 Of 

hIikIi will have the property of satisfying the proposed equation (h) as 
u.ll also ns the complete integral. In factf xve shall derive from this 
j)<)Micu]ar int^al 

veilrillL* 

^ , 2 c ’ d X *" c * 

tlic&p values reduce the prc^>osed to 

(x*_-a*) ss p(x* + c»— oa*), 

an equation which becomes idmitical, by subs^tuting in the secona mem- 
bti, t!ie value of c% which ^ves the rdation o sa 2 a. 

Mdx<fNdyaO, 

t Ji/lcicntial equation of the first order of a function of two variabies 
' y; wc may conceive Uiis equation as dciived tlic elimination of 
tnt c from a certain equation of the sdboe order, which we shall 
Btby 

j nidx + udyssO, 

/ complete integral 

I P (x, y, c) =s 0, 

ii we shall designate by u. But, since every thuig is reduced to 
n T the constant c such, that the equation 
Mdx<fNdysO, 

^ ly be iho i*c<^ult of elimination, w« jiere^ve that is at tlw acane time 
i>t 1 •Ji.ut.d to 1 cry the constant tp provided the equation 
Mdx + NdyaeO» 

holds good ; ir this cose, the conqpleta ip|(gni|^ 

F(x,y,c)asO . 

will take a grcatir generality, and tvf^ rcpaepMint /A pf >atRr»aa of 

the samw kind, difieiing from otm aadiW 

constant. 




AVAhrricjkhJOi^mrtB: 


an oquation wbicht for brcnri^t «e sliaU 

djspdx^^qdc. t 0^) 

Hence it » dear, that if p renuinb^ tinUiet q d « la oothhi^ the reaoH 
of the duBinatioa of c aa * variablt. from ' 

v (*» y» c) SB 0, 

and the equation (k), will be the Mime aa that oiiMiig fiom c oaiuiderQd 
constant, from 

F (x» y» 0 =s Oi 

and the equation 

d y s p d X 

(this result >s on the liypotlibsis 

M d:s + N d y =r 0), 
the equation (k), since 

q d r SB 0, 

does not differ from 

dy as pdx{ 

but in order to have 

q d c ss 0, 

one of the factors of tliU equation sa conatout, that is tti 
have 


d c SB 0, or q =s 0. 

In (he first case^ d c ss 0, gives c s: cons/an/, since that 
for particular integials; the second tnsc, only tlieieTore cotiduot^tad^H 
tietdar solutufu But, q being the coefficient of d c of iba cqaa lft li^B 
we see that q s; ('f gives 

i?=:0. 

ax 

Tb» equation will contain r or be independent of it If c, 

there will be two cases ; dther the eqaation q at Ot^jf « 


and constant^ or this equation will oontw e ufSUi ^ 
caae, Huff^audoa q as 0, wiD suU ^ve o is^ tetOiaffi 
k wifl i^ve « s f (», y) ; thia 

ptagmlfS^ 

W«ai£|gi^ erBi he |Bli 

6kj|Li m - -n fF , liiM 

^1, 


jfakl^lis first 


pf 4i(ii»eq g i| iit Ui‘ia« 
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W)u>ri the factor q = 0 froUi the eqaation q d c sc 0 not contautitig 
the aih ^'’aiy constant c, we shall perceiTe wh«Aer the eqaadoa q se <0 
qive« use to a paiticular sohubn* by coAibuilag this eqiia&m with die 
coinplcie lu^tgrah For example^ it fnm q s Of we get * ss Mf and |Nit 
lhi& Gallic m 'ho complete integral F (Xf y* e) a Of we diall obtain 
c 8 cinutuDt 8 B or c 8 fy; 

111 tl<c lir'it ca<tef q s Of gives a particular int^pwl; for Iqt changing c 
into B in the complete integral, we only give a pardcular value to die 
lOiiStant, which is the same as when we pass from the complete integral 
to a particular integial Tn the second rase* on the cemtrary, the value 
I y ini.toduced instead of c in the complete int^ra^ will establish between 
"ul > a relation diflereut from that which was found by metely re> 
)>hu iii^ I l>) an ubitiaiy constant. In this case^ therefore, ve shall have 
1 ]) iiticuluT •'olutiop WliHt has been said of y, applies equally to x. 
it hapiteus sometimes that the value of c presents itself under the iorm 

^ lius indicates a factor common to the eqnatioiis u and U aliich is ex* 

t( naous to dum, and which must be made to disapjiear. 

Ill* pply diis theory to the rescaich of particclar solnUons, \iheu 
du ci.nipl ' integral IS given. 

Ltt thi equation be 

y d X — xdy 8 a \'(dx* + d j*) 
i ' h (h th^j conipkte integral is thus found. 
ihwJm ^hc equation by d Xf and making 



WC Ul) nil 

y — px 8 8 V(1 + p*). 

Iho •IdlcrcnutUi g iclatively to x and to p) we get 

•Ij-pd*-xdf« 

obfeeiVi<i(r thci 

dy 8 pdx. 


ihib ci^bation reducett to 

mid this is satisfietl h} making d p 8 0. 1*1^ bypodie^ gieiM^lltR 
Atant 8^ r, a lalue 'nhich being put in the above eqqadcn 
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J — cx as « V (1 + «•) ( 1 } 

Thb aquBtioii ccattaining an aAitrai^ cooataat Ot «rlilatt. ia iMH ttt li* 
found in the proposed eqaatton» is tin comtdeto inti^ral of it 
This being accoupiistied, die part qde of die ocptalioa d y ss p die 
q d e will be ohuiincd by differentiating tlie last equation relatively to A 
regarded as the only variable. Opendag thus vre shall have 


consequently Uie coefficionl^ of d Cy equated to zeroy will give u& 


— «<• 

5 Ti*+T*y • * • 

To find the ^alue of c, we have 


which gjvcs 


(I + c*)jL- = a’c*. 


ft X* ft s y 

‘ =r‘— * + <=* = jr* 3 r 


(w) 


and 


V,l + C*) S J 

by means iif dt.s equation, diininatiug the radical of the equation (ni) 

we shall thus obta'n 


- “■ ......... (n) 

Ihis value and that rf V (1 + being aubstitoted in the equation 0 ) 
will give vs 

K. * a* * ' 

y + V(«*‘:=:i7) ® V(u* — »•) 

whence la derived 


y =3 \/(A* — *»), 


au equation which, being squared, will giv<ttt ‘ > 

>- a a* — x»; 

.iiid uc set that tins equation is a particular sointioDi for Iqr dtSereotiadng 
It we obtain 


dy as 



diis value and that of V{x,* 4 " in the equation 

or^iiudly proposed^ reduce it to * * ■> . 

. a* as ftiL < 

in the iqifficatioa whidi we halM }ust irh have, determined the 

* V 
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\ t> 


vdiue of c by oqualmg to zero the dinirentlal coefficient (^)* Tim 

iroress may donictiines prove insufficient In fac4 tlie equation 
dy pdx -f q dc 
being pur under this foim 

Adx^-Bdy + Cdc = 0 

where A, B, C| are functions of x and y, we shall thence obtain 


dj = ^dx — ^ dc 
d X ss — ^d y — S-d c 


{<') 

— X”® 

.itiJ wc percmve tliat if all that has been said of y ooaOdered ft function of 
X, it applied to x considered a funcdon of y^ the value of the coefficient of 
d c itol be the some, and that it will suffice mertly that any &ctor of B 
d(. strops in C another factor than that which may destroy ft factor of A, 
in order that tlie value of the coeffident of d c, on both fayputhcses» may 
apncor entirely dilTerent. Thus although very oftcit the equation^) 

p\c t<" r t*'c same valuvi tliat will not always happen; die reason of 
tibicli is, that when we shall have detemiiiicd c means of tlie equatiop 


‘'y_- u 

dc “ 


dx 


it 1 •'] lull In xseieos to see whether the hypothesis of ^ —gists the same 

i 'I'l. 

Cl i ) III. ' is ilo first U» remark a general class of equations susrepdbic 
of I paitivu' il vilution ; these equations are contained in the foiia 

y = .+ !’’• ^ 

an cqusiion viliu'b we sliall represent by 

y ss px + Ip (r) 

By diPv,uiiti:'t>ng it, wc shell find 

dy =, pdx + xdp + 

ihiib cquatiun, s»hicc *1 y = p d x, biHsnncf ** 

, do sa«*‘ 



analytical 0£0METBY. ilUi 


ud since dp is • common fiictor, it mey Im duu irritten t 

We satisfy this equation by making dp a: ivbich gives p » consf. 
sr e; consequentlyt by substituting this value in the equation (r) ire 
shall tind 

y s ex 4* Fc/ 

This equation is the complete integral of tl)c equation propose^ shmiF 
an arbitrary constant c has been introduced b^ Integration. If we difihr- 
eutiate relatively to c we shall got 



Consequently, by equating to vero the eoeflidents of d we hare 


» + 


d Fc 
d c 


0 , 


whidt being substituted in the comphto intcgnJ^ will give tlie partitular 
solution. 


THC ZXTBGnSTlON OS > nl AllONS OC FSUriAL MVrEnXwaii. 


An equation which subsists between tite diiierential cocdDtiiMtSb com- 
bined with vat'iahles and (onstants, is. in guncrai, a partial dUfeMitinl 
e<ju ition, ui an etiiiutiou of p’lrtial dilTertiuces. These equations Are tbue 
named, liorausc lb; notation <if the dificmitial coefficients which thary 
contain indicates tital tiio difTcrentiation tan only be efifected partitkllyi 
tliat IS to say. by regarding cintain variables as ctHurtanh Thie iiq>|)0SM!i 
thtrufore, that the (iuietiou proposed contains only one varlahiA 
The first equation which sre simll intc|grate is this } via. 



*1 


, If contrary to the hypothesis, c inst^ df heblp a Ainction of two van- 
aides X, y, oontaina only A wo Oltiliiqmy difikrentiai equation, 

which, bdpg integrated, wilt 


bu^ iwtl||mpiestmt«MNi|'«: , 

tahvd madeV; 



of y, the 'jfu con- 
since ditibien 
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♦ * 

to we liove con^^deipil y ns constant We ougbtf 
tl»r*icfuu, when integrating, to j rescr\c tlie same li}}>othcsi ^5 and s^uppose 
ihc iihitrarj* constant w in gctici il a Uinctioa of* y ; conseipiondy, we 
^liuM liaic foi the integral of the pr(q)oscd cq(u>Uoii 

z = ax + fy. 

!< j ted inlf^i*tate the equal fm 

(r:)=^ 

J wi.icl* S is any i'uiiLtloa of x. Multiplying by d x, and integrating, 

W t ^wl 

z ssyx«l\ + fy. 

Tiir < vmnplc, if the function X were x* *1- a*, the integral would be 

X ** 

-s = -3 + t** + f>y* 

Id Ilk iijiincr, i( i« found dint the integral of 

(::')=v 


/ = \ i" f J 


N id'I nb, w >.h.i'i iiiU*gr.»tt cv«‘ii «quition m which (j*) J’ eti'**-! 


I luiKMo*' *'l viirubles y. If, fbi example, 

/*’ 

\l\' V a y 4 \ * 

Mtif I ng } oust, /It, MO it ttgijti* by ili^ oi dinar; luW, making tlic 

:ii oitiafv con'itu »t a iiipctu»n y This gi\es 

/ =r v' a> -p X ' + py, 

Tinaliy, d \\i ui»ii to inu«^iaU vhe cqn l•ic?n 

(^ ) - . „i__ 

'tl \/ s/ (y — x*j 

KL^jidii^y cor 'aiit, vp nci 


- I , 

= y + ^y- 

•Generally to inUr» le the cciiution 

CID = F(X, j)dx, 

«e bliRil take the integral relative^ io x, nddlog to it an arbittai^ 
function of t, as the cotutaut, to complote iC’iN^ d»ll find 
/ = /K(x,y)dx + ^y. 
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Now let us consider the equations of paitial difihrencee which contuo 
tno diflereniiat coefficients of the first order; and let the equation be 

M-(aD+N(r;) = » 

in which M and N represent given functions of x, y. Hence 

( d z\ M /d z\ 

d v^ N Vdx^ ’ 

substituting this value in the formula * 

rd 7\ , . /d /> 




uhich has no otbe^ uiuiumg than tocxpicss th« rondilion Uut a is a 
function of x and of y, we obtain 


■■'“do 


= do 


d/^ Ndx - Md 
" -K 


JLtt X be the iiictor proper to make NdX'>*>Mdy« complete diifer- 
rntml d s; we shall huse 

> (N d X — M cl y) =r ^ t. 

D} means of this equation, vo shall cUroiuate N d X«>^ M d y fnXn the 
prcci ding e(|(ietion, and wc shall obtain *' 

‘ ’ 

• • ^ 

FmaUvt if we remark Aat the valnu of ^^0 io ^pdeterninate, we may 

take it such that he wktsh wbuld make it 

a function of s ; for we know that dm dJjKpatntjyil tjf every given fimedon 
of s most be of tbe form F;ii « d lb diet we niej 

«s.>iim«s ^ * 

en equation whkh will ebangi die prepedhig eme into 
which gM 

IrtST 
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Lff hj tl«is inelhi'J ihcs uqnation 


M ss — y, 
N =: x; 


. i .1 ,r i « this caSJ 

aiui 
coiibe({aeAt1v 

d s ^ A. (X d X + ydy). 

h cvidcuc tliut tiic factor necessary to make thi& intearrable is 
Mil ^'itutbig this for X and incegraUtjjnr^wc ;;i t 

fi .•:= X * + y *. 

i ihe iiilegrai of the proposed cN|iiutioii is 

2 = tz» (x- + y»). 

Now let us consider the ecjualion 

'’(rx) + '<0 +« = "•• 

ill wliith r, li ore fuhcUon*- of lU*. m-iablei. x, y, *; diviiling it b)' P 
nnd utAing 

^ SS M, -p* s N, 

tve slhill put ii under this form ; 

+^ = "- 


and !>L.u*i Jiiikip;: 


iiui 


it beciiiues 


CItO = •- 

cl;.) = 1- 


p •}. M + y - 0. (a) 

Tliis equation c** a relation batweuii the coefficients p and q of 

the general ionnulu 

■"=d,o-'*+( 3 f)o^ 

= i» J X f fj d y ; 

without which rclaiit^n t* ai*«i wo.ild pt jlectlj arbitrary, for as it has 
been alrc.uty ftn'inul'i }ia>i no other intaning than to indicate 

that 7 i-t .1 iaiK*ti«ni :»'%• xariablt's x y, and tlial fuiiciu*!! may be any 
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uhatever ; so tliat e ought to rt'gard p and q a* indeterminate m ilda last 
eijuation. ‘ Elimlnuting p from it, we shall obtain 
d z -4- N d X 5s c] (d y ~ M d x) 

and q will remain a1\^ays indetcruiinatc. llenfc the two membf^rs of this 
i-quiUion arc hetci ogtmcous (Sec Art. 6* vol. !)» and con9oc]tionily 

d /. + N d X =r 0, d y — M d X = 0 (b) 

If P, Q, It d*' not contain die variible y. it will be the Kiunc of M and 
X; so that the sixoml of iiie^se equations will \h* an equation of two v>iriiw 
blcs X anil y, and in \y bocomc a coinjdcte diflorciitial by iiiounb of a factor 
>. This^ivcs 

>. id y — M d x) s=: 0. 

The integral of this orpiation will Ihj a function of x uiid of y, to wiiicli 
i\e must odd an arbitiary constant s ; so that ae bliuli have 
F (X, v) “ s; 

vhciicc we derne 

* j s= I (\, s). 

Such will hi fhe vihn* of \ u<> l>\ tli* *cro!u! of the above equa- 

tions; ufid t(i slunv that tlu > *»ubM»t Miiiultancoiisly we must substitute 
tills \alue iii ihc first of fhv.iu. Hut lilihongh the tarinble y is not sliowmf 
k n <* intnined m N. This suhsuiution of the value of y juiJt fuundi 
oTuoubt'i to coilsjrJi \ in iIh Hist ctiitaiioii ns a fimtiion of x niul of 
the .iiuiti II V cocstMut V Int'fvfiting thcrciurc this first equatiou on tlqit 
li\pothc*^Is wi find 

y r: — /* \ d v + ? s 

To |L»*iC ai* cwnpl«‘ of this in(o;'r,itioii, lake ilie equation 

and ooniparinp it \uth die general equation (u), we have 
M rr-i, N :r ^(** + y*). 

'I lifsc vulitcs bdtig sub'titntt U in the cf|uation( (b) wiH change them to 
d / — V (x* + y‘) d X =s •, dy 1 ^ a* 0 i 

I 

Let / bv the factor iircessary to mufcejthe laflr of theae i&tegrable^ ond 
we have 

a » 

or nitlier ' 



X , 



<iU • 


iNlltODIJCTION. 


v;„. !, . ^vh(*n X = for then the integral is = consUint. 

ill* t< e* 

I =s 

X 

» ri cf'^cquently 

y =; 8 X. 

15y mcaiib of value of y, wc cliiingc the first of the 
(r) ili'O 



4)1 ratIliT into 

d z = a d X V (I + s'). 

Iiia*';»atin» on the supposition that s is constant, we shall obtain 
/ = a./\l X V (I + s*) + ?> s 

am! co.iboqucnilj 

z it X V (1 + s’) + t> 3. 

Subststuling I’ji s it*- value \>o get 

/r- UK V' (l + -^!) +?(J) 
zi a V (x !- yn + P (|-). 

Ill the iiio.c genera! ca^e whf^rc the < oi llicients P, Q, R of the equation 
Mtiit.i'n ihi.e \ tinbli^s x. z it nuiy Itappm that the equations 
(h) tMiiMin ouU tl . ables wlt’ch s\i*i vi'-ihle, luul wliirh ronseqeently 
we may put undei itie forms 

d / = f i) d > 1 = 0, d y =r K (X. y) d x. 

Those eqiiso ions m.iy b t”eut»vl dialiielly, bv writing them as abose, 
/ =r / t\N. . ; d \ + 4. y F O. d \ + 4»y 

for then wo uo Wv na, inaKo / constant in tlie first equation and y in 
the soeeiul; ronlradu** » \ hjiiUhtso'., since one of three coordinates 
y. /. caiiiKit Ik - p'»jv'd ivnsuini ’a ilic first equation without its being 
not conslaiii in the siCthul, 

I^'t us now soe in w ii .t w sy the otjuations (b) may be integrated in the 
taso where th* a onl\ coiitiaii ihc viriaoles w'hich are seen in them. 

Lei ,a and \ be iIk hiciors which make die equations (b) iiitcgiable. 
If tlieir integrals thus ohtsinrd be denoted by U and by V, wc have 
A (d / + N ll =r <1 I \ fii fd y — ]Vf d x) =: it V. 
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By means of these values the alune e<|uation vrill become 

aU = .j\lV (d). 


Since the first im*niK r uf tliii c«{P ition is a loinpufo diirercnfial tlie 

Kcond »s also a compli-tc d'l^eivntul, wliicli cj ^ to bo u function 

ot V. Represent this fuiKtion by f V. Then ll»c OfjualivMi (J) \>ill 
bcooinis 

A r = ? V. a V 

whiib gbes by ml. ;rratli tc, 

i; -- ^\\ 

Takci ibi exaniplo, tlif 



which being wiittcn llm-, \i . 



wo compare it thj Kpiaium 

cl;.) + « cl;) +>'='> 

and obtiin 

M N -- 

\ X 

By means of thes^j values iht eepu. lions (b) beoomes 

d z — * , d X = 0 , <1 y — — d X = 0 ; 

K y 

n Inch 1 educe to ’ 

X d z — 7 d X =.- 0 , > d y — X d X rs 0 . 

I'ho factors nocessary to n*dke tliesc intograble arc evidently-^, and 2. 

Substituting wliich and integrating, wefind-^oud y*~x* for the in- 
tegrals. Putting, tberofore, t)tose valuer for U and V in the equation 
CJ =3 ^ V| we shall ckbtnin, for the integral of the proposed equation, 

<1; (y* — X ) 

It must be remarked, that, if wt* had eliminated q instead of p, the equa- 
tions (b) would have been replaced by these 

Mdz+Ndy = 0,dy — Mdx = 0. . . . (e) 
end smoe all that liua been said of equations (b) applies equally ta these, 

4 
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* Toll « 1 • 1 ilic <*use where the fir'll of equations (b) was not in- 

I '! i».I \ we in.iy iq)l<Ke those equatioiis by the !»}.stem of equations (e), 
1 |i louiil, t«) the first of the equations «e) instead of the 

I ) til* t .]•: ilion^ (b). 
i r I .st.ino*, if we had 



til ^ ffjii ilion bein'4 ill»i led I')’ a / and compared tvitli 


u z 

llie crpintioiis (b) will In tome 

d / + ^ ' d X = 0 , d V + ^ d X = 0 ; 

.1 z ' a 

v\!iu h u‘ liue (o 

a /, il z + X y d X 0 , n d y + X d X == 0 . . . (Q 
'flu fnsi these fMjiuiioin, whicii, conl.iinin/^ thieo vaiifibles, i<. not 
I'llegiublv*, w • r(j»l.ue by the (list of the cqinitions (e), and 
we shall have, iiisUad of die erjii.iiioiw [i\ these 

— ^ tl / + — ' il > -= 0 , II d V + X d X =r: 0 : 

‘I a z • » - • 9 

wl'.ii’h liduee to 

*2 y d y — 2 z il / = U , 2 a d y + 2 x d x = 0; 
cijU.ition'i, whose i>tiei>>a!t j.ro 

j - z \ 2 a y + X ' ' 

'fluse vabi' s b( iii;^ aiib^tiliilvd for I and V, will ^»ive us 
> -/• r= ; (2 ay + x») . 

It may be icinaihe.l, ilut the lir^t of cquaiion*; (e) is nothing else than 
the result of the climn .iiioii of d x fiOia the etjuations (b) . 

(h iieially we lu tlnnif-tie every \ariable contained in the coefficients 
M, N, and m a wouh t oinbine those equations after any manner what- 
ever; if after having pulbrnied ihise operations, and we obtain two in- 
t< gials« i>‘presinled by L) a, V =r h, a and b being aibitrary constants, 
we can always conciudo that the integral is U =r <[> V. In fact, since 
a and b ate two ni biliary constants^ having taken b at pleasure, we may 
compose a in Jeini'* ot !i m miy way whatHoever; which is tantamount to 
saying that we nuii take for a an aibitrary function of b. This condition 
will be cxpros.>cd bi the equations a = ^ (b). Consequently, we shall 
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have the fijuations U = p b, V =s b, in which x, y, z represent the Biune 
coordinatu^i. If we olimiiiute (b) tVoiii these etjuaiions, we shall obtain 
L = p V . 

This equation nKo shows that in inukinjjr V ss b, we ought to have 
U = ^ b =: consianf i ihat is to say, that U iiiicl V are at the same time 
coiistniit; without which :i and b woaUI depend upon one another, where- 
as ilje fuf^clioii ^ U aihifs-ai y. But this is pioci&ely the conditi«)n expreased 
by lh»* equations I ^ — a, V r b. 

To give an applu ihis fheoicm, h.a 



Dividing bj, z x and < oinparing »t 'Mtli the general C(|Untion wo 
linve 

M = y \ 

X 

and the equiilioiis (10 g.ve ns 

il / — <l V ' 0, d \ J- •' d X t) 
or 

/ X d — y* d X = 0, X d y + y d z .-r- 0. 

The ofthoM* kjiiiMotis Ciintainiiig ihiee vaiiublcs we shidl not at* 
teiiqjt its inti\jialion 1j) that 4 : 1 ( 0 ; but U* we siibslilute in it lor y d x iU 
value deriveti lioiii die eqnat'oii, it will acquit e a coiiiinon ructor 

X, which hLUig .suppressed, the cqn.itioii l)*‘Coinc.s 
z d / d- y <1 \ *= t>, 

and we perceive that by imiltq»lyiiig b^ 2 it becomes integrablc. ^Ihe 
other equation is Already iiitegiabh-, ar d by integrating we find 

7 * + y* -r ;s X y r b, 

whence w’e concludo that 

7 * + y’ = 

Wg shall conclude what wc; have to say upon equations of partial differ- 
eiices of the first order, by die solution of iliis problem. 

G/mi a7i tiquatUm Tvh*ch cmUfins an athifrary Junciim of me or more 
roriabhSi fo /rid the ctj taiivn (fj^uUial di^errwces ^ohieh prodtaced it. 
Kuppo.se we have 

/=F(x* + y»). 

Make ^ y* 

x*4-y*=u (0 

and t}ie equation becomes 

z •= F u. 

49 
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li.L of F u must be of the form f u . d u* Conse- 

qi.eiiilv 

d z = d u . f li 

If we take the tlifTLruilial of z rclnti'v«ly to x only, that is to say, in 
li^'ard.n*' y as cou'itnnt, wc ought to lake also d u on tlic same 
‘ijs. C'oiisiqucnlly, dividing the preceding equation by d x, 

( d /d ii\ 

dx) = (dx) 

Ai^ku, considering x as constant and y as vaiiable, wc shall similarly 

Ih.d 

/d /\ /d u\ 

(d.v) = (dy)^"' 

Ihit the values of these CGC^liciel'•t^ arc found fioni the equation (f}^ 
wl'ii h 


llonco our cejuations become 

(dx) :=a-Wn.(;;p=r.2y?U} 
and eliminating ^ u from those, we get the equation required ; viz. 

/d /,x /d z\ 

y Vd x) ' (d y) • 

As uiioiitcr example, take this equation 

2® + 2 ax = F \ y). 

Making 

\ - u , 

If bicoipcs 

Z’-j 2ax=:Fu 
mid dllTer ntiating, we i^vt 

d (z* -f- 2 a x) =: d u ^ u • 

^ Then takin ' the diiftrrentiul relatively to x, w*e have 

(dx) + 8a = (3“) fa. 
and tloiilarly, v>Uh regard to y, we get 


- /d /\ 


/ 


d I) 
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But since 


X — y =: u 



\»hic1i, Ix'ing sub>iitiit<*d in tlie above- equation, gives us 



fttul diininating p \i ru>n\ iho'**-, we line the e(|it:ition required ; vis. 



We now come to 


EQUATIONS or PAUTIAL DIFfl-UBNl FS OF THE SKCONII 01tf>ER. 


All equation of P-irli, I Ihi? ‘iciues of the second order in which % is a 
function of two n«ii n, y ought to umt.iin one or more of the 

differeiuial eoclHc ieiit'> 



* 1 / 

<! x.d y 


) 


independently of the chllun otid iolIUlmUs which enter eqiiulions of the 
first order. 

We shall nieieiy integrate the .-.iiujdi-st ecjuaiious of this kind, and shall 
begin with this, v* 4 . 


V<1 



I). 


Multiplying by d x and iiilcgtMtitig irhitively to x we add to the inte* 
gral an arbitrary functitm of y ; and we diall thus get 



Aeain itiulliplylng by d X rml integrating, the integial will be toni- 
plcted when we add another aibitrary function of y, vi*. spy. AV^e thus 
obtain 


zzsxpy + 4 ry. 
Now let us integi ate the equation. 

/d*z\ ^ 
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w> n. licit r i& aity functiuu uf X, y. Operating as bofore we first obtain 

(ax) =/r.i>= + Mi 

•Hi ♦h»'* 'econd iiiN'^ralJon gives U6 

K = /J /Tdx + py| dx + 4-y. 

In the same mannoi i->e hite^jrale 

cl’;) = '• 

Mill iiiul 

z =_-y 1 0 X ! Jy + •+*• 

*r‘»e I ‘illation 

(.iV^x) = 1‘ 

bo intognitod first rohitively to one of tlic variables^ and then rela- 
ti.( L to the other, which will give 

z =y'J py +/Pdx} dy + ^x. 

In ^cTioial, sliintarly may bo treated the several equations 

Ci;) -- ( ,u‘!fyV-ir) = Q. (ar^ip^) =“-»'• 

. .huh 1' <0. IJ, i\i\ nio functions of x, y, which gives place to a scries 
‘ ^ II » niiioducmg foi cnch of them an arbitrary function. 

t)» <• ol ilif 1 \t eiHie-it < qii.ilious to integrate is this : 

cl;.) + (up = 

%n vMiili I’ .iiul \.iil aUvujs ilenule two funclious ofx and y. 

M ikc 

ClP = "• 

Hid lh» piopi i»l Will ti nivfi^rin 

Cr,') + r .. = Q. 

To niU'grnta this we con. then iticontains only 

tno \aii ibh s y and u, and i* will be of the same form as the equation 
J y + I * V il X = Q d X 
whose inugi il ^hoc Yel. I p. lon) is 

> = 0 {/Qe/P'J»dx + C]. 

Hence our equation gi\es 

u =: {y Qe/*-^,dy + 9x\. 
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But 



Hence by intonation wc get 

* =/C ^ + fxldy + 4x. 

By tho same inrthod wc niay integrate 



Q. 


In which P, Q reprusi nt liiiictions of x, and because of the divisor d k d y, 
we perceive th*it the \4iluc of z will not contain ari)itiMry functions c»f the 
same variable. 


THE DETEllMIXATIoy OV rilF. AUIIITIIAIIY FUNCTION’S Wlliril EMKK 
TUC INlFGllAUb OF EOt'vrioNb oF FAIITIAT. UIFIT.KEMCLS Ov 

uui: Fuur ojiuhk. 


The arbilrary fiincti<»iis wliich coini)li te tin; iilograls of c(|Uutioii8 of 
partial diiiCMMicos, ouj^ht to b<‘ givMi by thr coiKlilions arising from the 
nature of the piobktns ir<»n4 whii li oii^inaled tlasc cc|UHtionh : problems 
geuer.illy belonging/ to tin: pliysuMl biMiichcs of the Alai hcnia lies. 

But in oi'ifc* to !%(•• p m *:i-r th. stibjn t \.r art dibciis«»ing, wc shall 
limit ours(‘t\*s to (on !<!« r.itions iniid) utiiilytuMh uuvl ve shall first seek 
what are the couditiofi.s contained in tl « r*|*jalion 



Since z is a function ofx, this r<|iiat»oii may be , msidcred as that of 
d surface. This siirfi'*'*, fiojii tin* naluic; ol its C4|ii*ilii>:iy hus tin* fiillowiiig 

property, that (||*) »^»***^ ‘ii'»ays be constant. Hence it follows that 

every section of this surfice made by a plane parallel to that of x, y is a 
straight line. In fact, whatcvcir may be the nature of this section, if we 
divide it Into an iniiuity of parts, these, to h small extent, may be con- 
sidered straight lines, and will icpresent the elements of tlic .section, one 
of these elements making with a parallel to tlie axis of abscj:isac, tin angle 

whose tangent « (aS- Since thii aogie'je constant, it followb ilial tiTl 

the angles formed in like manner the elements of the curve, with pnr- 
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,ilMi tf> ilic .ixis of abscissae be equal. Which proves that the sec- 
tu II ill qiuslion is a strai;rht line. 

\Vc iDi^iht arrive at the same result by considering the integral of the 
tMjuatio'! 



'vJjicli wc know to be 

2 = a X + ^ y, 

'ii'.rc for all the points <of ihc surface whicii in the cutting p^atKi the or« 
li.i.uk* is rqiial to a constant c. Ueplacirig tlicrcfore f y by f c, aiul 
iking r= C, the above cqiiarioii becomes 
z 2 = ax + i' ; 

*i..s 0 (] union being that of a straight line, shows thnt the section is a 
«>tiMight line. 

rho same holding good relatively to other cutting planes which may be 
!» ' >ii parallel to tluat of x, z, wc roorludo that all these phiiies will euLthc 
'.iif.ue I.' ^iKiiglu linoi, which will be parallel, since they will each fonn 
.’ll 1 p.i? ilitl to the axis of x, an angle whose laiigenl is j, 

0] how CM r, wo make x = 0, the equation z — ax + f y reduces to 
/. py, and will be that of a curvii tiaced upon the plane of y, z; this 
i iirv(' containing all the points of the surface whose coordinates are x = 0, 
wi'l meet (he [ilane in n point whose coordinate is x =r 0; and since we 
1 m>o al<o y =: c, the third coordinate by means of the equation 
z = ax 4- C 

will Iv 

z = r. 

Wliat !i In htvn N.iid of this one plane, applies equally to all others 
. 1 ,, Mir.illel to ii, and it ilienee results that through all the points 
ot tl «' cui \i wh' ^ iquaiioii is z = p v, and which is traced in the plane 
ol y, /, piNii *'traighr lines parallel to the axis of x. This is ex- 
pressed I'v the tqi.Miioiis 

.lUil 


AUii snu'o lii’s cond-.tif u is 
tile whose tun t’\ip 

trary. 


2 == iX + py; 

ih'a)s ruliilleJ, whatever may be the figure of 
i'* 2 = p wc see that this curve .is arbi- 


1 roll! what precedes, it follows that the curve whose equation is z =: PVt 
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may ba composed of arcs of clifiereiit curvesi whidi unite at tlleir extre- 
niitiesi as in tin's diagram 



\ 

C' 



or ^lucli have a break off in tlicir coursci as in this ligurc. 



In the first case the (urve is dheontinuotis^ and in the second it is dis* 
We may rcii nik that in this last CHse» two diflerent ordinates 
P M| P N corie.s|)oiuliiif> tr) the same ubstissa A P; finally, it is possible, 
that without being diseonti^nioiis, the curve may bo compobod of an in** 
finite sciios of arcb iiidefinit' 1y sni lil, which belong each of them to 
different curves; in tins case, tla curve is iviegulnr, as will be, for 
instnnn, the floniishcb of the pen innde nt ramloiii ; but in whntfHTr wtky 
it is formed, the curve whose e(\patiou is z y, it will^mtfiicc, to cuih 
struct the siiifaio, to make a ^‘tra;, : I'^nove jws^llelly with thb condi- 
tion, tl at its gi neral p< int shnlJ^j^e out the cdngpivliobe -equation is 

zrrpy, 

and whicli Is tinc<'«1 nt randoir upon the plane ofy, z. 

If instead of the ecjuatioi: 



w’c had 



in which X was a function of x, then in drawing a plane paralUl to the 
plane (x. z), the surface will be cut by 4 no longer in a straight line, as 
in the preceding cnsc. In fact, for every pcylpt taken in this section, the 
tangrnt of the angle formed by the element produced of the section, with 
a Parallel to tlie axis of x, will be equal to ft function X of the abscibsa x 
of thu point ; and since the absdssa x is different for every poiiifr H fol- 
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lows ibat this angle will be different at each point of the section, which 
section, therefore, is no longer, as before, a straight Hue. The surface 
will be constructed, as before, by moving the section parallelly, so that its 
point may ride continually in the curve whose equation is z z= py. 

Suppose now that in the preceding equation, instead of X we have a 
tunctioni P of x, and of y« The equation 



containing three vailable<! *' ^1 belong still to a cuive surface. If we cut 
dll'* SLirfice by a plane parallel to that of x, z, we shall have a section in 

which y will be constant; and since in all its points (“j^) will be equal 


to a function of the variable x, this section must be a curve, as in the pre- 
ceding case. The equation 


being integrated, we shall have for that of the surface 
z =/Pdx + py; 

if in tins equation we give successively to y the increasing values y', j", 
y'", 8uc. and make P', P", P", &c. what the function P becomes in these 
ca^os, wo shall have the equations 

/ rr /I**dx + ®y', z =: /P"dx! + p y" l 

7 :rzjV'"dx + py'", z r= /P'"'dx + py"" &c. / 

*wid l«.e that these equations will belong to curves of the same nature, 
but differc»ii Vt form, sir.cc tV values of the constant y will not be the 
same. Thc^o «\iiVOb pvc nothing else than the sections of the surface 
mad^ by phiu^ par i to the plane \ z) ; and in meeting the plane 
(y, /) llioy vv\M form ,i curve whose equation will be obtained by equating 
to zero, the value of x in that of the surface* Call the value ofy Pd x, 
in this case, Y, and we shall have 

z = Y +py; 

and we perceive that by reason of p y, the curve det^nnlried by this equa- 
tion nia*‘t be arbitlar 3 ^ Thus, having traced at pleascre a curve, Q It S, 
upon the jilant (y, if wo represent by K L the section vvliose equation 



L 


** * s^yP^d X + p y^, we shall move this section, always keeping the ex* 
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tremitj R applied to the curre Q R 8 ; but so that this section as it 
mares, may assume the successive forms determined by the above group 
of equations, and we shall thus construct the sur&ce to which will belong 
the equation 



Finally let us consider the general equation 

(rD + “(r;)+N = <-- 

whose integral is U = p V. Since U r= a, V = b, each oF these equOf* 
tions subsisting between three coord iiiafes, wc may ri'gaul them as be** 
longing to two surfaces; and since the coordinates are common, they 
ought to belong to the curve of iiitor.'^cction of the two surfaces. This 
being shown, a and b being arbitraiy constants, if in U s= a, we give to 
X and y the values y' wc >hall obtain for z, a fancti«>n of x', of y' and 
of a, which will determine a |)oiiit of file smfice whose equation U U =5 o. 
This point, w'hich is any whatever, will vary in position if we give succes- 
sively clifTerent values to the aibitraiy coast.uvL a, whicit amounts to say- 
ing that by making a \ar}, wc shall pa>s tbf^ surface whose equation is 
U =5 n, through a new system of points. This applies equally to V »« b, 
and wo conclude ihat tin* curve of intersection of the two surfaces will 
change continually in jio^hion, and consi*qin»ntly will describe a curved 
surface in which a, b may be considered as two courdinntes ; and since 
the relation a = f b which connects tin so two coordinates, is arbitrary 
wc perceive tliut the determination of tin* fuiicticm p amounts to making 
a surface pa'aS through a curve tiaced arbitrarily. 

To show how thi • sort of jirobieiiis may conduct to analytical condi- 
tions, let us examine wliat is llie '•urface wliooe equation is 



We have seen that this equation being integrated gives 

z ^ p(x* + y*). 

Kcciprocally we hence derive 

X* + y* = 4» z. 

If we cut the suifacc by a plane parallel to the plane (x, y) the equation 
of the section will be 

X* -f y* s= » c; 

and representing by a* the constant O c, we s^l have « 

X* + y* = a*. 

This equation belongs to the circle* Consequently the surface will 
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tiave tlilb property, viz. that every section maile by a plane parallel to the 
y) will be a circle. 

This property is also indicated by the equation 
for this equation gives 



This equation sIio^s us that the subnormal ought to be always equal to 
i\ie abscissa which is the proporiy of the circle. 

The equation z = ^ (x‘ + y') showing merely that all the sections 
parallel to the plane (x, y) arc circles, it follows thence that the law ac- 
cording to which the radii of these sections ought to increase, is not 
comprised In this equation, and that consequently, every surface of revo- 
lution will satisfy the problem ; for wc know that in this sort of surfaces, 
the i^ootiuns pninlirl to thf^ plane (x, y) are always circles, and It is need- 
that the generatrix which, during a revolution, desciibes the 
suiri''(.| Diiiy })<^ a cutve discontinued, discontiguous, regular or irregular. 

I.ei Us tiuielbre investigate the surface for which this generatrix will 
1)0 a p.'iinhohi A N, and su])poie tlmt, in thi.« hypothesis, the surface is 
cut h} .1 pluiic A 1), which shall pass through the axis of z; the trace of 


A 


this })Iane upon tho j*I me (x, y) will be a straight line A L, which, being 
diavn ihrongh the origin, will have the equation y = a x ; if we repre- 
sent by t llio h^polhemisc of the right angled triangle A PQ, constructed 
upon the plane (x, y) we ^hall have 

1* =z + y*i 

but t being the abscissa of the pniabola A M, of which Q M s z is the 
ordinate, we have, by the iintute of the curv^ ^ 

t* = l)Z, 

Putting for t * its value x* + y *, wc get 

*= \{y* + x*),0Tz=z + *•) = a*),* 
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and making 

•i (a* + 1) =: m, 

we shall obtain 

z =z mx*; 


so that the condition prescribed in the hypothesis, where the generatrix 
is a parabola, is that wc oiiglit to have 

z = 111 X *, when y = a x. 

Let us now investigate, by means of these conditions, the arbitrary 
function which enters die equation z = ^ + y®)* l or that pur- 

pose, we shall represent by U the quantity x* + y ”, wliich is effected by 
the symbol p, and the ecjuation then becomes 

z = 0 U ; 

and we shall have the three equations 

X* + y* = U, y r= ax, z = mx*. 

B3' means of the two first we eliminate y and obtain the value of x * 
which being put into tlic (hird, will give 


Z = 

an equation which reduces to 

Z = 


m 


_U_ 

• 1 + aS 



the value of z being substituted in the equation z = 9 U, will change 
it to 


fU = ;U; 

and putting the value 0/ U in this equation, we bliall find that 

9 (x* + y‘) =i;(x* + y*)» 


and we see that the function is determined. Substituting this value of 
^ (x • + y •) in the equation z = ^ (x * -J- y *), we get 

* = ^(** + y*). ^ 

for the integral sought, an equutbn* which has the property required, 

' since the hypothesis of y = ax gives <'■ 

z s m X *. . 


This process is general; for, supposin^fthe coSdttfons which determine 
the arbitral^ constant to be that the integraf gives V (x, y, z) » 0, when 
we -have f (x, y, z) we shall obtain a third equation by equating to 
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C7 the quantity which folloM^ and then by eliminating, successively, 
two of the variabJes x, y, /, we shall obtain each of these variables in a 
function of U; putting these values in the integral, we shall get an equa« 
tiun whose first 'member is p U, and whose second nicniber is a compound 
exprc^bioIl in terms of U ; restonng the value of U in terms of the vaii* 
bies, the arbitrary function will be determined. 


THE ARBITRARY FUNCllONS WHICH RKTEP THE INTEGRAIS OF THE 
lOUATlONS OF PARTIAL OlFFEREKCES OF THE SECOND ORDLIl. 


Equations of paitial differences of the second order conduct to iiitegrals 
wb'oh contain two arbiti ary functions ; the determination of these func- 
tii'Uh amount^ to making the suiiace pass llujUUglL twercurves which may 
be dibcciitinuous or discontiguous. For example, take the equation 



wliosc integral has been found to be 

Let A X, A y, A z, be l)ie axis uf cooidinates; if we draw a plane 



K L parallel to the plane (x, z), the MCtioit of the surface by this plane 
will be a stmiglit line ; si' ''e, for at) the fMWta of this section, y being 
equal to A p, if we represent A p by a con8tiii|it if, the quantities py, >1' y 
will heroine ^ c, 4 c» •»d, consequently, may be replaced by two coi»- 
stanh^ ff, b, so that the equation 

z = xf y + 4y 
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will become 

z = a X + b, 

and this is the equation to tlic section made by the plane K L. 

To find the point where this section meets the plane (y, 2 ) make 
X = Oy and the equation abo\c gives z =: >{/ y, which indicates a curve 
a in b, traced upon the plane (y, z). It will be easy to show that the 
section meets the curve a in b in a point in ; and since this section is a 
straight line, it is only requisite, to find the position of it, to find a second 
point. For that purpose, observe that when x = 0, the first equation 
reduces to 

z >J.y, 

whilst, wlien s. = 1, the same equation reduces to 

z = r" y + 4^ y. 

Making, as above, y Ap — c, thciC two values of z will become 
X “ b, z rn a b, 

and deUrmitiing two points m and r, taken upon (lie same section, in r 
we know to be in a stiMigiit line. To construct tliesu points we thus pro- 
ceed : we shall aibitraiiiy trace upon the phnic (y, z) the cuive a mb# 
mul through the point p, whore tlic culling plane K L meets the axis of 
y, raise the perpendicular pin =1 b, winch will be na ordinate to the 
curve; we shall then take at the iiitci section I) Lot the ciitUiig plane, 
and the plane (x, y), the part p p^ equal to unity, and through the point 
p', we shall draw a plane parallel to the pl ine (y, z), and in this plane 
construct the curve m' b^ after the modulus of the curve a m b, and so 
as to be similarly disposed ; tlicn the ordinate in^ p^ will be equal to m p ; 
and if we produce in' ji' by ui' r, which will represent a, we shall deter- 
mine the point r of the section. 

If, by a second piocoss, wc tln'ii produce all the ordinates of tiic curve 
a' in' b', we bnull construct a new curve a' r' b', which will be such, that 
drawing through this curve and through a in b, a plane parallel to the 
plane (X, z), the two points where the curves nieet^ will belong to the 
same section of the surface. 

From what precedes, it follows that the surface may be copstructed, by 
moving the straight line ip-i* as continually to toacli the two curves, 
a m b, a' m' b'. 

This example suffices to show that the determination of the arbitrary 
functions which complete the integrals of^fqtiSfitas of partial differences 
of the second order, is the same as making the surface pass" through two 
curves, which, as well as the functions themselves^ may be discontinuous, 
discontigUQUS, regular or irregular* 
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CALCULUS OF TABIATIOSTS. 

If we liavc given a funcUon Z ss F, (x, y, y")» wherein y', y" mean 

G D> 

y it3o]^ being a Ainction of x, it may be required to make L have certain 
Cl lies, (siicli ixs that of being a maximum, for instance) whether by 
a:»sioiiiiig to Sf y nuinerlcal values, or by establishing relations between 
these variables, and connecting them by equations. When the equation 
y = p X is given, we may then deduce y, y', y" ... in terms of x and sub- 
stituting, we have the form 

Z =a f X. 

By the known rules of the differential calculus, we may assign the values 
of X, when wc make of x a maximinn or minimum. Thus we determine what 
arc the points of a given curve, for which the proposed function Z, is 
greater or less than for eveiy other point of the same curve. 

Bill if the equation y 9 x is not given, then taking successively for 
f X different forms, the function Z s fx will, at the same time, assume 
d liferent functions of x. It may be propo«<ed to assign to p x such a 
form as shall make Z greater or less than every other form of f XjJbr the 
lame mmcyical value of x whatever it may be in other respects. This latter 
species of problem belongs to the calculus of variations. This theory 
rel.ites not to maximii and minima only; but we shall confine our- 
selves to these considerations, because it will suffice to make known all 
the rules of the calculus. We must always bear in mind, that the varia- 
bles X, y are not independent^ but that the equation y = px is unknown, 
and that we only suppose it given to facilitate the resolution of the prob 
lem. We must consider x ps any quantity whatever which remains the same 
for all the differential forms of p x 5 die forms of p, p', p" . . . . are therefore 
variable, whilst x is constant. 

In Z « F (x, y, y', y". . .) put y k’ for y, y' + k', fqr y'. . . , k being 
an arbitrary functipn of x, and k^ ... the quantities 

dk d*k 
dx^dir*’'* 

Z irill become 

Z, « F (x. y + k, y' + k', y" + k," . . .) ^ 
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Taylor’s tlieomn holds good whether the quantities Xt y, k be depen- 
dent or independent. Hence we have 


'Z, « Z + |k + k' + h" (j^,) f . . + Ac. 


that we may consider x, y, j', y^' . . • a«5 so many independent variables. 

The nature of the question requires that the Kiuntioii y r= sliould 
he detem^ineeb so that for the same \aluc of x, may liaxc always 
Z/ > Z, or < Z: reasoning a^ in the ortliiniiy nuuima and minima^ 
we perceive that the terms of the lir-< older must equal zero, or that we 
liave 



Since k is arbitrary for every value of \, miuI It is not noccs^ai j ih.it its 
value or its form should remain fi'*' uhui x Aurirs oi U const sint, 

is as well arbltiaiy as k. Per we may <uq)posc for any value 
X == X that k = a + l>(x — X) + Jc^x — X)* + &r.j a, b, c . . . 
being taken at pleasure ; and ^ince ibis equation, and its diftlrentlals, 
ought to hold good, whalc\er is x, they ought i»Uo to buhv'^t whm 
X sa X, which gives k ss a, k' = b, k'' « c, &c. Hence tiio cijuaiion 
» Z + • • • cannot be satUfied when a, b, c . . • arc con«<Kl{ ud inde- 
pendent, unless (see 6, voL I.) 



n being the highest order of y in Z. These different equations subsist 
simultaneously, wlmtever may be the value of x ; and if so, there ouglit 
to be a maximum or ininiinum ; and the relation which thou subsids lie- 
tweeu X, y will be the equation sought, viz. y *=* f x, which will have lliQ, 
property of making Z greater or less than every other relation belwcm 
X and y can make it. We can distinguish tlfe maximum from the mini- 
mum from the signs of the terms of the second order, in vol. I. 
p. (31.) 

But if all these equations give jjpfferent relations between x, y, the 
problem will be impossibli^ in the state of generality wbiLh w'e have 
ascribed to it ; and if it happen that some only of these equations oiihsiNt 
mutually, dien the function Z will have and minima^ relative to 

some of the quantities y, y', y" • • • with<|jfft tfce*r being common to theui 
all. The equations which tlius subsist, will give the relative maxima and 
minima. And if we wish to make X a maximum or minimum mly lelativ Jy 
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lo one of the c]uantities y, y^, y'^. . since then we have only one equa- 
tion to batisiy, the problem will be always possible. 

Kioiii the preceding coiibiderations it follows, that first, the quantities 
X, V depend upon one another, and that, nevertheless, we ought to make 
them ^ ary, as if they were independent, for this is but uii artifice to get 
ihe more readily at the result. 

^Secondly, that these variations are not indefinitely small ; and if we em- 
ploy the clitferential calculus to obtain them, it is only an expeditious 
means of getting the second term of the developenient, the only one 
which is here necessary. 

L< I us apply these general notions lo some examples. 

1)\. ]. Take, upon Uie axis of x of a curve, two abscissas m, n; and 
draw indefinite parallels to the axis of y. Let y == be the equation 
of -lii cuive: if through any point whatever, we draw a tangent, it will 
cut the parallels in points whose ordinates are 

1 y + / (m — •<), h = y + y' (n — x) . 

If the fc»rm of p is given, every thing else is known ; but if it is not 
given, it may be asked, what is the curve which has the property of 
having for each j)oint of tungency, the product of these two ordinates less 
than ft'r every other curve. 

Here wc have I X h ; or 

Z y X (n» - ’•0 y' 1 + ! y + (n — x) y' } . 

From tlie cmineialioii of the piobleiii, the curves pass tArotigh the 
same pjini (x, y) have tangents taking different directions, and that which 
is required, ought to have a tangent, such that the condition Z = maximum 
is fulfilled. We may consider x and y constant ; whence 

/d Z \ 2 y' 2 X — III — n _ 1 , 1 

, V d^V “ y ^x— in)(x— ii) 

Then integiating wc get 

y* C(x — m) (x — n). 

The curve is an ellipse or a liyperbola, according as C is positive or 
negative ; the vertexes tue given by x = in, x -- ii ; in ihe first case, the 
product h X 1 or Z ia a maximum^ t^ause y^' is negative; in the second, 
Z is a minimum or rather a negative maxiniun^s this product is moreover 
constant, and 1 li = — i C (m — «)*, the square of the seini-aj|;is. 

Ex. 2. What is the curve for which^ in each qf Us points^ ike square qf 
the subnormal added to the ahsciesa is a minimum f 
Vi^ have in thU case 


Z«(y/ + x)* 
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whence we get two equations subsisting mutually by making 

jy + 

> and thence 

X* + y* « r*. 

Thereibre all the circles described from the origin as a center wf I alone 
satisfy the equation. 

The theory just expounded has not vheen greatly extended ; bat it senres 
as a preliminary devciopement of great use for the comprciiensiou of a 
far more interesting problem which remains to be considered. This re- 
quires all the preceding reasonings to be applied to a function of the form 
f Z: the sign y indicates the function i to be a dificrential and that after 
having integrated it between proscribed limits it is required lO endow it 
witli the preceding properties. The difliculty here to 1^ overcome is tliat 
of resolving the problem without iiiiegrallng. 

When a body is in motion^ we iU.iy couparti together either the difiPer- 
ent points of the body in one of its positions or ihi. plane orcupietl suc- 
cessively by a given point. In the firbt case, the body is coij«^idercd fixed, 
and the symbol d will relate to the change of the coordinates of its •surface ; 
in the second, we must express by a convenient symbol, ’co^ialhms alto- 
gether independent of the first, which slinll be denoted by d. When we 
consider a curve immoveable, or even variable^ but uilo^n in oiir> r)f its po- 
sitions, d X, d y. .. announce a cumpariscii between \[< coordinates; but 
to consider the different planes which the same point oi a curve occupies, 
the curve varying in form according to any law whatever, wc shall wiitc 6 
X, d y • • . which denote the increments considered under this point of view, 
and are funclious of x, y . , , In like inuniier, d x becoming d (x + ^ x) 
will increase hy A bx; d * x will increase by d * 3 x, Ac. 

Observe that the variations indicated by the sj inbol b arc finite, and 
wholly independent of those which d represents; the operations to which 
these symbols relate being tcjuully independent, the order in which they 
are used must be equally a matter of indifference as to the resjit. So 
that we have 

a.dx « 

d . 0 X =a ' 

•• Ic. , 

/a V '■ u. 

and so oil, ‘ ' ji, f 

It remains to establish gelations betviWi % x. . ttucli that/ Z > i, 
be a merimum or a ninintum l^tmen given limitu Tliat the calculus i.My 
be rendered the more symmetrical we shall not suppose any diflerential 
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c»- it Mit ; moreover vre only introduce three variables because it will 
t '■ f-y to generalise the result. To abridge die labour of the process, 
ii’ iKc 

d X =! X/, d* X = x,^ 8tc. 

so that 

z = F rx, X,, x„. . .). 

Now X, y and z receiving the at bitrary and flnite increments dx, By, 
dx or X, liecoiiics 

d (X + 8 X) = d X + « d X or X, + 4 X,. 

In the same manner, x,j increases by 8 x„ and so on ; so that develop- 
ing Z, by 1 aylor*s tlieorcm, .iiid integrating J Z becomes 



The cohdiilon of a ntacmu>it or mmiouim requires the integral of the 
tenn^i of tlu first older to bi ^cro between given limits U'hatever rtiaif be 
0 X 9 S Vi ^ ^vo have abe«aly seen. Take the chiferentinl of the kiit>wii 
function Z cons.dciing x, y„ yy,.. .as so many independent 

variables; wc hluili have 

d Z — in dx + n d + p d x^^+s . • M tl y + Ndy^, . .+ /udz-f-vd z^. • . 
m, n • . . N s • . //j V . • • being the cooflicients of the partial difTerenres 
of Z relatively to x, x^ . , , y, y^ . . . z^, . . . Cfinsldercd as so many varia- 

bles ; these are therefore known funcuons for each proposed value of Zs 
Performing this differentiation ex.nctly in the same manner by the symbol 
^ we have 

aZ=«in3x + n3dxT-pa(l*x+q6d'*x + • . . 

+ May + N4dy + P8d'y + qSd^y + . . . J.(A) 

+ /»8z-|-''8d/. + 'T8d®z-|-jj8<l'*y.j. . , , 


But this known quantitj, whose number of terms is limited, is precisely 
that which U i-ndcr the sign ^ in the terms of tlto first order of the de- 
velo])ement; that the reqiiuvd cofidifion oSm/jv. or mn. is that 

/8Z = 0, 

between ^ven Umits. t,’li utvi-r may be the variations lx, Ob- 

serve, tlmt hero, as beiui-L, the difiercntial genius is only employed as a 
means of obtaining e.isily the assemblage of terins to be equated to zero; 
■o that the variations arc still any whatever and finite. 
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We have said that d . d x may be put for d . d x ; Uius the first line ds 
equivalcut to 

mdx4-n.d2x + p.d*ax+q.d'ix + &r. 
my n . . . contains diflereutials, so th.it the detect of homogeneity is here 
only apparent^ To integrate this, we shall sec that it is nccessaiy to 
disengage from the symbol J' as often .is possible, the terras which con- 
taui d To effect this, we integrate hjj paifs wh'ch gives 

/nddx = u. 3x— /du.«x 
/p.d*3x=ipi!3x — dp 3xH-/d»p3x 
/qd»3x = (jd“fix—dti.d3x+ d*q.dx-./d»q.ax 

8cc. 

Collecting these results, we have this series, the law of which is easily 
recognised; viz. 

J'{m — dn4-d*p — d’q + d*r — ...Hx 
+ (n — d p + d * q — d ’ r + d < b — . . .^ * 

+ (p — dq + d*r~d‘*s + dM — ...)d-v 
+ (q — dr + ...)d*ax 

+ &C. 

The integral of (A) ory . 3 z = 0 , becomes therefore 
(B)...y{(ni- d n +d* p-...)a x+(M-d N +d • 1*-...)S y + (.u-d i>-...)3 z( .^=0 

{ (n-dp4-d*q...)3x+(N-d P+d*Q-.,.) r.y4.(it-dT...) d z 
+ (p-dq + d* r...) ddx +(P- dQ + ...)d i*y + («r-d x...)d 3 z 
+(<1 — dr...)d*ax...+ K=»0 

K being the arbitrary constant. The equation bos I'cen split imo two, 
because the terms wrUtch retntdn under tlie sign y cannot be intcgi*ated, at 
least whilst 3 x, 3 y, 3 z are arbitrary. In the same manner, if the natuic 
of the question does not establish some relation between 3 x, 3 y, 3 z, tlio 
independence of Ihese variations requires also that equation (B) shall ag.tiu 
make three others ; viz. 

m — dn + d*p— 4*q +d*r— ...Y 
0« M — dN+ d*P-!-’d*Q+ d*R J- . .(D) 

0^(i, —dr .^^d’w^d’x + d *5 -r • • • j 

Consequently, to find the relationa between x, y, z, which make y Z a 
tuuntmmjf vp, toast take the dilbMntial of the given function Z by con- 
sidering xiy, 4dx,d^dj^d ^-x, as a^lnany independent vari- 
ables, and use the iette^^‘ t^a^gnify theiridal^se; this Is what is tcinicd 
taking tke variation aS Z.' ^mparing the result with the rqnation (A), 
we shall observe the values of m, M, ii(» n, K ... in terms of x, y, z, and 

«S 
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their (liiFcrences expressed by d. We must then substitute these in the 
equations (C), (D) : the first refers to the limits between which the 
jfhiTfwnn should siibsidt; the equations (D) constitute the relations re- 
cjiiiiod; they are the differentials of x, y, z, and, excepting a case of 
>•> liJiiv, iriay foim distinct conditions, since they will determine name- 
iioal \aiuos for the variables. If the question proposed relate to Geo- 
ijiCliy* these equations are those of a curve or of a surface, to which 
belongs tJie i equired property. 

As the integiation is effected and should be taken between given limits, 
tlie terms which remain and conipoFe the equation (C) belong to these 
limits: it is become of the ibini K + L -= 0, L being a function of 

y, z, d X, d y, ^ z . . • Mark with one and two accents the numerical 
values of tlicsc variables at the first and second limit. Then, since the 
is to Lc taken between these limits, we must mark the different 
of L *vhicli Loniposo the equation O, first with one, and then with 
tv\o at ccnib; take the fii‘;>t result from the second and equate the differ- 
ciicj to Zero ; so that the equation 

L,-L, = 0 

contains no variables, because x, d x . . . will have taken the values 

2 X, . . . ^ 5^/, • • • assigned by the limits of the integration. We 

must rcmtmbor that these accents merely belong to the limits of the 
integral. 

'riiLiC arc to be considerc«l four separate caic*^. 

1. If Ih'' limits are fit i and fjLcJ, (hat is to say, if the extreme values 
of X, y, z me constant, &Ince 3 x,, d «> • d x^,, d b x,^, &c. are zero, all 

the tc. ms of and «'jrD zcio, and the equation {C) is satisfied. Thus 
we determine the constants which integration introduces into the equations 
(D), by the conditions conferred by the limits. 

S}. Tf file limits are arbitrary and independent^ then each of the coeffi- 
cients 3 X, , 3 • in tlie equation (C) is zero in particular. 

3. If thcie eci^t tquations (f condition^ (wbic)i signifies geometrically 
that the curve reipiired is terminated at points which are not fixed, but 
which arc situated upon tw*o given cjjrves or surfaces,) for the limits, that 
is to say, if the nature of the question connects togetlier by equations, 
some of the quantities x^, y^ y,^ we use the differentials of these 

equations to obtain more variations 3 3 y^ 3 Zy, d Xyy, &cu in functions 

of the others ; substituting in L^y ~ Ly = 0, these variations will be re* 
duced to the least number possible : the last being absolutely independent 
the equation will split again into many others by equating separately their 
coefficients to zero. 
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Instead of tliis process^ we may adopt the following one^ which is more 
elegant. Let 

ii = 0, V =r 0, &c, 

be the given equations of condition; we shall multiply their variations 
^ II, 3 V ... by the indetenuinates X, X'. . . This will give X 3 u+X'a v + . . • 
a known function of 3 x^, 3 x,,, 3 y, . . . Adding tliis sum to L^, we 

sliall get 

L,, — L, + X 3 n + X' d V + . . - = 0 . . , . (E). 
Consider all the vaiiation'> 3 3 . . . as iridopeiuh^nt, and equate 

their coefficients scparaivly to zero. Then we shall eliminate the hide- 
terminates X, X', « , Irom tht‘'*e equations. B3’ ihi*, process, wc shall arrive 
at the same result hy llie former onc| fur wo have only made legiti- 
mate operations, and we shall obtain the same number of final eejuatione;. 

It must be observed, tliat we are not to conclude from n ^ 0, v = 0, 
that at the limits wc have d 11 = 0, d v =; 0; these conditions are indc- 
poulcnt, ami may easily not coexist. In the coulraiy cast, we must 
consider d u 0, d v = 0, ns new conditions, and besides X 3 u, we 
must also take • d u . • . 

4. Nothing need ho said as to the case where, one of the limits is fixed 
and the other buhject to certain conditions, or even altogether arbitrary, 
because it is included in the three piecedlng ones. 

It may happen also that the nature of the question subjects the vaiia- 
lioiis 3 r, b> y, 0 z, to certain conditions, given by die equations 

» = 0, 3 s 0, 

and izidepcnd<*iilly of limits; thus, for example^ when the required cur^’c 
is to be traced upon .1 given curve sur&ce. Then the equation (B) will 
not split into thiec equations, and the equations (D) will not subsist. We 
must first reduce, as follows, the variations to t)ie smrilest number possi- 
ble in the formula (B), by means of tbe equations of condition, and equate 
to zero the coefficients of the variattons that remain ; or, which is tanta- 
mount, add to (B) the terms then split this equation 

into others by considering 8 X| 8 y» 4 x as independent ; and finally elimi- 
nate X, X* . • • * 

It must be observed, that, in particnlBr cases, it is ofien preferable to 
make, bpon the 'given function 2^ idl the operations which have produced 
the equetions (B), (C) instead of couipatring eoSt particular case with the 
general fisrmulas ah^ve gireo« 

Snch are the generid principles of fhe calculus of variations : let us 
illustrate it with examples. 

• 4 
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Kv. 1. fJhaf i\ the cwve C M K g/* 'Vdhich the lenf^th M K| amprised 
iftik iH fadti^veciors A M, A K is the least possible* 




V/ Ii ivc, (vol. I, p. 000)» ^ rnfliu«.-vectoi, 

s =:/(r’cl^* + d^) =.- Z 

n i& if»quircd to find the relatui^r = f» whicir renders Z n minimum 
the variation is 

^,y_rd^*.^ + r^d^. 3 dtf + di.'>ilr 
V>*dr* + dr*)' 

V umpaiiijg with equation (A), uhtre we suppo*>e x =s r, y s= ^ we 

Inve 


1 d ^ IkC XT 

F.l , n -- , - , M =- 0 , N =r 

ti & ’ d J> 


r*d 

“(1 8 ^ ’ 


til » ilious (i3) aic 

r d ^ * 


(1 s 



r • d 

*“ i” » c* 

d s 


I .'M. i»in« ‘ \ and then d 'j, from these equations, and d s * = r • d ^ ; 
+ d i % i^e icucl\»* that tbej subsist mutually or agree; so that it is 
sufficient to int»«riU one of them. But the pcr{>endlcular A I let fall 
fii ni tiiC oiigin A n))on any tangent whatever. T M is 
J II A M 4- sin. A M T == r sin. ft 
v^hich )< cijniv.Uf lit, a*^ w<» lasily liiid, to 

r tan. 8 

V (I + tan. * (f) 

ivhich gives 

r*dtf 

V (r*d’<»* + dr') ““TT* * ®’ 

and since this perpendicular is here constant^ iha required is a 
straight line. The Lmits M and K b»ng indetenninate> the cqnadoiu 
(C) are unnecessary. 

Ex. 2. Tojtnd the shortest line between two given points^ or two given 
ewvfs* 
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llie length s of the line is 

/Z=/V(dx* + d,* + dz»). 

It is required to make this quantity a mininmin : we have 

d y , j , d 2 • j 
^«dy+3^Jdz. 




d s 


ind comparing with tlie formula (A), wc find 


m 


= 0,M = 0,„ = 0,n=-5\N=.:!y ,=.^' 


ds*'^^“ds*'""ds’ 
the otlier coefiicients P| p, n* . . . are zero. The equations (D) become^ 
therefore, in this case, 



whence, by integrating 

d X = a d s , d y = b d>6 , d z s c d s • 

Squaring and adding, we got 

a*+ b» + c* sis 1, 

a condition that the constants a, b, c must fulfil in order that these equa- 
tions may simultaneously subsist. By division, we find 

d y ^ b d z ^ 
d X a’ d~x ~ 


whence 

b X = a y + a', c X ss a z + b'; 

the projections of the line required are therefore straight lines— 'the line is 
therefore itself a straight line. 

To find the position of it, we must know the five constants a, b, c, 
a', b'. If it be required to find the sliortest distance between two given 
fixed points (x,, y,, zj, (x, , y,^, z it is evident that x, d x,^, 3 y^ ... are 
zero, and that the equation (C) then holds good. Subjecting our two 
equations to the condition of being satisfied when we substitute therein 
*/> y, ... for x^ y^ we 6h||i| obtain four equations, which, with 
a*-f.b*4-c* = 1, determine the five necessary constants. 

Suppose that the second limit is a fixed point (*/. *//)* P^“”® 

(x, y), and the first a ourre pas^g^throfagh the pdnt (x^ and also 
aituated in this plane; the elation 

b X ss a jr + a' 

then sufiSces. Let y, ss f x^ be the eqwdo^bf the curve; hence 
the equation (C) becomes 
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M <1 since the second limit is fixed it is sufficient to combine together the 

i tj taliutis 

ay, = Aa*, 

dx.ax, + dy^ay^ = 0. 

Lliminuting a y, we get 

d X, + A d y, s= 0. 

We might also have multiplied the equation of condition 

ay^ — Aax, = 0 

by the indeterminate \f and^have added the result to which would 
have given 

whence 



Eliminating x we get 

dx, + Ady, = 0. 

But then the point } ) is upon the straight line passing through the 
points (x,, y,, Z;), (x,^, y„, z„), and we have also 
b d X, =s a d y„ 

whence 


and 


a = — b A 

d y _1 ^ 

dx ” A ” a 


which shows the straight line is a normal to the curve of condition. The 
constant a' is detemiined by the consideration of the second limit which is 
given and fix«;id* 

It would be easy to apply the preceding reasoning to three dimensions, 
and we sht^n^ arrive at similar conclnsions; we may, therefore^ infer 
generally that the shortest distance between two curves is the stnught 
line which is a normal 'to them. 

If shortest line required were to be trecad upon e curve surface 
whoae eqaafglpn ia a sr 0, then the equation (B) would not decompose into 
three others. We must add to it the term X i n; then regarding dy, 
is as ind^endent, we shall find the relations 
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-(r3 + '(r:) = «' 

From these eliminating vve have the two ciiuations 

dD-'(r:) = (a“)-to 
O-df) = (:!>'<■ 

w])ich are those of the curve rocjuircd. 

Take fur example, the least distance measuretl upon the surface of a 



sphere whose center is at the origin of coordinates: .hence 


u ss X* + y* + z* — r* =: 0, 



Our equations give, making d s constant, 

z ’z ss X (1* z, z d* y =: y d* z, 

whence 

yd*x s xd*y. 

Integrating we have 

zdx — xdzasads,zdy — ydzsbds,ydx~.xdy = cds. 

Multiplying the first of these equations by — v, the second by x, the 
third by z, and adding tiiero, we get 

ay.as btt 4> cz 

the equation of a plane passing {brough the or^n of coordinates. Hcncr 
the curve required is a great circle wliich 4>asi^ tlirough the points A' 
C', or whidi is normal to the two enrues Af If and C' D which are limits, 
and are given upon the spherical aurfiice. ' 

When a body moves in a fluid it entitmntcrs a resistance which. eOerU 
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puihu-. tftpchds on its form (see vol. L):if the body be one of mtoIu* 
fKjfi «ind iiio/e& in the direction of its axis^ we can show hy medianics 
that tlic resistance is the least possible when the equation of the genet- 
ating curve fullils the condition 

/ y d d y* 

Tx^+d7« * 

or 


z - 

1 + y>» • 

lAt US cletcmiinQ the generating curre of the solid iif leasH resittanee 
(mc Pilrifipia, voh II,). 

Taking the variation of the above expression^ we get 

tlie second equation (D) it ' 

M— dN^ 0; 

and it follows from what wu liave done rclaliscly to Z, that 

^ (l + /•) = Wj i; + N ‘1/ = /dN+ Nd/. 

1 . ( lU^O 

M r- cl N. 

Tims integrating, \vc iKi\e 

a + y. - N 1' - y yll) 

^ 1 + ^ - (i + y'*)* • 

'1 licreforo 


B(l + y'*)* = 2yy'». 

Observe that the first of tlie equations (D) or m d n s= 0, would 
have given the same result — n s u ; so tliat these two equatiotas conduct 
to the some result \Vc have 



2/* * 


» 


siibstituting'''£>r y its valuei this integral may easily be obtained $ it remains 
to eliminate y fioin tbcM' \ allies of x end y^ and we shall obtain the 
equation of the locpiircd curve, containing tuo constants which we diall 
determine fiom the given conditions. 
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Ex. 3. Wliat i> the curve ABM in wfticA the area D O D M comprised 



br/xveen the arc D M the radii of curvature B O, 1> M an I the arc O D 
of ttic fvohitc^ is a minimum ? 

The element of Uio ate A M is 


il s *= d \ I + } ; 
the radius of curvature M 1) is 


(I + 
y" 

and their product is the element of the proposed nro.i) or 


z s - XiL? .+ ‘‘.III. 

y" d K d y 

It is required to find the cqiifitioii y r= i'x, which makesy'Zi a mini- 


mum. 

Take the variation h aiiil consider only the second of the equations 
(D), which is sufficient for our objccli and we get 
M =: 0, N — <1 P == 4 a, 


N = ^ 


** ^ 4.1 V - I + y- 4 v' 

.f.s y" 


But 


P = 


(1 4- y'*)* 

/".I x' • 


a = N d / + P d y"d X 

, s= 4 »dy+dPdy' + Pdy''clx, 
potting 4 a -f P for N. Moreover y" d x ss d y*, changes the last 
lenns into 

(y" d P + P d y") d X = d (P y'O.. d X = - d 
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Inlogrnting, therefore, 

*-•}/— = •5^ + *' 

»i»u lly, 

X = c + + b tan.-* y'; 

On the other side we have 

y ss/y' d X =s y' X — fx d y' 


y = y' X — c / — d y — /b d y tan.-‘y'; 

this last term integrates ^ parts, and wc have 

y = y' X — c y' — (b y* — a) tan.— ‘y + f. 
Eluiiinating tiic tangent from these values of x and y, we get 
I, „ / \ (by — ») * . K f 


b y - a (x —c) + 


(b j’ — a) d X 


1 + y 


FV- + bf, 


V(by~ax+g)=:i^^ ■jf^,ds= ^ 
finally, 

s? =: ^ ✓ ( 1 ) y — a X + g) + h. 

Ihis 0({iiiUii li '‘liDV *lut th»' LUivf icij'Mioil ]!> a cycloid, vilio^c four 
constants \mII be (loU'Munhtf fiom rhe same niiinher of conditions. 

Exe 4. n ///. lu/x*' if a . /it*/ lyn^lk s, hti'aetn ii^o Jixed points^ 
for ^ichf yds h a maximum F 

Wc easily find 


b d y — a d X ^ 
V (b y — a X + g) * 


(y + >) = c , whence d x = 


^ ' Vd s/ - ' - V |(y + X) * — c*] ’ 

and it M-i’l be found tli.it tlu* ciiit ru^iiired is a latmarj, 

V d s 

^^iiico 7"*-^ ^ >'• >ei(ical oidinnte 4»f the center of gravity of an arc 

v^liosc length is s, ve see iliat the center of giavlty of any me i^Iiatever of 
the catenary is lower than that of any other ciii\c terminated by tlic 
same points. 

Ex. 5. Reasoning in the "line i»ay for f y * d x = vtinimum^ ami 
f y d X = const* wc find y + X y n c, or rather y s= c. .We have 

s' V ^ d X 

here a straight line parallel to x. Since vertical ordinate 

of the center of gravity of every plane area, that of a rectangle, whose 
side is horizonlflt is the lovvt^st possible ; so that every mass of water 
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whose upper surface is hori/ontal, has its center of giavity the lowest 
possible. 


FINITE DJFFEnEKCES. 


If we have pjiven a •series a, b, e, il, . . . take eacli feiiu of it fioni that 
which imniciliatol^ follows it| and we siiall form tht\yJ/.s/ Ujfcrenct'Sf via. 

a' = b — i, 1) = c — b, c' iz i] — c, 

In the same manner wo find that diis b*-ri<'s a', 1/, v\ A' .. . gives the 
second diffiipucts 

a" = b' — a^ b^' ^ e' — b', = d' — c', &c. 

which again give the third diilir* jurs 

a' ' = b" -a", 1."' — W\ c'" =: d" — r", &c. 

1 Iie^^e ihlli’i'cni O’? are iiitiitMitd \, »\iki iin « xponiait biaiig given to 
it W'ill (leiiofc the oidet i f d'Hoiirirt {. I'iiiN i-* a trim of the seiies 
tif nth diilbrcncos. Moiotoer we ^mvi (iiillirnce the sign which 

belongs to it; tins is — » \>lii n wo take it fium i diuuising series, 
lor example, the fuiKlltm 

y . y ^ y 4- <; 

III making x biicros'*ivrIy njual to 0, 1, 3, I , . . gives a seiics of 
nunibeis of which y i** the general tting and fiuni which we get the 
following diiieioiices, 

for X ” Oj 1| y, 3j I, o, 6, . 

scries 0, — 2, — 1. 31, 86, 168, 280 . • . 

first liiflT. A V i:. — 8, — 2, 10, 28, 62, 82, 118 .. . 

second diff, A * y = 0, 12, 18, 24, 30, 30 , . . 

third diff. A y =i t», (J, 0, 0, 0, . . • 

We perceive that the tliiid differences are here constant, and that the 
second difference is an aiillunetii progre^viou : \\c shall always arrive at 
constant differences ^^henever y i* a rational and integer function of x ; 
which wc now dcnionstrato. 

In the monomial k x make x = /3, y, • . . tl, x, X (these numbers 

having li for a constant difference), and w'e ge| the series 
k a k /?*”,... k ^ k xjjj, k X ®. 

Since x = a — h, by developing k x " =; k - li) ”, and designating 
oy in, A'f A" .. . the coefficients of the bSoomial, we find, that 

k (x» — x«) S5 k mb — k AMi*X«-*+ k A"' • h. « . 
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tXAX 

Soch ib ti!o first iriflercncc of any two terms whatever of t)ie series 

&c, 

'i’hc Jiflcreuce which precedes it, or k (s “ — *“) is deduced by 
ciiaM:jirn >, into x and x into ^ and since x s: X ~ h, ive must put 
X — h fui \ in the second member: 

km h(> h) I =kni li X»“^-jA'+in(m- l)lW> 

Subtracting these diflbrcnces, the two first terms will dis.ippear, uiiJ 
wc t for tlie second drliereiicc of an arbitrar^jpink 

k m (six _ 1) h * X »-* + k B' b’* >. + . . . 

]ii like inanner, rh.uiginjr X into X — h, in tliis last <levelopemoni, and 
♦ pblraciiiig, tlic two fii^t Icnnc disappear, and we have for the third 
diiTf'iviii e 

k m (in — 1) (m ~ 2 ) h *X«-3 ^ ^ h < X®--* . . . , 
jrul so on eontiiuinl!}. 

I‘'srh of ihose tlilV^^ivnces has one term at least, in its dcvelopemenf, 
i'Ki* til'* . •<' nl ovi ; the iitM has in (erins; the second bus m — 1 terms; 
.lii 11 , n\ ‘2 tenns* and bO c*n. From the foriii of the. first tenii, vvhii li 
end. by ’enninin^ alone in the iiith difference, we see this is reduced to 
tl’O constant 

1 . 2 • 21 . . . m k h ®. 

irip ine funnion- M and N we take for x two nlimbers which give the 
Jesuits III, n; tluu M -J- \ becomes in + n. In the same manner, let 
m', Ik* the giu i by two other values of x; the first difference, 

2iri‘ lu.ir A1 J V, in t ^’il^ntly 

(»n - • III') -p (n — n'). 

that is Vc n/ /W n ihe 'iitm (J the differences^ The same 

may be shown i>f the and li'i • . dilTert. nces. 

Tlureforo, if 'iiako 

^ 'j ^ • 

in 

V \ ■ -r i> * + . . . 

the n{i« If v^i|l '< il c miu,' as if tlicse we»’e only the first term 

k \ to.- til.-'. .'( p X (J x . is nothing. Therefore the nth 

•nih nice *ni^ Ti’’c /o/' X 'cc subetitUie numbers in arifhtuettc prt^ 

gri:i^iO?t^ VI u r'i/*Of7i / atid /;./ ^er fuffcticn Ijfx. 

We i>er«» ive, tlurctore, that ii u U required to substitute numbers ui 
.iritiunetic progression, .is i- the case in thu resoludoa of numerical equa> 
tions, aotonfiiig to \ou ton's Af. tiiod of Divisors, it iriU sufiBce to find 
the (ill + 1) fir'-t lesuUs to foiin the first, second, &«. differences. The 
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jntb difllTcnce will ]in\ebiii one term; n*- wv know it U con<^tHiif nnd 
= 1 • 2 . 3 . . . in k h we lan exieiid tlie srries al plciihuro. 'That of 
the (in — l)lh tiiflcrcucos will thou bt* wxteiulcd to that of two ktiowu 
teims, since it h an arithmetic proeessioii ; that of the (m — 2)th cJifler* 
cnees will, in its tuin, be exlenJcd : and so on of ihe lest. 

This is pcrcvlilihle in tlie jircadinj^ example, ai.d al a> In this; \iz. 

K = 0 , 1.2.31' 3ii Dili; (i . ti . ti . 0 . (» . t: . r> . . . 

.Scries 1 , - 1 . 1 . 13 I 2nd . . 4 . 10 . Id . :12 . » i .31 10 . . . 

1st. ... -2 . . 12 1; 1st . — •> . 2.12. . jl» is , M2 . . . 

Snd . . 3. 10 I Kosulls l . I . 1.13 M . t)| . It.O . . . 

3d ... (5 j r. r X ft . 1.2. 3 .1. o . ti . . . 

'Miesc seile.' an* duluced from that whieti is cori-.i;int 

6 • 6 . t> . d . . . 

and from the initiul term already ftMiiul for each <»f tl.» u \ : anj/ fmn is 
(frn\r'{ /y aihhfffr f/i** itvolnMson tfu (t/f ..huh Inuiitdiatthi i^r**ct(ic it* 
They may uho he eoiilinuMl in the eonliviy n, in oider to obtain 

the result I <if x = — 1, — 2, 3, &c. 

In resolving an iMjiintioii it is not nccesvirv to make the sorii.. of n '^ulls 
«-xtcnd farther than tin* tnar w’here wo ought oniy lo nieel with nu/nl>(*rH 
of the hano si;^ri. whieli in tiio case when nil the terms of an\ cohitiiii arc 
po^inve on the iip>h(, and nh'nn.ii*; in the opposite iliiveiioii; for the 
additions riPi! siihtr ict.ous by whirh the aeries aie estriiihd as ict|iiircd, 
preserve constantly the same vigils in the irsiilK VVi* learn, therefore, 
by this method, the limits of the toots of an erjualion, whethir they l>c 
positive or negative. 

Let y, denote the fuiicti^m of x which is the g»*iicral terni, viz. the 
X + nil, uf a proposed seri.s 

yo + 4 y< + * • • y 4* .v. 4.14 • • • 

which is forimd by 

X ^ 1, 2, 3 • • « 

For example, y® will dohi^jutc that x lias b'.en mode = 6, or, wltli ve- 
gaid to the place of the.tcrmi^ that there are 5 before it the InM ex- 
ample this is 91). TliCD ' ^ 

y, — yossAy,,, y. — y, rs A y^ ys — ss j'a . . . 

Ay' — Ay. = iiy*— • A!^', s= AJfyf; A ya — A y* = A*yj. . . 

A*y, — A*yo = A^^, A»y* — A^i !»• A^l , A*ya A“y, si A^y* . . . 

tiC. If 
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Ill I I ll I l'ij> *•! 1‘ IVO 

y. “ yx_i =• *- 1 

X — ^yx-i = i'y » - 1 
^.Vt — ‘•'‘>*-1 =■ 

iXC. 

. ll I 1 - foiiii tlio <liikrtnci*s of «n\ stms . 1 , b, c, tl . . . in this 
, . M.'o 

b t + a' 

C = b + b' 

*1 ^ C + J 

b' = + » ' 

i' = b' + I' 

<r = I -I- <" 

kc. 

b' i" + a" 

I- b" 

d ' •=: c ' b I 

v\(. 

and I) 'til i'liitiiiualK Tli -ii I'liiiiiiuiiiig b, b', c, o'. Sic. fioni tbo first 
s{t ofoij' alu ri'-. ' « f 

b =• a + i' 

t ^ a 4 'IV + a" 

d * I b d I ^ I »■ 

. - a + » .' M. a i I I ' I 

I — I -|* I *1^ b ib I 4 I • 

\o. 

\lM lU lilV 

1 ' b - I 

a — ( — 2 ll b a 

I c- <• .Ml I 3 b — a 

>»i. ' 

Ibit iIk* Ii (tl I s i', .1 , I , ivc. nio iH'lhinc pKc lluin A A’vo* A’yo . • • 
a, . . . 1'i.iiiir J . j • • . ) t Kjijivjuontly 

Vi = }' 4- A)’ 

}. - y. t 2 A^, + A '3 

,>j = \ , 4. 3 Aj-o 4. 3 .^’y,, 4. .ik, 
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And 


^ Jo S= j , — y„ 

~ y< — ‘^)i + j'li 
A y II = j — IJ \ ^ 3 y 1 — \ I 

A*>|, - _ 4 j I +« i H J \ I + yo 

N.t. 


Hence, tially, »» 


• . \ I 

y, = .-i + X A j , + X g •'>..+ 

A«yo = yn — n y + n . — - . V n 

n — 1 *6 , - 2 


*•'*, '-'"v }...(A) 
n - - I n — S . 

^ •* II — » 


Those equations, which are ol }>ii t miporlaiu cuvo flu* omu i| t,*im 
of any seiio,, from knowing it>» liisitetm and iIk* In ,t (i*iiii o| .ill the 
ordeis of ditllreiicos ; and also the fiist l< un of the st u's ot nth ditlor- 
ences, from knowing all the term*, of the Mrics yi, y,, } ... 

To apply the former to the example in p. (81), w, h ive 


y* = J 

ity, = — 2 

ss 4 

A*y. = 6 

A*y, s 0 


whence 

y.=sl — 2x+2x(x— l) + x{x— l)(x -2) x’~ v • - 2 x 4 I 

Tlie equations {A), (0) will be better reinenibLied by obstriitig that 

), = (!+ tjJ \ 

A"yo = (y — 1) 

provided that in tlie dcvclopenicnts of th^sc power , no mean by the 
exponents of A the orders of diilercnce.s and by liio e of y the place 
ill the scries. 

It has been shown that a, b, r, d . . . nia^ be the \ allies of y,, when 
those of X ore the progressional nonibcrs 

in, in 4 h, m 4 2 !i . . . m 4 I b 


that is 

a — y« s® ym+ h»c ~ 

In the equation (A), v e raoy, therefore, for y» ym for y„ A y„ 

for Ay„ Ac. and, finally, the coefiicieiiU of the ^wen Make i h ra r, 
and write A, A * ... for A y,|„ A«y^ . . . and vtS^ahnll gat ^ 
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rii s ^ill ni*o \\ when x =: m z, z being either integer or 

f 'I I ii. t tlie projiosi*! soiios tlie difierenccs of all oiders, 

lii il I iiiiKvil h 'iiiij itpn 'rented by A, Jk®, &c. 

I'l.t ir) erdi i to a))])ly thi^ lonnulo, so that it mny be limited, we nni><t 
*. ii\( at c<)n^Uiit iliJlLiei]((\s; or, at least, this must be the ca«e if we 
voui'M liave iA . . decreasing in value ito as to ibiin a converging 
• ii« s . the di*\elopLiiient thtn gives an approximate value of a term cor- 
jrspo ruling to 

X = 111 -f z; 

It l)( ing iiiuh 1 stood tliat the farters of A do not increase so as to destroy 
tli'> tunvergi Dry, a tirenrn stance which prevents z from surpassing a 
i ri I lin ijiiiit. 

Tor ^ nnjdi*, if tin radius of a oiclc is 1000, 
the arr of ()0« has a chord 1000,0 

1071, G 

•70^ 1147,2 

l.V 1217,5 

Since tho infill tiu '^luailj constant from 60® to 75®, to this extent 

of the arc wi' may employ lire oijuation (C); making h =s 5, we got lor 

the (|iinini(\ to 1)1 added to y := 1090, this 

in 

1. 7\X\ / — JO z (/ ~ 5) r- 15,12. 7 — 0,0t. z* 

So that, by taking / zz 1, 2, 3.. . then adding 1000, we shall obtain the 
chords of UK, <32 , (i3’ ; in the same manner, making / the necessniy 
fic(iii>i we sh.dl gel die chmd of any me \vhatc\fr, that is iiitorincdiatc 
to iboM', and to du l.mit'i GO* ami 75®. It will be better, however, when 
It is iiecLssai^ thus to employ gioat nuinburs for z, to change these limits. 
I.et nov lake 


A . :r: 74,0 
72,0 


A» rz —2,0 
-2,3 


log. 3100 = y = 49 1 30 17 

log. 3110 *"= 4827G01 

hg. 3120 = 491 1510 

log. 3130 = 4955113 


A. = 13987 
13942 
13897 


A.* s — 45 
— 45 


Wo vliiill 111 10 ooii-.i(]tr the ilcclinal part uf Uie logarillmi as being an 
into|>i-i. I?\ jnakii'g h s 10, we get, for tl>e part to Ire uiUlvd to log. 
3100, this 

1100,9j X -t — 0, 22S X z*. 

I'o pot the logaihliiiis of 3101, 3102, 3103, &.c. we make 
/ = I, 2, 3....; 

and inaike<iaaniK-r, if we wi'*]) for the log. 8107, 58, we most make 
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Z — 7y o8, ulieiico tlie qiiuitity to bo uJtlccl to the ii)gfuithin of 3100 is 
10606. IKntc 

log. 310*368 =r r>, W*2VJ2:l 

The tiuiIkkU inny bo u^iOiily cniployeil to abridge the 

labour «>i* cmIc uniting tables ol logamhms, labUs c»f sines, choids 
Another iiso A\IiKh \vc shall now oousider, is that of inMcrtiiig the iiiler- 
inediatc terms in a gi\eu series, of which two dUtaiit terms aic given. 
This is called 


IN iriteoLAriov. 


It is completely icsolvod by the cc|iiatiou ((’). 

When it liappeiis tli d \ zs: 0, «>i is v.i} small, th * lu . icdiicxs to 

/ y A 
u. -t- 

whence wc learn that the llsu1t^havc a dinin iiec^ wlmli nu leases pro))OT« 
tionaily to a 

Wh'ai A* is constant, wlii^h leippi iis more fiiqn nil\, by changing z 
into / 4* ^ ^ suhti ictiug, uc i i\e the •• .n lal \4ih1e of the iiist 

clideiUKO of tin* n* vv tntcipelat< tl a ties; vi/. 

First difhicUCe r F ^ A.’ 

, / 

Sect ml ililh rem c A ' ~ ‘ j . 

If we wish to instil u tciiiis lii-lwri ii tliui..* of u given wiivs, we miia 
make • 

li - I’ + I ; ^ 

then making /. = 0 , wf gtl the initial lci«i of tin •liHiK-iiccs 


A'' = 


{»+ J)’ 


A' = — 4n A" 

H i- 1 


»* • 


we calculate first A", Uieii A' ; the inilinl tcHnr 4C will aervt* to compose 
the series of first ihflercnccs of tlie iiilet’|)u|^d series, is tlic constant 
d M ftr cn ce of it) ; and then fiiuilly Uie other thvtna arc'^obtsincA by simph* 


additions. 


If we wisli in the preceding ^example to find ^ lug. of 8101, 

/3 
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C= 5 ^ 

c _ b,-b, 

See. 

^ r, — c 

V — a 

anil bO on. 

My elimination we easily ijct 
b ~ i -f- A (3 — <y) 

I- =.- !1 -{- A (y — «) + B (y — a) (y — /3) 

•I -a f- A (.»—«) + B(a — «) (A— ^)+ (’.(« — a)(3 — ^)(S—y) 

♦ 'Ll 

ail 1 i^i’U'WiIly 

j - 1 + V(x — »•) + B(x — «/)(x--S) + C(x--«)(x-H3)(x— y)+&c. 

iiiiist ‘cck thoiclbio the fiist diilcicuces amon^^t the results ' 

4lj bj c • * • 4 

arid dhiile by the ililllrences of 

a, ft 7 • • • 

\\n\ li \N ill «,i\e 

A, Aj, A^>, S-C* 

\ i«u ( < in the same manner with tlicsc numbersy wo gjt 

B, Bj, Bg, &c. 

\iliii'i in ! kr manner ^nve 

C>f &c. 

iiiul, fin ill\ N!ib ri(vi»in^, we f»ct the general lenn required. 

]\y ,iii niuli,, I\mg, the expression assumes the form 

a + a' X + a ' X * + . . . 

of i\eiy latii h’l and int -^er polynomial, which is the same as when wc 

ncglotl tlu‘ MIJ'i I. ill* illlklePtCS. 

i he ihoiil of do' =: riil.nlOOO . 

<5>'/J0' -=1035 B=— 0,035 

=ion;- t'zirST — o,-2i B, =-0,031 
6!K 0' =.113.3 A>— 

We have 

r := 0 , ,B z:z y z=: 5 ^, d =z 9 . 
o may neglect Mu” ihird HilRiences and pul 

=Z 100 + i:),Ob2 X ~ 0,035 X* 

Conbidtring o\ciy ianclivui of x, as being the general term of the 
series which gives 

X =: m, in -b b, m + 2 h, &c. 
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if we take tlu* differences of t]iese results, to obtain a new scries, tlio 
general term will be whnt is called the JSrst difference of tlio proposed 
function y, which is rcpxx'«5cnted by A y^. Thus we obtain diis difference 
by changing x into x + li iii y, and taking j\ from llie result; the re- 
maindtT will give the series of iii'-t diflcruiccs Iw making 
X := m, m 4- h, ni + 2 li, &c. 

Thus if 


y X 


y X 


ti 4 X 

(^ + h) ‘ X * 

a I- K + li a -I- A * 


It will rLinain fo nuliicc Ihib e\prcs5.i(in, or to di vi li'pe it uccording to 
the iiicrca'i’ng powers of li. 

Tajlor's llu'orein gives //i /^/Z/y (vol. L) 


* A Vjj — . • h 4 . - « 

• d \ ti ‘ 


1.2 


4* 


'I’o obtain the st coinl dilK mice we must o[u*rate upon a y* fts npfmthe 
propo d y,, and m) on fir die third, fourth, diilcrtnic^- 


IMT.OUATION OK KISIIT. Dirir.Ul'.NiT 

Into';! ili<»n hero means llie method of rinding lln' quauiily wluv** dif- 
f-iiik. i'. ih.' proposed finantily; that is to say the gcneial term j\ of a 

Jill* yin + iij y*u + ^ la 

fioiii Khowlrig that of the series of a diflerence of any known order. 'I1iis 
i pi I It ion indk ited by tlie symbol X 
For example 

2 (8 X * + X — 2) 
ought to indicate tliat here 

h = 1. 

A fuiKtion yx generates a series by making 
X = 0, 1, 2, 3 * • • 

thu lirst (lidoivnccs whicii licte viisuv, form aiK>ther series of wliicli 

3 X* + X — 2 
is the general terns, and it is 

— 2, 2, IJl, 28 . . .41 

Bj iiitograliiig we propose to find yx*Vb, that puliiug x + I lor 
X, uud subtracting, the renuiinder shall be 
3 X * + X — 2. 
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1 ‘ 'V * * f' ^tcivc that, rist tlu* bjiiiLolb 5 and Adestri*y one another 

- (’ # / a'jil (1 ; tlins 

^ ^ f X = f N- 

if'if'ly tl« it 

1 (a \) r: q \ 

»\( I 

: a> a 1}. 

1 I ! T 1 1 f '1 <» 

(A I — 15 0 := A t — 15 A U 

M) IS 

:? (A t — n u) = A 2 t — D - \i, 
t and n hcint^ the functions of x. 

lla p (.Mem ordoteunliiiii*^ }x hv it" first ilifleronce docs not contain 
f( )( I sullic’dit (onipltlcl^ to 11 ‘^olve it; f'r ai ouh r to icnMn[OM' llio 
IIIC-* dciiad iiojn \x n '^itli 

— 2, 12, 2H, eu. 

^ I* inn t nud c tlie fust l».na 

s n j 

mul by siu<cb‘»iso addihOu , ‘h il! llnd 

1, a — 2, a * 2. a + l'\ xr. 

Ill \ ’ u li rT .eii I li . Jn" ii^, 

! dv nf' ’ d in ly le i )i (K . d js c)iijii:>ul ill the njiuUoii (A) 

p. ' 1 U 1 I . I 

\ - 0 . 1 , t., 3 . . . 

i I iIm lii «i Kill H SMI in iMins < I x, s\n shall f no ths sciios cf fiist 
diJ.v. 1 ( n« t's * ^ I »i t In SI sbiscly, wc bh‘dl line the second dii- 
i»Kin» i; iIk "I ^ 'M * imr, shall the tliiid and fourth diffcj- 
iMO. 1 ‘le mill il i ’ ni I * these St [»e 

^^fA*\ ••• 

and (In sc \ ihn s i i ♦ rod in smU gi%o y*. ^lliiis, in the example 
ah no, Is ()iit\ il a ‘ f [u (sH when a = 1, we have 

y, = — }, =. I* 2 ),, =- r>, A* \ j = 0, ^tc.; 

svliuli ;iVi‘ 

:x =s y — 2 >w — \ + x\ 

Crenci illy, the I'lst toriii 1 1 the er^’nllon (A1 is an aihitrary constant, 
shuh iS to be added (o the inti^jah It the given luiiction is i stcoiid 
diflcroiice, we miibl by a fiist integialion reascend to tlie tir'^t difference 
n»id llunce by unothtr step to y,; thus we shall have two aibitinij con- 
btaufs; and in faci, the eijiiatioii (A) still gi\os y, by fii.dhig A*, A-*, the 
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onlj’ difFcrenco in the matter that yg and A are arWlrary. And 
60 on for tlio superior ordois. 

I-ct us iiDu find s X"*, tlie cxponcMit ui being integer and jKisiiive. 
llcprcscnt this dcvelopeincnt by v 

rrpx + cjx** + rx* + &r. 

a, b, r, &c. being decroa&ing cNponents, 'W’liicli as well ns the roeflicients 
p, t|, &c. niusl bo dilonniiud. Take the first diflcreiiccy by Mipprossing 
^ in the first ir.emluM*, then rliangin*^ x into x + h in the sooi ml ineiiibcr 
and sabu acting. I Minting oursflvf» to the U\o first terms, mo get 

x“ = p u li x »-* + i p a (u — I) h ** V*- ' -f . . . q b li x*'-* + . • . 
Ibit ill order tli.it the identity may be Cbtublished ibc CApononls ought 
to give 

11 — 1 = lU 
a — 2 =r. b — 1 

\\ lionce 


a ni + Ij b rr in. 
Moreover the roollicieiits give 

1 = p a h, — i p a (a — I ) Ii r.: tj b ; 

a l.i luc 


1 ^ . 

+ 1 ) h’ ~ 

A** Ut tliti (idler tcnii., it i. eviUvut, ihn^ die (.‘viK' :• lUs an> all iuU‘^<*r 
and jiositivo ; and \>e may ciibily perceive tliat tliry f.iil in the nlternalj 
terms. Make then fore 

2 =■ p x*** + * 4 x"* + + /3 x'"’*'* + y + . • . 

altil detc riniiie a, 0, y ••• 

'r.ike, as bfJ'oro, lln* fii-.t diiriTcnco by pulling x + h for x, iind .ub- 
ir.ictiiig: and fii it traiidfcri ing 

p X ' ‘ * - 4 X 

ue finil iluif the first uicniber, by reason of 
p h (m 1* )) == I, 


I educes to 


A'. A". 


rn — 3 3 h * 


V m - 4 


To aljridjfc I'lc opcnilioii, we omit here tlic alternate terms of ilie dc\ j- 
lopcmcnt ; and we dcignutc by 

1, in, A', A", 8tc. 

tlic coefticients of die binoiniiil. * 

Making the &ame rnlcnlntions upon 

+ Sir. 
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• o Lavci. with tlic bainc respective jxiwcrs of x and of h. 


1 1 >-j- {in~l;. -- - “rt — “ + 0** !)• — — - 


111 

. - a H- • 




(m- “3)3 + (ill — 3). 


in - 


111 • 


”/5+. 


C' i ..''niii^ lfi iji Icini hy trnn, \\c t*as,i!y denve 

m 


(m — 4)7 +.. 


3 


&0. 


3.4* 

•i.‘3.4.5 * 
A'"' 
G.ii.7 


Vfficnci* liiiall} we «eL 
\ J ' 

-S' -- r: 


— + ni a h X*" ^ + A" b h ^ x"*-^ 


(ill + n '1 

+ A'"cli"x™--'+A'* cl hVx™-’^+. ..{!>) 
'J'ho il<«\cli*pcnient has for its coeihciciU'^ tho'iC of the binomial, tnktMi 
fioiii i\x}o /i) molliplied by certain numerical factors n, U c . . which 
.irr < llrd ilx; ' unifjt'/ <! oi jlernouDI, because .James liernoulli first detcr- 
iiIiiim' ihem. riicse fa^ tois aie of »>ieat and frequent use in tlio thcoiy 
of SCI • ^ ; \vc ‘1 ill give an easy in. .‘hod ol finding them prcsentl}. These 
are ihi r valia > 

I 


a 


12 


b - - 


1 

120 


I 


1 ! - 


c = 

^ = 
ll =- 

&c. 


aia 

I 

las 

_ 

32180 

T2 

*8ii>0 

13867 

11361 
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viliich it will be worth the trouble fully to commit to memory. 

From the above we conclude that to obtain 2 m being any number, 
integer and posiiivo, wc must besides the two first terms 

+ ^ ^ 

(m + 1) h 2 

also take the dcvclopoinent of 

(X + h) 

reject die odd terms, the first, third, fifth, &c. and multiply the retained 
terms res])octIvcly by 

n, b, c . • • 

Now X and h /iaxr etvw rxponetUs oubf in is odd ami rcrijnvcallj/ f 
so that wc must reject the last term ii when it tails in ti useless situation ; 
the number of terms is i m + 2 when in is cvcmi, and it is J (m + 3) wbc.ii 
m is odd ; tliat to say, it is the same for two consecutive values of in. 
l\cquircd the inti^^ral tj x 
Besides 


w( must dcvelope (x -f li}% retaining the secoiul, fonitli, si^tli, Sic. terms 
and we shall have 

10 X ' a li + 120 X " 1) h ■* + 252 x ' e ii + &c. 

Therefore 

i' x'' = — \ X •' {- X ‘ h — X + X ' h ’ X® h’^ + 

In the same manner vi« olnahi 


"*2 h 

“ 3'ii 2 ’ r; 


2 X“ = , . + 

4 li 2 ^ 


h x' 

“•I* ' 

Ii X ^ ' X 


2 X ’ = 


_ _ ^ ii X _ njjc 

b h 4 H\ 30 
x"' x" . 5l)x^ li«x» 


=ru 


a' "ia ■ i: ’ 

x' lix’ h’x’.L’jt/* 

2 ' 2 ■ 6 ~W* 

sT 12 24 nr" 
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X ' , 2 li \ 

7 li * X * - 

2 h X * h X 

si'll 

2" 3 ■ 

16 + 

9 ~ 80 

\“ 

x’ , ahx^ 

7h’x« . 

h»x« Sb’x 

Ki* 

-2 +-4 “ 

- fo- + 

“20 

<“ 

~ llJi 

btibre, 




V* c Jiall now ^ivc on cosy metliod of determining the Number of 
N rnovlli :i, b, c. . . In tlie eqnotiuu (D) ninke 

X = li =: 1 ; 

: is the general term of the sciies whose first difleicnce is x"*. We 

.sl'iill litre consider 2. = 1, and the c oi responding series which is that 

of the natural immbcis 

0 , 1 , 2 , 3 . . . 

^J^'alvc zero for the fiist member and transpose 

1 I 

lU + 1 * 

vliiUi ctjui'Is 

I— jn 

Tliou M e got 

•*Tni+',) = « "' + b A- + c + d A« + . ..+ k nj. 

uiiikiii*^ III =: 2, the sccoml inuiiiber ii icduccd to ani) which gives 


n = 


M iKiii'i 1 1 =j I, ii" get 

a 

lu 


J 2 ' 

:= 1 .« I- b M' 


— A ^ ™ 2 1 

= 4 a + m. — ^ b 


^\'In nco 


-- t a 4 b 
’I 


-- J + tb. 


~ 1 \‘ 0 ' 


Ajjaiii, making in = <», we g«t 

- r> a + b A" + c A»» 


= 6a + 20 b + 6c 
= i — •' + G c 
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which gives 

® * 252’ 

and proreeding thus by niuking 

m 2, 4, G, 8, &c. 

t%e obtain at each stop a new equation which has one leriii more than the 
pn ceding one, which last terms, viz. 

2 n, 4 b, 6 c, . . • 111 k 

will hence successively be Found, and consequently, 

a, b, c . . • k. 

Take the dilFerence of the pnxiuct 

= (x — h) X (x + h) (x -h 2 h) . . .(x+ 5 h), 
by X + h for x and subtracting ; it gives 

y* = X (X + h) (X + 2 h) . . . (v + i li) x (i + 2) h ; 
dividing by the last constnnt lactoi, iiitogrnting, and subslituting for 
its value, we get 

^ X (x + li) (x + 2 li) • . • (x + i h) 

X X. (X + ii) (X + 2 h) . . . (x + i h) 

Tills equation gives the ifilrgtal vj a jjroJuU t^'jUrton tn arilhrtetic 
prn^rcision. 

Taking tliu diitcic-nce of the second nienilicr, we voiify the equation 

, _ _._1 . . I 

“ X (x + li) (x + 2 h) . . .(x + i' b) i h x'fx + li) • • • lx + (T— I) lif 
which gives the integral of any inverse product. 

Itcquind the inle^ial of a*. 

L.et • 

y. = -i*- 

'ri.cn 

•iy. = (ii" — I) 

whence 

y, = 2 a* (u" — 1) = a»; 

coiiscriucntly 

2 a * s= — — , + constant 
a" — 1 

Hequired the in/egtalt r/»in. x, cos. x. 

Since ^ 
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anil cliangin;; x {- -^-iiUo z, wc have 


(-*) 


^ Sin. z =: — cos. ; 1- constant. 

.1 • “ 

2 sill. - - 


In tl:( s-nnc wav wc find 


2 cos. / = 


sin. (z— J-) 

constniit. 


hUl.-g 


When wo wi^li to integrate the jiowcrs of sines and cosinesi we trails- 
i'oijn tl'Lin into bines und cosines of multiple arcF, and we get terms of 
tl^o I'oiiii 

A bln. c] X, A cos. q x^ 

Making 

(] X = X 

the integration is pcifonncd as above. 

Required ihc iutc^ial of a j>rodudi viz. 

Assume 

2 (u z) s: U 2 Z 4 - i* 

11, z aud I being nil functions of x, t being the only unknown one. By 
chan nng x Into x + 1 ) in 

u 2 z + t 

ii becuinev n + romus z + A z, &c. and wc have 

11 j / 4 - II / 4 - ^ u 2 4 - A z) 4 - t 4 - A t; 

Lubstitiuing fioin thij the second member 

U 2 Z 4- 

we obtain the difference, or u z; whence results the equation 
0 = A 11 2 (z 4 - A z) 4. A t 

which gives 

T=: — 2}Au3(z + A z)J. 

UlicreJore 

2 (U /) = U 2 Z — 2 I A U . 2 (Z + A z)] 

\vlneh is analogous to integrating hy jHirtz in diiTcrential functions. 

'riicrc are but few functions of whirL we can find the finite integral; 
when wc cannot integrate tliem exactly, we must have recourse to scries. 
Taylor's theorem gives us 
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~ y' ** + ^ h* 4- &C. 

Ity sapposition. Hence 

y. = hly' + ^ 2 y" + &c. 

Considering / as a nvcn funcdon of x, viz. z, we bavo 
^ /asz 
• y" =: z' 
y'" =s z" 

&c. 

and 

y« =/y' d X =/ z d X 
wiicncc ^ 

/z d X = 2 2 + 2 z' + &C. 

bich gives 

2Z = h-»/zdx~|-27/-Jh'2z"-.*C. 

This equation gives - z, when we kno»v z\ s Take the dif- 

forontials of the two lunubers. Thai of the Hrsi z will give, when di- 
vided by d X, 2 ?/• Ilt nce we get 2 z", then ii ; and even wiihout 

making tlie calculation.-^, it is easy to see, that the result of the substitution 
of these values, will be of the form 

2 z = d X + A z + B h z' + C h * z" + &c. 

It remains to determine the factors A, D, C, &c» But if 
• z =s x“ 


wc get 

J'z d X, z', zf'y &c. 

and substituting, wc obtain a series which should be identical witli the 
equation ^D), and consequently defective of the powers in — 2, m — 4, 
so that we shall have 


ah?/ . bh’z'" . ch^z'"" . dhV""" 


/•zdx z 

2a _ 2-+-I -^- 1:2 

8) by c, &C. being the niimben of Bernoulli. 
For example^ if 

' z = lx . f 
/I X . d X ss X 1 x’«— X 
z'=sx-» 

z " Si & C . 

>* 


+ “ 25 .T 


2 ...6 


+ Ac. 
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coiiM {jiiently 

2l>, — t+xlx — X — jlx + a X-' + b X-* + c x“* + &.o. 

'1 lie icries 

fty by C • • • ICy ly 

linving Ibr first difTcreuces 

a', b', c' '. . . k' 

wo liavc 

b = a + a' 
c =s b + b 
d = c + c' 

5ec. 

1 = k b k 

«.<ju itions vibosu sum is 

] =sa + a^H“b^ + (/ + .«• 

Iflbc nuinbtT!. a', I/, c', &c. aie known, wc may consider lliera as being 
the first differences of another series a, b, c, &c. since it is easy to coni- 
]ioae the Litter by means of tlie first, and the first teim a. By definition 
we know that any Uini whati vor I', taken in the given series a', V, o', &c. 
is nothing else than a 1, for 1' a= m — 1 ; integrating 

1' sr Al 

we have 

2 1' = I 
or 

Sl' = a' + b' + c'... + k', 

'itpposing the initial a is comptw<d in the constant due to the integra> 
tion. Consoquciilly ^ 

IfXc inlrgial of any him ‘iohahw of a scr/es, ‘xe ahtain the sum of all 
the terms that pi rcedc ity and have 

2y* = yo + yi + y» +-*.y,-i. 

In order to g<-t the sum of a series, we must add y, to the integral ; or 
which is the same, in it must change x into x + 1, before we integrate, 
llic arbitrary constant is determined by finding the value of the sum y, 
when 

X =; 1. 

fVe hum therfme ham to find the summing term of every series sshise 
general term is Jentmn in a rational and integer fuaetion <fx. 

Let 

y, = A X™ — Bx“+ C 
in and n being positive and intt^er, and we have 

A2x“*~B2x* + C2X* 
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for the sum of the terms as 6r as exclusively. Thu integral being 
once found by equatioD .we ahall change x into x + 4et«‘nnine 

the constant agreeably. 

For example, let 

y, s=x(ax — 1 ); 

changing x into x + 1, and integraUng the result, we shall find *' 

X + 1 4.x— 1 
=:x.- — .~ 3 _; 

there being nu constant, because when x = O5 the biiia = 0. 

The serief 

1™, 2"», S™... 

of the m*'* powcis of the natural numbers is found taking s x“ (equn« 
tioji D) ; but wc must add aiu rvi arils the term wliich is x”*; that is to 
say, it is sulGcicnt to change — ^ x**', ilic second term of the equation 
(D), into it then remains to determine the constant from the term 

we commence from. 

For example, to find 

S"= 1 + 2* + 3* + + 

we find 2 X*, changing the sign of the second term, and we have 

the constant is 0, because the sum is 0 when x \\ Bui if we wish to 
find the sum 

S' V (n + 1)* + (n + 3)M 
S' = 0, whence x = n — 1, and the consinut is 

11 — 1 2 n — 2 

— n. - -y - . - 3- , 

which of coarse must be added to die former ; thus giving 


K' = (n + 1)* + (n + 2)* + 

- X. 3 . 


2x4-1 _ n — 12n — 1 

2 "* 2 * 8 


= J X {x.(x+l),(ax+ I> — n.(n,-l) (211 — 1) 

=2 X 12 (x’ — n*) 4 , 8 (kV+ n*) + V — n|. 

This theoty applies to tlic summation <^J^gurate numbers, of the dif« 
fereiit orders 
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I* it •‘t order, l.T. 1,1.1. 1 . 1, &c. 

Scco kI 1 1 (l^r, I.2.3.4.5. 6 • 7^, S:c. 

Tiiini 1.3. 6 . 10. 15. 21 • 2S, &c. 

r.^itnh 1 . 1 . 10 . 20 . 35 . 50 . Fi , &c. 

Kfiii oi tier, 1,5.15. 35 . 70 . 126 . 210, &c. 
and so on. 

Ti e law wliicli every term follows beiii^ ihe sum of the one immediate 
rnt t Jt addoil to the preceding one. The general terms are 
J'D.-l, i 

^"’ccond, X 

Tliiid, 

A 

r- *1 ^ (t + 1) ('t + -) 

Frmi th, - 2 - ^ — 

Ac. 

jt, N . (X 1) (\ + 2) . . . X + p — 2 
* ■ 1.2.3:..p— .1 ‘~- 

To «mti the Pjiaiiiitlal nuiuhoiN, wo n.ivo 

‘s = I + I + 10 + 20 + &c. 
tNow the yciiordl or x*'* torin in thi-. i-> 

yx = • '' +!)(' + 2). 

Ihit W' lijid for the (\ — term of numbers of the next order 

‘ — 1) X f V + 1) ('t + 2) ; 

lihall\ Cii.inging \. into < + 1, \ve ha\o for the required foim 

0(^ + 2}(x 4..*)), 

Miao S =r 1. whin X = 1, ^^c have 
I I + ‘fuibiant, coiisoquciuly 
eoiisiant =- 0, 

Hence U apjK.'irs tint the sum of x terms of the'fourlh order, is the 
term or gnuial term of the fifth oidor, and 7 )ice mw; and in like 
inauiKT, it nnj be sliown tint the x'** tcim of the (n + 1)'** order is the 
sum ofx terms of the n'*' order. 

Kiit\7^cjs aic Iractrons \vhlLh have 1 for the numerator, 
and .i fig urate series hir ilie denominator. Hence the x*** term of the p'** 
order is • 

K2..3..^(P3-. 1) 

X (X + D'.“ . \ + p — 2 
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nnd tlip integral of this is 

C — 1 » 2 > 3 . . « (p — 1 ) 

(p — 2) X (v + 1) . . . (x + — 8) * 

Changing x into x -f* then determining the constant by making 
X = 0, which gives the sum s 0, we shall havu 



and tlte sum of tlie x first teims of Uih geucidl sotics Is 

P —1 • ‘'I* ••(>’_- • ) 

p — 2 (p — 2 ) (x'+ 1) (x + 2 / r. . f p —2)* 

In this foi inula make 

P vs 3) ^ } a • • • 

and we shall gv t 

* 4. * 4. A ^ -2. 2 

1 + 3“^ (J 10'^'"x(x f J) “1 x+l 

I 4. ' 4. ‘ j. * a. _3 

i io 20 ' X (x+ I ) (X + 2) “ 2 (x + 1) (X + 2) 

111 I 1 .2.3.4 _ 4 2.4 

I 5 10 :i5 ••’x"(\+l)(x + 2) (x+3) " 3‘ (x+l}...(x+a) 

1 1,1,1, I . •> . 3 . f . ,’» _ .5 2.3.5 

T C 21 + 60 + • • • < (x+"l) .'.•(> +i) ~ 4 “ (:rri)T7r[kT^ 

aiul so oil. To obt.u;i the wiiolc sum of these s.iica continued to iufiiiity, 
we must make 

X := QO 


wliicli gives for the sum required the g^rjeiul viluc 

PzrJ 

p — 3 

i;vhich in the abdvc particular cuses^ bcu n 

3 3 15 

1 ’ '3' ^ . 

To sum the series ^ 

sin, a + sin. (a + h) 4" (a + 2 h) + . • • siu, (a 4 - x — 1 h) 
wc have 

. on. (. + h X — I) 

•f ^ 2 . 

changing X into x 4' If and d.tanaiil|p|g CI7 the condition that x = — 1 
maltw til. sum s= ze^ we Bad4biij|^ a(illimKi)g>/»’iH. 

^ cot. (a 4. h X + ~ ). 



INTRODUCTION. 


Cl I 


. / . h ^ . h (x + 1) 

fin. + -^-xj sin. - N-^ - 

TT 


sjn. ‘ 


in a slriitlar manner, ifwe >%ish to sum the series 
< oi. a + tow. (a + h) + cos. (a 4* 2 h) + • • • cos. (a 
wi' t.i 1 *;^ /ir-d llie i^hmnnng^fefm to be 

bin. (a — — sin. (a + h x + g) 


a • 

2 bin. — 


i*r 


/ , n , . h (x 4. 1) 

COB. ^41+ 2^) — ^2 

h 


sin. 


2 
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OV 


NEWTON’S PRINCIP1A« 


SUPPLEMENT 

to 

SECTION xr. 


4EU Prop. LVII, ilep<nds upon Cor. 4 u> tlio Laws of Motiou» 
which IS 

y any number qf bodies motu^ly attract earh others tiuttr etnUr (tf gm» 
vUy null either remain at rest or Witt mwi mf/ormli/ tn a stra^kt Mm. ’ « 
First let us piovc this fot two bodies. 

Let them be referred to a fixed point t|f tl(o teetsngular coordioat^ , 





i^Iso let then diManct be f, afimf (g) denoto tholsv oceotifii^ to Nilbh 
tiiey RttdMl each other. 

Then 



Tebtl. 



\ f’nM^rP’MTAllY ON 


[S*CT. XI. 




(2) 


■Jt ' t 

Ft. u 'iiuii plyintj tqiDitions f I) by /* and those marked (2) by /*' and 

. !i* * ' VV tret 

aH‘x + fi,' ^ 

- ss 0, 




Hill ritt i» tuif. 


dt- 


J X , , d x' 

. ./+«'• 'T-r = c 


df 


tl t 


V , / J > / 

" dt 


ill u •iidinntr't id die tauter i>f gravity be denoted by 


I»\ S iPO* 



a. X h x' 

X — 

,/ 4- 


u\ 



d \ 

J / 

* 1 • - 

- -- . Ifk 

i -t- tt V 

u 

't " 


* -J- ^ \ 1 




<1 % d y , r 
d't* d‘t 

.« [» . 1.1 li. .tfliji ty it ibe tenter <«£ gravity resolved parallel to the axes 
ot tOi<ri!uiii> and resolved parts have been ihoem to be constant. 
I It 0 isU I q.jrt H’ . l»\ couqiosiUoii of iitolIoa» tiuit thft actual velocity 
ol the (vnU’ >f i:< i\itt <» i.iiifomi, and also that itiMoves in a straight 
I*ne, M7. in thai, puidnml vihich is the diagonal of'tlS rectangular paiv 
iillt'loijiaii’ whose two sides .I’x d x, d v. 

11 

i =- 0, c =0 

then the cinter of gr.ii t\ i»*jpnns quie^rent.^ 
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a 


Boor L] 


461 Die general proposition is inimlArly denionstnitedy thus. 

Let tlie biKiies i»hose nmsses 

8cc. 

be refcricd to three rectaugaUr ucs» issuing irom a fixed point by the 
coordinates 

y. 7t 


X , y 


Also let 


&€< 

be tlie distance of 


/a'" 


;i,a • “ 

ttf.a • • 

&C. &c. 

and suppose the law of iittraotion to be denoted by 
i • «)> 1 (tJ, s)> 

Now resolving the attractions ur l<»r( i s 

Meu«) 

/*" f («j>) 

&c« 

paiallel to the axes, and culLec’ting tlie parts wc get 

i'»”= ,X-- 

-jff — ^ ; 


If'' 




— // V''' 


fe.a 


,n • , "M,. 




+ ACC. 
+ &C 


Hence multlpl^ii^ the finn al^ye equ|iu^8 liy /*', the second by 
m"f and ao on, mid adding, wd 

J[t* *— 

Agma, aince it ia a ipatter of perfect indiffer^Me whetheir -nrc coiWt tlic 
forcea paia&el to the Od)eC dkea or diitj the cirrumseniK'os or'* 

aimilar vUb regard, to dteat'ind^eodent aaiei^* tlw rcaolts arisuig fiom 
aunitar operatioaa aidaf ba.tfodiMVdhil^ai'e thert^re bare also 
a' d'y' + a^d*^ + 

. ■ ■■■,, „ , Ii. 'n ,, B h W ' — — ss 0, 

%t« 7i ="• 
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[Sbct. XI. 


* Kill < 


In ’iifr/>f 4 .tiori 




.1 v' „«lx" 

iL>. 4 

il I ^ ' <l ' 
dt +' di 


d>' 


H jtf" 

+ /»'" J* +&x:.=:c 

+ + &C =: f' 

il 2 "' 

+ -j,Y + 


1 ) It /. (iutiolui^ tliu coordineUiXofthe center of gra\’ity, hy statics 

- X' + /t" x;' + ft.'-' 7^’ + 

^ ~ ■ ■ > + + 8 w 

- _ /y + y'y" + /u.'" }'" -f \o. 

- y+ m"“+ y" 4 - Ac. 

^ ~ m' + A ' + -I* Ac. 

>.i<l hii « 1, Iv taking di** dificrential*-, &c. we get 


tl t ■ / -{ p" + /!*" + icc 

«Iy %' * 

'H ■ j*' + 7 ^ t*"' + Acl 

fl t h' 4 - + && 

’ll * .s, 'I I \il<)ciry of the center of grsrily resolved pareliel to any three 
1 1 1 1 . 1 ' • 1 . \( s I con&tant. Ueftoe by composition of motitm the actual 
\ '< > Il I o' * 1 1 < il iitei of gravi^ hfconstent and unifenn^ and it easily ap- 
)i« . 1 ) I ' til 1 ) It, path is a straight lic^ sciL the diagonal of the rectan- 
t>(;I u I 11 <lli lopijii (I iii'iusc sides are di^ dlb 

i (>3 « '[ n.vi giic another .dea g ilB gtrati on dlfproia LXl.tn- that 

(V ttMi ' 1' I <)ii i,on qfeadk tiemM ait^^gmoSlyt is the same 
as ./ ;« u t I f :! eaftr ffisratt ami ike timtiffiree ike same as 
tha*<l'thci nartttaf 'Utiuiiioi'j. 

(liiipliusiiig t't> oo'irdinritcii ot die two bodies leferred to die center of 

gja\i» , I > Ih 

art haw 

x-l + x,! x'scix + j;,,^ ’ • 

.'-'y-ryj + 

Hence since 

X d Y 

Tt ’ i’t 
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aro constant as U has been dliown, ami thei'cfina 
d‘x ^ d'i 


aT? = o.|^»» 

we hare 

J* , 

•li* " Jt’ 

dt* ” dt* 

and we therefore got (40) 

But by tlie pr(^pi.rty of tho center of pavitv 
d being the distance of from the center of gravity. Wo also hare 
Hence by tfiibhilculioii tlio equations become 

Similarly wo sliould find 

and 

IjbMe,if the force x<^esei>ted'by 

' - u{(t±tA 

weie placed In die oentec of fwiiy, it would cause a' to move about it «!. 
aigedptwt; eadif 

s'ln^^lliere nudingr it would eewse m tojeenlfll^Ute in like wanner, 
’'itbnoverif 




f<f) »<• ' 


A* 



fl A COMMENMIT C^ CSabnlLi 

r.i^n f]ic^o forcta v*'r} £»s 

•.« til .1 tiK Iw of force &c, &c. 


ANOTiJEli PROOF OF PROP. I 


i03, L i u. denote the two bodies. Then lince ft has no inoticei 
.mmkI f’ {<'J being the center of gr-ttity), it will descend in a straight 
b. 'M i\ Id iil^e iiianuer fd/ Milk fall to G in a straight lino. 

/< o * the si<v*A rating forces on as inversely as /s fs'or 

C« • • ly O’. (1 /fs C/ /*, the velocities will follow the same law and conre* 
( ic)ii!,; I ' jiM ol O (/, O will be dc^tcribed in tlie same times; tlmt 
i . diK iiiiole wA] 'h described in the same time. Moreover after they 
«ri jMh 11 body's ^vill go on togeilier witli tlie same constant vdocii^ 
\ah ^ hklj O moved Uicy met 

biiifx line 



a will move towards (j as if a tone 

A'‘Vr' 

or 

fC vi 

fuV » 

Hence by the n.-uai methods it will be fooiid thiit if e be'fhe diAmice 
At which (t bcgiiis to tb** luuc to Q S 

<l _5 _ T _ 
i' ' ‘ a v' 2 

tiiid if n' be the orij^al distance of the time ib 

+ /*') tf‘k » 

But 

. * a : a' ^ 

therdore UwM arc equal, which has . 
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N£WTON^ PRlNCiriA. 

AXOTHBK Vi«M>r Of VKOr. Utlll. 


^64. We know franv (461) ^lutt tlie center uf gravity raovet aaifiinDly 
in,* ktnugbt line; and tW (lVq». LVIl,} p> and i»' will dvwsribr abent G 
rinllar %nres, « moving as thongih .ictuetril by the loici* 

fi.'* I 

t/* + /^T* ' ®* 

and Q a* if by 

«,* 1 

(/o. 

llencv the cutvea described will be similar elli{m!>, with the center of 
lorce G in the focus. Also i) ivc knew the original velotuies of ft and 
about O, the eUijise would easily Ik: detemunod. 

Hie velodties of /» and ft' at any time arc coroiHi^ed of two vi*lociUe»t 
vu, the progreanve one of the tenter of gravity and tliat ol each round G. 
Hntee having given thenAdle ongtnal veloiitiei requurd to find the sepm ale 
pmts of tkmy 

is a pioblom which we will now resolve. 

Lot 

V, V' 

be th« on(^a] velocities of jv, and suppose theii ditttciionb to make 
with the straight lino m vl tho angles 

«y 

Also let lha vdocity of tha cenfor of gravity be 

V 

and the diroctien of its motion to make with m n the angle 

fjp,, 1 ^ 

Mtneover let 

• v»v' 

be the velocides oS ft, ft' anmnd Q and the eonnnon inclmation of their 
directUHM to be 


Koir V resoIvei^jmrgUd 
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[Sect. 


ind al^o 

\ ' cos. «' = V CO». a — v' cos. 4 
V sjn. «' := V sin. a — . V sun. A. 
J '( in* ki'uiLiplvmj; by ih adding and putting 


/* T = m' >' 


111 


/ V c ft. -f V' cos. a' = (/C6 -|- /t') V cos.a 

' - . - f 

fb V \ ' bin. a' = (itt + y; V sill. « J 

ijng thesf and adding tfacni^ vie get 
At \ ‘ 4 V'* + sJa*/*' V V' (US. («-— -a'} 5S (Aft +y)*v* 

l liK 1 .,I\€S 

• _ + +2A*M'VV^CO«.(a — -01 

(Ii\ ’ >K»ii WO also have 

- _ A4 V n (^4- fJ V'bin. a' 

^ *•'' '/. Vcos.« + At'V'oos.*^'* 

Aa Iron tlio hrsl lour < <pariuns by subtraction we also have 
V to% a — ^ ' u*'). o' =: (\ 4 v') cos. 4 .= V . ^ cos. 

\ bill. « — • V' »n. «' = (*. + V*) biu. < =: V . no. # 

biid adding ihe squares of thesi' 

V « + V • — 2 V V'cos. (« — «n =s ▼ » * 

wlienee 

= rx^- VV'cflf. (a—iO} 

ft » A 

^JV* + V'*~ 2 VV'cob.(«^«')} 

apd tqr dhuuHi 

tm. t B X^-g.- — X »Jn*^ 

V COb. «— \'C0S.«'’ 

'Vl'hciice are known the veloclqr and direction of pirojectHtti criF p idioiit 
G an4 (by Sect. III. oi Com.) the eo&iCMCtkm can tk«(ref(;t^ te IhtMi 
and oomh i ning the motion in Uiih orbh with thatnf tiba wt irt w <n 
wbldh IS given ahovr, we have also that of 

^ MS« Henoa since tibe orbit cd* p round t/ Is atnOat AO^'illk <MdajtS 
jb twai A he dio senikoJs of the cUp.^ dteaba^MjiI&k 



. * ' I 

a, lAd * that ofthe «U^ wkidi k «•/ 

inaiotiaii; wedudlhaT* \ ' * 

A :•:: :#»>{• m'. ' 

M6. Heiiee also naoe an cD^m whose ami''axu is A« is dsaosibwl hjT 
the forte 

y» I 

wc shall have (809) iho periodic time, via. 

'1'— 8A^e _a»A^(» <fe') 

” / >*'* ~ ~ ~ tt'j" 

2e,t 

~ V (/* + (S') ’ 

467. Hence wc easily get Pn^ LIX. 

For if M ttcic to rev<^ve rotmd i»f at rest, its seuii-aius would be a^ and 
periodic time 

rv_ 2Tai^ 

^ - V'/if 

s\ T t T' ; 5 V \ (<h + 

4^e Piiope LX is also bonce deducible. For it (a revolve round 
reatt in m dilipae virboiNi aeniiHudi is u\ we have 

and e^patiag thi« with Tin order to give it the satae time about at ics 
as ab^ttt jS^ in fHotiMiy we have 

A*.: < t 

tHjoor 0? moir. ihiv. 

a fk * ^ 

469. jReg«iovdta«H^iw^tSe‘5iodissr«Sot«i^^ 

Veaytng dinuihj a\ ihi 


i,<'5j#>he dialwi^l^'w *9% •** « 5 the force of /> 



A COMMENTAJ ^ fMi 


[Sect. Xt» 


.•1 ( <■ ' iv.’ 'jivci luralli'l tu E is < 

xo: • 

f 

! s Jsi<t ni luuci t}f«' i'jrce of fib'^ ou ^ resolved {lamtlel to X, is 

. • <t r • n f.i t*!L ro^f of the bodies aiid foi the^r nsgpecuve forces I'csolve^l 
1 tt ti>( , thi 1 aves of coonlin&tes. 

! Jenti. 

^ ‘ = //' (X - X') + //' (X - X") + v\C. 

J -/ = /« (x'— x) + /i" (\' — x"» + &C. 

'i' cr ^ (X" - X ) + V - X') + Ac. 
ik>C« SS 

\VI * il 

-(» + /!»'+ («-"+ &c.)x — (MX + m'x' + Ac.) 

=S («* + tt' + + &C.) x'— (mX + m'x' + &C.) 

*!j + A •.) 3." — X-i m' x' + Su\) 

.A< . ■=: Ac. 

Ol biuti. 

. \ f /* x' f ^ +. Hrc.) X 

Mui cui/idunits of the ceutti of i/ravi^N 

wv ha\e 

d * X 

j|\», ~ ‘Z* + /•' + Ac.' (X — x) 

< 1 *\' 

S= 4- + Ac) (x' — x) 

*J 7 » s= V"* + f*'+&c*) (’i" — x). 

Ac. s &c. 

In like manner, wc oisUv get 
il*y 

d t* ~ <** + ^ + O'’ ~ y) 

(• + f*' + &c.)( 3 ?'~j) 





► fe!.»'&c. ;;■ •.: -'.vi-;;::-? 4 ^*'' = 

^ ■'= . "-..vv • -.'^■^.X'-',:, 

g-jr »<*k.4’ 4'*i«.)^ -4-”»)i ^, ’ 

•d • V • » 

ji-7 &C.) {arl- i) ;■ -: 

d*-*» ’iVs,- -. 'V ' 

at*'* ^ ^ 




•re tlM'COonKie 





— *. 

..' ^ie. Sic. &C. 

&c. when ineosuml rioni the center i^ 
la.jfa^vn nrlrcsdy that . 

'' d « 4 --.x) ^ d»ix 

•:.;';. 4 ?(yL^;--'i'd*y .' 

'i''. ‘f 


.motions 




lp.<«*i^'jptitoe4.liiii'‘4^ ■' ' 

rflirJjM -n.-js— ''ifiij!- 'I'*!-. -_. 



•bout the center of gravity, 
the sonve. But their 
of their orUts, und 


;w any other, ■will be 
boilfyjriletive to a center 
■“"^^{ •fer if we take the 





A comio:ntary qm 


Yi. 


a>)'l bublract them we gSL 

^ ^ = (» + /*' + 8tc.) (X -x') 

iii.J irnilaiiv 

- - = (M + /*' + fcfO (y — 'j') 

find 1 

=S (M + I.' + Ac.) 

jtJf ')ce b> composition and the general expression ibr force 

readily appears that the motiou of ^ about is such as was asserted. 

470. Thus far relates meicjy to the motions of two bodies; and these 

(till be accurately determined. But die operations of Nature are on a 
^laiidcr sLal<^ and she presents lu with Systems composed of llires^ and 
evMi inoie bodies, mutually atti*actzpg each other. In these eases tlm 
Lijiiations of motion cannot be integrated by any mediuds hitherto dis- 
cou>red, and we muat Lheiefore have recourse to methods of approxi- 
mation. ' 

In tins {XU linn of our labours we shall endeavour to lay befosie the 
reader sucli an exposition of the Lunar, Planetary and Gometary Theories, 
as may nflTord hmi a complete succedaneum to the discoveries of our 
author. 

471. Since relative motions ore such only as con be observed, we refer 

the motions <if the PlaneU and C'ometb, to the ounter i^the sun, and the 
motions of tlie Satellites to the renter of ihi ir planet^. Thus to compare 
theoiy with observation, « 

Jb is ’rga/'/rd fo deiennwe the *dahx^ motion qf a ^Ifodkit 
a ioify coHsidn ed as rAe verUcf moltons. , 

Let M be this last body. &,c. bdng the other bodioi bf ^bvoh 

ie reqfured the relative motion about llif. Also let 

be the roctatigulai coordinates of M; 

i+x,n + y,y + a; 

&c.^ 

ik't &r. Then It » evident that 

’ ». y, 

Ac. 
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be the coordhiatai fiW* rafettei to H.' ’ 

tfaedJ»fanoe8ofAjM^»|tc.(voin]llt AeAvehave 

e = v' (** + + »*) 

/=: V (»'»+?'• + *'•) 

f» {'t &c< bang the diagoaalB of rectiiogulsr psniOeloj|^ped<i whoM tSiim 
are 


*,y, a 
X', /, *' 

tie. 


Now the acdons of m, Stc. tipaa M ore 

£ if be. 

and tbeae readved paAdte) to the axis of x, are 

MX M'x^ (»"x" , 

•p “pr* 

Therefore to detenniae ^ are have 

d* 4 ^ MX ft'x* , . . 

~ 

pf 

the ayutaol 1 denotii^ (lie 4um of eu^ «i(pna»ioQa 
In like raatiner to detemane y we have 

g=S fill 

dt* *“**,7rJ 


The ofition ^ M upon m» »«K»lved parallel to the axL of x, and in the 
erntwy directioiii is 
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1 11(1 SO on 

Hcnu il* wo assume 

,::,t:fL + tSL + Scc. 
tel te» 

+ ~ — + -- — 
fi.s tea 

^ StGt 

tea 

&r. 

iiul uKm. r tlic Paitial JDiflerence npon the auppouljon dwt x is the only 
1 uiibk, we have 

(•> \dU g\i ^ ^ 

the parentliesis ( ) denodng the Partial BiffereiXie. Hence the mun of 
all (111 actions of i*', &o. on je is 

7 VTTi)* 


Tit n>.s tlier the whole action opon tt parallel to x is 

»V(? + x)_ 1 /dXs Mx 
ilT^ ~ 7 * ’ 


But 




(I) 


. :il? - JL 

■•jrn ' #» w jT • • • • 

bimilartyp we have 

^=7 O-r'*-'-!? '<»> 

V,‘=7 ■(») 

If we chjng^ sucrobsivcjy in the e^usttons <1), (2)« (Si) ^ qwitS^ 
A Ji jr, a into 

M', A 

'Stc. . ^ 

%dt«Al^hci3isn wh4>«H1unreattdweqt»ii«)*t|jtinotteD«t^J^^^ 



*; ^ to z, by #»', f^ «o on£ i^;iaitb*m |tog«di«f» we ebell b«^^; 

■ = ? (J^ + (jy) t (^) + acc.~*.# 

Biitirince x= 

aii4 80 on in pairsj it wiff M^ygi^st that 

(^) + ^ *€ ^ ' ■ 

jwhence by ini^gti^Vig ^e V. . . 

- (M.4‘ 3f«.iejf^-|' ss c.-r* 

■ .. ' ■■; ; ' 4 Wilt- a? d t — ■ 

'■■ • ' 4 ' ■” ■ •'■■'• ■'■ ••■ ' ' '’■' '•''^' ^ ^ 

fvind 


■WT w n^ w aapw '*■ a : 

• :>;.. •;, ,v- f 




motion of M in 
mV m 7» &C. are known. 






. •■,• - 

V V' ■ ’■ y % •’' 



•0 
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aiiJ on. 

And II' we adrl all these results together, obsereiag that from the nature 
ot >, (‘vhich IS easily shown) 

n'd lhat { IS wi* already know) 

*• « 0 . *• ( j ^) * 0 . 

ha\c 

, xd*y — yd*»_ *.#»x , „ d'y 

— ® 5 r + T 5 - *• '*• 

a.iBy d»x 

~! fl + 

.»)‘I InlcgrBtiDg, since 

/f\ d'y — y d*x) SE/xd*y — /yd*x 
=: X d y —/A X d y — (y d X — -/d x d y) 

= K d y — y d X, 

we Imvc 


I ., = «««.+ 


• M at 


smni 


Hence 


‘*.Ay - „ dx 


I ^ d V 

•» _ — J . I » EXS .*^ 


c b<^g sn ttrfaitiary constant. 

Ifi’ tba same nunner w« iffhre at thih* two jnt(|g;q^ f 


if aodc^ bdng tsto odw^ aridtrary couatanti^* 



ifSWTON’S FRlMdFIA. 
A|ppSr*f w® multiply dwvqoktian in x 1^ 

the etpiatiou id y * * 

18# d y — 8 M 5 ' ^ ' " ' I 
.. ^ . i_ M+i7m 

the equation in a 

it in like manner «e mub^ ^InequatiMia i» V, y't a' kf 


IT 


»* 8A'dx' — tpi'. 






— *y. 


S.xdx 


'B+'xrA** 

respccttrelyv and eo otf ibr fli« rest^ and add dir sevdtal rc9alts, obaerv* 
ing that 

0; 




..(11)=., 


we get 


*•0 




2. 2 , ft 


dxd*X’f<dyd*y <f ded*g 23./ad^ _ »d*x 
• ““Sl + 2#** *<lt* 


, 8s.fi»dy „ ..8&i;#d2 . /*d*r 

^i n-xy -dt« tsrqR/a-^-Ti’ - 

8 M . gl dt. 8 d l^.} ^ 

m S * 

wd iategfatiaf^ we haee ' v' 

_ .dx»+dy‘+d»V./jLJK'^(T.xd30* + (*--®iy)* + (**“‘>')* 
p — dv^ ' — 

4>8Mx~/4.)IV ‘ 

. ^v. , ■^ix^ Hlxf4 (d/-<lyy+(d/ d/; j 


'r 

1%. i^v 




f • 


IV 



\ COMMENTARY OM C$«o». X^* 

HiU/ralk being tlw only one* attiuni&tle fey An atate <# 

«r :tr« o'lligid to have racoune to Mathada of Ajpptaddniation, 
nnd foi <bi , ob) 1 1 to take Hclvaati^ of tba afforded ns by tha 

(oii'ti'ittioii Ml file system of the ^Yotld> One df die pnn^ial of these 
ik (]u<- to thf (act, (hat the So^ar SyatfBt is OMiqiostid ot' Partial Systems, 
ibtmed bj tlie Pinneu and tlicir SateUitefi vhicb syatens are sudb, that 
the distances of tlic baicUitos from thair Piaiiel| are email in comparison 
« Ui tlir distance of the Planet tiNfen the Son: arhence it results^ that the 
acti Jit of ilio Sun being nudciy tho same upon the Planet as npon its Satel- 
lites, thisu iatiir i.tuTc nAa% the same as if they obeyed no other action 
than that of ttic Planet. Bence wc hate remarkable property, 
namily, 

472. /Tir MtUim //«' Center q/‘ Cxiwp&if a Planet and its Satelhta, 
t'> 11/1/ neat ly the same a<> tfaU tie l/oitet formed one m that Center. 

T.it tl (' mutual distancea of the bodies ft* fete. Lr very small 

rin|).irf<l aith tlint of their center of fptmty from the body M. Let 

«Uii 


X -5 X + ;j ; J sr y + y,j « a + »/. 

\ - X + i y' a ) + y.', a' * r + z/i 
4o 


X, J, / beiiij: the coordinates of the center ofgiaviiy of the system of 
1 1 ilf > I , /, a' . Kc. ; the origui of these and of the coordinates z, y, z; 
> , y', r', &r. la>ing at the (x*nter of M^ It js esideut that r,; 

x/. y/, iic. uu tl 1 coordinates of «, /*'» Ac. relatively to Aeir center of 


».*nv.i<. ; ac wi*i -.uppoM. thot, cofipared srith x, y, as smalt qoanti* 
Ill's of iht. fiisi du'ti. Ti is btin^ *** hateb as we know bv 

Mct'lmnirs, tl.i *'>jrix vhiVh sulH(i«i> tboce||Wofgt 8 Vitenftiie 7 Stempanu* 
lei to any 'ittai^hi line, by uking the snni •P’theftdm which act upon the 
liotlus ]<aiallel to tlie given <>u night Una, oioR^pi^*' a y i pet dvely by their 
masses and b\ dtvding this sum by die spnnof thietyiawfa. We also 
know vby Mech.) that the mittoal action of theboAes upon one another* 
dues not alter the motion of the center of giwdty of thw system t aer does 


their mntual attmedon. It itgmfBcienb thawitniei ip esdmedi^die fotcea 
wliicb aniiaate the ceuier of §tK^ of e aystmn,, me^^fp apipnd ^ 
nctioa of die body M whidi (bras iin jiitj urilii ' 'T 

^ Ihc m^ion oFM niaolred ptW ^ 



$OOK£j 


NEVtoifS pai){ClHA. 


1» 


thfe.irtiale «ebter ofmvilgr tMMvSd .(o tbisAtralffUt 

■ line is, thc«fa^ 


V-\ 


"iH*‘** ■ . 

. 

•■ .Sm ,■ 


Substltotifiji^lor .x ind f iheir rAlu«s . 

*■ x 4' X/ . •' • ■ 

** “ {‘,i + X>* + {y 4 

If wr n^ict. siiMdl(]uanUties the sieoniKl ofider, sdUj 

products>r . . ilK','- '*'■ ' 

*i* y/» */! */f y/. a/t atfev 
and put . • . ^ 

7 » i/ (i » + + r*y 

the distance of tiie center ofi^raritj! tre hiftv^ 

* - .* + . ?JL 1 * 4 y 7 / + * a») 

,» ~ ^ *" ”■' 

for omitting x*, y* See., we l»ave 

= (E + X,) X \Qr 4 a (5c X, + y y, + »*;;{ 




neeriy 


= — * ff) ■'*<*»/ + y y, + « *4 

T® 0 ; • ix *, + y 7 4 / >v/ uemly. ■ . 

Again, nutlung auoc«s»ive1y the letters x,, z„ with ^ 

Stc. dadies or ^jpt^ptf, we sltall leive v;ilQe*i of 






But front the nature 9^ tbS nmter of gravity 
. S.MXs't^' S.A»y aslb. a.pg OsJ®' 

we shall tbereforc have- . . . > 


*' a'' 


^^nua '^^'"oento^- -ofrrgniMII 
tbcactioii.df^^M.' 
pl||im%4^ jeofret^.^ 
ibii o i f ii^sInidaciaireWfrilf ‘tti 



thefoniiM^ by. 



if) 


A COMMENTARY ON 


£RBcr, Xi. 


ilto ccnt'jr of gmvity of the aysfeem is anioUKted pnalM- 1» ftoat 
by the sctlon of M, are respectively > ^ 

M V j JM z 

Vt nc tlie rebitm motion of the center of gravity of the 

My.tUii !il)oui M, the cilri-ction of tf^ force which eoUtcits M must be 
«v.;irj^<'(L llih force resulting from the action, ufn^y u[iou M» and 

(1 p:iia11t*.1 to X, in the contrary direction from the origin^ is 

/A X ■ 

It 


s.' 


nc.>j;K'C‘t bmall quantities of the second orders tlii:9 frinetion becomes 
aih r what hfiH been .showily equal to 




hi like: inniincry the forces by whirb M is actuated arising from tlie 
sy 'tf rii, psirallei to the axes ofy, and of z, la the contrary direction, are 

<*) (t)* 

It is thiK perceptible! that the actioit of the system dpon the body M, 
!i \rry lu nri” Uie same as If all tbe bodies irere collected at their common 
teiilt T vf gravity. 'lYanslcrjiug lo this center, and with a contrary sign, 
tl'.c liner- ))recr.ding ^Trees; this point will lie solliriled parallel to tbe 
oi’ V. y .-nid z, in its relative motion about M, Iff the three following 
ti'i'i s. ‘-oil. 

These (brres arc tise same as If the bodies. M, )*', &c. were col- 

'••cti'.l .11 ihc’..- connnoti center of gravityf tcircA cmttr, iherifaret mooes 
luc! siimU ([vatitiiies tAc second order) td if tdl the bodies mere CfJ<- 

ITcnct: it fcilovs, that If there «» whose oenten of gra- 

^it,v arc ^ery distent f.oni each dialiimeea 

ol the luMbos of eadi sy >taip ; thdic tottars bO wov^ ytfj iteivly, as 
if ihc bodies of Hw- the aodoB of ths 

fivit system opv<n t.sch body <^isf||poinl-l!jtt!em 
as if the bodies of tbe first 
ttf^iivrty ; ihe nciion of the first Sj^i^’''^ 

' MCtood, will W, therelbi'c^ bywtial'bas j 
‘potlnjris; u hence wc may oeng^a.^ 




B.>ok L3 NEOTON’S PRINCIPIA. tl 

t 

titfferatt ^em npem their royEWcfttr erdm u the tame a$^dtt 

the hodtes qf each Sjfdfm wne tiet* eeUretfdt and alto tkmt ikete 
motv as m that su^ffasittou. _ ’ . •v 

Ii ik cU.u liiat tins rekdlt kubstat* winder. ^ ttodiM laf 

system fiTc, or oomiected togotliur in loiy way wIiMmr t fat AA ibih ^ 
iual ttciion has no influenoe u]ioa Uhs modon of tMf Mnioioa 0ttk6» 
of gravity. 

'J'lip sj^teiu of a planet nets* th*mlure» vpon the other tioiliiis of tlio 
Solkir system* very nearly the same as if tho Planet and its 8ateUitc% 
wcie coUocUxl at their romnioo center of gravity; and this center iUelfla 
nitracted by the different liOilite of the *Soliir 6}stem« n* it would 4 mi Ofi 
that hypothesis. ^ 

liaving given ihc equutiort^ of modon of a aystaip of bodlea anbiidttid 
u> their mtitual attrartion* if lenmim to integrate them hy ancoeidvt 
appro\im:itions. In di<4 solar sy^Ntem, the cdestinl bf>die«» move 
i) i\ry otieyed only ilie principicl ibree wlneh artt»atos theim ai>4 die jj^H 
tinbing forces <irt inr/iiiMMernblc t we ma\> therefore, la a iirst appmxi* 
nation <otisider only tlio inutiml oction of two b< cites, sell. tta#of a fdaflet ' 
or of a enimt and of tl<o sun* in tin ih^xiry *>f pliincts and eotfusts; und 
tlio mutuni action of a satellite and of Us planet, in the theoiy of sebtlh^ea* 
Wt shall liogin bj giving a rigorous d«^!crmn»ation ctf the mctiofi of terjji* 
mtracUug licidies* this brat approximation a ill cctiuluct U3 to a second 
aliich wc shall inclcule the iiut fKiucrs of rjuimtilieS Of the petl|l)rb^ * 
mg forces; next wo <ihaB consMei the vuimris itiil prodticU of these 
lorecs : ami ccinitnuing th'i process, we shall d» teiitiino the motions of t^ie 
iieavenly bodies witii alt the itcrnraiy tb.tt ob^crvationv will admit of. 

f 

• - S 

rrUST ATWOVlMAIlON ^ 

♦79. Wo know al»\ttily OmU a tw^ly atlwctorf «WP(|» » pojtll, 
by A fiirce THrjinp r<-cip#ot'illv a* ih« kquaro rf W* Wtaiao^, de- 
wribn a oo«w nection ; or fn tin. .oJaiUo motioq ef ihti W*, 

Nl, till, latter body bang fooHidcrod m U» a di- 

rcotion cootmiy to that of tli* actlAn •1-^ ** ^ **“ 

latM motion, ts h MiSat^ towards P, ^ ^ 

dii^natep* M, and a dividad iqMiO AH th« 

hmidteawooimaeA atrafly. U«f OC t)i0,4«dd«ct to die 

tMtefy of the .ysteirtof die wtridkdfp ^ ««•» for repro- 

‘^aattdf^ It lOtdor aiiiMlNr 
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Ij^ECT. XL 

' ii u .n-* riu tl) ‘ x.im^Ls )» 7 into Others more commodious for 
•h • ji.ii'j ^<i> f iK'iiig the dij^tanej of the routers of a and AL 
\ ('*« ni !; i V I uh tbf projf ction of g upon the piane of x, y makes 
♦I I .. .* and iTi rlie inrlination of f to the same plane: we 

I 1 • 

X .-= f D»a. ^Ct>s. v;*\ 

y - f cos. H siu ▼; > (I) 




/ =r 

■ s «Iu. d- 


Q = 

M + u 

, <(xx'+; 

e 

i 

- 

1 a. 
« 

M+ » . 

? • 


v(a^- 

M . /*x 

c!.;*) = 
(".?) = 

J 

p. vd y 

idi)- 

e* r 

M _ i»* 
t 


n u. • ititi.i'' n. ^I), (i*), (3J of iiumWr 471, l>eoomi> 

'• X _ /J Q\ , d'-y ^ .• __ /d Qv 

i' I ~ ' cTx / ' "Ht* ” ^ il \ / * iTl * ” V d z / 

' >. .ii'j'iiiul' .11^ tltc first of these equations liy oos* cos, the 

•.< < 1 1>\ . , »iii. \ ; the third ny sin. I, \ie got, by witling them 

«l . t. tdt* /dQ^ 

.11 — d jr • eok- * Tj tT s* (- 37 ) 

Ji'l l>t macner, inultlplying the ilrfitoft^ above equatiens by ~>;cos.fX 
>M. , tiie M'con J b> ; cos. i cos. v and siding fhem, ttc. m have 

ff * j o 

“(Tt)' ... - ( 8 ) 

A* . u % \mili th« first by •— f sitv, 4. cos. Vj th# second by 

; •). 'Cl . 'll iidding them to the Ihbra midtipUed by cos. A we 
halt. 

* t ’ ‘ d ^ 1 + •••'¥) 

'I'll ix-ml > hr , u'i..i«. ^2\ i3), (♦h ^ bettor adapted %■ nse^ ke . 

1 __ * . 

e oos. i 



Buuic lO 


MEWIWS PRlNdPIA. ‘ 


Aud 

h ss tan. t 

tt being unitj divided bj the prq^iun of the radius | n|K>a the |l|^u 
of X. 7; end t the tangent of the latitude of m hoin Aet Mma {tleiil. , 

If w« multiplr e(|uatioa (S) by |* d v cos. * ^ Mnd iotegrata^ ee get ^ 

)i being the urbilrnry consient 
Hence 

K yrc add c>(miUoM niultipiieil iiy cos. # to ujiNUioil 
pikii by ^ , ne aluU h.! L .'** * 

d* 


y « 


whence 




bab<»tltottiig for d t, lU ioivgomg \idite, kiul makbig d v oaoMMat* ire 
sli dl hate 


A d * u . . - 

+« + ~ 


/dQv du /dQV 

U'v ) u « d V “ h-iJ u UeV .Z 

dtivTv — *" * 




111 the 4iune ««, fnekuig d v eunstu.it» fSjnatioii ( 4 ) witi iNMMme 

• ' •r.-—;7r.7;;7(rg-:^p-v- p 


Now nokuig M <f- ^ Sly wo have (fe Ail cum} ‘ & 

Q _ _ - or - , j , , 

and Ae eriu.ulons (5)} (•}» (!!} wiRifistliP ! r'^ 

, . d » \ ’ 




*•♦**?!► 







A COMMLNTARY ON LSbct. XI. 


i 1 1 < |i' itiun- ui\\ lx* iiK te •■imply deduced directly llM and Wood- 

i I < a Piiy.. \‘Mon.) 

'I ii .u<.i «lc<cnbod during tlte elfinent of time d t, by the prujeetton 

cl V • • 

t til « 2 ctoi ^ ; tbu li\u of equations (8) show that this urea 

t-» I n| oMMtr .li ^ 1 that elenienU and also tliat in a finite time it is proper* 

1 i U) ihf Ihlic* 

M 1 oui iiJtijjrating the last of them (by 188) or by multiplying by 

I ♦ V( 

s 5s y &in. (v — (9) 

j i)ni A hijiig two nrbitraiy coosinntse 

I injil the iccond equattou t)y integration 

“ = )i “(ff 7 ) ^ +"^‘ + * «»•(▼— •)! - - • • . (10) 

o *' rul « bring tMo new urbilrarief* 

»Sul) litiitiiig lot s 111 this eapression^ its value in terms of v» and then 
( i<*( nirob.vui in tho equation 



1 1 V w I J oi ilii^o equation Vdl give I in terms of v; thus we shall have 
' 1 I in iu*jt lions of the time. 

t) 1 nil). .Si may be eondderubly simplified^ by observing that the 
u 1 nin lUs liic orbit to lie wholly in one plane, the taiigent of 
\ lUK iMiniion to a fixed plane is file lon^tnde of the node 9 being 
1 > i! 1 un the origin of tlie angle v. In refinrring, tberefare, to this 
f il ' motion of ^ ; we shidf have 

> T- 0 luid y 2 =: 0, 

ib iri\t 

/ u s ~ + ccttfcfv — »)|. 

i/>.tic>n IS iiiiit of an dilps« hn vtl^ St» pii^ of { k at the 

1< fii» . * 

is tUc seini>axi»>in«jui ishirh we^itliaft^dai^joatii h{y V^*^*ilidkr ratio of 
the eKcecl>'ici^ to t'.c scmi'axisHauijor} apd lastly ^k the 
the perihelion. 1 he tip- uinn , 

d « 



Book L] 
hence becomes 


NEWTON'S PRlNCfPU. 


SS 


.It -**11- 

“* V /4 ll + < “>■» (v — 

D'Mrelope tin second inenibut of this equation^ m « wriMoTtlNS angle 
\ — w uml oi 115 uiultiples. For that piii|ioBe^ no 'aill eonuncuce 
dc\ sloping 

I 

I + c cos. (e — ») 
m a similar sciii.s< K we mike 


' “ 1 + V (1 -O’ 

wc slmll bav** 

^ L f . ^ 1 

l-f-ccoa. (t — ** v'l — i* i ^ l + j ^ 

c bcintiT the mimlxr wiio^ h^perUJic is unity. Developing th^ aecond 
member ol' tbi6 tciUsUmn, in a '>orics; tiann^ly the firet term relatively ' 
topowcib of V— second uim nlntively to^powere 

v'— I c ibMitutinft, iiibtead ol u>i.ti>ni«iy uxjKineiuuht 

their exptesbious iti tenn^ of suie aiu^ <o4rs( ; wt diull find 

I + t cos. (V — tr) j — c* ^ 

« 

{1 — S/.a> .(\ — i#) + 2\‘t'os.2(\— . «r^— 2 a.'coi.S(v— w) 

1 J 

Calling f the second member of ibis rquuiimn and nialtiog q fit fi 
shall have generally 

^ ■ 1 . ±c- — 

|1 + e»us. (v— 1. 2, 8 . • . . » wToIp*' 

for pntlii^ 

JP — ^ 

H -q+Tl 

R being ss ooa. (v — •-} 




A COMMENTAEY ON 


CSmt. XI. 


? \ 

8. S....ni 
“ d q“ ~ (‘J + 

‘ _ q»+' 

1 ^ 2.3...m *■ (q + H)“ + * ~ 

1 

*■ f I + e cos. (v — • * * 

1 icncc it is eoby to conclude that if we make 

{I +ro tos.'7v.^*)j*® ^ ^ 

n + £*•>. COa. (v >— w) 4 . E<**c<m. 2(\ — •) + &C.J 
0 shjill ’lavt! gpn<*ralty wliaievpr be the oumbcr (1) 




th( si^is + besot; used according as i is even or Odd ; supposing there- 

ioiti iliat u = a~^ V m, we have 

udt=^dv{I cost. (▼ — w) + E® cos. 8 (v*— w)+ &C.J 

aitd iiitegiatiiig 

u * +t sr t I sin, (v— •> + } E‘» sin. 8 (▼ — ») + &c. 

< bking an arlntraiy constant, lliis expresdpn for n t + « is very con- 
vergent when the orb.ts arc of small excentricity} such as are those of the 
1‘bnrts and of the Satellites ; and by the Rerersion of Series we con fii<d 
% ill tuTOs oft: we sliall proceed to this presently. 

474. When the PIa<ii I comes again to riie same point of its orbit, v k 
ougmciitcd by Uh' ciictuniereocc £ <r; naming UieieCore T the time of the 
whole revolution, at have (see also 159} » 

_ 8w_ S«a^ 

, n ^ V m * 

Ibis coiAd be obtained unmediatidy irom the expression 


I ^ 

8 area of Bttipi 

b * 8 m 0 (i —♦''h*) 


- 8 * 

— K7. 



Book 10 t*iaMCIPIA. 

B we neglect tlie inasMS'of tUe plauiU reWvd^ to ihul of tho ma w« 
h»e , 

V ^ sr V M * 

«buli will be tlx same Ibr all tlw planoU; T is tlM>«fiHW|Sto|Mrlioi|Bl4a 

w 

tlifli- hjpotheo\ lo a s »nl vonsequmily tlw vqtMtfs ftw Peviods «M I# 
the cubet o( the. miyor axes <>t the orl»ta. W« toe «tM> ditt 
same law holds with regard to Uie motion of the sateUHes wNHntd thitw 
planet, proviued tin ir mass<‘k uie also dcoinod incomndonibl* jtetmwred’' 
with that of ihe planet. 

4*75. The equal 'ous of mition ut tlw two bodies M Mid /s e|^ be 
integrated in this inanner. 

Keswnuig the e<]u iiion> {1 ). (8), (S', of 4J1, and putting 
have for these inu bodus ' 


^ d \ , m X 
®*dt + ■,*' 
d'y my 

dt* + t’ 
n _ d ' a . lu / 

0 ss, -rrT + -pr 


dt' 


(0) 


The integrals of theau equations will give in fandions of dw tbns the 
throe uooidiunUs X| a of the body ivfcnod to tlic ccutor of Ml tftf 
shall tlicn havi ( 1 71 } the LVKir.Imatrs f, ti, / of tl>e body ^otnid tP# 
fixed point by mean* of the ofiuatiuns 

a \ 


X i 


^ SL ail "f* ll t — 


III 


H = + 


y IS a'' + V' l — 


m 


Lastly, w« shall have the coordinates of 
pointy by adding x to j to ll. and ^4 1 

tive motiaii of ^e bodies II and Ok ond 
4V6. To intogiate the equaliqiut (0^ wo 
ti|i4 (ii).v»Mible» « . J , . i^w 


Ajri|viaMlt'#ked ' 


is Sni^tiBd coBstanL a nuiidxir it of 

- dtxto . * 

ha/ttkm of tiid 



if.rMtt 



A COMMENTARY ON 


rs A COMMENTARY ON CSficr. XI. 

uii'i ] ‘id to (*.« rjiiaulc.^ x \ \ &c, tiiat is to say, such that they 
I i[i \))', ^he)i ue change any one of these variables to any other 

I h? II ( ,))ioi:i>I\ 5 Ml] pobe 

A -zz H X + + 1 ) X '»-"»+'“ + h x^®>, 

\ *’ =L a ' V «"»■*'' + b X + X®. 


^ — I 1:7 j * X + b X • • • # • ri" h X 

.1 , ]i .... 1 b<% 8tc. lieiiig the arbitreries of which the 

till nlur i (n — i). It is cltar tlmt thebe values satisfy the proposed 

,) »n 4,f I i]u »tions : Moreover these equations are thereby reduced to i 

f,us#ti<»n » involving the i variiibles x b x Their intcgralb 

;\iil <ji(i(«tIiicL i * new arbitraries» which together witli the i (n — i) pre 
4 li ii<* lUM s will Ibrrii i 11 arhilMries which ought to give tlic integration 
lit Hi»‘ (‘(juallons pioposrd. 

J I'T. 'To aiqdy <hc above Theorem to equations ( 0 ) ; we have 
•z =z ax + hy 

'ind b Ik jig two aibifniry rcu'stanis this equation being that of a plane 
})a^Mitg ihrt. II ^h the origin of 1*001 dinatcs* ; aho the orbit of /a is wlio^y in 

fllU pljlK* 

rin- e«ii' 4 iH* 4 nb ( 0 ) give 


AUo since 


0 S II (f*. + md X 

0 = d (-’-Ttb + "*'*>’ 

« s d (f*. 4- m d 2 


lU' 


and 


- x'+ 3 * + a!* 


{dfssxdx-fydy-fxdz 
and difiereuUatin^ Iwice moi^ we lie\-e 

?d'j 4 . 3 dfd*f=:xd*x 4 *yd*y + td*a 

+ 3 (d X d*ii: »J- d y d* y + d a'd* *)? 

and consequently 

SttbstituUng m the scoopd Netshor cf iUs y, 
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BtK)kI3 NEWTON’S PRINCtm. t» 

tlieii valws gUen by equations (O'), and d* x, d' j, d* a thiAir \a)iioa » 
g»en by eqiintions (O' , »« bliall 6nd % 

<> = (f ' + »» d (). 

It we ro*np*»rt. tMs equation with oqnatiois<« (0')i we shall Imv^ in viriiio 
of iheprecctlmp; Thei>reaH h\ consideiiug ^ 

paiticuiar ^.iiublcs \ \ , x w, and f a» a funatknt of tha dsnci ^ , 

dg^sxdx + ydy; ^ 

A jud y b«Qg conkt<int»: and iutegratuig 

-^ + + yj. » 

h * 

~ being a constant. Tluk tiiuatjon wombiLed with 

/ sa a \ + b y ; =i X* + y* + f « ^ 

gives an equation of the second degioe tii icmis of x* Vi <Nr in teitni of 
Xa V, or of y, / ; wheuee it h>ll(>ws that the three projections of Iho eorve 
dascribed by /<• obout M, aic lIiieK of the iK^cond oidti, and iliarefere tlial 
die curve itself (lying in one plane) is a lino of the steond order t>r aeocifo 
section^ It is easy to peiciiv*. frOin the natuie of iv>iue sectiotui tbat^ tlMI 
rjchus’^vector ^ lieing e xpresaed b> a hiiear tuuniou of x, y, thia odighi of 
y ^’Mght to be in the fixuss But the equation 
h* 

f S5- + >.x + 5y 
giv«8 by innin. of equattous ( 9 ) 

..... 

Maldplyin^tfii* iy At and integrating w* get 
a’ boiqg AO arbitniiy oe&j^t Heoee 

.... , . 


dt ss 


wB «i»» t a 
weR btnre tlniisoonai 



A COMMENTARY ON* [Sect. XL’ 


I M = lunslant, he au intvgnl of the fint ordtt of equetione (0)^ V 

11 if' 111 >iun ot X, yj a» j * » g-j - , 2^ . Cell the three lest queotities 

) . / 1 1 < n V = constent will give, by teknig the di&rentiel, 

/<lVv dx /dV\ ® 

” ~ (<J x) • d t \dy) • iTt + \d’z ’ * d t 

dx'./dVv dy' /dV 
+ idx'J * 'dt W>V * di + vd'W * <it 

I' II OJIMthlT.^ (O)giTO 

tl m X ^ my ^ z' m / , 

ilt - f*' df- "p' 'dt “ ’p * 

lia\ tlvercfoie the ^{u«itioti of l^ual OU^encds 

»=^(rj')+»'(4;)+-is 

It II I vuU nt di.ll tverj' fuiioioii of x, y, z, x', /, z' eh.tli, when «ib- 
t.tinuv'd lor \ ui thu equation, 6ati»fieb it, bcconitfs, by puttuig li equal tu 
on Aibiti u 1 onnstaiit, au intfgial of the firat order of the equaUous (0). 

‘'UJIIHIV 

V » u + U' + tP' + &.C. 


I btiiitr a fuiu tioii of X, ) , « ; U' tt iunctJoii of x, }» v'y y', z' but of the 
h\>*{ orvK i uiativvl^ to x', ; U" a fiinuion of x, z, x', y', z' aud of 

till* sciomi onloi ul.itivcl^ to x', } • X', and so on. Subsutute this \ahie 
v\ V \n tic 4 juuion and tvnjparc 8C|fardtuIy 1. the it-rms ivithout 
x^ V iZ'; S those \ 4 h 1 ch coiiUin vlieir first poHors ; 8. tho<»e uiTolving their 
squares and pioductsy and so on * ond wc shall liave 



whiOi fiwr eqnations call (I^e 
* The integral nf the ilixi of them is 
0 ^ fimct 



Book I.] NEWTON’S PBlMFIA. 8f 

Tlie value of U' !• luiefu* vitb regsrd tafftm it 

foim <* ' ^ 

I' = A (xy' — yx') + B <»«'•-.**')+ W(y»' — *J0# ^ 

A, R, C being aiiiitrary coutUatii. "UaAt \ ^ * * *' 

U<iec. «0s 

tiu ii tlic third of the eqaAtioiif %i)3t becom# ^ 

'i'lie ptceeding value oi C' outisfiei aim tim agaallMi. 

Again, the iburdi of the eqaatMOS (10 beoou<ea ' 

of trbicli the integral ie 

U" s= fiinct. (x / — y x', X / — / x', y - 2 r'|«‘ 

Tliik function ought to «iti<tfy the second of equaitoiw (T), and dia ’ 
member of tine e(|ualhin mnltipliol by d t ia evidently « <]tial to d ‘BlC 
s«‘i.ond member ought therefiwe to be nn exact difleientud of 

y> z : and It It eacy to parcalvc tliat ve eball mtisiy at oiMja aikp^\ 
lion, the nature of the fittvwton V*’, ano the auppruiltion dial thb ’ 

ought to be of the oecood etdOii by making 

U" s (Dy'-.EO.'t^y' — yx0+ (D*'- fxOOtxr — " 

+ (E^ — Fy’^(y^ — *y) + Ofx'« + y » + ar«)i 
D, F, fl itaag aibitniry eoiutanu ; and then g bung ar 
nc have ' - 


U»-.2(t)x + Ey + F» + 2G}} 

Thus wa liave^valiieii of 

and the equation V xa ttmafatit will become 
conatm- x+E y^ •0}4(A'4‘'I> f *)' 

•f D r ~ F x^^ a ^ f 

.f Jl 


Thia equation antWIlm 


wlbtever fiuy be difL j|^g|gfii 

“ * ‘•fly 

W ^ ^ OL tC if J 


<0> 


4 


12 


\ C JMMENTARY ON 


[Sect. Xf. 


\ s!i. » i\c fhc inff 'r ila 


Ct' 

— ^ t' — 

j m d y* 4. d /‘■I 

t 

le dt* J 

} +* dt* 

f m d \ ‘ H- d r* 1 

1 . X d X . d y 

1 s d’t* ~ 

f + d. 

Cm dx* + d y*' 

i , X (I X . d / 

t ; ■ d t' 

1 + TO 

8 in dx* + d>* 

+ d /• 

-,- + — di* 

t ■* 



0 -( +. 


( ^ ( n f f ' and a being arbiirarj constants. 

J lit ( 0 ) can have bat btx distinct inUgials of me first oulei, 

I \ I . iiiv ot \(huii| it SVC eliininit^ d si, d d 7 ^ wc shall Imvo thi tl)>cc 
V <h*< ^ s, y, / m functions of the time t; we must therelorc base at least 
oj 1 ol the integrals ^P) contained m the si v otlieis. AVc also pe»- 
i It I jnoitf that two of these ititepiah ought to entci into the fi\e 
oilier In fach since it is the eleirieat onl^ of the (ime which cn 1 rr> 
il 0 iiiN <riais they cannot give the saiiables x, z m function^ of th< 
111 ',1 d thf nlore arc iQiinffieient (o dcteimme completely the motion ol 

h ml \T I el IIS examine tiow it is that these integials make but five 

II ' lut Ji 1 i^ials. 

It HO 1 uJiipl} the fourtli of Uit equations (P) by - - X" S , ^nd 

X d z z d X 

i* i’h I lodi'it to iht‘ Mh iirall3pli<id 1*®^® 

, xdy — jdx *d*—- idx yd*— -*dy 

Mihsti^uu If; I u — 2--.— .M , their 


, U — r TTcrt ^ Tt ^ 

laliKs cocii ;\ ti ( line' first of the shall have 

I'liis cquatiou <nt<rs into) the sixth of th6 iategrak *1^ hy JMhfaig 

s ^ *— « O^fcT— ■f'4/-J.Oc. Aleo the tSeth of 

integrals lesults Goni die fixe f>n.^ audthe^ whjtfMfiee o', «*t 5 f» f" 
are connected by the prucding eguatunt. 



io 


NEWTON’S PRlNtClPlA. 


¥ 

h 


; t If we take the eipiem of ( f" giton o^ortioiM (P)» 4lM|li ||i9[' 
dhto tqgedier, and inake P •f 4* 'if?* ^ have, >; 

but if wa square the vitluoi ofc^ h'^ ff*i by t^ Mime eqtg^miit. Mii 
make c* 4* o'* a li*{ w«.get. ■>'Z--' , 

die equation above thus becomes _ 

* « _ «J + d y ^- a it* :. ,« m m» — 1» : 

0 — ^ ’ ■ ■■• ' »- '• 

Comparing this equation with die last of .eqmtioiM (P)» we all 

the equation of condition^ . . « ' 

in*-r*l* m 




Tlie last of cciuations (P) consequently enters the six firs^ which «re'‘ 
themselves equivalent otdy to five distinct integrslst the seven arbitrary 
constants, c, c", o'', f, T). P'« and a beii^ connected by thte two preceding 
equatioiis of condition! I^j^heniio it.'|b^to -that we dtoU have the - most 
general expression of; V, which by taking for tliU. 

expression on arbitr^-fiMtiti^ pf ibe iwbm itf c, cV<s"> nod f, given 
Iqr the five fintof.^ dijiwtiqM (^. - ' 

479. Although iiitcgralii an inknifidieht for the detarmin^on of 
X, y, z in funcUous of the time ; yet th^ determine the natdre of tlie 
cniw deBaflbe4'’b3f^fl3tilti O^. ^ we multiply tiie first of the 

' equatiopa fP) ^id add the 

««***% V--’ ■!■' - 

the agt'S^iOs to: AtifJkSt ritihH ^‘’OOhSt^tB 

C, &, 


dM'ibii##'' 


*w> 



^y, and 



V « OMMfcMAKY ON 


C 8 itcr.XI. 


- -* + y’ 4 

I , 7 iiti <1 •' uiiom. the origin of f being at the fecua. 
j , ^ 1 J loine* iiisinbc tl.eicioro lound the sun very nearly 

, , , liitf ‘MU ht I’ 4 lu < ii»* of tlu low; and these starti so move 

I II I iiiiii ( ( s (K ■>< I I nicis p.o] oitional to the liinea. In fact. 

, I 1 >t» I* 1(1 lePial aii<;le ituluf'td h^ j* j 4 huVe 

a ^ + <1 > 4 «1 ' - g* d V 4 d £* 

t I I I ii 

d 4 dy*4 d/’ 

ill “ “St* ” 

Nl V* = J* tl t’ 

, h l1 1 

•I V ^ 

a 

t f< > (< ^\( SO t'i. t i a «.'< nu iital area i dvj described ^ is piopoi- 

\ 04 1 to 0]^ tk TjOht ot tmif \i rnd tne aiea dcbcubcd in a finite time is 

I leki iMopoilioiiil t(» tliM iinsc. e soo also tkit the angular 

)»)< I <j I f I t M, 1 at cvoij p< »ut tlu oib^t, as , diiil 

^ ti/i f V u tf iul e "t; / s' // / 7ovf / idiji uUly mallf M 

* i , / / <4 s of if \ t nu o\ Ih* ! ^ s (f the planets 

i f i / , t ( iffa 1 1 1*01 *s f f n oti/i «• 

I' <it r its o( rbe «• tioii lU^diLc 1 b\ *ire ibc aibitraij tonslanis 
of <i iiuHioi Mit <iiv fiMKi on^ ot ih^ aibitrarios c , c'\ t f', F', and 

S I . I 

. 1 1* f M U« t« r i| R tM« I IK tlons. 

11 

1 » t iht ai vliii.li ilio intorsecticvi ul tlh pliiies vi tbe orbit and 
of (X, \ ^ I mKo % di ilie a\Is of x, thia inteisecUon being called tbe line 
of //( / 1 It4 , aU«> let 9 be Clic iurlinaliim oi the platies. be tbe 

iAHMdir'itrs oi tf Co die liiK oi tbe liudes as ll f axis of abscissas 

thdi Vi ba>e 

x' == \ < os ^ + } *^111. i 
j' -u j ios J - x sm. 0 

Moreover 

7 » ^ (in 9 

^ / s= j ros. t tan ^ x sui 4 taxu 

Compaiiitg tins i-quata^Mi uith the foUovuig one** 

O^c'x C'j-fC2 * 



v' 

t' s) utm, if tgtkp * <•', 

sstiAa. 4««kV 

’H«MW 

c" 

tan. i ss 

c 

and 

un.f^.tSC±^:3. 

c 

Thus .r« deteniun.d tlie positkia of thejaodasuid Ui«.ittdUaatfaMof the 
oibii^ in ioncticnu of the .Thitnoy oonstantt e^ «/| c^. 

At the pca^hdion, we hw. 

orxdx + ]r<l]r4‘V*ie~0> 

Let X> Y, Z be the coordinates of the phmet atitbts {•oiiit; the fourth 
and the fifth of the equations (F) will give 
Y f 
X * f * 

But if I be called the longitude of the ptojcction of the perihelion upon 
the plane of x,y this louj^tade being reckoned from the axu of x> we have 

^5 tan* 1 y 


F 

tan. I s f • 

* 

which determines the position of die nuijor axis of tboj 
If frmn the equation [ 

t d X* 4- d y* -i- d Z* e*d r* <jESSr ^ 

f . ' • I(J ^ ' * d t 

we dininate hy meaus of fba the equa** 

tioo* (P), sm t^aH'lhnM A *" 

but d f ja 0 ah of die axis qiajor ; we tluNififtt'httve at tiie&e 

"'V-,;;, !•_ . ■ ■ -t 

'^,SMI «f the twoitlBlilMv otg iddAis %iMio^ b ^ axis major, and 
b dotfole t^exneptiiii^y ; dm a it the scmi*axit major of 


«r#» jpew dbdRii^or ^ foam M t end 

; 

* ? 



A COMMENTARY ON 

l1] i Ilf (.•I'tlii rvceiitricit^r to the senu-axis migqr. Let 

-=V(‘-s-J 

t III dll' I ^ Hk above 
ni 

a n 

VO ;ret 

m c s: 1. 

j liu<i ^vo Knoiv all the elements which detennine the uaturtt of ihe ooiiie 
^ i.ji; iii'l I'j position in space. 

p >) 'i'liu tbiet linitc ci]natioD» ibuod above between yi x and g give 
V . in lunrtions ofo, aiul to get theae coordmates in ftmcdona of the 
lu ii is sufliucnt to obtain ; in a nnulor fiinrlion; which will retjoire a 
II \r tilt rratum. ho: that putpoae take the equatioo 


u "*S* 


Ulit vv< Imve Lbovc 


11- = ^“ (m* — 1») s om(l — e*); 


d t =s 


'vhosfi iiifegTsi! (287) i$ 




Vn.^|2j-L*--.a{l-e*)} 


“ ^(tt— e8in.u) 


(S) 


u being = coa. and T an ttbitraiy constant. 

This equation gives u nnd thcrefoK ; in terms of,t; tad slnee t* y» t 
are giv 'n m fiinctioas of g, we shall liave the values of the coordinates for 
nm instants wLstever. 

We have therctorc (’omplettiy iut^nted the equatimia (0) of 4t5k tad 
thereby introduced the nix arbitrary eonstonts a^ e, I, and T. The 
two fiist depend upon the r..ilitr< ot the ortnt ; the three next depend npoa 
its {lOkition in spacer and the last relates to the position of dts ^>0^ * 
at any ^ven ej^ioch ; or which amounts to the same^ depends 
instant of i>s passing die }ieiihelioii. 

Referring d.s coortKnales of tfa*> body ft, to such as aitelillOtatoiaBidfflWta* 
for astronouttcsl uses, and for thatj numb'g v the angle wllidk'die radtuiio 





H 


pftlNClPlA. 

rwtHM ittdcw whk the ini^ Mi* lettii^ out from the pei&dhMtf frw 


to the dl^M fr 

od - o *) ' 

* I -hTiim v’ , 

Tho oqumioB 

{ 3= a (1 — e 001 . «) 

indicates that uia Oat the perifaoiteiii aoTthattbik point is the origin of two 
angles u and T ; and It is eaqr lionm to fioDcIode that the angle u Is ibrmod Iqr 
tlie axis major, and fay the radius drawn from its center to theptnnt where 
the circmnferenee desrribeil upon tlie axis nuyor as a diomctar, la met bj 
the ordinate pasdng tfaronj^ ^ body a at angles to Uio axis luiyor. 
Henoe as in (937) we have 

^ V 1 1 + e . u 

5 = Vii ; ■ 

We theteterc have (makiug T s 0, &c.) 
n t s o — e sin. a 
{St ^ (I —ecos. o) 

atul 


(0 


1 + ® 


tan. -g as 


n t being dte JUieoff Anmaltft 

n the Exeentne Antmudj/^ 

V dbe IfW Anvmab/. 

'fhe firstof these aquationk gives n in terns of t, and the t«u others 
will give { and v whan n aMl be detmnhied. , The equation betwc'in u 
and t IS transcendental, a^ can only be resolved by apinoxiinatioa. 
Hap]^ tlimcircuinstances^tteqdlng' the motioiu of the Iteeicniy bod c< 
present us with rigad sfiproadhuitiMs. lir fact die orbits o£ tho stars air 
mther nearly circular or nearly ponbolicsli and in both rases, wo tan de- 
tenddne n in fenHs of 1 seilas vfty convergent, which we now prott>c<l 
to devdopat For dds purpose we ^udl g^e some general Tfatojems 
die redocdCn of fiiftedons into sedoig, wbidi win be found vcij luc- 
ifrer. 

I<ttubeaiqrfiiqpdtA4d||||g|mnf a> nliicfr jpropos«> to devt* 
n swiea p aooeadh t fr W dw,powan of a. BcpreseiiUng tins 

i*.,’ ■ 

* 




A COMMENTARY OK 


qt , cjo, &c. Uin^r qiiQiititics independent of c»i it is evident 
u will become when we suppoee « s 0 ; and that whatever n may be 

= *•^••••“•911 + *•*••••(» + i)««*q«-n + &«• 

t'.e <jTrrc )ce (|p^) being taken on the sopppaition that eveiy thing in 
t \an« ^ a. Hence if we auppoaeafter the diffixrentiationai thato a 0^ 

•II tlie c^jyf ^-lon we have 

/d*^ u\ _ 1 

r. 2 ‘’. 

i is IV Mialauiin’ft ThiXirem (see 32) for one variable. 

A^ain^ if u he a lunclinti of two qaantities a, let if be put 
a = u -f qi.(, + a*, + Sca 

+ +»«'• qi,i 4 “ &«• 

+ qo,» + &c. 

tiie gciieial term bciug 


Tlioii if^joip rally 


M d « "/ 


denotes iho ^ii + n'/** diffeieuce of u, the operition being performed (n) 
times, on the siippos.ijon that a h the only variable, and then times on 
that of a being the only variable, we have 

= <!>.#+ q^o + S«*.q%o + 4 «*q»,« + 5 «*.qj^* + &c. 

+ qi.i +2'».«'q<,i +Sa*«'q5,, +4aVq^i + Ae. 

+ O'' * qj,« +2«®'*q4» + &c. 

+ •' 


(3^1) — *‘J'.» + 8.2«qji^4 + 4.Sa^q4^A<f 6. 4 ® * qs^q &c. 

+ ® q*,i + 8 . 2 ««qj,i + 4 . S«* 4 q^i + &C. 

+ 2 «* qq,t + 2 .Sac»‘q,l^, 4 . &C. 

4 > 2 a* Oka -4 & 6 * 

/■ tl*« \ WT«*«» 

VcrCTiJ=“ 

' +24 + &C. 

^icrnidauing Uw procew it will be found tint ^ > 


qi ,8 + 2 ««'*qbt» + &^c. 

+ »'* <ll,4+&C. 













\ ^•^•'■*r#;;..ii;k^ 4i;Ua>'. •' 

^,4^.geiier«IIytJf ttib<i.«faneil9a.o^.%;^'ait^, Jg(^-«itA i|i Aemlqp^:*^ 
>.^yiwy», iru^ eoaffldentdfa". tf*>'.V'<^l>edeaMidLliy4^ 

„ ... _ VffTCWTTT'wrsS) y 

“ irs~rii>rs:r“B' x i; a . .: 

This is Maclaorin’s Thaorem made geaetal* ' . ; 

4^2. Again let u bc^ny function of «•}■,«» t'+ni, 'Ky* .Ikcu^j^^ 
put ■ « , ' . ... 

U :?: «> (t + a, tf 4< #, t" + «". dp.)f 

then sinoe t and a are siinilarly-4wii^ved it is e^ihit that 


.'f •Vvv*' ■ *^3 


&c. = s 


' * %• (*) 


d n+<+"^ 4 -*«« ,11 V / d ®^^'.*^*'^****^ e U \ 

a^73 ^ \irrcT?^'r7^ 


and making 


«, di ss 0, 

‘',|i'V.' ' r. ..' 


by (2) pf. Urn preceding Biticle we IftMlk , • •^’- 

n _ ... 

q ^ 2. avTITiTic & 8 ... . n®x JiT. ‘ ‘ 

■ tfliich ipvM i]njj^C TbeoMiA ^ dl its geneniUl^,(aen 82). 

... Hep.cewhen .’ ' - “ ' 




and. iie-j 


8c\8i> e c^iii^i|4^*C 








inftiiK 


■raJilRl.' Ac. and of 

equadon.ciF 








tC t, ,f, &c. 



40 A COMVSNTABf Xt. 

y 1 

coliiag It !•' wlirn far a we put « or make <4 4 , e^» BCi tV'O; k irtMdant 
«e have * * 

_ _ 4 ^T * 

qo.a'.a.u) ~ g. 3 . . . n x'S> 8 • • ^ 1 kc. 

mid tbercfore the law of die aeriea derdc^td. 

For inatanc^ let n, insteed of bdnt ffiVin Ippoidi^My in terma of 
and t, be a Ainction of x, x itself beiig^ dedodUe fi«D the eqiiadan of 
Partial Difibrencea 

(r:)=^(lT) 

ill whidh X is any A2n<$tiou whatever of x* That is 
Given 

u ss fnnetiun ^x) * 

' 

to develope u into a $etiet ^oaotUnji ^ thepoutn a. 

Flist, since 

•••Cr.)=(=^^") w 

llcucc 

fe) *= ("cu'^r)* 

But by «<]uaUon (L\ changing a into / X d u 
/d../*XtIux /d./X*duv 

./d«UN_/d VX« duv 

"KAmO^K TP )' 

Amin 

/d»nx_/d fX'dux 

lefTs;*rii«;at*V' 

But by equatum k, and ehanghig u into / X * d u 



' a 



^ ^ __i| 

v'«Dd,ra|iM^tiito ^ ln'''3^pi^ «| aqii|^;i^^|i^^'itibal I^ISiDe^ 

' and tt K^GCtiYdy. llmt v« ahi^ '"' 


U3rO*,-l3Ks#r|f^,, 

• “ ■ -. ' ;. i tV ii-! . 


^ ® snrrmrrrf^. ' .;•% .* v ;.•:■* ^ ; .; •:* '* 

which gives ' *. j , s . .. 

d« i*-’ ^ ' 

o = « + « A' . + 2 ’^ — "St ’•* £5 Ifee. .,. . (p) 

whicli is liBgrange’s Tbeorcou 

To determine the valite of x in term^ of t and a, we raustioti^paU 

(j|)“*(aT)- ■' 

In order to accomplish .tbU object, wc have 
nod sabstitnUng 


we shall hove'. 


, a X ss (^)^4 1 +- X d «J 




li! 


A COMMENTARY ON 


[Sier. RL 


X = (t + « X) 

x' = f' (1^ + xn 

x'' s: f" {IT + of' X") 

Ac. = Ac. 

4<-'1 (/'r ra.!' ) 

u = n 1 4 * e sin. u 

ifijiu'^d to di.\<’’ofie u or anj/ Jmettem ^itaeeordtng to tAe pcwert of *. 

( (>i.)paru]f, ibc alMive form with 

X := p (t + • X) 

X, t, a, X bctomo respectively 

II, b t, e, sin. II. " 

Kcni.. tlie fcrniula (p) 463. gives 

y(iO = v(nt) H- es!/(nt)sm.nt+ - - — j-j * 

^ ii.r 11“ dt* w 

4' (n t) being =: 

To farther dcvelope this formula we have geuwrally (sec Woodhouse’s 
Trig) 

sin.* (II 0 r= ( ) 5 \« t) = ( ^ }i 

c Itciii&r thv ilH>lic and i any number wliate^cr^ Deveioping the 
aeaiiid niombi i s of these equations and tliun substituting 

CO*?. I II f — 1 bin. rut, and co^. r n t — I sin. rut 
for c ^ *•’, and c r boiug any number whatever, w-e shall 

have the powers i < f -i i. u 1, and of cos. u t ex}>teB5ed in sines and cosines 
of n t and iti3 nuiltxpli'b ; la mCO wo /ind 

P ss sill. II ( + ^ sui • n t + ^ ^ suu ’ d t + &c. 

38 sin. n I 5 ^ . jeos. 8 n l — 1} 


s-Xa^ * ls“- 3 “ ‘ ‘I 







booki .3 mwrom d 

— Btc. 


Vow multiply this function by *4^' (n i% and ddTcrBtitiatc each cf ^ 
terms relatively to t a number of times indited fay the power of e which 
multiplies it, d l being supposed coxutant; and divl^ these dififareiitiala 
by the coi responding power of n d t. Then if be the sum of the 
quotients, the formula (q) wilt become 

>>(u) = <4/ (n t) + e F. 

this Tncfhod it is easy to obtain the values of tbc angle n, and of 
iht. sine and cosme of its multiples* Suppi^stng lor esainpio, Unit 
4^ u ss sill, i u 

we hair 

4 (n t) =: i cos* i u t* 

Multipl} tlterefore the preceding value of P, by L cos. i n t, and dove* 
lope the ptoduct into sines and cosines of n t and its malUples. The 
terms multiplied by the even powers of e, ure sines, and those muItipUisd 
by the o<l<i powers of c, arc cosines. Wc change therefore any term of 
the form, K e*’’ sin. s u tf into + K 0 **“ sin. s n t, -f obunning 
Accoiding os r IS even or odd* In like maimei, we change any term 
of the foiin, K + * cos. s n t, into ^ K e**^^*. sin. s n 4 ~ tir 
+ obtaining according as r is even oi odd. The sum of all these terms 
will be If' and we shall ha\o 


bill. 1 u s bin. i n t -b e 
But if we suppose 

'Ktt) « u; 

• tboi 

ami fay th« aamaiMrocfBM 

e s 

u sa a 1 4 ^ e ain. tt t 4 gr ^ ^ ^ 

A* 

4 ^ S a t ir> S btW at} 


>** *. dn. 8 ivV*- 
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f 

n fonn^a t* Yih i xpe^w the Exceniric Anamafy in term qf the Mean 

An ‘ i ahf. 

1 hi- ^cPe> is \u} ionrcrgent for the Planets, Haring thus determin- 
« d u foi aiis invtanU could thenee obtain by means of {287h the, cor- 
ji -.iKiml nr ,aluc«. oi e and v. But these n£ay bo found directly as fid- 
‘ ) V'!, al-o m (onvcjjiciit strie*. 

i ' \ lit qim id io i q>rcss j tn tmns qf the Mean Anarnaljfm 

My i*c ho\v* 

f r= a (I — > c cos, u). 
rii(* tfort if in loi inula (q) we put 

vj^ (u) r= 1 — e cos, u 

( ft iVC 


v' (ji t) = e sill, li t, 

ii vl oii‘‘e»^«uilIy 

I - » cos. u rr 1 — e cos. n t + e * shi. * n I + 


e* 

2' 


d , siiK ^ p t 
n d t 


+ &c. 


tIciK<'5 by the above piocoi^s, we shall find 

0 e * o * 

' sr I + — e cob, n t — “ „ cos. 2 n t 

« 3 3 


— • ^ 43 COR. 8 n t — 8 cos. n t} 


— 'I** cos. 4t n t — 4. 3*. cos. 2 n t} 

Am Ot Tc 

t • f & 4 ^ 

— ® ’c*'®* ® — 6.8*co«. •nt+ .-;;.cus.nt . 

«• O. 40 C ^ < 

— **3 1? ijs 6. 4*cos. 4n t4*^|^3*cos>2nt ' 


— &c. 

488. To ej-jmss the TntF Anomaly in terms the Mean* 
First we have (337) 

11 


▼ 

sm. ~ ^ 

\ ~v y 

COb.g. 


sin. ' 


1 + «• a 


e u 

coi.^ 


>\ Eubstiiuting die imag^naiy ezpressioio . * 

/It* X 

C»v — I +. 1 ~*'1V ^ e«v— TT|jj I* ’ 


and making 


X s 


1 tv (V— e*) 



Book 

w« dudikaTe 
and dMMibro 




ft 




•* #au 4 

whence expending the logariduni into seitoi \w»m |k iNQb iv 4 potting'^ 
dnee And connee for their iinaginuy 'vnlne% ere hm t ' 

VBSU + 2X6U1.U + dn. S o 4 dn> S « 4 > dca 

But the foregoing process we lieve a» do. n, dn. S n, fte in iMpA 
ordered by the powers of e» and developed into aiuea and coainee ef n t 
and its multiples. There is nodting dse then to be done, in ordeii to 
eqtress v in a dmilar series, but to expand X into a like series. 

The equation, (putting u a 1 4 > V 1 — e*) 

«* 

« u a 

u 

will give by tlie formula (p) of No. ( 488 ) , 

1 _1 . Lo* . 1(1 + 8 ) eV, l(i_+ 8 )Jl+Ji) _e* ' 

-• 2 i + " 2 Tpf+^ *^ 53 + TTr •»*♦»**■ 

and since 

u =s 1 + 

we have 

. -■ = i;{‘ + K|)'+W(y)+**} 

^These operations being performed we shall find 

+ {4<*-H‘‘ + ra**K»“' 

sin. fine 
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AWt. The anphu v and ti t are hex* reckoned from tl)e Fcsihelkm ; bttt 
li we wish to cumjiute Troni the ApheUtw, we have onij to mpke e nega* 
live. It Mould, therefore, be sufficient io augoMatt the angle a t by e,ui 
Older to i< iidet negative the sines and cosines of the odd mnltiples of n t; 
fliexi to make tlie results of tliese two methods identical; we have <»ly in 
thr 1 Npu’iMons for g and v, to mnh^ly tlie sines and cosines of odd 
u.uli }>h>s of a t by odd powers of e; and the even multiples by tbe even 
(xmLis. This is condrined, in fiun, by the process, a po^ferhri, 

t8B. Sup)H>sr that mstead of reckoning v from the peiihelion. we fix 
M- ( 'gia ut any point whatcvei ; tlien it is evident tliat this angle will be 
I'lginiMit ‘d by i ronstiiit, which wc shall call *, and which will express 
till- Loti'rirude of the Pviihelioti. If mstead of fixing the origin of t at 
iho losiaiil of the passu| 4 e over the peiihelion, we make it begin at any 
pi/>nt, th« angle a t will bi. augmented by a constant which we will call 

o - mill dan tJic fcicgoing exptessions for -Land v, will become 
^ =rl f cF- (e - 3 e*)cos.(ut+s--«) — ( s*?— — s e*)co9.2(nt+» — »)+&c. 

tl *5 *1 of 

V i=ut-f •+(2<— eOMns2(nt+* — »')+&c. 

ulicio \ In the true longiuuir of the plane t uiid n t + r its mean longi* 
iiiJe, ihcsr br iiig jiKMsuied OJi tiie plane of the oibit. 

lio\\e\cr, liie motion of Uir picUiei be ufeired to a fixed plane a 
liltlo mcliiiiM] to tluit of tlie oibit, and f be the nsutuid inclination of the 
two plaxiehy and ^ the longitude of the AbC^ndirg Nude of the orbit, mea- 
sured upon the fixed plane ; also let {3 be thib loiigaud( measured upon 
the plane of tlie orbit, so that ^ is the piojeeuon of and Instly let be 
tlie pff«;ection of v upon the fixed plane. Then we shall have 
V, ~ ^ V ~ A 

iisakiug the two sides of a right angled spherical trlangleg v — /3 being 
oppf*bite the light angle, and f the angle included between them, and 
tliercforc* b) Napier’s llulea 

tail. (\ — ss cos. f tpn. (y — fi) • « ^ f » • (1) 

Tins equation gives in terms of T and rc e igiye^j ^ 

presv cither of them in terms of the otihfr 4^ a H^sd&s yarry convei^nt 

after this munner. * 

By whnt has preceded, wi. have we series 

11 X* 

* |V sr-j-u + Xsio. u + -g-siiufiu 4* 




Bour 1.3 

from 




4T 


tan. 4*V w 




by tiMikmg 




tiuk«s^ 


7sr^‘. 


If ^ cSiunge ? V into v, — ^ $ad | u intOT A wid 
cos. ft "*- 

, OOS.^<— 1 ^ ttK 

’^ = srr-n*~‘“- i* o> 

1 . 1 ''** 

Tkt* eduction between ^ V M, | n wlU dut^ge Mo ibe «|u«t|oii ,Imk ' 
tween v^ ->- 4 awt v A ®<id tiM «}>eve beries wfll gnm . 

V, — < = v — ^.^tsa*|| ^si9.8<T«~d> I tRnu ^'2 f* sin. * (» — (8) 

-- g t»n. • g ?^81 b.'6 (▼ —*' (3) + &C. (2) 

IfintheeqnmiodbttUeD 2 » era change v into v — ^ and 


1 u into V, — it 01 x 1 y - ~~ into •■■■ y >■, we aliall i»v« 

2 ^ % 1 — e cos* ?> « 

X SS ttm.» p, (8) 

and 

T — P as y^#+tan.* 4 2* ^ ^ — 0 

■ 

tnn,'* ~ p.M. 4 (», — ») 

, + tan. • ^ rin. • (▼,— <) (4^ 

Tbw'w* MB dtat the two preceding series redptocally interchange, 
hjychtmliiog the ingn of tBti**i^ p, and hf changing v, •» ti, v — fithe one 
fcv^UMMher. t!!ir» i|i(dl have v, oa p in letnm of tbp sine and coune of 
D t s^ itif maUijfSMi'hyi oliserving tSaf w« h*ve» Igr'^hatiprecedes 

iQ being the sine of dwwig^ n t •{• i ~ and its ninki- 

‘ffcsj 2nf^'dtefMQ«te0)/9f,na^^ givesb whatever is i, 

Abl jMv 4i^ M t 4 / A ^ 
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1 ,1 tK, >> I>e the tangent of the latitode ^thepJanetaiM^ the fixed 

Jll ll P, Wt II 

& s- tan. p sin. (v> ^ ; 

ml I*' t>‘ o.'iH ff the radius^vector prcgcoteil upon the fixed phuie* we 

1 i havu 

=-f (I +»')""* = f{l~is*+ I *♦ — Stc,]^, 

MP I li) iiip>p*hrp be able to determine s and f, in eonvetging aeries 
01 tbi and cosines of the ongle n t and oi'itB multiples. 

4H<). Ia‘1 us now consider wry excantvio orlnts or sii<A ea are thoae of 

i( ' Cii'ncts . 

(.t iht> purpose resume the equefiona of No. (8S7)> apih 
a(l— e*) 

« - 3 j - ' — — — > -* 

• 1 + « cos. » 

11 1 s: 11 e sin. u 

14-6 

tail* 1 V sr / - • tun. i 

* V 1 •— e ■ >* 

111 thi>^ ca'ac e differs rciy little fiom unity 1; ve shoU tliercsfore Aipposu 
1 e stf tt 

/ be j \<'ry bnail compared with utu^* 

1 u ntr ]} ilio pcrihelicm distance of the Cmnet^ we shall have 
D s u (1 — e) ss ee; 
ijul llic cx]iiewc)n for 1 * will become 

l2 — a) D D 

1' !«:*.* ’ — ft cos. V cos.* I" ♦ + JZm ***** S '*J 

wJiipli 'ivpi,, l>> ll cpptioii mto a series 

i ~ + 

.os g V 

To g(.t tin of V to U«c time t* wsAlM^ldw«r«« <i«l the «|i^raa« 

sion of the aic in <i iins of tlte tangent ^ 

, H ssa tan. ~ « (1 - J tan.* * 11^4. g tuu* ^ 


. 1 , ft »l % 








„ present the time of a sidaraJ rcvota^i^^ ||f^ 

!\-. ptrihcUon; we shall haminthe 

n t SB ii e dll* 41 
(I .-- 0 ;a the bt^nning of the 

Hence '’i --■•> ■ 

nTs2ir. , h/.;: 

But w(i hftve 

USB a”^ V m a:-3y'«i' 

, Sir •■.•'' ■',. ; 

.*• V m nji • 

Tlie value of m is not exactly the same to the '£artb,M tolhe^Sdn^^ ' 
fur in the tirst case it exprenes the sum "of Use liliai^ xsf the sttn -ai^ 
earth; whereas in the second it implies tbef'sttie'^ tb6 mesto *m 

and comet: but theautssesof the Earthed Omitoheii^ mudb'W 
than that of the sun, we nwqr n^loct tbenOf u^. diif^iiose is the 

same to all Planets aid all Comets and fhait H eaptoMs^^.^<# :^,^ 

sun merely. Subs^otu^therefoie to V m Us hi j^wed- 

iiigespresMon to t;, we shall have .: i ; \ ^ 

■ * 5 "' t.i *“** l , 

This equation oontaina none but qumttities comparable <wi^hi^r$ . 

• H will pve V4ei7,«eedi]y 'udien v is laMscw^ hut to obtto.ii^^4lp^.vO<f 
t, we mustMaolve * CuInc Eqnation, wbh^ contains only ^'1*^, 

Wq may dispeoM witii tiiis resolution, by malting a taUeiartojrf£^.]af- 
, V corrasponding to theeo of t, in a poiabc^ -qf which the 
.-t|h^i».iiuity, €ai e^ual to the mean diftanee of tim ea^..|!|m 
; Mve-tiie time oorrespondii^^f 

ehn^ .which f> is die petihdkm distanr» by <odtipl^^<^hgfc^^|i^p| 
.(tone^tonds to the seme ant^h^ in 
odnesponding’ to the 

' ' the' smotosliy . wlmir 'Cbares^mKlh toAh»4td|Mj p w! 

1 .. — — j- - ^1.... i ’ ■ ' ■ - i_ ir .\’3k . ■ 


|[.htWMi(^te ^0 onomnly* 





! order a\ Ibd phi!! 


•.. , 'VJ 










tamA I 4 * (7WdiU«i|q(Bi^|4Adrt} 4*< the.tnie«K»iMij^4ll4n«^^ 
coi7««jpoa4w|^to4h«a^ti«Kik«b«(»g«Y«(y«maU angle. iW'it w« 
MlntituM' in x ibfr'% $aA dtM)l>'(twttfbrKi ^ 

•MWa#lMp4)tf telo <4*poam af x» a* 4 n>1& )»v«. 
wd&eji^uctjpjrxbgr I 

t =; i*”’' i *«»•* 4 ‘ ♦ t. 

• 1>1 %l^** ^ M »■ * 

t « *,0.+' i hw,* * U,. 

iui»ti*Qt»g for x Us sbo and MilHtitutiiift Ibjr vin.* | U Hi 
v«l»«(I '•^MM,*! U}*4 ftr. ‘* * 

dtwx as •«•«) uuu I U III — 8 cofc* X) — 8«w.* J Dj ♦ 
lleaee» ia fetming actable ot Iqgaritliins of the quautUjr 
ji, tan. 10 f/— ^ coa.^^ U — 8 i U| 

It mil be snffidrut tti add the It^arithm of 1 «*> «« hi order to lurro UtM of 
aui. X : con&c<|nettily we h$Te tbd coi i< ctien of the WKxmaly U» estunated . 
A-oin tbo psmbola, to obtain the coiresponding anomaly in a veij exetri- 
trtr eHip^ 

491. Tbjlni iht ■ms&.set qfs^h ^lanett w have »atfUtte$, 

'tlMtequatiou ‘ ' 

*• fa I 

I* > , Tw^** 



IbftI 




^ yra 

givjx a vi^ Itteiliud iff ebOiiparing the mass of 
ta(U^3rlifh ilwfbf thfe aiu).' In :^lrt, M r<p«aeiiting 

if ^ ^ ^ 

Pllsill^^ hvtf ^<$0. itsjtnaM p, and 

me^-iS^aiioe^&Oirt 4^«eittair' li, foni tuncf we slmU 

IWWfwe 4/ • \l ^ ^ 

g^Prr^*^#‘S^F*|!t 

I l|Bl» Mttdtf ^ teiMK* tlM phnrt /»' 

ki4l£almrilllto^ StddMkiBfl 4to||^ the mass of the 
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iacCK,XL, 


\ it I iti ^ >>ni Ji ii pa>(.J iliflt of the plinoty or tlnfr 

I 'vn 1 ' VI ’i <1 < I ttiu o^tbc niaii of&e^baot to tbUlofttML'iriiii. 
■) . ' II, /// ./I LKtui /, rj ElUptual MoHcn* . 

\) I lam fitiunii Theoiy of lildtioit iltd 

'T i' II a « i' iiiiKrv'j} rising series, in the tirocaae«<^ nature^ 
ii (M 'aiv u* 1 > M II i >1 II, jul ill* ca&e of orbits^ gvealjy ekfmfriCf it 

i I till 1.1 (liuiiri 1.1 \ht! /.I Ml }>/' oi those orbits. In iba if we caS V 
i' • v<ii>i ^ utaJiiJi ri^iU't motion about M, wc btive 
__ il x‘- -b d y* + d** 

- jt» 

I III •! « l*‘i or(( 0 t ]iiat<on& (P) of No. 4,78, gircs 

ii I al( iti <fi ap{i(2ir fiom this expresvioiig vc shall desi^ate by IT 
•)i (I < ; V } « 'X ^ould h iVe, If it deBcri)>ei{ about Mu a circle whose 

\ [0 » *• ujT»l If) the unity ot cILtancu In thh bypothesis^ we have 
» V- a rr lj| 

atn » I f)»i- ''jiitii Ij ^ 

V Sihs. 

I h m i 


V .= u {?— i }. 


'i las tfqn''tioi will give the bemi-uxis major a of tlis orbit, means of 
I*' i)''iiii.ii\e velocity o(fi, and ot'ils primitive distance ^om M. But a is 
]i(i iivi I il . 'i.jise, .uid infiuile in tho parabolay and D^ative in dte. 
l*ii.st^i. oilnt (>es<-i lied btf II, is an tH^pUi a po) abdtt, or 

'2 

1 ' >/ . '/ / 1*4 \ li < s: or > Hian U ^ . It ib rcnurkable 

J i I'u Jin u, ' o," pr„i,it've maiOA has no Uifiueaee ^pon the gpceies ^ 

S / *iu U 

Uci t.i.d thi> oTi-viui tit} oi’ the orbit, we sbdl observe llmt !f»|iqire< 
s iini tiic nt,h ’I iii< b} the dutethm of the reiative motam of ja with the 
i.idius-V'ttoi, VC have • . 


df* 


(Ft 


= V tOS.* t. 


SubvVtndng for V' n- Miuj nu | - — we have 


/a 


1 



ikM*K LH 
•Bot 1^480 

• # 

2 mt 


idfeW'nJN*s pwiJciWA. 


. 2 ^ t^^.ss m * (I S 


whmce «4 Hamt di« exeeniiicU} a c ol'the orbit. 

To 6odr V or Ae truaanDinaiy, we have 

- , , 

• 1 + e fOB, T 

..,eoa.w = iii:=lil=Lf. 

•f 

This gives the position of the PerltielHin Equatious (f } of Kfo. IftO trill 
then ^ve a and bj i||i>tnc<uu the instant of the Planet's passing its porip 
lielion. 

To get the position vl the urbU, lofuiod t6 a fixed plane itassiiig 
through the center of M, supposed immoveable, let f be tlic inclinahoo of 
the orbit to this }>iun,^ and /3 tbo a.iglo which the radius • malcb with the 
Line of tho Nodes. Moieover, i be tlio primitive oUvntion of (t 

above the fixed plane, supposed fciKiwn. Theii we 
shall have, CAD being the fixed plane, A D the 
line a( thp^hodes, A H as See. &c. 

* if B D . sin* f as f sill. ^ on. 
so 'ti^ ^lOtineUoadM of the orbit will be known 
when VHSt chiall mxe determined /3. ‘..For this pdr. » - 

poi^ i%j^^J.hej|mown angle whid^'fihe primitive 

plane; then if 

wexfl^^r b)F’’tms direction produced to iuei.t 'ho 

,'bjr tUp liw%Rt and the nulius ^ eatUng 1 the sido 

am, fi 

■ » 


JLc 



cdhdiitttiMlv 

tflODa i Sp 

Tifo sisoaN^ of idtifilt h^'ds^miineiligr tluwe foimu- 

tiigfldiirf.eBd hy of pteldan^pad of tin diu< tli.n 

juf ttfjiMalbah wer^MAi^l^’iW of t^eae 'eteasa^ corrtfspon.lin ' 



A \lA.iy <)V 


^ ^ A \1 A AY <) V CSf Xl^ 

to I MjpiHsod vaiiifm* o il»t r<i»wry nncl iu direction; -ind it irtll be 
*= by Toeibcwls n’>o ic u 1» i xj^iainc'], froie Leiice to obtum tbt* difftr- 
( r^tt ! ol lilt l\K * nu, rlu to tile at*ti ui of pcrtutiiftig fbrees* 

Talking tlie < ji oi m ^ 


V 


( 

) 


I I 
ftJ * 


in til*' i irtli 


- .in«l .% 
\ -r < 


I 


u> tint tL< \#»locj»i» '* t * 1 I * I t Mi li * unlij ue upn ( all) ae 
Uit S{|Plu^ ({ <lieir i 111 ( I IV rS Ihmup.' 

In Uk piiMbola, «i ;=r c ^ 

. \ ^ t 

i 

flu *]n)\ lu ♦’n d r ,i*» points oi the orbiu are thetoforc i»i tbii me 
XU o nl\ IS *i< s of t'l , » *ii -v^cti is; and thf velocity at^ each 
ju inf, ^ to Imi V liuii the body lni« it desaibed a circle who'nj 
la'I i» r* tl\< 4 iMluv-'vi.rtor as V' 2 : 3 ^‘■cc ItiO) 

\}i ellv'if ) hfniul dbniMished hi hmuUli becomes a straight line, 
«iiiu 1 1 (ins c i \ i oo sM h th< Vi^lorlty ot su(>posmg It to ckscctid in 
I • ii^lu Imk f »vv nd’* M, o fall f»ora rt^t, and its primitive dh^ 
» < ,* I Mis ^ lu i th< distance l)c the above ctprea* 

0 | ll \\ 11 .2 \ 

, ’ t 1 , I- I » t i 


u 


V ( 


>/ 




Mail) olhei result v vihich hn\e olnad^r heen dotermiiied after nnother 
in Ml I, n\iy Jikovnfct> be obtaiml from the above Ibimula. > * 

i<)a Ti( Kjintioji 

0 = ''-- 

, li I* ' # « / 

(••».. HI velocity inc}cpi*nJeBtly of t1tftcx<»ntridiy. 

1) I r'NO liui' I .t > 1 ' A note general ci)[itatiaDv1uch bt>b$ista betvewi the 
7 JIM (< h »h,i. i< I'h^of the f^llptio .nc^ tlio eumof ^ <x-> 
tl * ^ 1 II ll* I * to tho time dT deaoitbiD^ thS Kvtk 

]i I' (111, 'jiiu'on, Ml* hatv * * 

_ a^I — e») 

* I + < CiXt, V * 



>^wsom PKiNcrm. 

^ V '{K-r-i •<W4.Il) 

in * tA rofft^poud to the i^rst extrcinity ot tlie 

.^jltk V». a", t' b> lokig b) the otIu>i estrenUty ; M> tluaf^e 

idso lukve 

/ a 

• 1 4* ® cos, v' 

X a (1 •> t. to*, o') 

t' w a^ (u' — « stn. u')‘ 

t<et now 

t - •' « Ti ic /Ss 

i!— X (5'; s' + < X K; 

tbeii; if ve »nk« the exptcisiun of t Honi thii of i', end <)*>ici*v«. tI»At 
sill, — ‘.(•I, u X 2 ain, d i ck, 

*«• bhfltl l>a\c 

T ts. 2 a Mi* — e jdn, r < 

If we mid (i<<nr (Ogeftier taking notiee ttuit 
eoi. a' + cost, u e 9 cm. 8. cos. J9 
w«f^ai| get 

IR » 2 a (I — . e CO*. /? col*. f9 ).* 

Agsitk if c,b« *!»• of »J»* •U^nie arc* we heet' 

»• w CM- (v — t') 

iMd tike two egoetiobe . 

' t « V "i: f ^ ^ 

* 008* H — e .. ev I — e*. snu a . 

*«». Vhcs j** *'*«»•» =■ -■ — — ■ ^ f 

^yuyRMii^kiin^wpkeye ^ 






«w. t) i«^soh 0i‘»'* (1 *“ « *) '• ' 

Miuy ' V*' ' . ' ‘ ^ 

" jfa* a' -jf «os. a cos. .) { 
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Blit 

u fcin. u +- co<m u t ti' =l f) cc <?. 1 
CO», 71 • - crw* u* rr 2 h»» o w’n 5 ' 

. AC* ss 4 J 4 * hiw.* p /I cos-*^y). 

VV\* ihirtTfute liare the«Aj three et^uafoas &cil. 

11:=. 2af! — e cos* rob. (>\ , 

T rj a i 3 — e bin. 5 iO«^. * 

C* SS 1 H "E*. (I ~tf C»tt/ 

ho Hr r of thcfi 

„ 2 a - K 

ti cos ’ - • ^ 

2 a u)b*/3 

and *jiih%Uiu*o4q ♦h?i* value of e co«. ^ in the t«re t^bm^ we shall have 
r=: Sej{rt+ . 

c' as 4 tt* tim.* s|oas,*^ ■— j , 

'111 'se t«rO equatuHK do not iuntlve the excentrlrity «» aiid if in tlio 
we sub!)<itute for 0 1(9 Mduc given by the secoiut, we Khali get 7* in « 
fimetKin c, 21. end a. Thus we kcu that the time T depemls tmly on the 
semi-oxie niiijoiv Ijho ehortt e nnd die soxn R of the extreme rwUiMh 
v«cUi«. ‘ 

If we muke 

Sa—'R'f’C . 2a — ft— -c 

* J ^ 

d (> i)t$t of the piechdh’g equation* will give 
y ,9 sa a ss' 4. */ (I — 

whonct* I 

2p » COS'. cn*.“* a 
(f»r eoK. (A — B) SK cos. A eos. B 4 ft 
Cousequentiy ' « 


M.. p a 7,‘»^igEj:aj 

15 W 

t *1 , 

AVf h iVe disU . » ^ - 

I » S ft ~..P ^ 

Z ^ J tS: - — 

»Mc iht* f «»rcssirri of Twill bftoo|gu9ii^ 
rtttldftk iff w'Hcinil re%o!atiozi« wbopf\i| 
taken tok ii . s\. have 




PiUMCiriA 


5t 


aH' 




- OA,"^ X —*1*1. (cos.-* 4')+iittL{<*W**a)j - . (l^ 

Stnee ihia ^taia o(}4jn«i» ma> belong to m.in^anes, tibia tpKiR'iSMjkiti bf 
asibfguooa* an4 «e niiuil taka caio to Uivtintuish tba aiu wbkth ouTM* 

s)Km J to X, a'. 

Ill tha panlxiltiji tbe Actm*a}kit inajot in/ionc , 4i>d wa liHVr 

co4.**> a'*— siiu (co*,“W) •= 

And tnakuij^c nagndv > «>« dwU hnve 'I i* i.t’ito of 
oos. “*» —sin. fios.-* f), 

IwQoe Uip fi>nnuia.(4} *ull gjvt t)t« tiuii* IT t upJoyt d to >.lf lOrilie tno <«ie 
aubtaudk^J tha rboird iiOtl. 

~ 4- r + ^ V’ 

t(ic sign — beuag taLen, when (ha iwi eltminit.v* ot 1‘iopn ■arc am 
bilmtod on the >ftiue uJo of tbe of the parabola. 

Non 'f boiiu; = ’tt#S.ao«38 tfeya* sm lane 

^ a 9 saMfM iU>*. 

iflie fbtmnla (a) ghrea the l^bie ttf » Vody’t «U‘'‘t«nt m a btra^tltt Ktie to- 
naide t}l| fotus, bq;iiiiuag fitbM jk diatonic; £>r Uu«, it i* aufil> 
dent to snppuse tbe axis-minor oi tbt oOl^pike indc finitely dimiinsht’d. |f 
we auppoaOi ibt exoa'p!®* diot the body ftUa froxn rest at th<* disuincc ^ s 
fiom tbe ftiew and that it ie reqtm^ |b ftnd the ti«ie (T) of falloig to 
tiie dntimoe tv ^ 

Rssila-^e* c«»* ft ^ 

wbenwe 


t? » 


c — a 

1 , 


and the ionnala gitw 

, «, 0 * 1 / -i« — /^ac — <\ 

* ^ a*" '*■ V — **' 

JCIdMi bb iM»<re«it;, aif wawstial t»dtbw«i *' ' 

and iik««} li>t8i<«Dfpsie stlione U^edifa u jmlonmte 
I^VpHA fefknjbfcv Ixni^^^dng omived at the fo«is* las*^ 

^ jbicU It dtp 1 . 

A tangential ^wHy *1 ' 
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i’owiM'r fUKlt^ '■ulficra to podtt(« this di^eraice s^idt liM o* 
iii>on the time iif the Iwdy's du4'>i.nt to the renter, notr wgcit, tW 
locit;^ le&ulved psraltei to the uxis-nu^or, } fence the ptqidfl|e'«|' dn 
7tb Sttctitm-ctf' !^^wtlQn givr ncroratiiity the Times and VdociUiM^ nMtpngh 
they do not enpjeiit oU the etrrtfiastflnoQi uf motion. Far it h deer that 
if thete be nlisolutely no (nuifeutiaL veiucify, the body lutviag reedle^ the 
center of ^rce, will {noceod beyouti it to the some iHstanoe frooi which it 
euounoooed Its niot'on, and then letmn te tlie center, ptas ihrot^ 
omi piociul to Its hrst point of depertnee, the whule beii^ perfimned in 
jifot (luiilili till' lime av would be recoiled to return pjt taotiOf(ia t(n)i ht* 
ik£ii)t(Jy siiiail clhp'C. 

t94. Obsvivatiou> not tonductiiig ns to the (^brsntnstsQces of the pri- 
iiiitKc motion of tlw heavenly bodies; by fbcn^his of Nh. iOS we 
ttii IjuI ill terniiiK. (lie elements of tl«etr mbits, is, necessary tor this 
ind to (ompaie together their rospectlvs pO/^MOt observed at ditTorent 
ipoihs svledt is the more iliiKeuk ftnoi tjjfA flbsefving ihem from the 
untu of ib'ir juotious. KolMtirdF W fJoK planets, w« can obt&no, by 
n)e 4 'iis oi (iiiir op]K)s>uoti3 and co»|uhcUoiui,/their Hdioccntric Longitude. 
Th’s cot sideratioii, t ^^eibi r with that of the amaliness of the eKcentricity 
tiid mcbnaUou oi tiieir oibitH tn the ed^ki jfRirds a teiy simple uictliud 
of dettuniiiiug rluir elements. Unt in Ute present state of astronomy, 
the elenuuUi u< iliiseoibiti ncedbut very slight cot •'uUous; and as tW 
variations of the 'i (stances ot the ^^aneta from tlic earth are nevei' so great 
iu> to elude olMi ration, ne cgn Uy a great uniubcr of ohaarrationt^ 

the eluneau of tlieir orbits^ ana eren the errors of which the obscrva> 
tions Uicmstlves are soBC^tiblo> But with legntd to the Cuinetts dils is 
not tla^ible ; wa see them only neftr their perihelion : if the oibservalions 
uc inahe on tbiir <ip{K‘8muie piove msoffictiaa fbr the determinadon of 
theii elcmetits, ue have tlieii no nxtans of pursuhig tfatam by ihongbt, 
tluou^h «he immcns'iy of spai<v and when after the lapse of ages, they 
ig DU spproai h die >un, it is in^xissible ftar ns to recognise dmo. li be« 
(oi4«.s tbciofuie importatit to a method of detenmping, by observe 
tiou'i lUoue dttiinj the 4ppeanuK|lAif^oncCoine^ the (dements 'ofila oibit 
But dus problem conshieiwd rigorously swpitssm the posrerrof 
and vu ai'i obhgci! to faavr jrecabniS to aj^tiiklmationi, in order tofshtem 
the fif-t \ah\i ui the eh muuta, these being ofti^rwards to be C9meted io 
a^dciTkeof liciiiac) whM))ttheObeei>ml«nnpetbiit, i 4 

um. vlspvvauonfr made at remote hitait a} V ahwinatlpny, 

'li^d So KDprfedtabit taloolatiors; vtdnHcst thendere he conts'pt to eois> 



o%(i(»iV»tio(»$ ; anti witU tbU naWiadoii» 4iM>]itaibl«D it iriMitt" 

“ 1f^l)t||^tkii|^ fadteatl «r tflrf ctly making uM tf «fc»«rtf»rtooii» Ik h 

, Uw data wbidii drm^wit it> fxtfit in^ t«i> 

tialitw ^ ut«tmi«ci, ben fitlM ibiit IMbditkm^ M*b 

the geooniiiie and lutikode of the Cornet at n )i^eea faMatth Mid 

thtSr fitwNfniS dUfevMtcet divided by the coixtepMiding j Hw w #t df 

the eteuMiit of<ifaM} |br liiy ntmiht of thm tee citb ddecn^x^cK 
toasi^ 4n4 with iCWg tht <fcle|jaei)v$^ wiUiout having i^nti^ l6 
iMii^ilaM aod bjr the «oie conddentltm of the diffhreetiiJl e^neiiM^ 
the oth»t* This wey of viewing the prpbkm» peteptiui ut morecnAnv tO 
ofittldoy « Attiober v€ i»ar observactbQi^ t»k to corntwite aiiD'e ada* 
aidetahTe iiiMeicv<d betweea the exttsnne 6hfiMTetidt)a» whidb bedbMfd 
of greet iiee ht ;ditn|tihi!dJig the infliienw of'nieh erron, m arh 
eertatkoie fl twt^ Mfttdnsay by whinh <!kimets are enveltf^Aid^ Let at 
first pwsetit the tbaatitio peoeieiity to di>t«in the Ifint diff^ettcetb iMh 
iong^Ludoitttdledtodeofaay imnWof neerobservafietis} <ni4t^do>> 
tei^gfine the eleinettteoftheiiii^iif oCcunQtbyneeabol'thescdilfiaeneest 
and lastly expose tll^'method 'adneh aT^[>eers the siin]p>(eiit» «f ooenctutg 
fhese detftesits 1^ tBlAe hheervetbttf tmdo at letMOto ibtnrvalx 
41)^ At « ghren «^(ii!h, Jet e bd die geocMnlrie lon(j|ititd« of a ^(VMCaet* 
nod i iter mMh geooetltr^ ihttitude^ tine ooeth latitbdw ^dng aoppuved o«r 
gativsE: ^|[f wo^coote by % the MOMber of days dhipeed thh opmab. 


'die ioAf^tid* edd latitadcof the Cometj, after that Inttrtal^ tral, by nuag 
'ftMor’b HwMMa ( 1 /^ 11 % be enpeeasOd byUMiee tao 8^ri«l> 

* s^/d**«x , 

• + irliax*) 

- fc 


* dt Sec. 


^ ♦Use 

Iffle tttMtt detMAded thlVjAted '^r 



‘t . 


•1 

tie » 





bagitodee asid ktutidcs. 'J’o do 
e'cptemes the geocen- 
lu this serito. oqght to 
^'itlS Witteeonted eacii rd]»(.>rvi d 
hj|holii]^ m observvtiouv uiid tf 
theijlfe*** Kr» , iht « 


J 
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XL 


•jjUAnnties ft, &C. Sut it ought to be oitoerved that s btiorg ttip> 

port'd vety snuillf we nay neglci t all terniv multiplied by **» a* *4* Ao. 
which 'vnll reduce dba iafimte seiica tc> it n ftnt temC: which by p <d>* 
■wuTiiticaut wc bbatl be able to detii tniue. Thc^e are only approadmatlcu'*, 
and their j< cttiaty Will depend n]>on die stnalloc^s ol the temia 'which ore 
onurtul. Ibcy will be mote etact in proportion aa s i« more diaiiintive^ 
and A» we employ a ir<eaicr number of obsen anona. The tbeoty of iiitur- 
polatiOMs is naed theiei'ore Tojind a taiianni and iatega fianritnn (jf a tuclit 
that tn MlishtiUiiiit thet»mjiir a the numLtt t>f days v^th evrte^'^dtQ each 
<d>^t>a}wn, ,‘t sttrtl btcone thi absent d hngUude. 

Let Ac. l)r> th» ob«erv''d longitndes of the camet, and by 

1. 1', i\ &c. the corrcapmdmg numbers of from the gi>en o{K«h, the 
1 undtcie of the days piior to Uki given epoch bdng fiupposed negative. 
If . e roaVe 


) 3 '— jS 
1 — i 






ss off 


i 


iff'i Ac. 


V> — \* 

Ac.; 

the rcipitred fiunuon* wiU he 

B ^ + (, — '(v — !'>*«»/? — Ac. 

for i' N easy to peieeive that if we make sucoeiadvi^if »si', assi'', Ac. 
It o.]l (lungs Itself uit(i p, ff. fff a,c. 

Again, ii wt compare the pmoedmg fimedoa with tiiU 

“•f *• (d^) + s • 

ws all <11 h .11 uy <.i|U)tuig coefScients of homognneoua terati. 

« i aj8+i . y. * V -- i < i'. i** « */3+Ac. ^ 

5 (r.‘) =<-?-o+i'+i')*-f <»>. 

The higher diflerencca of a wilt he 


.jg^rwuna aic> 
* .-Jir-nt 


aib<mately potidve fdd 
, the aign, the product 0$ t lAd p 4qjprt|ier 
y ha (he value of «; 



A Mm t •— 1 tipgethet in tlie value of ; laiitly ii is tiMi mhu 

of fko iptodi^ of thoM quantities t — St tmniMMr in tI»o vaine of 

* 

fas <fa* ofaterved geocentric laritucteat wc sfantt intn! tlfa« 
VChMof^ ^J) t jtc. by (^.utitln^inihe pMoc^g 

** (d i *) * ***® q’wstiops a, j?, mio ^4 y, y'*, 

Hieve cv|n)eBaioQa aie the ittore enuctt *1** gieatoi ibo nuiufaee of Ob'* 
ocrvatUma end tlfao atNlibr th« iotoryafar bntiMea tbeni. We intgb^ 
tfaereferet employ t& die near cfaiertrationa nimle at a epowdiy ]Hfo- 
ldd«A they viere atemote; but the eiror* of "whith tli<y aie idwa^a eqn* 
oeptiMe viQ conduct to iuiperiiet rofmlbi^ S<> thatt in onlar tS feaceordte 
infinoitoo of theac urrorst 'we luusi: angtatut the lutuval bet^veen ttie cm- 
treaae obseryatioiUt emplo^iog m the iavutigaiion a greater pnmhtf of 
Itt this way with fi>e obaeivatloDs ua may Include -<in intarvid pf 
thirQfs^eeor ibr^ degrees^ which would |pve n^i very iiear approaunatioiui 
to the geocentric loagitade and ktitiwfa^ and to tlwir ftret and w>cond 
diflbrenoca. 

4t 

If Uio aelected were bucli, dwt thoto were an equal number of 

obsemddiM bttoro and aftar itt ao that each uicceMtvc long^tide may 
baye a oortc${xmdMtg one which .nicreoda iJbe iqpocb. Tltu condtrion wilt 

jpve valuiea''ad 91 moK norrect of «, ^^^’and t ehd te caatly aj^ear* 

that new <<lnnHN|(tioHahdkShMei(|M Mdo of tbc epodi, 

would only add'to diMe vafame^ q^^***^^ wturh, with ngard to theii latt 

tens^HKold^ fad a* «f ** i^miuetricul anangum'i't tdk4 

{daefft wSmh att tfav ofae^otJoqp being equidLtantt we 6x the qtoeb ur 
the kaiAill* df isi^ interval which they etnnpiibie^ It i» ihmehne ddvau'v 
geoualto^ifaN»lw thia faiudU 
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When no h«ee determined at chore the raluos of 

O- C’,')- (d.*)' d'.i) 

wv hhatl tbeii obtain a$ folio vis brst anri becood diflensncea of ftod a 
dnnded bj the corre^pondin^r povws oi ila f^kmenta of time. If Jkjj- 
lect Ui6 niaaseg of ibr plaoKs ami romefs* tliat of the ^nn beinf; tho unit 
ofjxiasa; if, i ioic^*\ct, take the disunce of the sim from the ^iaitb for 
til© tonit of dibtanrf ; the 'neao motion ot the #aith round the aim will 
b'^ the mosisiirc of ili nine u Let wcufota 7 be the nuiDbcr of se*» 
Cl »ids whi<h tho o-juh de^i/ihes m a diy, bj reaaou oiit^ mean sidereal 
iiu iioii ; fh( tirue t coiieapouduip to the nil nher of days will ba a. s; 
chilli tfunfo , Jiu\e 


dO’I-d;) 

/d*av ^ 1 

mI t / ^ \d s •*/ 


Oh^ivauoris ft5\e hj the IdiO^Muthiuu Tables^ 


loj i 0n0iG22 


««IkI illbO 


log* >* HZ X lofir* 

n beirg the tadtii> ol the curie leliuccd to ^econc^b t iihentC 
lo^r. \ 3 ^ *^7501114 , 

d d ^ 

if wc mlure to recf»ndfc, llie v'Uwes ot (j~)» iwl of 

lw\e the IogamIin»of (^*)» * AIng from the Ii^ontlnni 

ol fi ''■•e valud^ thr logatithmfc ol k 03943$^ and S In hko 

mujiei nc get the logaiitbms^of (^)» (^^0* awhhiaidng die 

l<ji{.MriihinrT fioiu the Ic^rithnis of their \alaes reductil to kcconds. 
0)1 rtic ccLU'ttCjiof Ute ttiluea Of 

-O* ‘ 

Is thftt of fht fuUowinf reanWl an4 Ukott fhiSi^ arwatW b verjt 
simpiet ne nimt «t I< rt and mii}(h[>l> db^et-vaUtMi^/Kr-M to ohbii^ tbesb trHh 
^ greatest eKadnesSi jxtssible. Wi ebdl tie|e«tbiqiB itijr fowMa 

of these ralnte, tlie ciementa of ort^t ^ a UjfgKfen^ 

te$aUs wt -hall * ' ' 
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«l 


'vkatner* 

L«l 3 E» jTy • he At vtetm^tttar coordinftte* tbe finl body } x\ y', / 
Ukoo of the bodji end to m. Alto lot ttie first body be soUieited 

puidM HD At W«fx, y, / by tlic Ibtws X, V, Z, wbtek «ie slialt «u^ 
IMsetendtodbMhAesevarubleh. Inbkttinitmiot (uj^KKcthesectafir 
body sofiidted jpandlel to tlw ssme ta.es by tbe forces X', T^ 2', end #t 
OH* Tbo stiodotis of eU the bodies hiH bo giveo by djfRYeittiiil " 

«» rf 7 * 


of tfa« teoaod otdfer 
n 

"“dt 

0=4-’.^+ 


J + X-! 


d’y 


U* r 


+ Or=5-J + 2, 

d*>’ 

— «**• — ’ 


0 ;= 


d' s' 

dv + *■ 


Tt* ' 

&c a See. 

If Uw nuiobor of Ae bodies is D| diet of tlu> tMjiistions siill Ite 8 q ; end; 
their fiaib) will ootteia 6 n arbinaiy ooitetanti, «hiib wUi be Am 

elemente of d>e<Hebits of tbe diffiirent bodies. 

To deterioite ekmeots liy obsm jiions, w tiudl tnuisfivto tho 
coordinates of oeob body into others whose origia is M tho (ilsee of the 
observer. tberctore, i plane to pass litrougb Uie rye of the 

obstaveTy^tuid of wl^icli the sitnatrm is alway* jouallrl to it&eU> whilst tbe 
observer moves along a given cone, call t' t', &r. tbe disuuim of 
the observer ftoni tbe dUforent bodies projected apoa tbu pianr t 
flc, of, tif\ See. the epperent longttndts of the bodies rt^rrod tu|lie sa.ne 
plonei and 4^ fp 9cc. their apfiarent latitndes. Tlie >ari«Uet x, y, a 
*ill be given in lenqs of r, <h if and of tbe^cuoidinatee of die obstntr. 
In ISte aunnel'. xV ya^tf edll be gitra in funcUons of a', and oi <he 
coordinates of the obwsvnry on^ so pi^ fifooredvor, if we sop{mse that the 
forces Xy Ty 2; Xy T« Uf Aw to the led^rocal action of tl>e 

bodies of Ae gj^sUniy Wpl {^epeadeotwf attracdwis { foeji' vrdl be given in 
fiinetions oftiv r'^ ^y Sbc.|^ t/'y fictvt ^ fy he. md of known (pi in< 
tities. Thelpittr^ng dllllantbil o^nsilitMlf wSU thus hivolve ilio<c new 
variables aadthpif fing afid feoDUd ditfAtiees. Btg observation- loabo 

trw* ^ s ji. ■ — -./ *h — ■ ■ t .- ^ 


inemol £»: 41 ' 


iCc, 




"Yi 


9jMMidlit»0(|iy Kfluin r, t', t". See. 

Tbwa ipdoiOniMi n’C lO nomber 
eaiuitipoit<'Wiilta lietermine tbem. 
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At the same time we ahaU have the advantage ef pmeodng the firat and 
srcoml (ILfiTereiiccs of r, r^, t", &a nader a linear Ibmu 
The quantittea a, ^ «« ft ft Bee. and titdr dnt^Binwiiees divided by 

d t, being known ; we {dull bave^ fesr any |pven iaeualit, dte values of 
X, y, z, x', ft See. and of their ficat differences divided bj4 1 If we 
substitute Uiese values ia ihe 3 n finite integrals of tbe Jweoedii^ eqw* 
tionsy and in tiie first dMfeteaces of these integrds} we diall have 6 n 
equndous, by means of wbirb we shall be able to determine the 6 n arbi> 
trary constants of the integrals, or the dements of the orbits of the difi> 
ferent bodies. 


497. To a]^iy this method to the motitui of the Comets, 

We first ubs^tve that the prioctpsl tbroe whtdi actuates tbmn is the 
attraction of the <- 00 ; compared with which all other fi>rces may be ne> 
gleeted. huaeter, the Comet should approach one of the greater 
plauots Si, us to experience a sensible pertuibatiOR, the preceding methotl 
will ^till uieko known its rdocity And divtauee fimn the earth; but this 
case happening but very seldom, in dm following lesenrches^ we shall ab- 
stain from noticing any other than the acdoo of the sun. 

If the sun’s mass be the unit, and its mean distance from the eardi the 
null of distance: ifi rooivover» we fix the 6 ri^ of the coordinates 
X, y, s d* a Comeb whoso radius-vector is ; ; the equations (9) of No. 475 
will become^ neglecting the mass of the Comet, ' 


d* X 

It’ 


9 ss Tis + f » » 


0 sX 


0 » 


d*a , e 

ITf + • J 


(h) 


L(r the plane of x, y be the plane of the edipde. AUo let the axis of 
a be the line dra wn fi^ the center of the sun no the first point of aries, 
at a given epodt; the <bus of line drawn'^foMii the ceivter of the sun 
to the first point of eancer» i#ihe same epotfo’; and ffoa^ the positive 
values of a be on samwfide as dip north pole of the ediptic. Next 
call x't y die CooraiRetm of tho earth ^ fbfti fadtos-VMAor. This be- 
ing supposed, tMiadbr' d» eoovdipaM8^a;,y» a tb others relative to die 
observer; and to ^ dii|‘)el « be the g fbo m > ft' l C'‘3h>b|^nde, and r its dis- 
tance fomn the cesttev of the earth pnj|^||seted diie«|eliptiiU |hen we 
ahallhava ' 'V v 

HacTf a; y as y . 4 . rain, wdi’a 4 , 
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If w« nuiltipljr tb6 fim of eqpmcion* (k) by uu. m, and take frtmi the »e- 

nilt the aeooi^ awltiptted fay cos. «, wc aball have 

- 4 ** —.1 ^*y . X hfaj. « — y «oa. « 

0 s —ooe.., + , 

whence we derive^ by eidtstitutiog ior x. y thuir vatnea given aliovv, 

^ {at)~ 'dr-)' 

The earth beii^ letaitfed in Ua oibit like a comet, by the atineite of 
the ano, we have , \ . 

® ^ t* 5^* + ]|*J 

which giva 

, - d* x' d* y y' co^. u — x' i«. fc 

~ • • iv — 

Wu fifaall) theteiotV',, have 

*'*^*){k*— f] “ ^(tD’Ci i)“-KaT)* 

Let A be the loitg^hute of the earth auen hrom^e sun s we diall have 
X' 3s B COB. A; y' sa ft uin. A } 

therefore 

COB. a <— • y aitb « as R biu. (A —> «) ; 
and the preceding aijtiation will give 

• d'l^) 


/drx_Rsiiij^j^ fl il vd t 

tKs-V' 7^ 


3 




Now let ua aaek a aecood esygrataiou for tfaia purpos'^ ac 

will multiply the Srtt of eqnation* (k) by tan. Cos. a, the Bcctnd 
tan, a sin, a, and t;^ the tidrd etpiaXion focMtt the «utu of fh(n>« two pro< 
docta; we BhbO iJUMiCe obttdn ** 


•f ' d*x d*w) 

S 8* taD..^|pl% **31^ 57 ** 

. ^ t coa< « + s ai*i* • d*z * 
+ ton* " « "ta** * •“ Sfit 4'^ ' 
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■ - c;„;r» '■{ciiTf. + -oC^»— + \n)'^‘} 


Uui 


Ciif + Cr^ + X)«p.«=s(x^-os.«+y'sui.«)(^i - A) 

=E Rj^os. (A — «) I -y >r* J^-,| } 

Thenffurc, 


(d- 


•i R sm. tfcok. il I V 
If we take this value of ftoiB^e fi-tat ap4 . • !;,... 


sm. 3 cos. 


+ ® ( In) ■ 

i) ‘\ ": \dv 


1 


(8) 


@ Q- a?) 

^ ~ ^ (d 0 

H tl I \ 

The projected distance r of the comet from the being always po- 
sitive, this equation shows that the .distance f of the comet from the sun, 
h less or greater than the diistiaiice R of the sim.froin the eaith, according 
ivs ;/ i,s positive or negative; the two distanct^jire. equsl if ~ 0. 

% uispeotioTralone of a celes^l globe, we.t^ .det^n^ the sign of 
and cor, scqttcnUy whether llhe ciwnet is from tlie 

I'lrnli. For thatqipipose imagwe a great ciircfe passes through 

two GoocciUric positions of the ^met mfin^ly Ui oim another* 

L«:(, Y In' iht iurriwiion of this, drde ^ the >. tlie longitude 

of its .nstfrndirig n.*>de; we, shall ' . ’ .• 

Urn* y sinu fc.tan* *'■ • ’ -, ■ •■ ' ’-i 

wijeric^- ^ ^ '/. • 

d d sip* (ct— - >j) ss, 




a s: 


we shall have 


(8) 




booklj;/ NrtV!rd{ris PiimciPiii. 

t + *^“) ' * 

would take pJacsv if tlie apparent nb. 
tJoa df ^ Ccw^ oonUn^ ia tlb great wcle. . The Value of «' Uhu bts 

■ ' 4 eoj. (m ^ >.) ■ 

> ^ r 1' 1 rii:^ 1--^ ^ -- ^ 

■ •"' («-- ■ ^) 

The fhnc^ 

fore po«av4 '^''^V^^ 

a X), But A — i, equal to two 

nglit oi^^lua li|e di^ce df the wn^froiu the ascending node of tlie 
U> e#^ tq.ooij^e th<tf /if wUl be posiUre or 
negatwej comcb indc- 

finitdy 4(^1^. f^jQ jj,,. g^j 

the same or,i^e ^ the sun. Cohwiv^ therefore, 

that we » g^(^,<Srcie pt tm sphere pass throuj^t the two geocentric 
p^tmns of-^ ee^i.ti^^aecot^ga^^^^ wusecutive geocen- 
tric positu!)^ ilibe’ orclei eit the same side as 

the 8un «r.« the,tii|4^ ^^^^^^ or farther from the 

parent P^ Ibg 

^wetb^i equation so us to 
rvP'that f’*,.s5 r^-py* d* s* 


. parent pmhfi 
To 

^ti^iie 
. nt 8 
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But ■ y 

x' !E R COS» y' ~ ^ ' ■ 

g* == + 8 H r cos. (A, — «) Hh 

If w'tt squai'e the two if^mbera oi «<ja&tion (8) fmt undevi^ls wriH 

+ 1]^ ^ * 

we Blmll get^ liy sfkbstitui^g fi>r ' 

/ .Zl + S a r cos.. (A — «) + JFf.4* + 1}*=^“ - . • (4) 

an ecjuatioA in vhich the only unl^nown quaiUiiy and which will rise 
to the seventh degree, becntisc a teiin of the iir^t ^weinber being equal to 
R'*', the whole eqiuition is divisible by r; ^Having thence determined r, 

wo sliaJl have by means of equations, (i ) aiKi (8). Subslituting, for 

e^iunple, hi equation (1), for 'p By equation 

(3) j we sliaJl have ' • V ' 

(ai)== 

The equation (4) is often isusii^tlb)^ of mimy and positive roots; 
reducing it and tlividing by its last term wfll be . . , 

2 ll * cos. * R* + 8 cos. (A — »)i.. 

Hence the equation in r being of the sev^th degree or of an odd de- 
gree, it will have at least t«rd posidve roots jf tt * + 8 cos. (A — «) 
is jHisitive; for ic ou^t always, by die nature of tho problem, ^ to have 
one positive root, and it cannot then have an odd uamber of positive 
roots. Eard) real and positive vidtie of r gives a dU&e^t come section, 
for the orbit of the comet; we shall, iher^ori^ ’.as '^oaay corves- 
whidi satiny three near observation!^ as r bas! I'eaf and pONtive valocs; 
and to determine tibe true orbit of the <tok^-wd:|Dtist have rcuonrse to a - 
new observation. ' ’■ ' . ' , 

498. The vdoe of r, _dedyed 6ota; be xigaiem^j 

exact, if ' . r-- ■ ' ■ 

v-’f v? 

■' 

^jnoi^iiieiNh 
. jpi^seiits ike 
leaking the 
this' 


.w'ere t-ixactly known';-ib|^!,'tibiue 
by the; method ab(we;f ‘‘ 
ly 'i^-l^king nseOf 'a ^ 

.adt^jD^iege of considej^Bg 

’Rising Iro:^ ‘o^^erva^^ . 
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B«ok Xa' J«BWTON’S PRlNOiriA. fi® 

mel^iod lum wtd^rtlGal ineouivcnicaot. of employing more than (bree 
obserratioiUy in a ^roblmtt «bero thteo arc suiBdeat^ llus may be 
ubviatedy and dm tobtaoo reotlercd of approviaiatc m can In: wished by 
three obaerrathnw oa}y« after the fuUonin}> uiHiinrr. 

Lift a nod f, repi^mMtiiig the geocentric longitude and latitude of tho 
intermediate; if we aubsdtuto in the cHj[uati<nib (K) of the preceding 
Ko. imitieid of le» y» z their vniuee z' -f i co>. a; / + r 'rln. a; and 

rmmftdby will^f4|[^' and fin»ct»o«i of r» at>d 

tf of their first dSferemaw end known ijiunntidps. It we difiercutiido these^ 

we ahali }» \^*) \j t“)^“ of i, «, i», md of their 

first and second difihrences. Hence by equation ($') .'f P)7 v,t tnay cli« 
roiuatb the second difference of r Iri tneonv of it<$ value nud it>> first dtflen* 

cnce. CtonUuning todiffvTMttiate suoofssively th.> xjdocs ol ^ 

uud eluDumting the differences of »t and of t siipi lior •<> ^•wt•>tld 
und 'kU the dt^runoes of r, Wc siioll luio the valu< s ol 

(dt“)' .(rF)’**- 

(^’)‘ (a*t!)i«rc.inteftn.of 

C); 

this being supposed# let 

Iw the three geoottitric obseiml Jontptndes of the Cuinef, 6,, fi, <K its 
three correqu^utg geocentric latitudes; let i be tlie niunher ol d.)^- 
ahidi reparate the first ftom die sccuud observation, and 2 ' tlic uiUtiii 
betwems tho second 4 ud third dhservation ; lastly hi a be the uc Mhuh 
the eottb despibes in a day, by its mean sidereal motion ; tlicn b) ( l<fl 1 1 
we have ' 

u, ^ a x(^) ^ (^i)~ ^ 4 Sic. , 

. <r .-J s 4 . ^ (^?)-* -,^3 Cj t“) + • 

^ V. 2*(a*f0+ 
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If wc substitute in these ' 9 ent>$ iia 

rd'*tc\ /d*'cf\* /d’< 




te*)* 

their values obtnine^^^cbove^ ve shall have equathm betv^i^ the 
five unknown rjuantities ' . 


„/d«\ /d*<»v >dA /d*<\ 

*^vrt}’ latO* vart)* VtrrO: 


These equations trill fac ttie thore exact a 

greater munber of terns in the series. - 




in terms of r and known ijuautitiesj and, substituting ih equation ( 4 ) of 
thf jirec&ding No. it will contain Ute uuJtnqwu ,r oujjr. As to- the rest, 
this inetiiod, which shows how. to- ^I>^itiU»tet to r by ett^oyj^ three 
olwervations only, woiilrl require in pracfttct^' Ikbqriqj^. ca^cuiaSins,, and 
it is a more exact and simple process to cons>d«r.|^;g^t^ number of Ob* 
servations by the method of No. 495. ‘ - 

499. When the vitlnes of.r aui4]('j^ shs^ be det^'in^ we shall have 

those of ■ ‘ ‘ 




}y means of the eep^tious 

X :rr R COS. A + T COS. a 
y r= B sin. A +• r sifta u 
z s: r tan. 4 

and of their diiTercntials divided by ,d t, via* 
/dx\ /d R\ _ a „ /d A\ , . . /d 


(In) ~ (it)*’®®* ^ ^ + (d5 *”'(ai) 

(d{)® (aT)*^, :^ + +, ,(a98tn.«:+ r (j?),C08.ai 


/d *\ , , \3Lt/ ■ , 

vaT)"=(ai)**‘'*‘’+;cw;>r, ^ S .; •. 

The values of and of ait-§^ :by Th«ry of 

motion of the Eniih ; ' ; i* - ' v 

To iifcilitate the inve«igatio^ let;El[!ia\TOie .tsKibfetilS^ tihS-IeenJi^s 


/d *v 


/d r\ 


the 





iPBiscijpi a' 


n 


.04^ «il^,^ 6 S its i^ibdion*; tkfiu tV. .the .nature of 

Le* ft' ^ tbe mdiob'veetur c^tbe earth correspondiOj? the iongitade 

it right angle; we shall have ' 


wh«nefc,b deriv^': V'.^" ! ; • ~' ■ ■> ■ > 

;• .-./' V' ; ' yd' Sv^:V---R''-4rE-*-.™,i ' ' 

' ■ "' " , •.;•■ ‘ *' ■ v'{r^:'E'*) *■'; 

If we fl^W»apre <df ^^^c^ earth's orbit, wlucbis 

very amall, iirfeiffitfdiVve . .. 


(-37)*= 

th?i>«cedie^:^ly« of (||) and (|{) wiU ucnw Itecoinc 

(d“t) ^ ^ + (^) cos. « *- r ( j siu. « j 

(S) =(f- A f (^l)sU.. « +r(;[;)cos.«; 

ll, ft', aikl "Ji iminediateiy'% tite toUes of the sun, the esti- 
mate of the six y, %(^), (^{), (^1) wUI be easy 

when ir iMd(|:|^^I he known. ' Hence we derive tlic elements ol' ti»e 
mdidt. of idle, <a»n^ a^ 

i mdlus-vector 

' rf llw ^acHM dating tlie element 

y,tuh« d ^ jt'ig hndaht that Ufais sector is posi- 

tivc thd^mi^on of the comet is direct or retro- 

9 it M^ill imiictte 
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To <l«!terrain<> ^ pontioD of Ute otbit, call induwtipB to';^ 
cdiptic, and I lon^ptade of the nod^ which would be eseet»£t% 
motion of the e(^t were direct or [wogieseii^ ^ We Iwr^. 

e s y cos. I tan. p x sin. I ton. p 

These two cquaticms give ^ 

*(ai)'*“*(al) V » 

^ r 

*!“• *{^(^) -Krr) } 

f ought iilwajx fo be pot^ve and less than a right 
uuglc, the sign hf rinr 1 is Inioai^' But the UsgMit ct 1 and the sign of 
its bine being determined^ th^, angle 1 is;fihind txmipletely; ' This angle 
is die longttudfi of the asoendihg ndde of the ofhii^ -if motion is pro« 
gressive; but to this we' most add two^ht angles^ {b order to get the 
longitude of the node when the motion is retraprtd& ft Would be more 
simple to consider only progressive motions; by making vary f, the in* 
clination of tho orbitb^ from skto to two right angles; ibr it is evident' dust 
then the retrograde modons correspond to an inclination greater than a 
right angle. 

In this caiic, tan. f has the sinnc sign as 

determine sin. l,.and consequently the angle I, which always expresses 
tlie longitude of the spending node. 

If a* a e be thei semUaxis major and the excqntricity of the orbit, we 
have (by 492) in malung m =: 1, 

] 2 /dx^ /dy\* /dav* 

i = 7 '"Vd t) vd t ) vgi/ ’ , 

Tlm'Brst of these equations- gives flw the seeoiid^ 

cKcentriet^. Tlie sign of ftfe iimclltm T 

idiowsi whether the comet has already .^Anijd Us perilwli^r for a^ 
proaches if this fitifttum is negative; and Jam tsiotriny'east^ ^oemet 
recedes from ...' ■'V-'!' ■/ 



Book 10 NEWTON’S PRfNCIPI A. W 

• >r 

T 1)9 tbe istcml-of tiine oontpiuad Itotweon Bw epoch «iid p«K 
«ige of the cooiet over tbe peiih^on} tlie tvo first ci etptiitioni (0 

will observing fiutt n beb^ supposed mthy tre ha«^e n s= 
p a (1 •» e cok u) 

T Si a^ (a — > e cos. a). 

Tlie first of these eqnadoDs gives the eu|^ n/and the second T< This 
time added to or snbtmcted from the qmdii accutdiog as the comet ap^ 
proechcs or leaves its peiibelion, vill ^ve the iostsuit of its passage over 
this point. Tbe values of x» detenninc the angle which the projection 

of Uie redius-voctor f makes with die a<i<s uf x ; I'ltd siac< l.uow Uie an> 
1^ Ibnucd by this axis and by the line of dir no‘l>s,«c <^hull have the 
angle which this lost fine ibnns with th^ prajrcdon ot ; ; wh ace we derive by 
meebs of tbe indihation p of the orbits the angle fo''iut.d In the Hau of diu 
nodes and die radios p But the ang^e n being Known, wt ‘.hi II have by 
means of the Uitrd tbe eqiiafiims tbe angle v wbirh this indias forms 
with the line of the apsides; wc shall Unrofori. lie\c the luiglc c.nnpiised 
beiwehn the two lines of the apsides and uf the amlis. oint loi. « <{ n ntly, 
the pobitioo of the pcriiielion. All the dements tf the oilnt ,v)|t 'lias lie 
determined. 

dOO. These elements are given, by tbeprccedlag investigations, i.i <i'rr>i < 

of r, and known quantities; and since is gmn hi tenus if i 

by No. 497» tlte elements of tbe mbit will t>e fiincUonv if r nnd known 
quantities. £f one of them wore {dvon, we should have a in w equal > .a, 
by means of whiefa we might dtU-munc r; dus equation would havt t 
common divisor with equation (4) of No. 497; and seeking thi.. di 
visor by the oxdinoty methodn, we shall obtain an equation of the fa 
d^ee in terms of r ; we should have, mort over, an equation of cond. i' n 
between the data of die observations and tltis equation would !>•* ih t 
which ought to subsist, in order that tbe gpven clement may liciung (u il«* 
orbit of tbe comet. 

Letnsap)>Iy this consideration to tbe case of nature. Fir'i su]j)o«t> 
that die orbits of dm comets ere dlip^^s of great tycencii«ity, 'md .lo 
nearly parabolas, in dm parts of thdr orbits in which these stars .t ( 
vkiblA We migr tbereibre widiout sensible &ror sapiw!,e a oo, a»wi 

consequent!^ > ss 0; dtt eiqpnnesstonfiar -■ oftbcpicccdhig No.willt]fv.'U‘ 

fereipve 
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a »!«•■+ d y* + d, a* 

i - ■■"■•dt* ^T"* ■■■■'•, 

If wo then ^iubslitute for (^■^} valnes fdb)>d td 

the srune No., we shall liave after all the ledudions and ueglecXiQg th« 
square of R' — 1, 

|3..tan.tf + ^:rrj 
+ 2(^)* {(R— 

+ * '■(ai) + I 


.+. J. , 

^ R* 


a 

1 


baibjjUtutmg in ibis equation ’ 

found in No. 407, and theu making 

*(ri) • ® = ‘‘(ai)*+ { (d'n) + - - “4 

/d »\ ^d i 


and 

C 


{-“■ ‘(jp) + (A - “> - ■ 

LI 

=5 j — ^ — (R--l)cos.(A — «)| 


lal) 


> » {(H' - I) .in, (A - .) + S5iJ4-=^J , 
we shall have 

() = Br»+Cr+.j[i.-rl 

and conseqiicntlj' . ^ ' . 

f'{8r'+Cr + ^}».V ' - . V 

This aquation Hsiitg only to the sixth d^fue^ 'is in tW r^||)^.;,4i»p(h 



NEWOirs PRINCIPIA. 


B^kl.3 


n 


eaofi^ tlmn c^pMtkta (4) of No. (4AT); tiot it beioc^ to <he paraboia 
alone, whereas tite equation (4) eqoaiiy i^anls every species uf conic 
section. 

501. We perceive fay the forej$oing investigation, that tiie dt temuna« 
tion of the parabolic mbits of tite craneta, leads to more equationa than 
unknown quantities , and that, therefuro^ in oomfauting these equatiosm in 
diffetent wa}s, we c.tn fo i.i as many different methods oT calrulating the 
orbits. I.et ua ex miiue those which appear to give the most exact re* 
suits, or which seem least sosceptibie of the errors of observations. 


/d ® Cl 

It is ptinripally upon the values of the second differeuces and 



tiiat these etrors have a sensibie influouce. 


In fset, to detenuine 


them, we must take tlio finite difit*rcnC( s ol the geocentric longitndes and 
latitudes of the comet, obsesrved during a short intfarval of time. But 
these differences being less than. the first diffhi cures, the etrors oi ob«cr> 
rations are a greotor aliquot part of them, besides thi* > *‘>iim.ia* of 
No. 496 which dotennine, by the ooniptiison of obss .^woits, the values 

** (dl)* (5l)* (d'tO Ca t j) 8^*" precision tiie 

four first of these quantities tlmn the two last. It is Uu^rcforc, desirable 
to rest as little as possible upon the second thHeiciiC(.sk of n and ti; and 
since wc cannot reject both of them togctbciy i))e imthud ^shicli * u pioys 
the greater, ought to give the more accurate results* Tins being g* u^lul 
let us resume the equations found in Nos* 4t>T| &c* 


t* sz + 3 Rr cos. (A — «) + R*J 

* cos.* 6 




A COMMENTARY -ON [atjMv-Xt 

+ * (a i)- {(*' - « 

+ « ' (ai) {<*' - ^ <A — > 



If we wish to reject (^i) > we'«gci«(i!lert>nly the firsts seCQiu] aa^ ^Mintt 
uf thoise ecjuatio»3. Eltminaiing means of ihe 


second) we shall form an equation which cleared of fracti<^ will' ^ntain 
a term multiplied by r*, and other terms affected with even iii^ 


powers of r and If we put into cm', side of fJie equation aUj the terms 
aiFected witli even powers of ^md Into the other all those iwhidi involve 
its ockl powers, and square botli sides, in order to h^ve none but even 
powers of f, the term multiplied by f ^ r * will produce diie multiplied by 
r *• Substituting, therefore, instead of its value j^vch by the first 
of equations (L), we shall have a .final equation of the sixteenth degree in 


r. Bui instead of formiitg diia ^piation in order afterwards to resolve it, 

it will Ix' more simple to satisfy \)y trial the three preceding ones. 

* xd ^ a\ * " 

If wc 'Wish to reject must ccmsuler tile first, tblrd anti fourth 


of equations (L). These three equations roiiduct ns also to a final equa- 
tion of the sixteenth deforce in r; and we can easily satisfy by trial. 

The two precetiing methods appear to be the most exact, which we can 
employ ui The determination of tiie parabolic orbits of the comets. It is 
■ at the same time necessiiry to have recourse to them, if the motion of the 
comet in longitude or latitude is insensible, or too small for the erroi^s of 
observations sensibly to alter its second ditrerence. In this case, we must 
reject that of the et;{uatinn$ (L), which contains this difierence. But al- 
though in these methods, we enqiloy only Uiree equations, yet the IbUrtli 
is useM to determine amongst all the real and positive values of r, which 
satisfy the system of three equations, that which ou^t to be selected. ' 

502. The idements of the orbit of a comet, tietennined by the above, 
process, would be exact, if (lie values of a, .'and 'first' and sectmd 
diflerences,' were, rigorous; for we. havp.4ega{«kid,'Bfier;.a 
manner,. the acentiicity of die terrmtrial .b^rr 
vector tiie cqnl^ corresponding to ifa.')^t:i^v^otosdyj4^ iuk;* 

gle; we fere therefoi^^ permitted only to'4Be^!(^;^^|^}wbf tii^ OXOei)- 



PatNGiyiA. 


WMifi a to o^isskni a tenidble influ- 

^i^iipoa tj^nsulb^' '' « and tbeJr diHerencas, are always suscep- 

dUe bf my tnaccoracy, botli because cf the errors of observa- 

lio&S| arid because thesfc diiKrerites are ouly obt-uned approximtriely. It 
is tlierdfbte ritotssafy io oritvrici the ekmerifs, by means of dirce distant 
jobservatirinej;' whie& cwa. be done bi miiny wa^s; for if we knew nearly, 
two quantities relative to the motion of a comet, sudi that the radius-veo- 
tor eorre^qjoni^ag.to two ntnenradrins^ rn 'ilte. ppsititoi of the node, and 
‘ the inclination of the orbU ; calcolating the observalious, first with these 
qtmntities and afterw^s rirj^' Oth^s, tiering hot little fitan. Utah, the 
law of, the difierences betwrito^e will wsily show the neceswny 

cpi^tions. Bat amongst tbe cognations taken two and two, of the 
qnantidto relative iio the mbtioti of comets, th{W% is one which ougirt to 
produce grmt^t siin{dtdty, arid which for that rea^ sliould lie selected. 
It is of inqiortari^ in facb .in a probleia so intri(^te, and complicated, to 
sjHtre the cakmlator all sopetfittous openduius. . The two dements which 
appear to present this advaritage, are the perihelion distance, and the 
instant whea tlie comet passes this point. They are no), only easy to be 

derived from the values of rand but it is very easy to correct them 

liy observation^ ddthont being obliged for every variation wl\icb they 
nndergi^ to detemiiito .die other corresponding dements the orbiL 

Resontlpg' the ecpiation finmd in ^o. 4i9S 

a (1 — e ') SB » j ^ 

a(l -» e*} is the seBBe-fiMrameiiw of the conic section of which a is the 
send jB3dus>inajor, and a is the excWttridiy. lu the parabola, where a is 
mfiinte, and e.eqod to nhity, a- (l -fx e *). is doable the periltelion dis> 
tance : let !D be 'distaii^ : the preceding equodfut b^mes rdutivdy 
to this curve 


Drsf 


JL 

2 




bt;8ubsdtntfaig ibr {*itt value-— ~-,+2R 

■ ■■ r-^r^' \^r- - ^ ■.. . 

^ I ... . % .e 


rX 


-W A ' 
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+ r{(R'-l) COS. (A-r“) 


sin. {A 




+ t a g~) sin. (A — <«) + a (R' — 1^ ■; 

Let P represent tliis qaendty; if it is n^dveit .idbe;n£iu^»vedtnr d^, 
creases, wd conseqitently, i^e comet tends town^s its .perifaeUini. ' fiat 
It goes i)S into the distance, if P is negative. We have then 

1 




p*. 


the angular distance v of the comet from its perihdion, will be determined 
from the polar equation to the pariibo^ 

, 1 D 

and finally we shall have the time employed to destaribe the angle v, by 
tlic table of the motion of tlte comets.- . This.time added to dr subtracted 
frouitliatof the epoch, according "as, P is negative poativi^ wdil ^ve 
the instuiTit when the comet passes its perihelion., f 

503. Recopitiilaticg these diflerent results, we shall have Ute following 
n<ethoil to determine the parabolic orbits of tho comets. 

QcneruJ method of determining the orbits ^ ike comfts. 

This method will be divided into two parts; iu the firs^- we shall give 
the means of obtaining approximately, the perihelion distance of the comet 
and tlie instant of its passage over the perihelion ; -in the second, we shall 
determine all the elements of the orbit on the supposition that the former 
are known. 

Apjproximats tletrrmination of the Perihelion distcHKe of the eomet^ and 
the instant of its parage over the periheUon. 

•We shall select three, four, five. See. observations. ,pf the isbmet 
^naily distant from one another as nearly as possible; with four obser- 
vations we shall be able to consider aii interval of 80<* ; wit& five, an in- 
terval of 36°, or 40° and so on fi>r the rest; Imt to diminish, the in- 
fluence of their errors, die interval comprised betvre^ dm observations 
most he greater, in ptjoportion as their number u This beit^ 

.'sujvpoted, 

Let js, &c, be die successive geocentidejt^^ci^ die com^ 
’fi y', 7*' the eorresponding latitudes, 1 
pr negadveoiteording os they are north or spt^* 
f«r^'ce‘j^^ ft by the number of days betwOed dm^first se^d.ob^ 
senitdion'; Veih^l tfiyide in like inaBpMV ,theVd||l^9a^^^^ ' '' 
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ui^bcr of days betf^ Ute »cooud pml third obaorration; «r 4 to ott. 
lit i ^ fto. bo dteae q'iout nt*. 

Wo next; dioido dfeo diffisrenoe 8 3' — d /3 by tlio niubber of doyo W* 
twoon the iint clmrvstion and the third ; we divide^ to hks ingiUierp tho 
diflferenco i 8 /T by the nuoiber uf doys betweeo tho oooolid, ojod 
fourth obsmodoos ; amilorly we divide the diffetence 8 j9"' 8 /T' by the 

number of dojw between the third and fifth ob^ervaUtin^ and ap on. l«t 
8 * 8 * ice, denote these quofiente 

Agaioy wo dhrido the difibreticc 8 * /S' ■>— r ‘ 3 by the number of days 
which bcparotedie first obi>emtioo fiom die futnth; wc divide in like 
manner 8 * /S" — > 8 * /S' by the number of days between tlie second obsca> 
vation and the fifthf and so on. Make 8 ’ |S'» Ac. Uicse quotients. 

Tims procee^ng^ W'o shall arrive at 8 “-*' ft, u btin^ the nninber of obser« 
vationa employed. 

This bring done, we proceed to take as near as may be a mean epoch 
between the instants of the two etueme observations, and callin'; i, i', i'\ 
&C. the number of days, distant from each obsei vation, i, V, i", Ac. ought 
to l)e supposed negative foi* the obsci vation > m.ule prior 'o this epoch ; 
the longitude of the comet, after , imaft aumhir 2 of daj't leri oned fiom 
the Epoch will be expiesved the following formula : 

(3 i 8 3 + i r 5* f{ - - I / i" 8 ’ 3 + &r. 

+z{i 3--{i4.i')8 */S +-(1 i'+ii"^.i' i ')8-3— ^1 i' i"+i i' i'"i.i i" i'"+. , (p) 
i'i"i'") 8 ^a + &t.i 

+2«{6*^-{i+i'+i")8'>/3a.(ii'+ii"+iP+i'i"+5"+i'>^3*3 — &c.| 
'The coefilcients of -- 8 ft + ** A — A &c. in the pait independent 
of i arc 1 st tlm ntmibees i and i', scccmdly the sum of the puHluct<s tao 
and two of the three numbers i, i', i''; thirdly the sum of tlie products 
three and three, of Ihe fmir uumbers i, i', i ', i'", &c. 

The codHcients of —3*^, + 8* ft — 8 * ft Jtc. in the part multiplied 
by 2 *, are firai«the sum om&e three imnibers i, i', i'’; tu'oondly oi the 
products two and two of the four numbers 1, 1', i", i diiirlly the sum ot 
die producUi tiiree and three of the Hm munbers i, i', i", i''', i"", Ac. 

Instead of fbfmiqg die^ products, it is as simple to devein, e die fiino 
tion3 + (2 — i) M + (* — i) (* — iO ^'i9+ (* — ») (* — tr ~i") 
X 8* /3 4 . ftc. rqacdng the powers of r superior to the square. This 
gives the precediug* ibTmid 0 , 

If we operate bt « rinular manner upon the observed g'vircntric lad* 
tudfls of die comet} iis geoedatne latitude, after die mituler / of day. 
frean the epoch; will be ea^yeised by the fimnula (p) in i.haiigii]|g p mf,) 
y. Cali (q) die equatioit (p) thiis ifitwed. 'Ilih b^g (h*)'-. 
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C&CT. XI. 


« w9l be die pert indq^ctediefat'df e fo die foni»^ ^p) ; attd #dfef iti 
furmaU (q). ' 

Reducing into Bee(m& .die coefficient of e id «nd 

taking froni the tabular iogndtlun i^ this nuitil^of eeeoM^l^be logeiiUnn 
4,0394623, we afaell birre the logarilhin ^ a number , Hre shstt ^ 
note 'by d. ■;■' '• 

Rechtdiig info aeooifdtdie. coefficients' of 7 .* in the sattfe^raKiIa, and tak- 
ing fimti theUgaiithm of this nttmber cd‘ wconds, .the.logaritbm 1.9740144^ 
we sfadQ I^e fbe tOganthm Of a number^ which wc sbefl denote by b. 

' Redocihg in' ]^ . manner into seconds the oiefficients of z and- n* hi 
the fominla (q) 'and taking «way reipecdvely, front tbe logarithms. these 
numbers of seconds, the logarithms, 4^0394633 and 1,97401'^, 'we aball 
hare the logarithms of two irambejo^ which we dudl' ndmo h and 1. 

Upon the accurw^ of the values of a, fa^ :,h, 1, df^bds ffiat ' cf the 
method; and shice their fotmodoA is^ very almpic, we must eyect aiid 
multiply observation:^ so as to obtain titem wkb all the e^CMleai which 
the observations wd! admit of It is perceptilde'^al -these v^ues aiw oidy 

tf.eq«amities(^-?), (‘fl?), (^J), (^); which we ha^ express- 

ed tnuro simply by the above letters. 

If tJie number of observations is odd, we can fix the , Epoch at the 
instant of the mean ubsut ration; wliidi will dispense. with ealculatmg the 
parts independent of x in the two preceding formulas ; for it is evident, 
that then these parts are respectively equal to the .iongi^de MiS latitude 
of the mean observation. ■ • 

Having thus determined the values of «, a, V, h^ emdi, we shall 4e> 
termine the longitude of (he son, at the instant we bovo .sdected for the 
epoch, R tlie ccntespotiding distance of the Earth from '.tim sun, and B' 
Uiu distance which answers to .£ uugmmted by. a right . We ghglt 
have tlm following cqiiations 


~ SSiTtf — 2 R x.^. (E ~ «) q. R* ; 
_ „ sin. (E— .«) f I 1 1 bx 

= « — V 

« _ I , a‘ tin; ^.cos. <1 

y - x-|h tan. # -f 4- — 


.ss y * -h, a * X * -h (y tan. y. 


rtin. 
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PRIVill'lPIA 


— (R^ — 1 ) tttt. (E — «)} — 2 u X |(Il' — 1 ) Bin. (E — «) + 


cos. 


(Err«)l .. i a 

7 W 

Xo dcnvc fxotti ihodo i^iootiontF th6 v*iluc*8 of tho uDkiiowii ((ujuitiiuft 
*» y» 6 inust isonsidtttv D$?|jliftcttHl| wh^th^r 1> is grcuUr oy 

less than h In tl|e firat caae wa laiAaa aae of ecjaation (1), (a)j aud 

(I.)* We shall &m a first hypo^i^ for x, sopppsiog U for h^fttanca 
equal to unity; end wo thw derire by means of equ-iUoiis (1), (2)^ the 
values of { and of y, Nei^t we substitute these values in the equation ^4); 
and if the result is 0, this will be a proof that Iho ^aiae of v has been 
rightly chosen. But if it be negative are must augment tb*' va^ue of 
and dinuu):»h it if the contrary. We shall thus obtaur, by means of a 
small number of trials the valoea of 4 i;i y and |» But siiw^e tlie*>e unknown 
quantities may be susceptible of many real and poshisc vaJurs, we iimsi 
sede that whidi satisfies exnrtly or nearly so the Equation (8;. ^ 

In die second pase^ that i& to say, if 1 he greater than a*c shall use 
the equations (1), (8), (4), and then equat-oii (2) will give the verJfi* 
cation. 

Having tiius the values of x, ^ we shall haw the quuiitily ^ 

^ + h X tan. Ji* 


H y COB. (K — ») 

+ X I" — (R'— J ) cos. —v) ^ — E a S <im (E- 


■of 


+ R,(R'~ i;. 

'llie rerihclioQ distance D of the comet will be 

I P*? 

the cosine of its anomaly v will bo given by die equation 

* /ti I 

and hence we obtMl^ by the tabic of toe modon of the comeu, the nme 
cn^lojed to desoirihe the ao^ v. To obtain the instant when Uie t omet 
pa^ the tieribdifl% we most ^add tba« time to, or subtract it drotn die 
acotttdt^g: asjP is m^pative or potiiive. For in the first rase the 
comt ^iproadhif^ ^ ih ^.Mcend lenadcs'firoiQ, the petthelion. 

dms nm)i dhtavdid the iS«ia&oe.^ dhe comet, and 

the instant of its |iMsage or*^ the {Msrihahon ; «re are enabled to coircct 
them fay the Ibfiowing susAli^^v^dic^has' dbe advantage of b<'ii)g mde> 
pendent of tifae ap^oidmafie vahuo of the bifaer etoaumts avhe orbit 

Vsio |To ’ # JB* * J W 
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An exact Detcnnirtatim ^ fita Aemeitis ijf vAen vie kn^ <sjp». 

inroximate values i}f the jteeikeUon.^dasice ^ and qf the instant 
qf its pass.t{£e over the ferihelicmi , „ ■ 

Wfi slmlj fiwt select tlireit' distant- bbsetyi{^9m"*«f ' then 

taking the pcrilidion distaccie of .the'rome^ tniEthttitiSttiitt of its croSnn^ 
Uie perihdiun, (lettn-mincd as above, we shall cahsulate tlie. three anomalies 
of the comet: and the corresponding radins-voc^rs corresprading to tlte 
iit£tnnt& of the three ob .ervatiuns. Let v, v', be these anomalies, those 
wine/) precede the passage over Ute perihelion . being suji^posed negative. 
Also h-i . (■' f be the correspontling radins-vectors of tite comdt^; th^ 
v"' — V, v" — V will be tlic angles cotoprised by,^ and and by ^ 
fxi U he the first ofitJicsf! jingles, V,' the second. Agaut^ call «, «' «"'the 
three observed geocentric Ibngitiulcs of the c^net, referred to A fixed 
eqnvioxj t, f, its tliree geooentiic latitudcif^ tlie. sbo^ latjttUlcs being 
ncg.itii’e. Let f?, ,5-" l»e the three currespondiQg helipccittric longi- 

tudes and », ar^, m", its tlirw hdiocentj^clatitade&r.'' Lastly call E, 
the Unce coj respondiug ioiigitudei of the sun, and RV II" its throe 
dislances to the center of the eartli. ‘ ' , 


Ctmeeire that tho letter S Indicates the center of the'ton, T that of the 
ca- th, and C that ot tlie comet, C' tljiat of . its pr<yect!bQ...upon the plane 
ol ihe.tcJiptic. The angle. S T C' is tho dtSerence of tlic geocentric lon- 
gitudes cf the snn and of die comet. Adtlnig the logarithm of the cooine 
of thi8,angJe, to the logarithm of tho cosine of the geocentric latitode of 
•ihe.opm^ yc sdiall have the logari.tl)ni of the cosine-of the angle S T C. 
V^tkooir,'4uirffbre, in the triapglb S Tf3, the side S T or Sj the side 
S C or jf, and 'tWangle S T C, to find the angle C H T. Next we shall 
have die hcli«^ntfic Iptituclci w of the comet, by means of the equation 

„ . sin, h sin. C ST 

, • sin. w.s .... 

, 8111. C T S 

• T, is * spherical %bt migled triangle, ctf 

got|^se is the apgle T S’ C* and of ibne of tlto nde| 

'whence weahnll easily derive the ao^'T S CVMndxmm^' 
lic|»i*ic longitude f3 of the \ ■ -.i - . 

baye, after die same manner V, 

/?; show whether the motion of the' oopi^! bstftlftmict or: ri|(tKv 


m 


if mb Imagine the two arcs of latitude w, pole of. the 

Xiiptic, t^y woedd make there an angl e^epi^ ~to ^ in &e 







m. 


. • - ■■' "cv .- 

-'U-r ■' -v-r''-. ,■ ,,. ./ ■ ’ ' w.^-r. 

- ^ opposite to tbo wgl« f- 

ii &inprf|NMl be^e^ the rddi^^^reej^ ^ 

aa© thb^^y' spherical TrigaaometQri ^ 1 ^'%? 



A''<' 
•/'jv ’ .-' ■ 4 ■ 


C0S.*/1 (■•+V)- 


* cop ‘ - - fjy — /5) cos, w Cos; ;\ . 

W w^ch V z«i»^n.to tlus angle j so tltst if we call A the an^e bf • 
sqipatfeA Is. • ;■ ,-■«■'>■• 


find by the tables, we shall have 


s.’(^ — |8)'«>8, w.Cos. wV' - 

" ■ >■ , . ■' A 
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I V =? cos. (g- • + 4 J ’ + I -'- A.). 


Jf HI like tdanmr .we call V' the angle formed by the two radius-vcCtorS 
wehavo','" / . , ■ , 

sin.® I ^ ( 4 " + 4 "^ ■+■ ^0 ( 4 • 4 -^,'^') 

A' being whit A becoines, when .S' ore changed into *»", 

'If, however, 'the- fnirllielion distance and the instant of the cornel’s 
cioffiiag,thi^|)eril^i(m, '^reex^tly detcmiined, aittl if the observations 
were rjgoro^y escact,’^ shbtild baye ^ ■ , 

;:rst'.ife; V' = 17'; r 

Bnt ain.ce .^ht is .l^dly ever the case, we shall suppose 

:■ . -.. ••., '.aisat U-^'.V,*-Bi' SS U'-^ V’. ■ 

We dhaEtbete ob^ir^ ^^^^&e.TeVoMttt»i of the triangle T C, glt%s 
for the angle C ST^two tjdiies : Ibr fKe tnost part the iiatid^ 

of the mo|ic^.e^;^'a. c<^ehi, viull show ^t,;Whidi we ought to use^ aod 
tbe-naoiret.plat^iy'^j^'il^^irld^^'t^ '-^S^ ^i^erent ; for tlira the one wiE' 
plat»^^,e comd^«5ii^^s6i^t f^ than tiie it will 

be 'e^ to .is6^^'|i^:j^.Wp{im(a)i m^ the t^nvst at the instant of , 


L Bdt if tliefe remaids any uii- 
the Vretue which rents' 

’., . '^.pictut the same' pasr ' 

tlje 'perihdion- db- 
part of 



VJ A COMMENTARY ON 

ha va^uc. /iucl xvc sihall Invesligntc on tin’s hypothesis tlie vfiluesof V — V,,? 
11'^ Lot then ; ' ' - ’■ 

- u — V; n' r: 17 -- V'. ' • 

T.a<jri3% we shfJl frauie a third, hypothesis, In Vhich, rds.unuig the seme 
pc.'riheH<»n distance as in thts first, tvti shall suppose the instant of the pas- 
over the periLf^lIon to ^ aiy hy a half-day, or a day more or less- In 
this new liyjiolliesis we 5;aust .and the v:d?ie.s of 
17 — Vanclofl/ — V'; 

whicfi .suppose to L'. 

p ::5 U V, 1/ =r U'— V. . 

Again, if we suppose h tlio number by ■wJjich we ought multiply the 
utpi'osrd varifilion hi the perihelion th.^nuice in order to make ii the 
tp^^.. and i tlic nuinhc. hy V/hlch we ought to multiply the Siipji ied 
'..tviafioii of the lustani v.iion the comet passes over t.he perilieUtai in 
•>r'icr to make it the iaic instant, we shall have the two following erpii- 
iions : 

(ni — n ; u + (pi — p ) t rr ni ; 
tm' — u'j u + (m' — pO t = m'; 

whence we derive u and t and consequently the perihelion dklance cor- 
re.-a d. ;n.\d the true instunl oi'the comet's passing its perilielloiu 

J he pi «;\.t u*ng con actions; suppose the elemerits deteriniaed by , the 
iUst ripproxiiiiation, to be sulficieatiy near the truth for their errors to be 
regarded as infinitely smaU. J>ut if the second opproxiinaticai .should 
not even suflice, we can ha^e recourse to a tlxird, by operating iqion ihe ele- 
ments already corrected as we did jupoi) tlie first ; provided care be taken to 
make them iindergo snuillcr variations. It will also be siiflicient to calculate 
by these corrected elements the values of U — V, and of U' — : V'* Cali- 
them M, M', vre shall substitute them for ni, rn' in the. second mjem- 
bv*rs of tae two pjweding equations- We shall thus iKive two new equa- 
tions viijch v/ill lilvc tlio valuca of u and t, relative to the ^rrectionS of 
these new eUui!;. ni’i> ' . , ^ \ ' ' 

Thus hro jjig ohrair.-d the true perihelion distance OTd ihe true instant 
of the comet s y •'•sing )ti perihelion, we obtain the other,, elements of tJie / 
tirlut hi this manner. * . ;■ . . 

Let j be tl)e I'ingiiiide. of the' npdo whii^ if the 

moti-.n of ihc cuinct were dir^t, and p iheindinatian^^^^ We 

"shaH uavcJ.)y comparison of the and ia^ : 

^ ^ tan- w aijj. ^ ^ 0 J-T* ■/. 
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a 


tan.*'' 

Sa,ir^* 

Sbice ira can con^c^ tfans two ai><l two togetliei, the ihi-ce observa* 
it w^l he more e([H(tfiet to si^ct Uiuse which ^rc to tlie above fmo* 
dmis, the greatest nmneratoi's and the greatest deuomhiators. 

Sinee tao. j may eqiwJly belong to j and i + j, j being the smallest of 
the positive angles containing its value, in order to iiud that which we 
ought to fix upon, wc shall observe that p is positive and loss than a tight 
angle ; and that sin. (/ 3 " — > j) ought to have liio v'lae sign as tan. m'*. 
This condition will determine the ati»ie j, and this will Lc the position 
of the ascending node, if the motion ol' the comet is direct; but if retro* 
grade we must add two rlgUl avglct to the angle j to get the position of 
tlic node. 

The hypothenuse of the spherical mangle whose sides aie — j and 
is the distance of the romet fiom its ascending node in the tldrd ob* 
serration; and the difiereuce Itetween and tliis hypothenuse is the 
uiterval between the node and the perihelion computed along the orbit 

If we wish to give to the theory of a comet all the precision which ob* 
sersntions will admit oi^ we must e&tabUsh it upon ou uqgr^atc of tlie best 
observations; which may be thus done. Mark wiUt one, two, ^c. davbcs 
or strokes the letter's ni, n, p relative to the second obsonation, the third, 
See. all being compared with the first observatiou. Hence wc diaU fotiu 
the ecpiations 

(in — n ) tt + (nt p ) t =s m 

(m' — ' n' ) u Hh — p' ) t = in' 

(m" — u") 11 + (m" — i/) t = in" 

&C. SS &.C. 

Agwn, combining these ecjuations so as to make it cauer to determine 
a and t, we shall have* the corrections of the perihelion distance and ol dv< 
instant of the comet's posimg its petibcliwi, founded ujion the 
of these observations. We shall have the values of 
ft ft; fl", &c. w, w', &c., 

and cbtsin 


» UClIe Sf + sin. ft" + Stc.) — - sin, ft (tan. W + to"* 
V(c^.ft^+ cos. See.) —cos. ft {lain. »' + 


tail, tr" + &,l.) 


tjn.i 

tamw'{cos. 

_ ' daa.«r’ 4* <•». w*' + &c. 

****• 

504. There is a cast^ very xaie !^e«d, in which the orbit of a coonet 
can be dctcpnhied rigoveasly and simpl^,; it is that where the comet has 
been observed in its two nod^ I'he straight lioo^which joins tbeso 








ubgerved poatioos, panes thr(Wgh the'centerof tl«e sot ( 
with the line o+' the noiJes. The len^h of this , 

by the time elapsed between tlie two obscrvatioiiBi ‘T tld* 

leduced into ileciinals of a d«j', and denoting by c. the^ ^ . 

question^ we shall have (No. 493) . . ' 

s ^ i 

1 / T* ■,■ 

® ~ sV (9.688724) 

Let ,6 be the belioeentrie longitude of the cometj at the gioment of thd 
fust observation i g its radius- vector ; r its distance froin.iJie eaiijlt f and;« 
its geocentric longitude. Let, moreover, R be the radius of the tesrresftrial 
orbit, at the siunc insmnt, and £ the corresponding bngitHile ol^ tbe''^. 
TJicJi we shall have • , • ■ ' 

f sin. 3 ss r sill. « — Rsiiu E; ' 

I cos. =s r cos, « — ‘ R cos. £. ' , -/ 

Now T + ^ will bo die heliocentric longitude, of the comet td the 
stunt of the second obsorvution ; aiul if we dis^oguisb-the quantitiea gf o, 
r, R, aiid E relative to this instant a dash, we s^U have 

f' sin. (5 =r R' sin. E' — r' sm. a' j 
<' cos, 6 ss R' cos. 15' —r' cos. 


'J'Ijcsc four equations give 
r sin « ■ 


• Rsin. E r'sin.a' — R'shuE'. 

R'co^F’ 


tan. d =5 - g — 

vvljvirico we obUiai 

11 iV siiiv (E ~ E') — Rf sin* (« — E') 

) — ~ — K {of ~ E) 

W'e luivc also ' 

“t .sO ‘‘bi. ^ X t>in* « ~ r' R «in* E +» R' sin* E' • 

(t ’t’ fO ^ ^ r « — r' cos* — RcoSs E + R^ cos. E'.. 
Sjuai'irg ihesif two orjufiUoiis, and adding tliein togotberg and subslittU- 
Ing c for 0 + we shall have , 

c- =: il-~2RR'cos.(E'~E) + R'® ^ 

.}- 2 r { IV cos. (a — E') ~ R cos. (« — E)} . 

2 r' { R cos. (a' — E) ~ 11' cos.^K ~ E')i 

.f r®*--grr'cos.(»'-^tt) ‘-.V I 
If xve substitute in tiiis equation for' r' its ptecodii^’^ftN^^^ 
we shall have an equation in r of the four^ degreeii Which resotved 
by ihe usual methods. But it win be more , irimpfe to 'flnd valite 


hy trial such as will satisfy the eqoi^n* 
purpose. 



w^ows minmwiA. ■ ift 

:** have 4?, ^ mwi /i. If .v be.thf 
^ laak the peribalioa dislmce c«ll^ D; 

«rTf>vi^4^Ji^;iis^isla^ same distane^ aiad bytihe.ra^usf't ' 

. t>y ^(6 . ^bfi^on to die parabola > ■. ■,*■ 

» * / = r-i 


:if|ich pve 


.4vssX,5 
2 . V fi 4* 


....'»■ 2'' . Y’ c. ^ * 

Wd shall therefore^ have the anomaly v of the comot^ nt the instant of 
the first observation, and its -perihelion distance I>, trheuce it is ea^ tp 
find tl^ position of the perihelion, at the instant of the passage of t);ic 
cornet over that point Thus, of the five elements of the o bit of the 'cii- ! 
met, four are knovi^n, namely, the perihelion distance, the position of the 
pei* 4 helion, the instant of the comet's passiiig the perihelion, and the posi- 
tion of the node. It remains to learn the inclination of the orbit; but for 
that purpose it will be necessary to have recourse to a third observation, 
which will also serve to select from amongst the real and positive roots of 
the equation in r, that which w^e ought to tnake use oil 

505. The supposition of the parabolic motion of comets is not rigorous ; 
it is, at the same time, not at all probable, since compared with the cases 
that give the parabolic motion, there is an infiiuty of those which give the 
elliptic or liyi^erbolic motions. Besides, a come t moving in either a paia- 
bolio or hyperbolic orbit, will only bnce be vi^iible; thus? we may with 
reason suppose these bodies, if ever they existed, long since to have dis- 
appeared; so that we shall now observe those only which, moving in or- 
bits returning Into themselv^} shall, after greater, pr less incursions into 
the regions of space, again approach their center the sun. By the follow- 
ing method, we shali be able to determine, within a few years, the period 
of their revolutions, when we have given a great iniiuber of very exact 
obseivations, made before and af^r the passage over the jieriheliori. 

Let us suppose we have four or a greater number of good observauons, 
which embrace all. the visible part of the orbit, and that we have ilcn:: - 
mmed,..by.tW preceduig method, the parabola, which .nearly satis'tiosiiiope 
©bservatiosius.: Let v,^ YV be Uie conesponding anomalies; 

as- 
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Tlien wti shall esdma^ by the .pi^ccding^ TQ^o|3>wUh. 
already found, the values of U, O', TJ", Ac., V, ,V,% 

m = 0 ~ V. m' « U' — V', < ' ' 

Nux^ let the periheRon distance in this parabola pty 
(quantity, and on this hypodiesis suppose , - V/^- 

n = U — Vj n' sr U' — Vj n' ^ U" — '' 



Wc will £mn a third hypothesis^ in which the perihelion distance ^ . 
iriaining the same as in tlie first, we shall nmkc the instant of ^ ecn^»--’ 
passing its perihelion vary by a veiy small quantity ; in this case lit . 

p =s U — V; p' = O' — V'; p'^ a U" — T'j.Ac,.. " , 
Lastly, we shall calculate the angle ▼ and radios A mdi thh pt^efion 
distance, tuid instant over tlie perihelion on th^ first hypotiie^ suiqiosmg 
the orbit an ellipse, and the difiercuce 1 — c between its excentricity and 
unity a very small quantity, for instiUice To get the angle V, in this 
hypotllesis, it will suffice (489) to add to the anomaly v, calculated in the 
parabola of the first hypbtliesis, a small angle whose sine is 


(1 ej ton. ^ V |4— S cos. < ^ v — 6 cos.,'* } 


Siil)r:>tituting afterwards in the ^uattrm 

o t- 


cos. V 


{- 


2 



for V, tub anomaly^ as calculated iu the elHp&Cy we shall have the corre- 
sponding radius-vector g. After the same manner, we shall obtain v', 
v" &c* Whence w e shall derive the values of U* U', &c* and 

(by 503) of V, V, V", See. 

In ihis ease lot 

q 2=U — V; q'r=U'— V'; q'^ := U" — V'^ &Cv * 
■Finally, uall n the number by which we ought to multiply the snpposed 
variation in the perffivlion distouce, to tmtke it the true one; t the luunber 
•by.which we ought to multiply tb'o supposed variation in the iiutant over 
the pcrUielion, to make it the true instant; -and a that l^ir^ndi we should 
multiply the siq^poscd valueof 1 — e, in order to g^ the true one; mid 
uta shall obtain these cquatirms: \ 

(Ba — (}) 1, f (m — p) t ^ (m qf; a 'sr m;. 

(m' — a') u + (n/ — p') tHh (n>^ * j '* 

(uif' — n"l u + (m" — P'0 t+ ^ *1^0 s 
; (m'" — n'") « + (m'" — p"0 t + (in'" S;*e^ 


■ 11 . 





NEWTON'S PRINCIPIA. 


hj larans of thebe eqnetiotts, the v«]iies of u» t, s ; 
vhenorir^lw^biivvd the trno perihelion distance, the tmo instant over 
lilt ft^lbl^&tot and ttieinie vdue of 1 — c. I«t D be the perih^ion 
Artto ot^ and a the semMxis lo^jor of die uiliit; thiin we ahall haw 

b 


a ss 


l — e’ 


hy a number of sidereal yean equal to a ^ or to ^ WMH 


distance of the snn from the earth bdug unity. We ahalf di<m hntn 
(by 503) (be inclination of the ortiit and the position of the node« 

‘ Wiiatever accnrt<y we may attnboto to the obsktrvadon^ dMiy tHtt 
always leave ua in uncertainty as to the periodic Umes of the cometa. 1)> 
delerraine this, the most exact method is that of comparing die observa- 
tions of a comet in tivo consceuuvo revolutions. But this *.s pracdcablo, 
only when the lapse of dme shall bring the ctanet bock towards its peri- 
hclion. 

I'lius mnch for the moUous of the planets and comets as caused by dto 
action of die principal boily of the system. We now come to 

506. Oenfrnl methods defermining by Sucemvoe ujiptozimathtis^ the 
muiicm the heaverdy bodies. 

Ill the preceding researches we have merely dwelt upon tho eUifitii 
motion of tlic heavenly bodies, Imt in what fultovs we shall e«tiiua^e diem 
as deranged by pertnrbing forces. The action of these forces rc quirc<> only 
to be added to the diiferentia} equations of ell^tic motion, whose integiaU 
in fimte terms we have already given, certain small terms. We must deter- 
mine, however, by successive approximations, the integrals of these same 
eqoadims whmi thus augmented. For this purjKise here h a gene**al me- 
thod, let the nnmtier and degree of the equations be what dicy may. 

Suppose that we hav«»between the n variables y, y', y", 5cc. <ii.d the 
time t whose element d t is constant, the w differential equations 

0 - + P + »Q; 


0^ 


a*^ + F + •-Q'l 


&C. ss flte. 

P, Q, F, O', &C. beiDg ihncdoiia ttfl, y, y^, &c. and of tho diftcrcnce*. i> 
the order i — ■ 1 inclttMTely', aniil’a being a very small (oustaut roeflic . m, 
which, in fbetheevy oC,$elestial motions, is of die order of the prrtiuo- 
ing fcarees. Then kt us' suppom we bavc the funfs iutegnJ.? o( (hoso 
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equations 'tvhon Q, Q'« are nothing. Diffeiwl^ihg 

riuies successively, wc shall ibim with, their diiibrentials i n j^ii^tions by 

means of which we shall determine by elimination, thc^arUtciiQ' 

O c', c'\ &c. ill functions pf t, y, y', y' > &c. and of their to^the 

Older i ~ L Dc^^ignating tlierefore by V, V', V", Stc. these fimetiotju 
wc shall have 

e = V; ■ c/ r: V' ; c"'s: V"; &c. ' " ' 

I'hcse equations are the i n Integrals of the (i — I)'^ order, which the 
equations ought to have, and whidi, hy the eliminatio-i of die diifercnces 
of the \nriable$, give their iinite integrals. 

But if we differentiate the pieocding integrals of the order i I, wo 
Aiiaii have 

0 == d V; 0 ;= a V'l 0 = d V"; Ac. 


and it 5s clear that thc-^^c last c(|uations being differentials of the order i 
vvlthoui vn:bUrary constants, they can only be the sums of the equatioiis 

1* .?: 4- p 
dt> + ^ 


0 


0 = + F 


0 SC &c. 

oacli niuUipliod by proper factor.'., in order to make these sums exact dif« 
fensnees. Calihtg, therefore^ F d t, F' d t', &c. the factors which ought 
respectiveJy to multiply llicin in order to make 0 = d V j also in like 
luaiincj- umkir.g XI d t, H' d l', &c. the factors whicl)i would moke 0=d V', 
and so oh for the rest, we shall have 


d V = Fd t {;ia + p} + F d 1 + 1-} + &C. 

d V'sHdtjg-^ + P} + H'dt{‘^i^' + P'} + &c. 

&c. 

F, F', &C. If, H'j &c. fire functions of t, y, y\ y'\ Ac. and of tlieir dif- 
ferences to the order i — I. It is easy to determine them when V, V', &c. 

are known. For F is evidently the coefficient of in tlie differential 

of Vj F' hs tlio coefficient of in the same diffi3]rential,^.and so on. 

Ilf like inimner, H, IP, Sic. are the coefficients . Wp * ^ 

dififerentiel of .V''. 'llius, since we inaj et^posg W bjT; 41^. 
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lerentlating to <3^ 



lit order to nMike dieu exact differences. 


Now resniine tlut dififerentiel conations 

9 = j-jf + P + «.Qi 0 ss ^ Sus. 

l£ we the first b; F d t» the second by F d t, and so on, we 

shall liave by adtiinft the results 

0 = dV + «dtlFQ+ FQ' + &c.{, 

In file same manner, we shall hare 

0 =s <1 V' + « d t 111 Q + H" Q' + Ac ^ 

&r. 

whence by iulcgralton 

c - «/d t {P Q + F Q' + &e.l sr V; 
c' — a/d 1 1 H Q + II' Q' + &c.| = V' ; 

&c. 

Wc shall thus have / rt dilTurfntial equations, which will l»c of tlic same 
form as in the cose when Q, Q', See. are nothing, with this only cmoCIo 
cnce, that the arlntrary constants c, o', c", &c. must Ih> chargi .1 into 
c— »/dtiFQ+FQ'+&c.l, c — «»/dt{nQ + }rQ'+&c.J&& 
But ii^ iu the sup^xisition of Q, Q', &c. being * qual to zero, wc cluni'iafe 
front the / n intrgiaU of the order i — I, the dnlbrcnri's of die vaii.ilt'' s 
y, &e. we shall have n finite integrals of tlio proposed equations. \V ■ 
shall therefore bare these same integrals when Q, Q', &c. are not zero, ^y 
changing iu the first integrals, ^ a/, Ac. into 

c — «/d t IFO + &C.K c' — «/d t {H Q + Ac.]&c. 

50T. If the diflerentials 

dtfFQ + F'Q' + &c.J, dtJIIQ f IFO' + ,V,{&<. 
me exact, we shall hav<^ by the preceding method, 6iiitc >'> '! 

proposed difibrentials. But tliis U not so, except in some ;/.n t*<'ul w ' 
of which fits most extensive and UJtere<.dng Is tlict iu lIkv u’ 

lipcar. Thus let F, P, Ac be linear feactions of y, } g c. :<>i ' u> tin ir 
differences i^ to the order f -h. ), without any term iiiae£n'n<i<'U’. of tiioc 
variables, and let ns fite^ consider, the case in which Q, Q', Ac. n<> "-O' 
Tli«>4£flfeKliMtial' etjoatkios lieing lUnear, fitffir sticcesuve 
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are likevs-ise lineal!,, so' that 'c si; .</ r: V, b^ig^'tbe jift.lo^egtals of 
the order i i, of the equations . ; . ,, 

0 Ss + P; 0 =: ^ + F; & 0 . ^ 

V, W &C. laay be supposed Unear functibns of y andW' thft ie dig. 

fcrcnces to Uie order i »- ]. To moke this evident, snppb^ that in the 
expressionsfrir y, y', &c. ^e t^bitroiy constant c is equal to a dete^inate 
quantity pUu an indeterminate tlie atbitrary constant c^ canal. to a 
dcterininure quantity plus an indeterrainato i &c. ; then reducing , tlMise 
expressiouM accruduig to the powers and products of 3 c, Sc/, Sic. we dial! 
have by tlie formulas of No. 487 

y = Y + dc (II) +ic'(^|)+&c. 


^ 1 . s 




, ac* /d* Y'v , * 


&C- 


Y, Y', (-j*- ) f &c. being functions oft witiiovt arbitral^ constants, Sab- 

stituluig those values:^ , in the pro|ioserf dillerential oyiiatious, it is evident 
tlii'it d Cf n eff See. being indeterminsitc, tlie cofjflicicnts of the first powers 
of such of them ought to be nodiiTig i» the several equations. But tliese 
ef}uations being linear, we .shall evidently have the tcrxni alFectcd with the 
first powers of d c, <J r', &c. by substilutuig for y, y', &c. these quantities 
respectively 

(^) * ° + (rJ) * 


These expressions of y, y'. &c. satisiy tliercibre separately .&e proposed 
equations j and sioco thej' conf-iin the i n arbitraries 4 c, 4.c', Slc. they are 
compietu integrals. Thus we perceive, that the arbitrarles.are.uhdipr a 
linear form in the expressions of y, y', Sec. and conseqneiitl^.aiso. their, 
differentials. Whence it is easy to conclude that the Vturu^tes y^, &&' 
^and tltetr differences, may be rupposed to be linear in the sctcceaiive' inte- 
grals of the proposed differential equations# 

■ ' H.)imce it follows, that K, F', &c. being, 





: X' \ ‘ 

fitc. i» tii6 (E^i^ntUI of Vj H, H*; being ^^e£Ei^t« ^'tbesiioifr 

diflere^ » the diflbT^iitial qf V',i3£c. tbesc quantities etc fii’iictions cl 
tiriaable t baly. Tberetbrq, if we suppose Q, Q', &c. funotions of t alone, 

1 1 jF Q -f F Q' + &c.} ; d t JII Q + K' Q' + &c.| i'^c. '■. * 
wUl.tiee^t 

Hoice there results u simple means of ohlaiiisug the integral# of aity/ 
n0tpbe.r whatever » of linear iljfii.rciitial tsquatious of tlio order i, ami 
which contain any tetms « Q, « &c. functions of one vuKablq t, having 

known the integrals of the same equations in tl'o case where Q, && 
are supposed nothing. For then if w^e differentiate their v finite integral# 
i — 1 times successively, we sbull hare i n equations which will give, by 
elimination, die valuen of the * » .nrhitniry L'mvtauU c, c^, Sic, in functions 
uf t, y, y', &C. Olid oi' their dilVci cnees to the i — I ’* order. Wo shall thua v 
form the t « equation.^ c sr V, c' =‘V', &:c. This being done, I', F', &:c. 

will be the coeflicients of , qj &c. in V; H, K', &c. will 


bo coefficients of the same dlilerences hi so on* We ghnll, 

therefore, have the fuulc iutegriJs ol'the hacai difTerenlial equations 

0 = J-J + F + « Q 5 0 =: f F + « Q ; SuC. 


by citanging, in tbc finite imcgral# of those equations deprived of their last 
terms « Q, « Q', &c. the arbitrary constant# c, c', &c. into 

c — aydtlFQ-j-F'Q'+ic.J, c — «y*dtUlQ + H'Q'-h&c.i &c. 
"Let us take, for ex.'implq, the linear equation 

0=:to+ P*y + «Q. ; 

The ia^nd of tSih equation 


' ,i# (found b;^.* mhli^ying ws. n i and then iy patis gelling 

CO#, a t> ss. cos, at-ig-T, ,(• iHj!’. sio, at^l.dt— r cos. a t < + 

‘ ' ' ' ' ' ' ■ ■ '1. * 

**“• a ■* . y ' 0 js' a cos. at* + a sin. a t . y, &«*' 



■f/f, 
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This Jniejjral gives by diffet^niiation * > > . . - 

sr c cos. a V ain. a 

IT we ci'iubine tbis with the integral itself, we shall form two inte^els 
of the iir.st Older > . 

ii 


c ss a y sin* a t + cos. a t; 


‘ly 


din. a 1 ; 


cf '= a y cos* h t — -jp- 

and therefore shah have in this ease . 

F =? CCS* a tj H = — sin* at, 

and tlic complete integral of liic proposed equation will thereibre be 


c . 

y i:= — sm* a t 4 - — cos. a t ■ 

n A 


4. j Q d t sin. a t* 


<x sin* a t 


/Q d t cos* a t 


Jlciuv it is easy to conclude timt if Q is composed of terms of the form 

< . (m t + i) each of these terms will produce in the value of y the 

corresponaing terra 
u K 

m ' — a 


vSin. 

cos* 


(mt+ 


^ sin* 

If m be equal to a, the term K (m t + *) will produce in y, 1st. the 

^in 

terra — ^ 1 + •) which being comprised by the two terms 

sin. a t+~cos.at,inaybe neglected; 2dly. the term + —^ . 

4* or — being used according ns the term of Q is a sine or cosine. . We 
thus perceive bow the arc t produces itself in the values ofyj y', Sic. with- 
out sLocs and cosines, by HUccessive integrations, although tlise diffi^rentials 
do ii'>t contain it in that form. It is evident this will t^e place when- 
ever the functions F Q, F', O', &c. H O', &c.. shiili contain con- 
stant tf^ms. r , . 

AOS. Jf the didPcrcnces ■ . . 

dtlP t? + &C.J, d t U-i Q+ Sifili . 
are mtt exact, the pnteding aualysts-will not give. thw.rigomis.|at)i^^^^ 
affords a simple process for obtwing thm-^thm^ and' mocef neatly. 
I^y ap^Ttinuttlon when a is very tenall, wUm W taye iiie'viih^ 
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y>/«&c.ontliesapiK>sitioixof«betng!(ero, 

I — I timc^ raccesuv^l}', we shnll £mn the diifbreatial c^oatioM of tho 
order i — • 1* vi*» 

c = Vj o' =s 
l| I V cl^ 

The (5oefllut®t? of » *“• >'* ‘1'doo*nti8W of V, V*, Stc, 

beiHR ihe values of F, F, &.c. II, 11 ', tcc. oe JiJt s<ib'fiiirtc tlwm iti the 
diAuieotlal fuucUoDS 

d I (K Q + F Q' 4 &a)i d t (H Q 4 JI' v)' 4* &r) ;Ai:c. 

Thui, we xhidl bubstitute m these functions, fui y, y'. &c. their first 
M] |)u>\iin'ite 1 aloes, wluck wUl ti'ake these dlileeuices functions of tand<d:‘ 
the arliitraty constants c, t", &C. 

Let r d t, 'r* d t> 5cc. be these functions, li wc chanr;o in the iBrst 
appro-viTato val«^> of y, V, &.e. the .rbitiary tuiibUoMs c, c, «tc. re- 
spuUv’cly i,i>o c -~ * / T d t, C — « f T il t, Sic. s.c Jiall h ue die 
•■ccoiid nj'(a<ixini?to Tciivs ol llio'-e s.o ' lo'cs. 

iignin >iihsil‘iUe iheso • oid sJois in tin differcndol functions 
d t. (F Q 4 - Suc.) ; d t (11 Q + &c.) &c. 

Hut it »b oviflcKt that thi 'C functions are tile'll what T d t, T ' d 4 .\.f. 
become when wo change tho nrbiliMry ronstnnU o, o' , ito. into c — w/T d i, 
(i — ttj T d l, &c. Let tbei'-fon T, , T/, Sw denote wlat T, 1 , &e 
btcoiiie by tiubo chnnpo>. "IVi .J all jj'.t the ihiid aii]»i’‘\injatc wdnes ol 
J» y 5 oo. by cliangitig in the first c, o', &.C, iibpetuvoly hito c — «,/'!' d i, 
t — / T; d 1, &e. 

Calling T„, T/, in bkc manner, >>lKit T, T', 5 . r. hi a 

wc cilbllge c, c', 8lc. iiivo c ey* ’V, d t, c' — a/T, d 4 Ke, n,. ^tialt 
hate the fiiurth apprusiinoto saiiies ol v, j', 3tc. l.y \haiighj„ >n »l ' ir 1 
apj”OiJmafi5 values of these vati'dil* «uto c — «/ 1 ',, d t, 0 — c‘J T, d 4 
Jtc, luid so on, ’ ’ 

We shall see presently dial the iTotcimiiiation of tiie c.*» tial i. 01 oii>., 
dc})ends almost always upon tUSTorential U|Uations of the foiin 

0 S3 ^ 'J + a*y + « Q, 

. Q being a rational and integer function of y, of the .sine ni.d <o,aK ot' 
angles incrcaatug propoiiionally with the time uprc-'ei>te,l {»v ^ 'iltr 
following is the easiest way of intei^ting thii, <s]>Mtio.t. 

Bintt^suppose 0 nothing, and ahal) have by the j»rcceding No. n lii 
vaioeofy. 4 • 

Nstst snbttHate this value in Q, wlmlt will dias tiiie^iie a r idotMl <.rid 



euth*cfunctipn.^ $iiies Po«iacs of angles prapprtiomal to the tiim* 
Then integra^g the diWgteo&d ^uation> we ^ball have a second talue 
of y approximfEi^'^ to qnatitaties pf the order a inclusively; . , 

Again subMatutb^^^iif ^iie in Q, and» integrating the differential equa* 
tioi), we shall have a third approximation of y, and so cn. 

This Way of inte^atihg by approximation the diidWential ^uations of 
the celestial motions^ although (he .most simple of all, possesses ihe dis* 
advantage of giving in the expressions, of the variables y, y', &c;. the arcsr 
of a circle (symbols /t*ne and cosine) in the very case where these arcs 
do not cnicr the rigr^rous values of those variables. We perceive in 
fact, that if ihcse vahios contain sines or cosines of angles of the'order a t, 
tiioso ^.ines or cosines ought to present themselves in the form ol* series, in 
Uic approximate values found by dm preceding method; for these last 
v'jJue^i are ordered according powers of a. This .dovelopement 

iJJto senes of iSu* sine and cosine of angles of the order « t, ceases to be 
i'Viict when, by lopsc of time, the arc a t becomes considerable. 'Hie ap- 
prowivtate values of y, y", 8tc. cannot extend to the case of an unlimited 
jutcmi) of time. It being important to obtain vtdues which i»\cludc both 
Pi^^:£ and future ages, the reversion of aics of a circle contained by the 
npprojiitnale values, into functions which produce &em by their dcvelope- 
inent into series, is a delicate and interestmg problem of analysis. Here 
follows a general and very simph; metbod of solution. 

509. Let us consider the differcutial equation of the order i, 

0 = + P + « Q 

dv d*'"'*^v 

« being very small, and P and Q algebraic functions of y, * j ' • * 

and of shies and cosines of angles increasing proportionally with (he time. 
Suppose we have the complete imegrat of this differential, in the case of 
m, r= <>, and that the value of y given by this integral, does not contain the 
arc t, without (he symbols sine and coshte. Also suppose that in ihte- 
gi riting this equation by the preceding metiiod of approximation, vihvn u 
is not nothing, we have ; . ‘ " 

y = X +-t Y + t“ Z + + 'SfC. 

X, Y.? Z, &c. being periodic functions of which contaiii the i 

c, c', c', &c. and tlie powers oft m this expressiw of y, going 

finily by the succt^ssive approximadons* It is evident: the co^^nta |' 

of these powers will decrease with (lie gfeo^jr iwpidky, . ‘ ^ 

in the theory of the motions of (he heavenlyb^es, « 

of j)erlurbing Ibrces, relative to the principal forces wbii^ 
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If w« MibBthntt tile preceding valoe of ; in the functimi 

it will take the forni fc <f k' t k'* 4- Ike., k, k', k", dttb bdag pinio» 

die faneUtms of t ; Imt by the enf^pontion, tiie value of y aatidhetibe titf, 
ferentittl ec^tion 

® = + + 

we ought therefiwe to Ixaae identically 

Q s k -f k-' t 4> V* t* + ^. 

If k, y, lsf*t &c« be not aevn tide o^nstion will giic the reversion o{ 
series, the arc t in ftmiAuAe (ti* sinee nod cosines of angles proportional to 
the time t Sv^q^KMing titerelbre « to be infinitely small, we tiiall have t 
equal to a finite function of einea and cosines of ahuilnr on^es, whiek is 
impossible. Hence the functions k, k', &c. arc identically nothing. 

Again, if the arc t is only raised to the first power uuder the symbols 
sine and cosines Mnee that tekes place in tlie tlieoiy of edestial motioiis, 
the arc will not be prodneed by tiie auccesiSve difierenres of y. iSnbsti> 

fl I V 

tutiug, timreibre, the preoedmg value of y, intlio function ^ t 

the function of k 4* k' f H* Ac> to whicli it tran'-forma, will not coutaiu 
the arc t out of the tymhols afire and fosr»e, inasmuch os it i<> already con- 
tained in y. Tboe ehanfipng in the expression of y, the arc t, without the 
periodic symbols, into t •— > being any cmistant whatever, the function 
k .f k t 4- Sec, will become k 4* h* (t 4) 4 Ac. and since this last 
function is identically nothing by leoson of the idtutical eijuations k s: 0 
k^ ss 0, it results tiud tiie espreiurien 

y a X + (t — «) Y 4 (t — <)* Z 4 to. 
also satisfies the difietential equation 
fit V ^ 

» = aif + p + “<i 

Although this second vidne of y seems to euntain *41 aibiirary ci p- 
stents, namely, the i arhitrairiies ^ o', to. end #, yet it can only base i 

diatinet ones. U » therefore neeessmy that hy a pn^per change in the 
etmateito tv «f» to tike ertdtteiy ^ be mode to disappear, and tlius the 
second vnhie of y wQl eoineifc with Ibe tin>k This considmUou will fur- 
itisheis edtii the means of ntettins d iss e nt tiie arc of adrcle out of the 
petiodks symbohu 

OSvotl^fitildwiiiffbrtnm toaeeond mipfnssu^ . 

.rf >' ‘jr ns JC 4 <i»<- f), R.' - 
em* II. ‘ o 
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se 


Then eupporng t to disappear trom }, we have 



end cooMquently 

(^) + 

Differentiating snceessively this eqoation we duiU hate 



whence it k enb} to obtiUn* by elimitteting Bead its differuitials, from the 
preceding expression of y. 




X is n fouctiou of t, and of the constants^ t, e"» &c. ond since tliose 
constants aic ianctions of X is a fonction of t and of i, which we can 
represent by f (t, i). The expression of y w by Taylor's The'^em 
the dcvcloperneut of the foucucm p (t» < + t— #)* according to tlic poweis 
•)f t — 6. We have thervfbre y ss f(tt t). Whence wo shall have y by 
changing in Xy # into t. Tho problem thus reduces itself to determine 
X bt a function of t and and consequently to determine c, c', c", &c. 
in faiiLi’oMs of i. 

To solve this problem, let os resume the equation 

y = X + (t — <). Y + (t — #)*.Z + &c. 

Since the constant i is supposed to disappear from tins expression of y, 
wc <>h.t11 have the identical equation 

"“C )-' +(^) { (^H®} • • <•> 

Appl; iiijL' to this equation the reasoiting which wc employed upon 
0 3s k + k' t HI* h" t* +''&c, 

wo perceiv>' that the coefficients of the soccessive powers of t — <) miglit 
to be each zero. The functions X, Y, Zs ffia. do not contain 6, inasmuch 
«a it » contained in c, o', ffio. so thtA to ffidsi the partial dUferances 

(^[ 7 ) * ^t) * (bt) »*!*•>*" saffidant to make c, o', See. yt^ 

iliasa limcMlons, which gives 



&;c. * 5 tc.; 

^ai», it »«y l»P^^:«»n^;of the wWft^^ c^ V, c'', Se,: 

multtply the arc t in Tbi AiSd^^n. 

bonof.thewfunctKaw rtto^ reiatlvtly 

to Ui^arbitraty cm^% wiU dovelope this arc, and briug jt from without 

the symbols of the pwri^ fonctions. Tlio difforenrea (^7)’ 

(rftf ) ’ win be then <rf this ibnh : 

’ 1 e--r, ' ■ / ■ ' 

f X' +'< X"; 


(r?)=Z'+tZ>; 

&C, ^ 

X, X'^, 1 ', Z', Z", Sec. bong periodic functions of t, and «»nin»n 8 «tnj > 

moreover the aihitrwy constant* c, o', c", &c. and their first difterences 
divided by d i, differences which enter into these lunciioas only luider a 
linear form ; we shall have tlierefore 

„ ft 7) = X' + rf X" + (t _ t) X" 

(57) ~ ‘ + (t - <) y " 


(^) “ + (t — rf) Z‘ 

ate. » , 




SubsUtuting these values in the equaHoii. (a) we shall have 

■ . , , fi 'as.,X' +■ ff X" --■''t' -v ' 

■ ■■■* — a Zf 

' ; ,;y//.^3;S| + scc.; 

Wtio, the coeflicients ot die 
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Ji wc uinciuitiate the first of these equations, i — I ttmes soceettiTdj 
• itUively to % we slioU thenco denve as many equations between tbe 
mtities e, c', c", &e. and their first ili&rcnocs thvided by d t. Tliea 
intcgraiuig these new equatUms vdajiveijr to ^ wo shall obtain the cm- 
si ints in Uiins of 3, 

Inspection alone of the first <it’ the abos'e equations mil almost alaiqrs 
sulKce to gt't the dillbreufial equations in c, c", &c. by eoinpariog so- 
p.iiately the eiKltiiMents of die sines and cosiots which ji ^itnins. For 
It IS evident tliat the valnes of e'l Ac. bcinj indtpendent of the di& 
icieiitul equations which determine tbenif oughb in like manner, to be iu- 
'h j)e»ideot ol it. The simpMoity which tliis consideration gives to (be pro- 
cess, IS one of its priitcipil advantages. Fwr the most pait these equations 
will not be integtalde o.ccpt hy successive approximations, which will 
jnticdiicc (he ate 3 out of the periodic «ymbo1s, in the values of r, c', Ac. 
it tin* s'flie time that fins arc does not enttr the rigorous integrals, ilut 
we i in III ke it dib’ipputr by the following method. 

It n. I) li.ippcn that Uic first oi Uic priceding equations, and its i — 1 
litU leiiUals 111 t, do iv f give a number i of distinct equations between the 
ijir'it-tic* r. c, o", Sc . <id tlulr dificiiUcrs. In this case we niO'l nave 
I foti.sc to till second and ioKowing oqusUnus. 

Wo. 1 we shall havi, tb.is determined c, o', t.',&c. in liinctions of 3 , 
■.had ,'j'vstitiite them 111 X, >nd clmiiftiug all 'rti aids <! into t, wi shall 
olitai. MIC laliie of v, ivilJiout P.e, ol aiiicle nr iuc horn perio lie syniboh, 
n lien I'lat >s possjb)". 

aiO. La II. now con .ider an^ number r of di/Teienlial equations. 

o = + P + «Q; 

0 - + F + uty; 

&C. 

P, Q, F, being functions of y, y', &e. of their difibrentlal^ to the order 
1 _ 1, and of the sines and cosiac< of angles Increasing proportionally 
with the variahlr t, whoac dilTcreace is constant Ropposa the approximute 
jniivg eahi of tfiesi* cqmtdoni to be 

y s= X + t Y + t' Z + t» S + fcc. 
y s= X, + I x, + t» Z, + t« + See, 

Ir , Z» &c. X., Y^ Zy, &c. licittg periodic fntietiMW qf t amd containing 
J isari'itiary coustfitts o', Ac. We sludk Ibnva Mtokllw preee^g 
No. 



.. , ;■ vf?i^!rroN’s prhsk^U. ■ »! 

'-'•■;•■ 0 «'Zf'+ iZ" +. Y" — »Sj 

■'■; 8 bc.’ . . ' ' 

TW ?«la6 of y will in JiSc^ panoor^iilii^t^ fi>rm • ’ 

+ ♦Y«^--X/‘ — 2 2,;' 

8U&- ■> ; 

The taIws «f f't y"\ &«• ’*‘31 fumisli siBiiJar equations. . Wo sliett 
detcrmina hy fb^e differeftt >eqwktU>m, sclocting tho nwst simple and 
lippnndiniiblej thevcdnea of ci', c"« See. in functions ol-i). Substituting 
these Values in X, X', &c. and then ch/uiging i.' into t, wo sliati Itave the 
values of y, y', Scc^ independent of arcs free front periodic .symbols, when, 
that u. possible/ . 

511. .Ij«t us resume fbe method already exposed iit No. 506. It thence 
results that, ifinstoad of supposing’ the par.-tmeters c, c', c", &c. con.'^untt 
we make them vary so that we Itave 


d c = — « d t }K Q + F O' + &CJ ; 
deists — adt{HQ + H'Q' + Scc.J j 
we ahiill always have the f n integrals of the Order i — 1, 
c as Vi V 55 V'; o'' 55 V^; Stc. 

as in the case of » ss 0. Whence it follows that not only the finite in- 
tegrals, but also all the equations In which these enter tlio ilificroncos 
inferior to the order *» will preserve Ihe same form, in the case of 
asrO, and in that where it b any quantity whatever ; fur these cqu.i(ions 
may result from die comparison ahnie of the preceding integrals of tlic 
order i 1. We can, therefore, in the two cases equally differentiate 


i 1 times successive^ the finite integrals, without causing c, c', SvC. t<> 
vary; .and since wC are; to make all vary togctlier, thire will 

thence result the equations of eoadithm b^wcen tltc parameters c, o', *ke. 
and ilmir difieretincs... . . : ’ ^ 


Jn two. . Where a ~ ~ quantity whatever, the 

v^q^'bf and. of their to the tnder 1 — 1 iuclusivcly, 

are th|e t' aa)Fof the <fi fitc. Let V be any 

fonc^on of the yaariabW y> y", Wfliiof dieir difierendah interior to 
theordioB i'^ lj.andi^. Which it-becomes, when wc 









mer^occ'S their valac:$ i:) t. We 
^ardBzig the parameters^ c, c', &c. 

of Y I’eItttivcJy 
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{■> ou'j n«l^' or t'j many of the variable$ jTj-y, &Cr'pcovi^^ ‘♦wi j^p^ose 
’lilt viirics H’ltli these, to vary al&b in T. la all tbesa ^ifihrahtuiticwis^.the 
}tuL'amctcrs c, c', c'', &c. may'alwaytt,,^ txeat^ as eonstatxtsj sinne by 
uu’KititutinK fur y, y\ Stc, ntid their their mlues in ]t, ve shall 

have equations idchlicaUy Mroilnthnlvn'hai^.j6f '« nothin^and of «. any 
quantity whatever. ? . , , . • . , ^* . ' 

When the (Hderential eqtu^hs ^.or. the order i 1, it is no longer- 
allowed, in dliferantiAUng thtui% the -pantirteters c', &c. as con- 

stants. To diircrentiate these eijoations, tionsider the equation f =; 0, f 
lieing a differuiitial function of the order i ~ 1, and whlcdi contains the 
parameters o, o', cf'^ &c. Let d f be the diflerence of this function tahen 
in regarding c, c', &c. constant, aS also the d*""* J^.-d’7‘y',^tC*' 

Let S be the coefficient of in the ehtire difference of p. Let Sf 

be the coefficient of in this same differenof^ and so on. llie c.^ua- 
t ioii f> zs 0 when diilcrentiated will give 

o = « 5 p + (a + «' + &«• 


+ 




&c. ; 


Substituting for value — d t [P + « QJ ; for ’^s value 

— d t f P + « Cyi &c. we shall have 


«> ~ 3 P + c + c' + &c, 


d *p ^ 


~ II t {S r + S' F + &c,J a d t cs Q + S' O' + &c.| . (t) 
In the su|V|)Oiiilion of a s; 0, the |>uv<uiieter$ c, c", &c. are constant. 
We hav'o tli;w 

0 = — dl {S P+ S'F + &.C.J 

If we subsiituto in this equation for c, c\ c'\ tJieir values 11^, V\ V", 
&c. we shall have dii?Vr4.>ijtial equations of tibe br^er ^ Without arbi- 
traries, which is impovsiWe, at least if ^uat^; iy 
nothing. The function \ , . / V ^ . 

fs p + 

becoming therefore identically notbmg by reaaciW of e^atiems e ^ V* 
c*'sr yVfcc* nijd since these equations ;faold stilly-; ^1^ jSUe paraiMters 
c,. c<, ifccr iuW variable, it is evident, that ia this 



.’jjodrLB-.- ; 

Hie equatida (t). tli«reftM‘ inflK^ W 

come .:■' 


0*f?rPUc 




W« d t {S Q 4. S'- O' + &C.i . • ■ i ♦ •,'W-r-A ., (xj'> 
Thas wc perceive* that differentiate the otjuatian p sr O 5 it strtHcee'tb- ■ 

voi^ the parameters c, V, &c. in p anil the diffej^nces d ^ y» d . 

&c. and to substitule after the dilierentiations:^ {bt^m Q« « &lv diis' 

d J Y il 1 v' 

quantities g-^' , , icc. 


Let *4/ ss 0, be A finite •'equation between y, &:c* oiul the variuble t. IF 
we designate by ^ -vL, 5 * >1/, &c. the successive differences of -n}/, taken in 
regarding c, c'^ &c* as canstaut^ Wc shall have, hy whcit precedes, in that 
case where c, c', &e. are variable, (liese equations : 

= Oj a >{^ = 0; 554 . s= 0 4/ = 0; 

changing tliereibre successively in the equation (x) the function p into 
0 Y, a * &c. we shall have ' 


® ^ (d*^) (d"^) • ^ 


Tims tlie equations ^ 4'' = &c. being supimsed to tie the « 

finite integrals of the diffcrei^iwd cquittions 

i ',86c. ''■••■' ; ,, , 

we shall bav^ s- n equ«tJoiM^''by mtwns . oF. which we sht^ 'be able to <le- 
tero^fie the parameter! c,’ o', c"', fee, ty^lthoot which it woulil be nfrossjiry 
for tiiat {Hirpose to fomi the equatiitHi^C.c: V, tf ss V^, &c. Ihi;. vrlmn 
thd integrals .are^ under- this last fbi^' tbe determination will lie more 

'412. Tbii amdiod of iaaMBg'Uie.pananeters vaiy, is otieof^;reatutilitj 

• ;.os‘ . " 
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in onHlva-ia and in its AppUcatious. To exhibit a new use of it, let t)ui take 
jJic differcntiai equation 

" = rJ+’‘’ •. 

P boijjg ii function of y, of theii* differtoces to the order i 1, and of 
ihe quantities q, q', 3tc. whid) are. of t Suppose we have the 

finite integral of ihis cUlfcreutial equation of the supposition of q, q', Jcc. 
being couaianl, and lepresent Uy p « Oj this integral^, whicli shaJl contain 
i ill bitrark'ii c, c', &c. Designate by B f, d* p, 8cp* tbfe sdocessive difler- 
ci;lv:.'s off In regarding ijj &c* constant, as also the parameters 
ej ^ , c"j If we suppi>se all these quantities to vary, the differences. of 

p 'V lii' he 

" Cl y " + CicO ^ + (ip *j + {a|) ‘‘ n' + &c. 

n^aking therefore 

~ Cr!)** ‘^ + «' + + (d 

»' wifi bf slill the first difiEei'enca ^ in the case of c, o', &c. q, q', &c. 
being variable. If we nmke, in like manner, 

“ ~ ( iTb + ( d ^ (l^ ^ 1 + (d^O “I ‘l'+S“' 


•' y'. 'V* ft* ^ will likewise Iw thf second, third, diWereucesof 

p e, e', i'c. q, </, &c. urc supposed \ari;ible- 

Again ju llu", c.i 'e of c-i e', S&c. q, q', ic* being constcut, the differential 
cqn;itio!i 

»i * V 

« - ;n*' + 


is the revsulr of \\\r. elimination of the parameters , c, o', Stc. by means of 
tl'.e e(juati?>nb p :== 0, o p 0., p = 0, • . * • d ^ p s= 0. Thus, tliese 
last equations 'liU holding good xvlien q, qV &<^a are supposed variable, the 
equwution p = 0 wuU satisfy, iu tUa case, th^ proposed di^erentud 
equation, provided the parameters c, c*, fist* are .determined by means 
of the i preceding Jlitercntitil equadOUs; and since thdar integratioji 
gives i arbitrary constants, the fuiic^n f will . Contain these aiiucraries, 
aiul the equation p rr 0 will he the i^mplete htfcgral of the proposed 
e(}Uiition. ' , ‘ ' 
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lliiil iBH of paamnu ui ■« may Im* iuiployed «iib ad« 

vantage lAmt tbe qmutittias q, 8ic mv \ciy slowly* Drcuiiae this 
consideratloB renders the ^lation by apj[ijo\.uniition of iho cliCTtrealial 
aquations which determine the vari,iblc> t, t', &t, in gitieial much 
easier. 

513. Second ApfaaimotinH of C 

Let iw apply the prrced^i^*< i» othod to rii** Dnnuhitlouv of celestial 
motion^s in order theuce lo obtain uo&t Jim^ h t xpn iMons ot their 
periodical tod secular inequaKiies* tox tb*ii pui^^out hi ub irsunie the 
difiercntial eqiiiitionb (1), (2\ ($) of Nr i*ll, tvl i«b di^tciunnetbciciottve 
nioUott otfif about M. It He moke 

R - i\'' +_> >' •» " ; ' ^ \ -t > ;1 1 1 

(x'® + y' • T y *) ‘ (\"^ 4- \ * -« /' \ J 

+ - I 

X bruu»' by the No- ated ciprl lo 


{(V - -J- 1 tiV' — fx''- <) 

{(x'— x') + — y)’ ^ — /j , ’ 

If, luoieover, \\«> sapposo iVf f » m aiid 
{ » V x^'h- y 4-~ / 
f X V x'“+ + '' 

ue bhall hare t 


0 

0 

0 


d*x 
d t* 


d^y 
Htl 
d*? 
d t* 



(P/ 


The sum of tliesu tiirae cqujt»on<*tiiiilupKtdKbpcctiv*lj 
gives by uiteg) .tion 


4 


J *, d d / 


at* i ^ a ' '' 

the differcnlid 11 brittg only telatite to tin poordtna'i ' ol tlx 

budy t-, and m being aa artHf^iy chO^tunt, vrhiih, wLpu K f>> Lxcoint* 
by No. 499, the *emi-<inja of the by i* alyue 

M. -> 
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ILe equations (P) multipUcd rcspectlvdy by x* y, z and added (Eo the 
integral (Q) v'ill give 

«=i + -r-+v«B + -(L-H ^(1?) + 

We may concern?, however, the perturbing masses ft/, &c. multi- 
plied by a coeflicieiit a, ami then the value of f will be a function of tlie 
time t iiiid of «• If wu c1cv»»Iope tin's function necording to the powers of a, 
and afterwards make « :n= 1 , if will be ordered according to the powers 
and prtMliiviS of tlie periurbing masses. Designate by the characteristic 
H when p]t 4 t:ed before a (juaiuity, this difiereiitiuJ of it taken relatively to 
and divided by d Wlien w'c shall have dete? mined o « in a series or- 
dered aceoiiiirig to the powers of «, wc shall have the radius ^ by mulli- 
pj;^iiig i!>n series l.»y d «, then integrating it relatively to a, and adding to 
thi. iiiU gral u function of t imh^pc.iuicnl of «, a lunctlou which Is evidently 
ihc value f hi tJie case where the perturbing forces arc nothings and 
wher e the body ft describes a conic section. The detennination of ^ re- 
dncci itself, therefore, to Ibrniing and iniegi'nUrig the difllrentia! equation 
vhieh doUrndnes c- 

hoi ihct inirjjoso, resume the dificrential e((uatioii (R) n:id make forthc 
grci’.lcr simpliuly 

ddltMvnlialiiJg tins i datively to «, wc slsali hu' e 

'F -jP + 2/3 -f 5 . i It' (S) 

Call il V the indc'ioildy small arc intercepted between the two ladiiis- 
vctlors s and ^ + d 5 : the deJUeiit o/thc curve, described by // around JNI 
will be V d p® + f *‘d \ K Wc shall rims i^ave 

(1 X ® -j- d y ^ -f d X = il ^ ^ d V 

and the equation (Q) will bcc(>me 

tl I fi 

Eliniiiiuuug froin fliis equation by means ijf equation (E) wo e tm H 
hnvc 


0 = 


ill/' - l/'f X j. .H' 

tii= '■ i! t^- + ■/ + 


vbeiirs we derive, by tFflei<»n fluting rclathely to «, 

arr^ ® j~t- fr + f « E' — IP 
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r 2 :Led plane of s> y being su|>posed tliat of tbe orbit at a given 
cporti, z will be of. the ofder of pcrlort^g forces : aiid tiioce we may 
ne^ect the square' of t.he'Se &rces, we cun filso n^Ject the qoantity 
/d R’ 

z ( Moreover, the radius g diUbteitiidy Vom its p/ejeetion by quah* 

titles of ilic order z \ The augie which this makes with liie axis 
€)f X, diflers only from its projection hy quantities c£ iho same orders 
This angle may therdbre bo supposed equal to v and to quantities nearly 
of the same order 

X == f cos* y;ys=^i sin* v ; 

whence we get , 

/dRs /dRv /dR% 

* (<l x") ^ ^ Vd y ) "“ n*7l ^ " 

end consctiuently ^ . R' = Kti^) * perceive by differentia- 

tvm, that if we iioglccl the square of the perturbing force, the preceding 
diflcrentiul equation will become, by means of the two first equations (P) 

__ ^/y a t{2/J R + g{\^) }-y/xdt{2/dR + f (^) | 

rs — f ' , 


gig 


( 


iT 


cl t 


y d X 


■) 


In tlie second member of this equation die coordinates may beloxig to 

ellipiic motion ; this gives constant and equal to V e “h 

0 e being the eccentricity of the orbit of ,<** if wc substitute in the ex- 
pression of ^ 5 j for X and y, their va)u«*5 ^ cos. v and g sin. v, and for 

J ’ tpianiity V a (1 ~ e*^; finally, if we observe that 

by No. ( 180 ) 


m n ■ ' a " 


we shall have 

^ a coy \\f a d t . sin. v 


ig 


^ — a un* \\fn J t . § cos. v { 2/d R + f 


(X) 


in v 1 — ; 6* 

Tbe equatbu (T) gives by inbe^iiun and neglectiiig the square «f 
perturbing forces, 

rdRv 


2 f d . i f + d ^ ^ j ^ j D -t 
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' ' wlira tiitf peiturti&tionK of the radiOs^^ectoir idie knbwn^ 

iv91 eaiiily give ifiosB dP die niotlou of in longitude. ^ 

\ ItTeififlbi6 fi»r ,w to deteriiiino the pertutbations of the motion in iati* 
tode. For that purpose Ut lia r(teumo the third of the eipaations (P) ; 
ii^egra^tg tbbf in the saioae ihiEknner as wc have integrated the equation 
and mddrig a s ^ ^ s, we shall have 


a cos, v/ii d . g 4a* ▼ 

■.... m 


• ■ j » 

r— ‘a'i8H3uv/ndt ,gco8,v,(^) . 


<Z) 


a s 19 the ^ ^ fil^T^lhe plane (if its pnmitiTe oiUit: if we wish 

to refer the motion' id*. /»'. to a plane somewhat inclinccl to this orbit, Igr 
calling s its ladtttdi^ when it is supposed not to <]ult the plane of the 
orbit, s + 8 8 will be very nearly the latitude of /» aborc tJic proposed 


plane* 


514. The formnlM (X), (Y), (Z) have the advantage of presendng the 
perturbations uudear a Ihiite form. Hus is very useful in the Cometary 
Tlieory, hi which these perturbations eon only be determined by (guad> 
ratures* But the exceiu^icity and incluiatiuq of tbe respective orbits of 
the planets being sm41^ permits a dovelopemtmt of their perturbations 
into converging seriet bf the sines and cosines of anjjd*’'-* hicn'iising pro» 
portionaUy to the tiin^ and thence to make tables of tlietn to berve tor 
any times whatev^* Then,, instead of tbe preceding expressions of i g, 
S ft, it is more ccunmbdious to make use of dtfirei'enti|l equations which 
determine these vatiables. Onl^riog these equations according to Uic 
powers and products of the mctoidriKitien -and inclinations of the orbits, 
we may always reduce dm dctoe^nsduil 'Of the values of d(, and of ^ s 
to the integradoh of eqmttumaof the fimp 

'd SS* ^ *1* '119 y 'd*~ ^ 


equations whose inUgrds we have, already given in No* 509. But we 
forro,-by the:'fi^j^i^ltte^^ 

l.etusresn|i4l^lii^j;||(ti^'^^ No*, and abridge it 

% making. ' -i'; ' 

~ '■ - j.. K.-* '• _ _ tXi>\ 
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In the case of elliptic niutlon, whei'e Q =: 0, is by No. (488) a func- 
tiort of e cos* (n t + f — w), a c being the cxcentricity of the orbit, and 
t 4^ c t!ie moan anomaly of tlie planet fA, e cos. (n t -f- ••—»•) 
sr i/, and ^suppose i (w) 5 shall have 

' u 

]n the case of disturbed motion, we can still suppose f * = fu), but 
« will no longer be cc^nnl to e cos. (n t + s — ■»“). It w'iii be given by 
the preceding diflereiitial cqiiat/on atigmented by a term depending upon 
the }»crturbing forces. To deternune tils icno, we shall observe that if 
w'o rnahj u {§ ') v/e slidl Inoc 

^1 ^ n , d ^ f ” d {? ! # *i» 8 < / 4\ 

j j 8 + ^ u = ^ (^ ^) + n ^ (S •)» 

s/ (fi ‘^) being tlie differential of v (i^) divided by d.f* and (^®) the 

d‘^. p* 

dif!crential of v divided by d.^®. Th^, equation (B') gives -jj~T 

eij;ual to a functitm of g plus a function depending upon the perturbing 
Idrce. Jf we. rnaitiply this equation by S f d and then integrate it, we 

shall have ' cqtial to a function of ^ plus a fimctlon depending upon 

* d ^ ^ ^ d ^ 

the pertarbinjj; fyrcc. Substliuting these values of and ol' ^ f in 

the preceding expression of ~ ^ the function of which is in- 

dependent of the perturbing C.)rce will disappear of itself, because it is 
identically riUlhIng when that force is nothing. Wc .shall therefore have 


*d-' II 


il\g^ 


d r 


the value uf ~-r f n® n by sabistitutlng for “d 

oi' their expressionv v^hioli depend upon the perturbing force. But re- 
gardiiig these pari j tmly, the equation (R') and its integral give 

il- p* 


4 f * d f* 

ar “ 


8/Qfdj. 


Whwrelbre „ < 

i* n ' n == .- 2 Q ({*) -- « 4^' (f /a ^ , 

frojn the equation u sr f (f *), we d«dve d a- as- It 
th» g* ss f (a) gives 2 g (I g as d u. ^ (u) and coaeegu^i^jr. 



luf cqual^m and Mibstituting p' (u) for ^4-^ » 
Bfadlhave- • 


^'(r) 


(a) 

W* 


(u>betog equal k the mxtie wky « Y (d) ia equdl to 

^ •Qi^'’t!U^g..dtM!|^:| ■Jf.'Wfr nake ■ ‘ ’ • 

#' ' ,^« -Bs e CO*; (n t, + I — r'-v'i.v^ 

tbo differmtial oquatkm' in u will ^cotne 

and if we negl^ the>q«k« of the pcsturbihg force, u inay be supposed: 

equal to..« cos. (a «}, in tba l|erks'ciiq>cnding upon Q, 


The value of JfeMd' hi No. (4^Ji) ^es, induding quantities of the 
Older 0* ■'!. - 

'=:•{*?• 1 1 .■} 

whence we derive 

jVrs a*| 1^2e^a|tt(l — 1 0^^ 

If we substftiate d^er&^at eq^tioa in i u, 

and restore to Q Its R + f (^)^ «id e con (a t + i — w) 


rt'i ■ 


for a, we shnU have kroluding quanjdUe^'^^e o^er e'\ 
d*. 


■t. 

. .gQ . v-v"v;..,". ^ > •, ,• 

WfiMrkk .we^s cf this.ifidhrcntial eqaii> 
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tion« we shall have A ( by diflerentia^g tlie expression of rdative to 
the rhdracteristio i, which gives 

4fs — aJu"^ I *!• je*+2ec08. (o t + •-ww).^' ^<?cos.(2pt+®*""'~2w)^* 

This value of 4 ; will give that of 4 v by means of Ibroiula (Y) of die 
preceding number. 

It remains for us to determine is; bnt if we comp/uo the formulas (X) 
and (Z) of the procedinig No. we perceive fhst i i changes itself into 4 s 



it follow.* that to get 4 s, it suffices to moke this change in the difierentiai 
equation in 4 Uy and then to substitute the value of 4 n given by this cqua* 
t.uii, and which we shall designate by 4 u', in the expression of 4 Thus 


wo get 


n =r 


d*4u' 

'HIT 


+ 


n*4u' 


' a‘ — ecos.(nt+<— w) — ^ cVos.(2ttt+2( — 8w)j- 

— ‘^/ndt-|^sin.(nt + «— ><r}{l + e cos. (n t + •— • »){. 

4ssr-— a4u' |l + ^e* +2ccos.(nt + *— •)+~e*co8.(2nt4-2c— 2w)j' 

The system of cquatums (X'), (Y), (Z') will give, in a very simple 
manner, the pertuibisl motion of ft in taking into account only the first 
power of the perturbmg force, llie consideration of terms due to this 
power being in the Theory of Pliiuets sciy nearly sufficient to determine 
iheir motions, wo proceed to derive fitnn &em formulas for that purpose. 

515. It is fiist necessary to develope die function R into a series. If 
we disregard ail other aetienstheQ that of ^ upon le-', we shall have by (51S) 

R s: y y' +1*1) ^ 

(x" + y' 4^^ {(x'-»)' + (y'— y)*+{a'~a)M^* 

This film lion is wholly indqiendent of riie posirion of plane of x, 
yi 6xr the radical ✓ (? ~ 5^**+ (y^ — y)*+ expressing die 

distance of ft, /, is iod^ieiident of the position; the fimetipn x* + y* 
+ a* + x'* + y'*+ s'* — 2xx' — 2 y y'-^ 2za'is btlBceisaBner iis- 
dependent of it Bnt the squares x.* >f y* + x* andixf* 4* j'* + s'* 
of the mdhi»’Vcctors, do not depmid upon dm ptwhioiir and diexefbre the 
qnaati^ 4 C + y y' + e / does not depend i wa wilipie ntly 
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■.'Vila-' 


R is independent of tbepaedoa die ^nie of Xf Biippdse t]ii(| 
iunction . 

•■ '}'■ •;> ■ -• » f COK y ■« f sin. v; . 

.. ... ’ ' ' ; ' 

we BieiLl^ieB baW; ^ , 

' K a . ' . 




T 


v)+/*+ (e'-r^a) 

The Othi^ Of %e£l^idmbte' dreiiiar and but' fiiide io^aed " 
tp one anot^»:’^..n>e>[ deplane of x, y, so diat z opd z' vitlf be. 

very small. 3n' dds pim ate very little different hromt the semi* 

axis*nuijoM e,- o' Of the ^jt^e bii^ we will therefore suppose 
f as > (i 4- u,h Y as a' (I + u/) ; 

u, and u/ bta^' spiall .quantities, Tiie angles v' differiDg but little 
from the mean longftndOs n’t 4- *> n' t + ('i we shall suppose 
V as it t,4» * 4* ■'/} ss ji' t 4* 4" Vl 

v' and v/ inconshierable.; l^us, reducing B- into a series ordered 
according to the ptrwenr oiid prodnc(« of v,, z, u v/, and z', this series 
wiQ be very conver^jeiiit. ' Let 


-n cos- (n' t — n 1 4 “ V " 7 - 1 ) —{a ’ 


• 2aa'cos.(n't-i-nt 4- •'—•H'O'*! ^ 


a= I AW 4'A,«»cos. (n't- 


.» t + •' — •) 4- A w cos. 2 (n' t -**• n 1 4*»'~») 


4 - A w cos. 8 (ti' t — n t 4 " — <) + &c. ; 

We may give to this series the form ^ S A cos. i (n' t — n t 4 - •' — t), 
the characteristic zof firute intt^als, lidng rdfetiva to the number i, ami 
extending ,itself gnmbers from Ls go to i a « ; the value 

i a 0 , being eoniprjsed.in this infinite munber of values. Bat then wo 
must observe that ^ Tiik ftirin has the advmtage of serving 

to express after 8 .ve( 3 r. '»anjf> 1 e. inaoacrj^t^ only the preceding series, bnt 
also the product of diis series, by the vine or die oorine dP any angle 
f t 4 * «i iw it, is'percsp^ple that - 1 ^ jfin^ttct is oqoal to 

. ■ ^4-.. ?>;+ w),. 

l%fe- pr<>pe^ '-VM. expressicus for 
.A ' .■<■ 5^^^. lilte tttiCHO&t 
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R Es , s A cos. i (r/ t — n t + 
to' /d A 

+ “ W, S aif ^ ^ )co<5. i (ii' t — nt + »' — r) 

+ '2 »/ ^ ( 7fa~) cos. i (n' t — 0 t + »' — #) 

{'7 — V ) 2. i A sill, i (n' t — n t 4. ♦’ — 1 ) 

+ . i;,*. 2 . a*^ i (**' t ».* + *' — *) 

+ 2' “/ * « '■‘ (da ‘ « t + — 0 

+■ «/*. 3 *(~2--/»~)co3. i (n' t — n t .f s' — «) 

■“ 2 " (^/ ”'■'/) u, J . i a ("jjT”) i (o' t — n t + s' -^ *) 

A {’7 — "^ 4 ) «/ 2 . i a' ) ®>in. i (u' I — u t + r' — s) 

* 

— 1 '' ' — 'I,) “ . 2 . i ■■ A cosi i (»' t — n t + s' — 1 ) 
z // 3 At* ** 

• • cos. (!l't~Tlt+ s' — S> 


+ -— - 7 " ^ ® ^ («' t — n t + 1 ' — s) 

+ &c. 

If we sulisiituto iii this expi'cssloii of It, instead of n/, v/, z and z', 

tlieir Viilues relaiive u» eHiptic motion, values which are functions of sines 
Sind cosines oi the iitiulos n t -f- u' t 4. •' and of tlicir multiples, li will 
he e.xpr<^ssed hy an infiode series of cosines of the- jform f*' k. cos. (i 11' t 
— 1 n t + A), i and i' licing whole numbers. 

It is evident that the action of /*", fltc. upon will produce .in R 
lemrit aitaJi^ous to those vrbkh resuh ^om the actioa .of /s', and we ' shall ' 
obtain then by changing in the precediog expieasitHf of E, itt that relates 
to^s', jnth«£ame(iuantiliesreladveto/»^', . . : ,. 7 

IiCt ns consider ate term »' k coo. pf A),^;^.cq!jws- 

sion of 11. If the prbUs were «iivuifar,'--stad;' 

have i' rs i. There^ i' eunnot smpi^ i or ^"eKcept 

by mews tte sbes or cosines of v/> 

which cotetislaed'.iipiiAthe'4fW8.a^''COfii|0^;^«ii^^ *' 



NBWTON*S PRINCIPIA. 

■nd of Us {waduce tbe ^nos snd cosines of aittto in irMcb i'* 

isdifierentftomL 

If we jrsgwd the neentricities end incliuotions cf the eibiti es veiy 
small q u a ntitie s of the first i>rder, it will result fivm dm tbeorems of 
(48!) that in the esptesshiiis of s or ^ s» s being the tangent rf the 
latitude of the coefRcient of tfie tine ot the cosine of en ai^e aiMsh 
as f. (n t + (}t iaenqiVBsaed by a series whose first term is of the order fj 
second term of the order f -f- 2; third term of the onlur f -{• 4 eqd so 
on. The same fokee (da(« r^rd to the coefficient of the aiii* or of 

the coune of the aqgle P (o' t 4> 0 hi the eicptcssiotwof u/* y/, a’. Henee 
it follows that 1, and i' bong sujiposed positive and i' gteater than i, the 
coefficient k in die term m' Ic cos. (i' n' t t ii t + A) is of the order 
i' — i, and that in the series which expresses it, the first term is of the 
order f i the second of the order V — i -f 2 and so on ; so that the 
sertf‘s is veiy convergent ti' i be greatci dum f, tin* terms of the scries 
will be snceessively of the orders I — i', i — i' + 2, See. 

Call » the lon^tude oi* the perihotion of the orbit of ,» atid 6 that of Us 
node, in like manner call the longitude of the poiiheliou of and f 
that of its nodc^ these longitudes being reckoned uiion a plane inclined 
to that of the orldts. It results fr»m the Thcorums of (481), that ut the 
expressions of u^, y^ and z, the angle nt + fh always accon>{wnicd by 
— w or by — t) ; and that in the cxj'ressions of u/, v/, and /, the jiiglu 
n' t + *' is always accompanied by — or by S' ; whence it follows 
that die term ftf k cos. (f nf t — i n t d* A) is of the form 
is'kcQS.(in‘'i^intd* i'f — it-wg*— g'*' — g"<— 
g, g', g", being whole potdKins or n^tadve nninbers, and such that 
srehave 


0 SB i' —A— g g* — g" — g"'- 
It results also from this that the value of R, and it» difierent leniH tue 
independent of the posidon of the straight line from which the hmgii tides 
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(.SscnPi Xit , 

takea pcmkively ia. tb« «KpQtM(D|( %lDK, if piB «re 

positive, this &ctor will be of the order V J,, 

l>ut if )>no of them such afe ^ is aa4 &etor 

v/Ill be of the order i' — i -f 2 SBMMigst ^ 

terms of 11, only those which dofieadi^a^bh tW angk t' jl — * t a.t mte of 
ttie order V — i, and rejeut.bg nil those wlutik ikq^eodUlgf ti^on the seme 
angle, are of tlie order 1' — i + 3, i' r~ i ’>f % ^'1 ^ jespreet^of 
R will b'. composed ol' terms of the term • . ■ - " 

H e ». o' tan. ^ p) *"'• ( ^ P') c®** (>' H' i a t + ^ jf 

_ i f g. , _ g/. .r g//, p ^ 

1 1 being a cnefiiclcni independent of ^ excenixieides, and bcluiations 
of the orbits, and the nninliers g, g', g'" ihebg idl positive, and such 

tl.'.'it lliclr Slim is er|Uiil to i' — i. * . . . 

(f wt subititntc- in R, u (1 + ti.), instead off, we shall, have 

K 111 Ms fiAnction, we substitute uistcmcl of'ij', v' anti z, their valuea 
civcii by iJivi t];eorems of (4«81), wtj shall have 

rdiu„.Vda, 

' »t V / ~ d 3 / ’ 

jirovhiiHl rljp.t wc supptMf s — find ? — i cousnint in tlie differential of 
U, tiilvcn voluiivel} t.> for iheu and z are consUnt in ihib differ- 
catialj and since v;o have v =r n 1 + ^ + '> It evident that theprecctl- 
ing equation stili liokls. We shall, therefore, easily obUiiu the values 

and i‘l which enter into the di£B*Tential equatums of 

the preredin;;' nuuil*o>a, wJien ivc shall have the value of Tl developed 
into a ?cj'ies of angles increasing propoitionally to tlie time t Th« dit- 
fereiitial d )i h wiV* be in like Tiia»iner easy to clctunuine, oltservuig to vary 
in R the an-de u t, atul to .siipiKise n' i constant ; for d It is the difference 
of R, taken in supposini? con stant, ihc coordinates of which ai'e func- 
tions of u' u ... V . 

510. The difficiiliy of tlu? deydopoinent" of A into a. series, may be 
reduced to that of fonomg the quantities and their ^ffcrences 

taken relatively li* a and to For that pnrpoite comber, |fenei^y the 
fimctio'i 

(a* — - a a' cose 4 + a'*) * 



paisapiA.'; /■;• ■■ 

*'^’^?f^.V=''>t‘»Bll»cot»„ ■ ■'■'' '■'.■■■• 

'M r*®** 

''%^'- ■ ^ , *M * ®‘>s* * + **j"’** ‘''v'- 

•: ii ^'h ^ I, („ ^ . ;, ; , ' 

‘ ■ ' ■ •■ '. \ '• -. ’i ‘ S 1 * i ‘ * » 

'.',+ P®'tos<dtf'.4.&c. • 

b®, b('., b»>„&ft being fiinctions of « and of s. If »<. take fbe logArith^- 

SttXtt tt* '“■“i- •»«-«' 


riiPH 


. * sin* ^ ^ — 3 i> sin. 2 i}*m^ &'c. 


we 


(«) 


i-2uco8.fi 4 i * - f pCfB^n-j^ysrssi:^^ . ' 

d„a.r 

b w - + s -.2)abti-85 

We shall thus hare h^, b»), &c when b «n<l h^ '- are known. 

If we changes into s + l.'iu the prccc.h;g expression or(l ^2ucos. i 
+ «*) j. we shall have 

(l-2«cos. “•‘-V-i «os. 

Multiplying the tiM IrteinWs flfthia.^atii^^ 1 _ ^ 

«nd^«ubs«tat6,g.for(i wsaek ,«rics, we shall 

4bf»> if b«)ew, < b»^ cos. 2< + ike; 

= (l~ »«cos.^*«*)| bW +Vcosui» + b<a cos. 2f+ icc.i 
.7 l:^xnogtin6bu9 wiCi Seriye 

The fbmiila'^i).^Ke*-,^/l '■■■ " •'■*’* 







Changing i into i + 1 in this equataoa sinCi ' 

2s«b<*^ — s(l+«*)b‘*+® ■■. ; , '. ’ '• ! 

=: r'--' ? •■ ■■•\ 

• ' * » +■ 1 

and if we subt>titute for b ite preceding valucj wa libiSl have 
'• i'+l . 

8 (i + ») « (I + <» *) b ?«-•) + s[8 0 ~s) » (1 +«‘*) *ib » 

i, (i+n — . , . ' ■ 

» — “+ *)• 

These two esbressions'ctf b ® anS, b®,tb‘ give ' ; 

^-±^.(1 + ««)b» . 

\y :ti S L i ■ fll) ’ , 

.+1^ (i~«r „. - ' 

substituting (or value derived from e<)uation (a)> we shall have 

(1 + «•*) b » + ?<* t^-r -^.erfag-b 

ao expression which may be derived Irom the piweding by changing i 
inlo -- i, ami observing that b =5 b We sbMV therefore heave % 
means ot’ this furnnil«a, the values of b b b &c. when those of 

fti^i k4>i ••ft 

b''\* 1)‘% ;\c* are known, 

» <1 4 s , ’ . 

Let 7^ ioY brevity, Jcjiute tlie function 1 — 8 « cos, ^ 4* “ 
differenfiale relatively to tbp equation 

X + h cos. 0 + l)'^' cos. 2lf + &C* 

*' a • • . 

wc shall have 

db^^ db<*> 

~2s(a — cos, X— =2 J, -^^Cps. 

But we have 

1— a .X 
tt 4 cos. at — - — ; 

45 ft 

We shall* thcreTorc, have 

fLL._„“ . X— =s i-gij- + a^«os-<;h ^ 

whence geueraby wa get - ' 

dbw ‘ „ „ ■ »b« "-v 

-/ Z= * A* — i! } b . 

« « ® «+■» • , ' -. 

. Substituting for b its value given by the ibrnnxhi,(bX ve slitiQ have 
/ . ■+* 

d b ««v_e o’/: .Jl?* , "... 


yfle « (1 — «*) , 1 — • , V,. ■ 
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If '•r* <liff< M M a ti »tp diok «qpuitinii» «« «hall liave 

-av‘»=^lT=-.-‘r -a* +1— (r=j!n r-|^ 

i (i -, + 1). , 

1 — «* d « ^l — «•)* , 

Again diffelN»>tiatii^, ve bhaU get 
d*b'« 


(I) 


; ^ . ^ir , f (1+ ‘'i' .+ ••! _ i. i 

«i(i— »*) ir«* ^ t (i*—*';* <**/ 


aiiW 

"Tli 




d' b''+* 

.=*(L-l+i) . • T 

1 — ■ «c* d ft>* 


8(i-.«f 1)« 1\1 +3«’), -.+ n 

— (ir:T,<yt a« - » + • 

Thus wc pucena that in order to deterjnine t]>e values of b and oi 

H 

its successive dt£[lrenc^&> it it* suffifiuii to ivnuw of and oi 

f • 

We sbnli dtleriuitie these two ns - 

If wo call c the liyperbulic b«»i>o, wo can put the c\picss*ion of > un 
dor this form 

Developing tlao second meniboi of tlijj equation u lrtti\ Ay to ihe poweto of 
c ^ V— and v'— it ts evident the two exponetituils c * • r — » V— * 

will have the tame cciefficictit wbicii we denote by fr* The Ninn ol tin: 
two terms k . c * ^ n ^ and k i ^ • v'— i is* 2 k co&. i 9, Thid will l)o tlio 
value rf b cos* i 9. We hav% therefore b » 2 k. Again the cx- 

pressioh of X is equal to the prodoH of the ta-o scries 

1 + ..=. + + 

1 4 8«C -W~* 4 + At., 

intdtiplyijig therefore foese two tugeiheri we shall have when i ss 0 
ksrl + + * * 

and in the ease jqfi ea 

k - ... , 

urbetefora 
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'1 It it thpso iicnei inajr br ron%.3rgent, we moat hate » leas than uni^^ 

ti.icii ra 1 alMa^s lx nmcic io^ iuilc«»s o s± ; *n being ss tve have 

a 

to Uke the greater for the denotoiuator. 

In the th(oiy of the motion of the bodies a j»'t /•>*', See, ve have oocasion 

to know the values of b<''' and of b^^ when a a | and s as f . In these 
■ • 

two cosest the^ values have but little omveigency unleas a is a small 
ft action. 

The series canrei!ge with greater jrajudiQr when s s and we have 

In (be Thfoiy of the pUnets and satellites^ it irill be sufficient to take 
«l>o Mim of eleven or a dozen 6t$t termSi in u^g^tiog the following 
o a >iis oi more exactly in summing them as a geometric progremion wliose 
t.1 mnion » mo is I — «*. When we shall have thus determined b®** and 

-i 

b®’, '0 '«haU have b® in making i s 0, and • s in the formula (b^ 

i i 

and wc shall find 

(I +«*) b<*« + 0«bW 

-; = — rnbr^ 

It in the fuimuia (cj we anpfjose i s 1 and s sc i we shall have 

2ab‘« + a n + «*)b'»> 

i»ii. — — zi . 

B\ nieaus these values of b"*' and of we «h«M have by the pra* 

* « 

coding IVums tlio < .tluvs of b and of its partial diflhraaees 't^fever may 

if 

bt. the number i , jiid thence we derive the values rrf b *> and rf ibi dif- 

f 

fetonces. 1 he vahies oi b and of b may be detminiaed veit 

I i 
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bj die iottoviag foriaalas 

bi**' b®’ 

fcw a ri- .b«' — — a “i 

J -(1 

A|[ain to gel the ijiuintitics A'»>, A '’, &c. and ibrfr clifferenee*, we 
most observe that by the preceding tic., (he •■enes 

A + A'^' oos. tf + A «oa. 2 f + Ac. 
results froni the developement of the fiinutiun 

a COSa fi J m A / 

—yi — — (a* — 2 a a' cos. f + «t'») % 

into 8 hcrics of cosines of the angle I nud of its multiples. Making as «, 
tfaib same fimedon becomes 

i ^ 

tvhkh gives generally * 

A<') a — 

when i is zero, or greater Uian 1) ab&tractiou being made of the sign. 

In the case of i a I* we have ^ 


AW 


We have next 


« X Kd)* 


db 

/dAW\__ 1 i /d«\. 

V d a / ^ a' ' d a \d a/ ’ 

But wc have ^ ^ = ^jythoietbre 

dbW 

/dAW.^ I 
\ da /”■ a'*‘“3a ’ 

and in the case m ]« wo have 

db'»> 

/d A«*N_ 1 /, i 

‘ \~3« d«J 

Vln^l^ we have^ in the same trase of 1 s i 

.d’bw 
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fd*A<\ 1 

vifp~; “ ““ Jr* ~a^» , * 

' ■ ■ '&C. ; '’ T,'-'; ■;,' 

To get tlie diJ&rencea of' A i*) r^eti^'to dmfl td)$erve tbai'A ^ 

l)emg a homogeneous function iu n aud die diniens^ -* w« 
have by the nature of such functioas, '. 

whence we get 




•'■(•to") ='.A..+«.(r'‘/’)+..(!!j;A;')> 

,,/d»A®\ -a /dAP\ .,/d*AW. ,/tfAf)x. 

, Ac. 

We shall get B and its difi^ran^s, by obsi^ving that by the No. pre- 
ceding^ the series 

4- cos, i + B'A* cos. 2rfi + Ac. 
is the developeinent of the function 

a'”*’’ (I — 2 « cos. # + 

according to the cosine of the angle i and its mnltiplM. But this function 
thqs developed is equal to 

»'“* / J b®> + b*'> cos. (1 + b® cos, 2 f + &c.l 

t i ,i i . 

therefore we have generally 

. ... ■■, . ;■ 
i ■■ 

Whence we derive , 

^ rf'a / (i'*‘ <fa, V J /[./[ ■; ' 

Moreover, B being a homogenetais.ft^Btii^'i^^il^ qi^ 
dimension — S we have --.T ■ 

•'-• ■■ ■ . ./dB^ . .,/d'»®v_ ■. 
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wheftc* It it *uy to get the iHUtinl dtlFtiieiirev oi' B taken rdstlv^ to 
a' by meiiit of tfaote in a. 

In ilie theofy of Uie Perturbations of //>'* by the andtm of th die yalnet 
of A and of B ore die same as abtive «ith the exception of A * wliich 

inihit (heory tweames * — i, b‘». Thus the estimate of the Talues of 

i » 

A % B *» and their diifereoc^ ’«11 serve also for the theories of die two 
bodies and 

fil7« After dii& digression iqiou the develuiiement of R into serito» let 
us resume the diffcriHttial eejoations (X^i» (Y). {7/) of Kn^, 5 tit, 511; and 
find by means of them, vbc values of 9 ^ 9 v, and 9 s true to qoautities 
of the order of the oxcenlrieities and inclinations of orbits. 

If in the eUipdc oibitt, we suppose 

{ SB a (1 + u,l; f'a ft' (i 4- »/) ; 

V =r n 1 4 • h V,; v' ss n' t — f' 4 \ 
we shall have by liio. (468) 

U, SS «— e cos. (U t 4 *"-“■■) 5 U/ n — c' Cl's, (o' I 4 *' - »') J 

=: 8 e sin, (n t 4 » — •) } v/ =s 8 o' bio 'ii' t 4 ‘ — » ' ; 

II 1 4 *> n' 1 4 being die nican lotigitudcs of <», 'J ; <i ik mg iho (‘ini- 
axi<t*inajors of their orbits; e, o' the ratios o> dxM s.04 i.ttM My to tin semi- 
axis-major* , and lastly w, w' boiog the longitudes of tli' ir iK'ribelium. Alt 
these loti^tudes may be referrul buUfftrently In tlie plans of die mbits, 
or to a plane wh’ch is but veiy lilllo hicUnwl to tbe mbits j since we ne- 
glect quantities of the mder of the squares and products of the cxcen- 
tiicfties and indinatums. SubsUtmlng the preceding values in the ex- 
presnon of R in No. 51ii, we shoU have 

R a ~ S A ^ cos, I (ii' t — u i 4 *' — «) 


e cos-li (n't — nt4‘^‘*- ») + "* + • — 

Kf cos.{i (n't — nt 4 *' — t)4nr4* —•-'i. 
the iqrinbol 2 of didte integr<ds» ext'^oding to all the whole p<AS’Uvc and 
negative valnes of i, not omittiii^ilic valne i a 0 . 

Heooe we ebtain 
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(k^ f /(i A SJ II ^ 

+ 2 ^ { ® ( air ) + irrrp ^ ® } «»«• « («' t — n t +- •' ~ .) ;; 

~ T {^ * (‘V^) + ® ® (^^r) } e cos- (n ‘ + * ^ 4 . . ■" : ; 

(^rr) w) -o' C09.{iitH-«--w'j 

^ . »v /dA<'\N ' 

/* (‘''■(•iii«“')+t®‘+‘>ndv)) 1 

2"“ ) . S(i-I)i) f /dA% 1 >eco8.ri(nft-iit+«f-»>fn£+*-»i 

(+i(b'y»(.ir)+»‘A «}5 


£-nt+«'-*) 


i(»-n'')- 
+ J> I + * — »'{; 

llic si{<» 2 extending, as io what ftillows, to all Integer positive 

any nogaiive values of i, the value i ss 0 being alone excepted, because; 
wo have brought from without this symbol, the terms in which i=0: g 
i- a constant achlet! to the integral/d R. Making therefore 


c« = i».(i;A»)^y^.,(dA» 


da 


) 


i (n — »') — 3 n / ,/dA«x , 8n , 

+ {n — 1') — n} * 1“ ("dT") + » A *7 


+ :-,r' 


(i — 1) n 


i (n — n') — n 
d* A<— •’ 




taking then for unity the sum of th6 mas^.M 

^ =s n ®, the equation wilil fa^om. j; 


- d*.IU , - ; 


■ v.4‘. ^ 




. 'V . 


■ 8 n • a If 

^ a A ® } «s^:i 1 
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a* C e cos. (a t -f • — ») 

+ a'a^Bc^oos. (a t + f — 

Hh a' a' a C • ooi. U <a' t — u 1 4 . ty+ n « 4 > i •** «} 

+ n* 1 D •> cos.{i (n' t — m 4 . r) .4 n t 4 > * •— VJ; 
and int^nidi^ 

Iasa 8 /tag 4 >~ 

— COB. 1 (IV t ~ li t + » • *) 




i* 


(a 




I 


+ /»' f/ e (n t + « — «) + m' f/ <ji». (a t 4 . — B ') 

o' . it' 

-— -g* C. n t. e 6 * 10 . (n 1 4 » — Bi^ — ^ 1) . a 1. 1 ' sin. (n t 4 * '"* *^} 

C *’> n ‘ 

■•■ *'** [i (n — nO — n}" — (n't — nt 4 •'— ») 4 nt 4 »— ■ 

+ (r— +*'~o 4nt+»~'i) 

f/ anti f/ being two arUtiari^'s. The cxprcwion of in tiiriiis A u, found 
in Na 51i will give 

Ag at It/ , /d A***^ 

.^=-®'‘ •**-«* (-d^) 

— #»'f <• cos. (n 1 4 ( — ») — (a t 4 t — »') 

4^/ Catcin. (n t4 f — w)4l#‘'ll“*'^' »«*• (nt4 ' — “'I 

( + _ .. C<‘> 

4/*n3.-/^ ■ fi(n-n)-^ij* -n'j 4 

vx ecus, {i(n^t— "nt 4 *' — *) 4 nt 4 * — •i ^ 

— ft' . n »a . ^ t 4 *— 'J, 

f and f ' b(^ adbitkarj ooastaota aidi^ptodcat of f/, f/. 

'Hus valiMiSf * aild|sdtii(ed h) ttw Jformala (Y) of 14*. 513 will civu i v 
ur the pertorlNMi^ <tf ih»<|)kinet ia loagitade. Bat we mast obscive that 
a t ecpressiiig tfie neui atotloa ^ a> t*nn pi'cimrtionid to the time, 
OQI^t la duu^ipean^ou the expvaMian of A ?. This coaditiou deterQiit.Ls 
di# oatiMrat (0 M aw fiful 
< i. - 
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CSmt.XI.* 


^Vc miglit bare dispensed with introducing into diU value of 4 ; (be 
hrbiliaries ^ Ibr they iney be cunaidered es compruad ill the eleincnta 
c and V of elliptic inution. But tltea the expnasion of 4 v would indude 
teims depending upon the nteen anomal^y.e&d which would pot have 
bnen rompritied in those which the elliptic motiou gives : that Uf it iiauwe 
coinmodions to make these terms in (he expres&um of the Icn^side dis- 
«P))uir in order to introduce them into the etepresriuu of tfoenditis>WKtor> 
wo sliall thns detenoine and t/ so ns to fulfil this cundltioii. Then if w« 

fd A /d A 

<>ul»tittitc for 8^ "“JV — /^** ^88 — A *‘***> — /* 

have 



Moreover lu 


ii~l)n In +t(ii — n')} — 3n* 

F <9 « lirJi” a A w + i-^-7 

(i — I)(2i-.l)naA<‘-» + (l-*l)na* 

O Vin ---1(17^ hoi ' ' , 




^ h*'— fn I (u — . «')X' * 
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nml we lihali have 


a"’ C >^a i * i® (n «-. n') t , ^ 

coa.i (n't-?-i» t;+ 1' — t) 

— f « CM. (n t +i+») — fJ{' e' cus. t -f f — wf) 

+ (Q't+>~*'») + i^'On tt)'sja.(n t +■ «•—»') 

^ " • ] . • 0 w , 

e'cos.r«(n' i-n t+^-o+n 

, f . Sn>{a*('? 4 --U,.>M‘-,aA 4 ) 

”*8 (1 (u — n') * + i (n — u') . Ji C (« — n') u'^f ) 

(n' t — n t + e' — ») , 

+. /. C. n t. e coB..(n t + * — ») 4. y»' J> . i, t . c' cos. (u t + s — »') 
n~f 7 ntrF) ® t “ w t 4. — 0 + n t+f — f 

,. , h 

fbe integral sign 2 eateivding in tliese expressions to cll the whole positive, 
and negative values of i, with the value i =r 0 alone co;ccpted. 

'Here 'we ina^ observe^ that 'even in the case where, the series represent* 
ed by 

2. A,® cos. • (n' t — n t 4- t' — ■. •) 

ia but little fconvergenl, these expressions of — * end of 3 v, berotne con- 
vergent byibe diyttors wbh^. they acquire. This lemark is tl)en>ore 
important^ because), did tbitfMiot'tklie places it would have been itnpossiidi.* 
to express analytically thh mutual pmWbatioiis of the jdauets, of which 
the ra^ s^th^^distisai^.fiom.t^^ nearly unity. 

Thtoe exjpiietRii^ take the foilovring form, which will l)e useful to 
ush^eafijesp. y.'-^ '' ' 

:y sr a' cos. 


;V' » 
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CS!!CT» Xt. 


+ ^ it C+l' Dj 11 1 sill, (n t+«) ihO+h'D]u teas, (n t+i) ^ 

t+ ,p":iir::T^-KoP co8.fi(ii^ +n t+.j 


+_?iL,aA 

vtla/ — n' 


.» ...” .nAWxOri!i ^ t l a / — n' 1 

2 ‘ ir(u — n')’ " i (n — nOU^.Cn — n^* — n*}J ^ 

sin. i (n' t — ii t + — 0 

+ j(i' OiC+h' DJ.ii t. sin.(ii t4-t)Hh/»' H* C+1'. t>| n t. cos. (n t+t) 

Ci>itnrcfiiig i^xpres&ions of 5 ^ and d v with the va)iie.s of p and v 
rrffttrvf' to elliptic niction^ wc shall have the entire values of tlie radius- 
vt\:tor c>r,%, and uf its motion in longitude^ 

a 18. Now let us consiiler the motion of fjb in latitude* J'or that pur- 
post*. us resume the formula {7J) of No. 51 i. If wo negh.‘ct the pro- 
d»u,f of the inclinations by the excontricities of the orbits it will l>tcome 
d ^ ^ u" g , 1 /d R\ 

* = T— + " 

the oKpressioe* of U of No. j! 5 gives, in taking lor the fixed plane fh.it 
of tlio primitive orbit of .a, 

(•VTP) •" 2. i{u'. -nt+/~.}j 

the value of i belonging to all whole positive and negative numbers in- 
efuding also i .-= 0. Let / be the tangent of the inclination of the orbit 
of At', to the primitive orbit of and II the longitude of the a&rendiiig 
node of the lh^t of these orbits wnori the second ; we shall have very 
nearly 

a' =; a' y sin. (xt' L -p — JI) ; 
wixich gives ‘ , 

.f rf) •*' ~ - 4 t+ *-~ri) 

a' s B > sill, fi (n' t — j t + /—•)+» t+i— ni ’ . 

the value liere, as in what tbllows, extendi^ to. .all Whole positt^siid 
native numbeilig i " 0 being alone excepted. ilie'di^reMud ei^i^bn 



Book lO 


NEWTON'S PHI NCIPI A. 


129 


in i a' will become theretbro^ ’nhen the value of 
n* a*, which is’C!(]|Ual to ui^tj, 

0 as + n ' a n' ^ n*. A j, sin. (o' t + t'"— IJ) 


dtV 

4 * a a' B y sin. (n t + . — 
+ r a u' S 11 1'“ y .sill, jii {n' t - 


H) 


2 / v^.K. ~ ti ^0) > 

wliunc€ by integrating <i»ui observing that bv *%M 
a‘ 


as: 


,fi/ 11 * il. * / f , 0 y. 

a'“* ^ t + — n) 


4 


B . n t. y cos. (n t 4- (> - 


1') 


+ — 2 — ^ • ^cqn'zri^n— P')V 

To find the latitude of above a fixed pl.uie n little iueliinsil lo that of 
its primitive orbit, by njiniing f the inelinatio.i of this orbit tt> the fixed 
plane, aiidtf tlie longltiide of Us Hscemliug nod*: npon the r>iMiic plane 5 U 
will suifiee to add to a s the quantity xm* p sin. (v — 0). or lan* 9 sin. (n t 
+ e ~ t*), neglecting the excentrioity of tlie orbit. Ciifl p/ ami what p 
and ^ become vcdatively to inf, tf > were in m nion upon the primitive 
orbits of /V, the tangent of its latitude would be Xuu. p sin. (n t + s — ; 

this, tiingent would be t^n. ^ sin. {n t + « — ^), if contimied to move in 
its own primitive orbit, '^rhe ilUFereiice of those two tangents very 
nearly the tangent of the Jatitude of above Ukj plane of its pviinitivo 
ovbit;i Mtpposuig it moved up^n the priiaitive orbit uf /Mr'; have j:hcr«> 
fore 

tan. f' an, (a t + * 7-^ — taiu p sin, (n t +« — ^)5sy &in. (n t + • — n), 

-■ - 

tan. f sui. ^ =s p ; tan. p sin. ^ =r p' ; 

^ . Utm jp cos. ^ == q ; tan. p'cos. tf' sss q'; 
weahi^'''b^^ye - v.'V; ' . : - 

■' qs,” pr-,— ‘P V , y cos.; 11 .=: q' ~ q ■ 
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ft « ' » . , 

---.-,(4 


— f]} B n t cos. (« t 4* 0 
*(‘i' -- q) s‘»^ »+*'’)• 




vaf — }n — iff — ^n'/r 


»).+nt+fj‘j 

■f)+nt+t}' 


510. Now fet us recapituIdtL\ Cull (j) and (v) the parte of tlic radius* 
vecuir and longitude v upon the orbil^ which depend upon the elliptic 
motion, we slioll have* 

f = (i’) + V = (v) + a V. 

The preceding value of s, will be the latitude of /i above the listed plane. 
But it will be more e!<cact to employ. Instead of Ite iwo first terms, which 
are independent of ju/^ tlie value of the latitude, which teJees place in the 
case where quits not the plane of ite. primitive orbit. These expressions 
co)it.i.in all tlic theory of the planets, when we neglect the squares and the 
products of (he exccntricilies and inclinations of the orbite, which is in 
most cases allowable. They moreover posscsi the advantage, of being 
under a very simple form, and whidi shows die law of their difTcront 
tcrni:3. 

Sometimes we shall have occasion to recur to terms depending on the 
5<]uares and. products of the excentricitivs and inclinations^ and eveh to 
the superior powers and products* We can find'l^ae terms by the pre- 
ceding anjilysk, the consideration which renders them necessary will al- 
ways facilitate their , determination. The approximations in which we 
must notit^Ueiii, vrould introduce new terms which would d^eptl upon 
new argufiS^ts. They wimld reproduce again .the atgupicnte^ wbi^h. &e 
pii^eding approxinmtions aflbrd, but. widi coelBcienta sdll ttd 

sm^ler, fiillowing that law which it is easy to perceivp di^/. deve- 
lopemeiat of R into a series, which was given in 
*:which^ m the sneemive apjjivxmaiiotis^ 
guanHt:ies omf order ^atever and U 
r4.4, fitc.'.- - 


- ^ ^ ^ % *)» eatw.into the 

.y7. .y r ... XT ’ ■ ■ ■ ; • - , . 

tp; (jpijm^es of to'-say^ 
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ducts of the eaQeentriciti^ and inciinatioiis of the oii^tu would add nothipg 
to tfaiaf Villas.; they haVe. therefbre all the exactness that cdh be desired. 
Tlri^ 'it is the nsem to observe^ because tJic secular vatiadona of 

the dejH^Oitl'upon these saiac coefllcients. 

terijos.of the pcrturlxitions of g. v, s are comprised in the 
ibi'm ’ . 

^ ’ K t — n t + — t) + r h t + r *], 

r being a whole positive number or zero, ami k bwng a fmvctioii hf the 
excentricities' and inclinations of ibe orbits of the order r, or of a superior 
otder. . Hence we may judge of what ordtr is a term dejusnduig upon a 
given angle. 

It is evident tiiat the motion oi the bodies n'\ //", &c. make it neco 
sary to add to the preceding values cf j, v, and g, terms analogous to 
those whielt result from the action of /*'; and that neglecting ihestiUare of 
-the perturbing force, tlie sums of all these terms will give the whole va- 
lues of gi V and a Tl)is follows from tJie nature of the ibrmulus (X'), 
(Y), (7/), which are linear rdalively to quantities depending on tlio dis- 
turbing force. 

liastly, we sb^ have the ]H:rturhations of a', produred by Uto action of 
tk by c^hg^ng in the preceding formulas, a, n, li, 1, », p, q, and vl into 
aVn', h', 1', »'» w'j p^j q'> “td /* and recipiocally. 


THE SECPlAft INKOtTALmES OF THE OEOESTXal. MOTIONS. 


, .5ii6;-Tke perturbing for^ of elliptical motion introduce into 

sjoiis ^ I > ^ preceding Kbs. the tunc t free irbih the sym- 

Ijcds.inss an^ . or .undar the form of arcs of' a ciixie, which by in- 

creasing indefii^i[y»V must gt length render the expression? defective. It 
is thanefoK.. essentiai to. make th<^e arcs disappear, end to obtain tlie 
fu^d^^..'i^iiiii^»|M36dttee &eih hy tbebr. deydopemeut .into scries. ^V^: 

for tW. purpose, a g^eral methodii from which it re- 
l;he-';Veriatib|is of eliiptiQ motion, which are 
.Tmu^us of thSU;.tiltt 9 ,. These vamtions taking place very slowly 
' jihvd 'bee9 dmituninaied jSeiu^or' i^qv^iitiei. Their jJieoiy is one of the 

wo^id. *^’?inow proceed to 
k to .vidoh ks ithjjiiertatiiie dilyim'ls. 
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Bj what has preceded we have . ' 

fl — h sin. (n t + <) — 1 cos. (n t + i) -<* Ad 

=5 a U • C + ]'.!)]. 11 1 . sin. (a t , 

Jh * C + • n t . cos, (n t + s) S. J 

d V , ' . ' ' 

^ =s a + 2 nhsih. (n t + «) 4. 2.nlcos..(a t + ,<) + &e. 

— h: {I C + 1- DJ n'tsin. (n t + .) ' 

+ lb ill C + h' D} n't cos. ,{n.t 4. ») 4. /sf T » 

s = <j sb. (n t 4- •) — p cos. (n t 4- *) 4< Ac. 

uf 

— a ' a' (p* — <■ p) B n t . sin. (h t 4. ») 

fJt/ 

— - j- a' a' (q' — q) B b. a t. cos. (n t 4. *) 4-; 

Z being periodic functions of the time t Conridcr first the expres- 

tJ V 

sbli of j-jr j ami compare it with the expression of y in ft 10. The arbi- 
trary n inulliplying the arc t, nnder the periodic symbols, in the exprts- 
• tt V 

5ion of : we ouglu tiicn to make use of the fi)llowiiig equations fouiid 
in No. 5] (K 

0 = + &. X" — Yj 

0 =r Y + f*. Y'' + X''-^gZ; 

Let us see wliat these X, X', X'', Y, &c, become.' By compariug^he; Wr. 
• \ d V 

pression of with dint of y cited above, we find 

X r= u 4- 2 n h bin, (u I 4* 0 4* 2 n 1 cos. (n t 4- 1) 4- ja*’ T • ' 

Y = A*' n » ih C+h' 1^1 cos. (n t4.f) — ,u/ n * fl 04-1' Df siu. (n t%fj. 

If we neglect the product of the partial differences of the 1^ 

the perturbing musses, which is. allowed, since these differences we dffi^ 
order of' the masses, we shall have by No. .510, 

; = (ht) ® {“ t 4- ») 4> 2) cos. {n;t, ... .• 

4- 2 n {h cos. (n t +. •). — 1 sin. (ai t •l.V"' •' . 

^ t + *) + 2 n (§j).^ in t 4. 1) ; 

X" ss 2 n(^^) fh cos^ (n t 4. 1) >->;l siju.(a t + *)l 
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1*3 

Tbe e<;piadon 0 ss X' •{. 0 X'' — • Y will thus berMae 

0 sr 4* 8 1» ^ (n I + 0 + 3 1 cv'S. (h t + i)} 

+ 8» {' (37) + (31) }• (nt+O— ls>'n« (nt+i)} 


C*f-li'I)| cus. {nt4‘*)4/“' n* U wn.(n t+0* 

Equating a^rately to zero> tlio coefQci^nits of like sines anti coslnc«* wu 
aball have 

« = d”) 

If wc integrate these equations, and if lu tueir integrals w< ciiangc * 
into 1, i»e shall have by No. 510, the values o{ the ai bin. tries iu tiiuctioiw 
of t, and wc shall be able to elEice the urculiu .ucs horn tlic expressions 

of and of g. Bnt instead of this changi*, we can inuucdialely cltaiige 

f into t in these difierential equations. The iir«t of tlie equations shovrs 
us that n is constant, and since the aibitrary a of the expression for g de- 
pends upon by WMon of n* = a lb hJkcwUe constant. The two 
other eqnatioiBS do ndl suffice to determine b, 1, $. Wc »hali have a new 
equation in observing that the expression of gives, in inttgratm^ 

J'n d t for tile value of f^o mean longitude of /t. But wc have snppostd 
tins longitude eqqal to n t +« { we tboreibre have 11 tq - 1 ■ss/u d t, which 
gives 

dn . d# _ 

‘•gr’*' fft'* 

and a.s we have ^ m 0, we have in like manner s 0. TIius tlie two 

arbitnriMii and < ore constants; the arbitrarict h, 1, will coiisoqueutly be 
detenaiiied means of tiie ffifikmitiel equations. 


Jn »— i^iic + i'Dii (1) 
^ = '^,?{kC + VD}, (») 

IS 
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The cousideration of the expre^mn of ^ having enBbIi^ ,i|$ ,to dist^ 

mine tho values of n, a^ b, 1, and ^ we perceive a ^r/orfi tliat the 
fial equHiio;;s between the same quantitfitei wbiGh. x^ultf^Oin, 
sion of ou^^bt to coincide with those preceding, . 

iibown a poatmori^ by applying to this ejcpressioii the method 
Now let us coDsklcr the expression of s# Comparing Jt with thjat of y 
cited above, we shall have 

X =; q sin. (n t + 0 “ P (n t + s) + /v 

Y = --5 . a® a' (p ~ p') sipw {n t + s) 

+ . a* a' B*’' (q ~ q') cos. (n t + »), , 

n and f, by what precedes being constants ; we shall have by No. 5l0, 

" (af) cos- (» t+ 0 

= 0, 

rijc* equation 0 =5 X' + ^ X" — Y bence becomes 

® “ ( J(?) (» ‘ + 0 — 37 «w. (n t -f ♦) 

fif n 


— .{r ® (P ~ P) (n t + «) 

— ^ ** ® (n t + *) ; 


whence we derive-, by comparing the coefficients of the like sines and co^ 
sines, and changing ^ into t, in order to oblain directly p and q in 
functions off, > 

dp _ fM n 
ift *" 




( 8 ) 

P'); ( 4 ) 

When we shall have detemined p and q by these i^uatipnsi > we shall 
substitute them in the preceding expression oFs, effaemg ter^ which 
. coDtain circular arcs, and we shall bare • 

B sz q$m,(nt + i) •^p cos. (n t-+' 1 ^+ ^ ; f ; 

' ' ^ 1 ’ , I » X ' • 1 1!,'' * ' ' ' . 

SStt The equation s 0» found above, is <»fe 

to ibacuyof die of the world, iomwaa^-ait’ ■ 

fhean modops ot tb» delesl^ bodies and die inajo^t^^ otiSl^'^u^,^ ' 

iuiati^e|eBl|;der But thV eijiiadott is tq ' ^ - 



>' h vlf ^^^tities of the order /*' hS and following, ordets, 

of tlie form 2 k ti k being of the elo- 

Mon^ of i» «dd At'; Uiere will thence ri^ult in the cx|>rcs«ton of 

v» t *, 4 Which by altering the longitude of i««ix>Ttiona]ly to 

die ti^ must «i lengdt become extrauely sensible. We dmli then no 
longer Imve 

■. ■ dri , 

, ..tfi .. 

6ut inat^d of tills equation we shull have by tlic prec jilinyv No. 

IP^ok. 

It is therefore very important to know ivhetiier there are terms of the 
form.k.t? in. the expression of v. \Vc now demonslvate, tliat i/ 
Xxte retain only flie^rsi power qf iltc perturbing nnsses^ howew\far may pro-* 
cced the approximation^ relafiody to the [.‘owers vf Ike excenfricitie$ and 
inclinations of ike oxhils^ the expmuon y will not contain such tenns^ 

For this object we will resume the formula (X) of No. 513, 

acos.Y/hdt.fsm.v j* ~aHin.v/ruU*jcos.\ | 




isf' 

in V r 




Let US consider that part of 3 g which contahis tijc terms uiuitipiied by i \ 
or for the greater generality, the terms which being uuiitiplii^d by sifu, 
or ^sinc of an angle « t + /S, hi which a is very smnil, have nv ibe .suij.k 
time for a divisor, ;It is clear that in suppufting « =r: 0, there wiJl t\'- 
suit a te^ multiplied by t\ so that the second ca^e shull includv the fii.sK 
The terms which have the divisor « % can evidciitly only result. frcMi n 
.double mtegratlon ; they opv.ouiy therefore be produced by tha*. part o\ 
3 g widch eontahis the double Integral sigp/. Examine fii si the teua 
0 a cos. vy*!! d t {g sin. v /d R) 

■' 'v ■ ' ■ V ® ^ * 

If 'W0 fo the. oii(gin of the opgle v at the periiieliou^ we have 


■My 


: ^.00% y-::; jg: ■ 

I'dtaiVe bj dilB^^tUtiltigj, 

g* 4 iri''^‘r-'es‘:^Si- 

F -;} , ' j- / - • ■ ■ 


f*. 



l:«6 

but we have. 


A COMMENTARY , OBtov XI, 
d r = d t V m a (1 — e‘) s;a*. q d t V 1 


we -halJ, therefore, have 

a n d t f 5iin. ▼ __ ? d g 


V 1 — e* 


Tlje term 


2 a cos. vy n d t, ft “n. vy d E} 

— * , .ar» 'mrw " < i n i ■*» 

m V 1 — e* 


ill tlicr^foro becoir.f 

^ ”>» ‘"me? ^ 

i( is evidux, this Itist functioti, no longer containing double integrals, 
tilt '( r innot result from it any ttrm having the divisor «*. 
jNow let us consiiler the term 

_ S' a s in, v y n d t fgco^ v f d R} 

1,1 1 ~ c* 

*<r t 'tM!( shioi. of d Substituting for cos. v, its preceding value in g, 

»'*»!<’ h t iMu’s 

0 '> j» I v/n d t « If — a {1 — e*)l «. /<? R 
m e v' I c* 

\\\ li.t, 

j --- a ;l 'r J <•* 

being 'in uuiuue t. '•ics of tosines of the angle n I + i, and of its mnlti- 
£yU's; wc bii.ill tin »di»re have 

/'ll*, jf „ a (1 _ c ')iy d R = ayn d t fi e + y:\Sd R. 

c 

Call th-j inl^‘yial fy^ n cl t; wc aliall have 
a/ll d 1. ViO + x^.i/a a= J P c/ii d i/d R + a^'/d R • dR. 

Tlicbo two latit Wnus not coiitrsiuing a double integral sign^ tiiere can* 
not thence^ result any term having for a divisor; reckoning only terms 
of thw kind, 'ue sbiH lia\e 

ii-., 8 a hii u y/ n d t coa > v/d B} ^ 8 e iSxt. ^ ^J*d B 
m^l — e* mVl^— ‘0* 

and tl)C radius ^ will become 


•‘5^ 




'•■■A 




d 


m 


of s and of -relative to'ie'el.- ■ 

1 xt:' ^ ^ 8 Htf. r 


V li- >^ / n d t . /.? R, tl,e n^ 

B t*+;^ Stills ^^l^ipn relative , 

m sce how we o«gl»t to^ate thii part of the DertaA.t;nn. V« 

' ^®^®””“^“(Y)ofNo. 516 give. |»y 
aubsdtoting d t/d R for 3 f aikl retaining only the tenna' 

dividedby**, 


«>« ^ a«n"dt" ^ ^1 
V V— e* - 


3 a 
m 


/ndt/dR; 


But we have by what precedes 

^ . _i a e. n d t. sin. V ' 


; f * d V == a* n d t v^' i'H'e*. 


/ l~e* 

whwce it is easy to bfatiun, substituting for cos, V its preceding valne 
?i-^e + d t*. •• ■ • 


. v' i -- e » «d t* 

fo,^^ating Worfi only that part of the pmwbatibns, which has dw 
dmspr a *, the fOBgitudo v wiU become 

t/d R ; 

' • '. .. 




(f) and(5^J^^he^rt. *^v«di^, relative to the elliptic 

ti^K Th^ ord^ to wtimate that, part of the perturbations in the ex. 
pmssion of ^h^kmgi^ of ^ we odght to follow the same rule which we 
have given ^ rt^rnd to the samO fo tlte expressfon of the radius-vector, 
»tigment>,^,eUiptfo ekprftsion of tl;e uue 
iu^ Imigi^e ti t v+tVf^fiy i£^e ^uant%^/n Jtfd K, 

■ <7'!. 'A'-//-' ' 81 " 

. fliecd^^ developed into a series 

of (iipQ 

^ t■h^^ >e^pi^yon of the lonp- 
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S a 

tndi*, the tom “ y* n d E.; If d E '..<KNfitain'A»os«taBe.:cie^ 
k ii' . n (] t. Ibis term wiU produce bi the kaq>^Cs^k9KOf;,dtu lonj^iodtt' >«' 
tbe following one, 2-~ k u* t®. To iu(i6rt»iCi the e^teitoe of such 

SB lU ■ ,/ - ■ 

tt.rms in this expression, wo must theretorc find, wh^er tc? It oontaiiKii a 
constant term. '' 

Wlien tbe orbits are but little excentric and little inclined to one ano- 
ther, >ve ImVe seen, No. 5)8, that R can always be developed into an in- 
finite series of shies and cosines of angles mcrcasing proportionally to the 
time. We can re]>rescnt them generally by die term 
k Afr' . cos. Ji^ n' t + i n l'+ A|, 

i and i' being whole positive or negative numbers or zero. The differen- 
tial of this term, ifikcn solely relatively to tlie mean motion of /a, is 
— i k , iu>\ ti d t . sin. Ji' n' t + i n t + AJ; 
tills cannot be constant unless we have 0 =: i' n' + i n, which supposes 
tlie mean motions of the bodies At and (if to be parts of one another ; and 
since that does not take place in the solar system, tve ought thence to con- 
clude that the value of d R does not coutain constant terms, and that in 
considering only the first power of the perturbing mosses, the mean mo- 
tions of the heavenly bodies, are uniform^ or which comes to the same thing, 

= 0. The value of a being conuocted to n by means of the equation 

, it thence results that u we neglect the periodical t^uantities^ the 
major-axes of the orbits arc constant. 

If the mean motions of the bodies (i and without being exactly caU^- 
mcnsurabic, approach, however, very neatly to that condition, there will 
exist in the theory of tJicir motioiis, inequalities of a long period, and 
which, by reason of the smallr .as of the divisor a®, will become very sen- 
sible. We sludl see horeafrer this is the case with regard to Jupiter and 
Saturn. The piecodiiig analysis will give, in a very simple manner, that 
part of the perturbations whiclt depend upon this divisor* It heye^ re- 
sults that in this case it is cuificient to vary tbe mean ,lbn(^iide^^ 4 ® 

Sa 't '' 

at/ a Ax by the quantity ~^/n <St/d Rj or, lrtbe$aia^ 
meut li'in tbe integrflly'ii d t by the 



Bonilk} 


NEWTON’S PRlNCfEXA. 


iqg 1|« ^aASi of |» as a variaUc ellipse, w have n* a U m elhoading 
variatiiM of n iQlr9iiao«% Utereforc, in the semi<«kls-itny w « the oriU4 
the vanatum •— 

JQQ 

If we earfy die approjdtnation of the valm* j to of the 

orJer ofti’o squares of the perturbing ma'se*!, i»c sliaUfird iv-ims piopor- 
tioual to the time; hut oonsidtsnng aiu-u^hcty the ditri triuul oqiiauun» of 
the motion of the bodies m", &c, ae bhali lasity \v.!ct )\o that tiK'»e temv 
are at the seme time of the order of the square s and prorincu of the tax.-' 
centrieities and indinutions of the orbits. Since, however, uvei-y tiling, 
which affects the mean motiop, may at length become very ^entible, wo 
shall now notice these Ur ms, and perceive that they produce the secular 
equations observed in the nu'Uon of die muon, 

522. Lot us resume the equations (1) and (2) of No- 520, and snppose 


(0. 1) a -- —^5 lO. ll ~ ; 


they tvill become 

(0,1)1- (0,1} I'; 

^ = — (0, 1) h + |Mlh'. 

The expi'ession of (Oj 1) aud of nmy be vevy dimply deteruunod ia 
this way. Substituting) Insttad of C aad 1), tineir Viduos Jettririiia'd u» 
No. ftlV, we shall have 

( 0 » 1 )» ^V‘(-da')+>* r 

cm /«/■ ,1, ..d'A'Kl 

Wc have by No. 516, 

dbt«> d’h*®* 

./aA»\ . , .Wd*A«'^_ . i, , . j . 

“aiT'" -• ‘ d /‘ ' 

. . dbW 

t -A I . - . 

aii4^ *^>*31. W*2y obtain, by the same No. and - - in luiicUon . 

H«if b'l^aai^h’^.; «q4 Aeso'qaantitics qre given in lind!« fumtions ' f I " 

**• V * * 
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C&sCT. XL 


iimI or}> ihU b^lu^ doni^ we 'hall fiud 


■>\ln I 


S 

'/d A'^ . , ,/d*A«N _ -i 

“ ("cHF*) ® rtr^*) 


vO, 1 ) = 


3 y. n . a *. b 

j:i 

4(1— «*)* • 


la - - 3 a n' cos. $ + a'*) ^sr (a, a') + (a, a'/cos. tf f (a, a')''n».2#+&c. 
'VK. ''’..ill h.»\c I j No. 516. 

{’a, a') = } a'. b»'} (a, a'V = a'. b'>/, 8cc. 

-4 

W'o tlien lore, have 

/A |\ _ 3 »'. » n » a', (a, a')' 

ad rc' 

NoM we hero, by 516, 

dbW d*bO' 

S'lb'.titutiii , for b ' aud its difibreuces, their values in b and b we 

i -i -4 

<■11811 Imd tlio pieioding f nrtior eqilal to 

3 r(» 

_ zi -if 

(1 - • 


iheierori. 


Sa.//n f(l 4 vJ)bi) + ia.b")l 

□n ss 1 ri - H 

?AJ 0/1 «»v » 


iriAJ 2 (1 — a*)* 

or 

iA"if _ ^ <''• * **} -H <>'*) («• «')' + a a' (a, aOI 

| 0 , IJ _ - (T/rzzjTfi ^ . 

\V« slnll, 111010*010, tf'U' obtain .cry simple expresuoma of (0, 1} and 

of and it is easy to |mcuvc fiom the values in tfao seHeliirbl''^ ahd 

-4 

of b'*', given In die No. die, that the<‘e expiessiims are po^Vi^*if A i* 
— j5 ' 

positive, and negative if n is negative. 

Coll (0, 2) and % i\, what (0, 11 and become* witen we eltange a' 



Boor I.J* ' 


JDgWTON'S PBIMCkPlA. 


m 


andl Mf ood ft**. In like tnaDni.r Ie« (O, S), and (0, 8) be wbat tSu 

fiUDO bocofflOt when are cliangc-i'ond M' into a"^ and kad 

so on. Moteot«r let V\ l/\ i'". See. denote Ute valofs of b and } 
relative to tbo bodies /tf‘\ Src. Then, in \irtiic of the united actions of 
the difierent bodies a‘> it' , &c. upon it, wc bhall have 

^ = {{0, 1) + (0, 9} f (0, 3) + &c.i I - 10^1. r _ |o 72 , r - Sec. t 
^ = —{<(>, 1) + (0,2) +(0,8) + &c4 h + [^Jj.h' + |0,2|. h"+&c. 


It is endent that 


db" dr dh" dl" 


dt’ dt’ *dt ‘ "dt 


; &c. will be dt'termincd by 

expn:!>sions similar to those s“d atid they nto easily obtain- 

ed by changing successively what is relative to into ihul wi.uH ivlatc«- 
to /&', &c. and recipiocally. Let thorefuie 

(1.0) ,^,li;; (1.2) [1^2i: ike. 

be wliftt 

(0,1), r0,2),|o22l; &c. 

become, we change that which is lelative to (a, lifts) wlntt 
to fb' and rcctprocallys Let niorooscr 

(2.0) , j^5 (S, 1), |2, il: &c 

be what 

(0,2),Q; (0,1), gl!; &c. 

become, when we change what Is rolottce to ft uito what is tclatno to //*' 
and reciprocally; and so on. The prcTediug dillcrcuiial oqnqlioti, k- 
ferred kucceisivtly to the bodies /«, <*', ft", &c. uill give fox ileltiH'ining 
h, I, h', I', hS V', 8cc, the iUlowing aystem of equations, 

=i(o, 1) + (0, 2) + 8cc.li — r — r'— &c. 

j - a: ■“1(0, 1) + (i^ 2) + 8cc.l b + |0, l ) b + 10, 2| li ^+ &c. 

T- s: {( 1, 0) + (1, 2) d** hto.} r — ■ [l,^ . 1 — r^ ““ 8iC. 


^ iB.l-{(l/0):i- (l,2) + iw.lh‘+ } 50 {.h + {I^h"+8rc. 


<JS 1 ) - £61. 1 ~ - *“=• 

— l^JD) + (% I) * 4 : &C.1 .b"+ gejh + ^ i^c ^ 

t iCKk 


I- 



'Hie quantitws (0/1) and jMt |}ciqa „ , , ...... 

tioii'A, which facSitrtte the opemticHis, 

whra precedes wc have ■ , ■. 1* ... 

H in liiis expression of (Ip, 1) wc chau^ -iu.' into (Jt^n into a into a' 
uiul njciprociilJy, we shall have the expression of (1, 0)i which will con- 
so<]uc.*lly !>ft 


(1,0)=:;^^ 


3 ,a, n' ft'*, 0 (a/ a)' 


b»it wo have (a, a')' (a', a)', since both these quantities result fporri th 

fii'velopement of the', function (a* — ~ 9 a a'. cos ^ -j- ^ into a series oiv 

dere.il accoreliug to the cosine of 0 and of its multiples. We shall, therc- 
tbre, have- ■ : 

(i\ !). ffu n' v! = (1, 0). 

f>u(^ 3U‘:^lcctiiijr the .masses &c. in comparison .with M, we have 


M 


ir 


/2 — 

a'’’ ^ 


(h, ]) /* ^ a =:: (1, 0) V a'; 

tin equation JVoin which wc easily dexive (1, 0) when (0,> 1) is determined. 
In du! sane Tnatiiiti wo shall 

jih Ij ,«■ V a =: jj,0j /a' a'. * 

two eq^iatio^»^) vvisl also subv.K.| In the case wdicre n and n have 
cl!i%rent signs ; that ii to say, if the two bodies , 1 ^, /a' circulated in different 
dircctiotiif^ ; but then wxi rjuist give the sigit of xi to the radical V &j. and 
the sign of n^ to the radical V a\ 

From t)u: two j.'vecethng equations evidently result these > 

(0, 2) ii V a (t, 0} /a" V rt''; Ij^sj fj. V a ^ v ;a'' 

(I, 2) /.v V a -. (2, 1) y a"; fO ^ ^ 

523. lo ixitcgr;Ue the equations (A) of tlic precediu^^ Wc, shall 
make 

h ==: N. rim (g.t + jS) ; 4 

h' = ]^.6in.(gt + ^)Vr'r: ^.v;y 

See. _ ■ ■ ^ ‘ \ ; •' 

Then substituting those values in the equations (A), we shail . . 

•Nff ^1(0, I) + (0, g) + 3cc4N ~ ^ 

^''R -\{h ‘0 + ;i. 2) + a^iN' ~ jiy. 

N--^g =i(2i0 ) + {% .o + &C.JN".- I'Mf. N'-y 



^ ^ ' 5 '"^ 

' N, <]f tbe'46iffie«4^«'i^0eb'^, 

easily ob«^ is- S^^o^^^••'^''*•’^|l^^^ '''■’{-' ' ■■■.-'■, 

Let f-l^e the', ftii^oa • ’-;-l, '.■' '.^ 

J) — (»/s) — &c.j - ■ ■' ' ■ ' 

' 4 , •ii\V'-.5^^ir:0"4r-<L 0) ^-(1, 2).^ 

•{• &C. •. ■■' **;7l ' 'V */■'"'''' ' ' . ' N ■ 

. - ' - . + 8 K ■< l^al K^.4. &al 

+ s N'x C jtTK N^’ ^ {^81 yy+.&c.^ • • 

+ 2 NW 3fci , ' ■ • -r'-'W. 

•+• &C*. . ■ 'X «-/,■'' r ^ ' ,-*A ' ', ■ #‘‘''- 

Tlie equations (B) ai*^ Tednclble from the relaUons ^ven in the pre«/: 
ceding No. to those ^ 

(ff fj) ” (1^') = (^) «5 &C- : 

' Considering therefore^ N, &c* sta so manjr variablcls» o will be 

a Tnaximmn. Morcov^i .p being a homogeneous function of these vApa* 
blcs^ of the s\^cond dlroensioti; we liave 

^ dl^) ® / 

we have, .thereforCj.f ss. 0,'ni virtuia of die pret^ing eqaationsa ' 

'Thus we cad- d^tei^nt the vwnwxm of the fuinedon 9. Wc shall first 
4 ii]^’^tiatc this function relatiydy t9;N, add theq subsdtotd in p, for ,N» 

its valds derived. -as 0, a yifioe which .will tie a 

qu^^ In thW- hiiinner we shall 

baVe'it ^tidps^^iflaqcdott w|»le.ahd^idq^^eQUS of the secoofi dimension 

fi^,-.il)[nj^<c>n.." We' dufil difi^entiate 
p^'j ior K' its value aerived 

..fipom ''y^ .h»V6 a homogeneous function 

Ije this function. Cou- 

' of the'second dimension, 

fbinn^ (N >* •■ ’ ) -. k,, ,k Ixung 
i^o» the <iiffer«itial, of 
which .will give 
’inStiiaU will give as 
Sfc. ; the ioJo- 


in 
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t 2 »n ijftio In ‘ * \»j 11 be tho atbitrary of e$cii sysicni; aud w im* 
ii. ohfaiDj the 1 -.•ation of tlie other indoteiinuiatea N, N, 9cc. of 

tiu ic sN‘'Vr-n, to tliib o)ic^ by xueanb ol the precodlttg eqetationb taken 
iii uii .ii»rr‘-<* onks 


U j\ 






Let f *9 gi, S' ' . o till' i roots ol th ' equaiioii in g ; Jet N* N', N'', 8f c* 
»x thf <;y:»tcrri oi uidetomnn leUtivo io the rc(»t ietN,, N/, N/', Sto. 
l)(* nvms.j\ <»t .'tl< <4 rminatcs rclati ^ lo th* ir»o: ami lO on : by the 

) I own lb <,iy of ihiiMi rhQ'ucjitij! ciinatiou^ v-c '•hall have 
li ;r N Si i* t + -j Nt Nin. I ‘-b ^3,) + N> (g^ t + ^/) Ac* ; 

h :::. N *' (g ^ H* '^) I* {g' I t “I ^ 'I >^ + At. ; 

b N Sin. (n t + + N|''*in. (c»i t -j- 3i) + t + oj) -( i\v. « 

Ac. 

Ac. bfing '.ibhrary cundi«int«. CJiangii*^ in tlicse ^alm^s ol 
it }» j )> * «a. the •ines into cosiUJs: wo ‘hall ba\elhe vain > ol 1, 1, 1 See. 

i I f !i"’' M ( out o.i *.s many arbilrailoi . s thoc au* /o*>is 

“ • 'V ; lor each system of inrietLiinmatcs lootims an ail>»t!ai}\ 
nml oj^ 4w i/\ 0 i mlntipiics ,J, ,% ftc.; tlic«c \alttts .*rc conse- 
(jiii.W tlic- cc>]»nilif« nn i»iaU of ilic equation'* (A) of the pretahng 

is ju'ccssaiy, iifW*ver, to cl. terminc only tin, cojslant N, N.i, Ac.; 
N Ni . A( . 7. A, Ac Obs''iva!'iO.»b w)!! give iiomctliawly the reli- 
sh Hits, hu* f'l' i iiwlvc at a givtn epoch* thr excentricUkb c, e', Ac. 

of til o h.f . anJ the louoitiults w, tr*, Nc. oftlicir penhohons. ''ml const- 
quciu* 1 , 1 ' \ I'ui ^ f b, li , A c.^ 1, 1 ^ At. : v/e ^hah tlnis doiivts tlie values 
o', t*. I CM » 4 * jrsta'it-^ Foi tint purpose, we bh.iJJ ol»uvc that if 
vu n.rlui»\ I » is«, rU'h, Ac. jf the diilcruttial equviions (\) of 

the pPiCi \ ^ IS. i< pc^tively b^ Is . v' a, N. V i% Ac.; *vve 
bhdll hav' ni \niia if '^'ntions (B), and the relations found in lh« pre- 
ceding No bn\v til )> md (1,0), (0^2), and {d, 0), Ac, 

a + y. V a' + 2^'. 4" + Jtc. 

ss g JN . ! . y . V i + Tm ] . V a + N". 1 . la". v' a" ^ arc.| 

If we iu thi? eqiiailon for It, h', bcir. i, 1*) thdir precetia 

values ; w»‘ slj^Il have bj foinj anng the coefficients of the same cosiiu 9 
0 3s N . Ni . i» V a f N . N.' fii a + N". Ni". af' + &e.; 

0 rs N. N*. /. V .t + N'. iMj. /<■' V a' 4- N". Kg', ff'. af .f. Sse. 



PBINCIPIA. m 

3£ ^ fVflSt^ «|w furso^tUng viiuck of li» b't 3ce. rwpotiA'^ by 
M •» <t. V fc, N', /»'. V ft', &c. * 


we Hhal) ImMu % V^HtOt «X tbfiae Insf eqitatioD.-, 

N . #» h , V * + N' |i*Mf. a' + N". /»" h". a'' + JSc. 

e: tN*. At . V" a + ftf. V a' + N«. /*", V a" uu (g « + /5) 
^In lUi:e inaimc»'» ve Itave 

N. At 1. a + N^ A»'l'. V A' + N''. At" 1''. v' a" + kc. 

Bs {N*. At . a + N'*. (/. v' a' + N"*. a*" a" + Me.} co^ (g t + |S^)« 
By fi^cing the origin of the timu t ai Ute ej^och for whieh Ui^ Talw» of 
b, 1, b', 1^, &C. are supposed knoa’ti ; the tno preceding equations give 


tan. P zz 


N 

S' 


. h A» v" a + N'. h' V a' + N''. b" a*". V a"±kc. , 

TT/t. V a +■>?': Va*Vv^ .t' + v'rF' A* *; v'V' + &&• 


This expression of tan. /3 contains no indeterinmuic ; for although the 
constants N) &c. depend upon Uie indetcruiiiiate S^***”, yet, as 

tlieir relations to this Iniletcruiinate ore known by wliat procodcs^ it will 
disappear from the expression of tan. ,3. Hating thus determined ff, we 
shall have N “ by means of one of Uie tw o < tjuatiotiiy w hich give tan. /I ; 
and We thence obtain the sysUia of mdetcnniuat««, N> N'. &c. leU- 

tivo to the root g. Choitjg^^ ui the pi<XHdxng LApiessionst this root into 
gi, g,, gi|, &c. we shall have the values of tile aibitrories relative to each 
of these mots. 

If we suhatitate these values in the expressions of h, 4 !>'» V. &,c. ; we 
hence derive the values of the exceutricities e, e, &c. of the oibits, and 
the longitudes of tlieir peribelions^ by mcan.s of the equations 
e* 3= h* + lS* «'* s= h'’ + 1'*! Ac. 


tan. *» SB ; tanirMf ss -y j 8tr. 
we shall frius have 

e« Br Mf» + Ni» + W,* + ate. + 2 N N; ctw. {(g, — g) t + ft — /S} 
+ 2NNsCos. {($rg) 1 4- jS^) }+ 2NiK*cos.UgJ*-gi)<-+^^i{+8‘‘^- 
This quantity b always ,losa tium (N + 'Si + N* + See.) *, whet the 
'sroots g, gw tcct are all real and unequal, by toking positivdj tlie quanu- 
tns K, Ni, See. Tn Uke mansdr, we shall bafe 


tan. » as y »iu. fg t 4- g) 4* sib, (gy* + ft ) + N*sin. {g»A + 

, ycos.(gt4‘*^r4nRr^^^74n5ir+T^scos.(gi£+ft)+bc. 
whence it b eaqr to.get, ' *• ^ 
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Whilst. thi 2 s\nx\ Ni + Ng + 
the donoiwinaRi^r, rJI tnkcti po^itiv^y, ,i$ lbs ^an 
cftft never becc«ne infinite; the 

i|itartcr of the ciicuiufemicc; so tto in thifi case nsotioo; 



i»f tlo PJifribeiion is ec^ua) to g t. . ‘ ; 

ijrji'l. rruEU what has l>oen shown it fbUbws, that - ^e' excentricit^ 
irte orbits and the po.sjtions of tlieif axis-majors* ar^.sial]ybc^ to donsidera- 
bki variations, wliich at leagtii chaOf^ the nature of the orbits, rtd whose 
periods depi-nding on the roots g, gs, g», &c., embrace wltli regard to the 
planets, a great number of ages^ We may thus consider the excentrici- 
tics as vanab'y f jliptiV, and the motions of the perUieticms as not uniform. 
These variatiojjs iu-e very sensible in the satellites of Jupiter, and we shall 
see htrer^hyr, that ilioy cMplfiin the singular inequalities, observed in the 
nioliori of the third saitilitc. . 

lJul it is of importance to examine whether the variations of the excen- 
tricbicii have limits, and wJtoihcr the orbits are constantly tdmost circular. 
V/c k'low that if* the roots of the equation in g are all real and unequal, 
the excentricity e of tlie orbit of fjb h always less than the sum N + Ni 
+ Nfc + &C. of the coefficients of the sines of the expression of h taken 
positively ; and since the coefficients are supposed very small, the value 
(»f e will always incoosiucrablc. By taking notice, tbereffire, of the 
secular Viiriatious only, wo sec that the orbits of the bodies ^ /»', fj/\ &c. 
will i»uiy llattcn more or lei>s in departing u little from the circulttr form ; 
but the positions of theii* uxls-itiajors will undergo considerable varifUions* 
Tb.isc axes will be constantly of the same length, and the mean motions 
wbicJi depend upon iliem will always be uniform, as wc have sceain No. 
53L i’ho preceding results, Ibumled upon the smallness of the excentr^ity 
of thr orbits, will subsist without ceasing, and will extend to pMt 

and liunre; so that \ve may affirm that at any time, tlie orbitii' of the 
planets nnd .saiollites have never been nor ever will be v6ry excehtilc^, at 
least whilst wc only consider thetr mutual actions, put it would not be 


the same if an\ i>f the roots g, gi, g^, ^cc. were equal or h^giuury : the 
sines and roshics of 
these root.s, would t 
sinc^ these qu.uititics 
at lengffi become vei 
would thto be destroyed, and tlie results' found above 
take placet > It is therefore highly imptUltbfUo, 
are all iqt^ual. Ws we UQ|«r ^bBlipa^i|» 


:lie expressiens of j^ l/h'i F, &c. cor||Bi 
hen change teto cin^r ar^.or' 

increase. inddGnjtely ihe 

7 "trie; .the stabflihr. of: thi6 xian^t^. 


isysteBi.- 



i3BWT0ifi& ^mcipu. Wf 

9 )it lb* cMe oS in iihid) tbo bodien th of ^ 

qrMem^ att oivovilvto in Hio «u^«tdii%ctiao. ' 

Iict ufl ]!«wliM lib« oquatioiw (A) of No. 538 . If itv muhiply tb# filM 
by;*. V a.h i tlw iieC(mci( bjr a. 1; tlto ibitd by ft*. V a^ h' ; tbo 
fourth by a'. ✓ 4'. 8tc« and afterwards add the roMilu together $ tba 
coefficients of h 1, h' If, b^ 1", &r. alU Im uotbutg in Uib saw, the coeffi* 
cients of h' I — b 1 ' will bo jjMi. /«. a — ll," 01 . 11!. V of, and tbif Or^l 
bo nodUagin 1(111x10 of ibe equation ]^)(. ft. V a si {1,0]. /t'. •/ tf ^Mflbd 
In No. 623 . The opeffitolentB of h*'"l — b V', b" V ~ V l'\ &c. idll be 
nothing for the aasae reason; the ium of the equations (A) thus prepared 
trill therefore be reduced to 


yi+ili ...v,+ ...v..+to,=„ 


and conseipiently to ^ 

0 = ede.,«. Va+ e'dc'. '/a'-f Src. 

Integrating tliis equation and observing that (Na 531 ) the scini-exis« 
nugors are convtant, we shull have 

s*. (t V 9 + e*'. ft\ V a' + c" *,/»". v' i"+ he, = con .lant ; (.1) 

Htc bodies ft, h't !*''* &c* bowever being bOpposed to circulate in the 
same direction, t e radicals V a, V •/ i'', «(c. oiigbt to be t iken pQ> 
sitrrely in the preceding equation, os we have seen m Ni*. .122! ull the 
terms of the first member ot this equation ate llicrubie poaltivo, and con- 
sequebtly, radi of them is lesj than the constant of the second member. 
But supposing at any epoch Uie cxcentticitb s to be teiy small, this 
censtant will be very small; each of Uie terms of the cqiutiun vtili, there- 
fore^ remain always very small and cannot increase induftnitcly : the orbits 
win idways be vety newly circular. 

The ttee whit^ wc havp thus ekamiued, is that of the pLinets ami 
■aieUites of dte solar system : since all these bodies eirenlale in tlie same 
direction', end at the pivsuit epoch thtar orbits have lilll.* cxccn'i.'uy. 
That no dotfot nuiy exist as to a resuU w unjKtrfaut, wo shall ohsone 
that if tiboft^tioa which cici ermines g, contained iuiagliiaiy rcot<, ^iiie 
of the siipta-)^ oosincs cf the expressiaus of h, 1, h', 1’, i/c. would tta'.«- 
form info snpopttiUals ; thus the expresdon of h would eoii'ain n fii iic 
mutbetaf t«mM of the form T. c being tbo numb-^t ot whkh iho 
l^jqporbofflnlqgqrtdna is unity, aod'P being « real quantity became li i.v 
•'dn.wfoo.f^qawit^y. i.et 

tfo Sts tW 9 BS> of. k h » n b", &c, ; Q, i>\ Q . F', At being 

KS 



1 Lil A COMMtfiNTARY ^ 

tNo ical «|uanfitits; tbe explication 6f e" cointain t|M^ &nii {1^*4*Q*) 

r ' the expitision of o'* wil< GOittam tlie term (F* 
lo on ; t]te lirst member ctf the 4H]ue.tion {ti) therofiirO conteis^ *^tho 
U nu 

Jf, tbeidoir) vre^ suppose to be the greatest of the exponentials 
*>hic)\ rontaiii 1, ti^ V, See* thpt is to say, that in svbich f is the moat 
c^onsidt t'ciblcy tviU be the greatest of the cxponentlafs which contab 
the ilist memlicr of the preceding equation; the pieceding term cannot 
til'll efore be destroyed by any other tetm of tbiv first member; so tliat for 
this member to bi. reduced lo a conslati^ tV* coefficient of c'*^ must be 
iiotmngi IS Inch gives 

0 ^ (V^ Va+(P'*+ Qflfi/V of + (F'M- Q"*)/a'Va" f Stc. 

\A'htM / V a', V of\ Sec. haie the same sign, or which is tantamount, 
\\h<Mi tl.c btnlics M, At'i &.c. cTrcnlate in Uie same direction, this cqua- 
uot» 1 impossible., provideil we do not suppose P = 0, Q ss 0, F = 0, See.; 
win nee ii follow 'i that tl^e quantities h, i, h^ V, do not coiitam expo* 
nentnls, and tluit the equation in g does not contain imaginary ruofh. 

It this i p au(»*i had equal rootd, the iXpresidons of h, I lt\ V, &c would 
cout«« u as we know, ciiiuktr arcs and in the expiession of In, ve should 
have a finilo ti'mihor of terms ot the form P t *. Let Q t % F t *■, Q' I % & c. 
be the coil/ spomiiiig Urn-s of 1, h^ &e* P, Q, F, Q', &c. being real 
qiiiUitUi' s, till, first iPunlx i oi ih** equation (u) will contain tho teiin 

UV +0 W v'ttd vl’ +Q’) 1'+ iF'*+ ^ 

I* i M ill hi^hi St power of t, cont imed by die \alui s of b, 1, h' T, &c. ; 
t*^ will ill* lii^*he*>t power o^’ t conlaiiicd in tlic first member of the 
oqiniioM I . .hat ihio mcuilKi may bu reduced to a constant, we 
must ii i\ 

0 = fP f(,) )/. Va + {P'*+Q^Of»'Va' + &c- 
which gives 

p =r 0, (^ := 0, P' =r 0, O' SS 0, &C. 

Tim expressTjns h, 1, b% \\ contain %hdst&ae, neH^fO^ exponen* 
tial» nor circular otes, and consequently all t]ia toota of tiba equation b g 
aie real and uncqiuil. 

The i^ystem of the orbit^r uf &c< is peirfys&y stable 

riktivtly to their ex(cntiicitici»; these orbits mei^jfr about 

mean state tf dlipncity, which they dqiari fitrni bMTlbSEa preseiwiog 
tlic bamc znsjoiwaxis : their eacentn^ities are ahvays sb1i||hict^ thissxnidlr 



1^ J>> ^ j>falWj|<Kiet Ig/ the num/t 

2i9j|H'is^n^ the s^re tooti themt^/t»ag!i»'k aliot^tthe tame, 
IKMS. vRjltRlA'^ ,Bii*U ltav« tlctoiiniaod, by wlwrpreeedes. the valnea of 
ttmeA ei «s «e shatj^ wbeiitute m ail tiie te>m« of the txitrcsdoua off, 

and^j given in the preceding No*^ effitcing the terms which contidn 

i|m tame t withont the ift^x^n tine and eostne, 'Ihe elliptic part of ihjp* 
expressioDf aritt he the name as in the rase of an orbit not distarbedl^ ^th ' 
this only diflferenrr, that the excontricity and the positKHi of the pmhe» 
Uon are variable; hot tlie periods of these vati tiions Itoiug veiy lungi b^ 
reason hf the smallness of the masses /'. y/, ‘t", &c. rel.ui\eiy to M; vre 
may st^pose these variations ptoportioiial to the tnnr, dnriog a great 
iotersal, which^ for the plant t», tnay cxtriifl to «’ m3 (,ge» ItcGno and 
after the given epoch. 

It is usrruh for astrononnral purposes, to ubuut uiukr this fotm, tite 
secular vaiiaticnts of the excoitridties end peribelions u( the mbits: «e 
may easily get them from the prr< < d<ag formula*. Tu fact* the eqitadon 
c ^ s= h* + 1 •, gives edes ItdIi>P Idl; b'lt o» considcting only the 
action of ae have by No. 6?3, 

<0,1)1 - (Ml 1'; 


dl 


Dvherefare 


J-‘=~(0,l)h+10Jl.h'; 


but ha\e h' 1 h T s: c e' buu {■/ — v) ; hc, tbeiefou-, lu»vi» 
r * d e 


Uius ^ ridgftrd to the redj^uKfil action of the difii rent I odio'. ", tV. 

we filiall have ' < 

d ^ ,(* ~ fO + [ i«^l «(" »if - 

W") 4* Kll e' «n. ^nr' — •/ ) 4- ic. 


Ste. 
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A COMMENTAEY ON 




jL 

‘Pile equation tan. • ss |- , by 

e*{l<T3r]dh>«>bd]. 

Wilb tespcct oniy to the actio*) <»f m'> by snbKtkslH)|^ iht d h and d I 
tlicir vaiite*-, no .dial! lia\c 

‘‘d f* ~ ( 0 . iHb* + » 0 - !Mj. Cit v + iVij 

vihich gives 

3 - <0» cos. (V — «r; { 

shall, tliorefore, Ijavo, tliiou/^li tlic reciprocal actions of the boiiies 

tL\ fi!\ ,Src, 

;1 oob.K-*'>-&c. 


8rc. 


If we multiply these vidnes oJ’^ t • t * 3 ^ ^ * 


Wo hbalt lui/t the (lilfereiiiiai <>xpir>*?ions of the sucular TniiatioDS of the 
cscvnlricUii , and of the* peilhohotu, and these exp*' *' .Ions which are only 
ii|{orot>s whilst t is indcfiniKiy smr.]). will liowivtr serve for a long in^ 
tt t \ .il I't . j \ ( ty i i 1 he I lUuict N Thtit comparison with precise and distant 
ol.scr' i! cji . aflurdv ihc xa.tt>t exact mode of determining the masses of tlie 
planets wl.i. ii Ik-v no satellites, tor any time t sre have tiie excentricity 

Cy et|tt:tl u> 


c 4. t 


dc 
• dt 


4. 


t* d* o 

rs-rp 


+ &Ct . 


fitc. lysing relative to the or^ht <if t^titte i er to the given 
epodn The preceding value of vdll g^vc,*by &• and 


obsetving that a, a\ kv. ate ronsbiah the valnes of ^ 

can, there&n^ thus eontiuue as far as we srid), the preceding aeries, and 
hy the same proc'css the herics also rtslatire to w : but natively to the 
planets, It will be snfBcient, ui uoaq)aring the most aouaent observations 
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4 


whi(^ Itave cutne dowji to ue, to uke into account (%<' square of ihc time, 
in the ezpresntHits of die seeks of e «/, Sw. w, «/, See. ' 

590 • We und Aow consider the equations rclatiT.; tu the fosition ot the 
orbits. For this puipose Ut us rismac die etiuatioiis (S) and (4) of 
No. 530, 

ft* o' B«. (p — f). 

By No. 6lC> we hate 

a* O'. B») as «*. b«>j 

i 

and by the same No., 

Sb'J) 

bw ~ - . 

Wc shall ther^re have 

8 . n . a ' b '•> 

4'{r-~e=)' • 

The second ntember of this equation h what wo Itavc denoted by (0, 1) 
ia 532 $ wo shall hence have 

^' = (0,1) (q'-q); 

^ = {0,l)(p~pO} 

Hence, it is easy to ocodade that the values, qf q, p, q', p', &c will In' 
determined the following fasten) of difSircntial cquntinas ; 

* f(Qa) + («, 2) +i»c.} . p - (0, 1}p'-(0, 8)p*' - «ec. 

f * ~ l)+(0, 2)+&c.{ • q + (0, 1) q' + {% 2) q" + *«'♦ 

s [(1, 0) + (1. 3) + (U 0) p - (1, 2) p" - &c. 

^ ^ f(l, 0)+(l, S) +& 0 .? . ti' ^1, 0) q + ( 1, 2) q" + &c. 

^ « U8,0) + (% 1) + &C.J p — (8, 1) 

cs — i(S, 0)+(% 1)+&C.| - +(«i 0) q + (2, f M 


(ft 




Ki 



tr,J A COMMENTARY ON C%gt.;XK 

Thu of equations is simitar to tbat4)jf tbo ciqUattol:iS.'|(A)r of No; 

!}ti2: ii. vv'ouM oiitircly coincide with it, if m Uie .eq^tSl^WQ^ of (A). we were 
to cUuugc h, I, li', 1', ^c. into q, p, (f, p', StCi if 1i« were' to snpposd 

|Clj«(0,l); . ■ 

I'iTOj rr (l,0}i 

&c. , . 

Hence, the process wliich we have used in! No. 528 to integrate the 
ciputious (A) fljiplies also to the ^uatiops (C). We shall Uierefore 
suppose 

q rsN t>OS,(gt+fi)+NiCOS. (git+^(!)+N8 cos. (g,t+A8)+&c. 
p =;N sin. (g t4.0)+Ni sm.(g, t+^O+Nj sin. (gjt+j^+Sift 
q'ssK'cos. (gt+,3) + N/cos. (gii+j3i)+NVcos.(g2t+/%)+&c. 

p*j=N‘’siu. (gt-i',3}q.NYsin. (git-l-/3,)+N/8H>. (g5;t4.ft)+&c. 

&c. •• 

and by No. J>23, we slmll luive an equation in g of tlie degree i, and whose 
roots vill be g, g,, &c. It is easy tf> perceive that one of 

iliose roots is nothing | for Jt jn clew we satisfy the equations (C}'by sup- 
posing p, p", &c. ^iiai and constiint, as also q, if, q", See. Tijis 
fWiiilres one ui the roots of the equation in g to be :soro, and we cm 
tliourc tli^ equation to the degree i — j. The .arbitrarles 

N, Ni, N', S:i\ /:/, .ij) &c\ will be determined by the tntethod exposed in 
No* iui'.lly, we sliall find by the process cnq>loy*?d in No, 52i. 

const SIS (p^ -f q^) ii a -p (}/* + q'') V a' '+ &c, 

Wbciici' ivc condtade, as in the Mo. cited, that the expressions of p, c|, 
p', q'. &c, contaiii uelthci* circular ares nor exponentials, when iIk; bodies 
/*, /a', /a- ,, &c, circulate in the some dirctction : and that therefore the equa- 
tion in g has iiU its roots real ami unequal. 

We ma\ ubiuin two other integrals of the equations (C). In fact, if 
wemulfijdy the tirst of these equations by^ V a, the third by^' .V a", 
the fifth by /a" V &c. we shall have, because pf the itdatlona Ibund in 
No. M3, V 


0 ^ ^ 




V a' Ac.; 


which by integration gives ' . Y' 

constant s: q/* V a 4- q'y*' v' 

In the aame manner we find > 

constant =: p /* V a 4- p' V •' Vff&c, 
Call p the 


, . . . . («)• 

inciii^tiot of the orbk of to Ute ibted plane, ajid.^ Ute loo-* 



vaiut; 


. . tiJBWTQUN- t*WNei,PiA* ■ ' ■ m 

’'’'T‘ '’'"V ' '■ ■c ••.'"■ ’!"' ■ ' ' . "f . 

*Bde tan. p dn. ,(» t . Comp^iiiig thw” 

vali^ cos. (lii^ 4i'aU h»v* V- •■■-1^.' 

./. wn« <rq 

wheniie wacJjtoiii’^tJ 'jiy- ' 

, •'.. +■^q*)r^ ta^ 

We dijy^ibi^orer ^,i^^iiti^4af. t>ie orbit of ft »od 

$ition of ita opdft' tnoaifS'^ Values, of p and <p • By marttni^.'atte> 
cessively with.bno da^» twp thuiheft See. relaUvaly to t‘‘*fH>'\ 8u\ tb'e valnea' 
of tan. f, tim. ^ we shall have the mcBnHl3i»6 of the orbits of /*' /»", &ci 
^ tfie {tosltions of tlieir »od» by ipBBiK oFp', q', p", q", &c. 

1^. quantity v^p +'^'ia hais than ttiesuni N + N, + JQi +iKe. of 
the coefihetente of-the istnea'in the expression of q; .tlitls. the coe^jcieMt^ 
lieing ve^ sBaall sihee the Orbit is. eapposed but little inclined to 
plane; itft. inclination will always be inconsiderable;- wheuco itlblioiint*!that 
tile system of o^its-is also st'ablft' relatively to their inclinations BS.(d|(MS ,tp , 
their escentrietties. . We may tlierelore eotulder - tiic ihdinations of th*'” 
orbits, as Tfl'Hable quantities compi-ised within’ detonmnate Umits, tod ttib 
motion qf: the nodes as not uniform. . These Variations are Very sensible 
in the .satol&cs of Jupiter; and- Vie shall aen hereafter, -that tliey explain 
the singular pbtoomoiht obserV^ in tiie indination of the lyl^t of the 
fourth siitellite. ... ' . 

From the preceding expressions of p and q renills ibis'theoretn ; 

JLel «r .tdqgtVie a t^'cle .sMosr ituilinatiott, to p ^ed plane is N, and r^f 
vohieh fihp iQHf^Uvde of ,astieiidipg node. if ,g t 4* i otso let vs imagine 
upon this Jim a seemd . circle inclined bp ih an»lc Nt , the longitude 
^wboi» it^^p^onypnih^/ot'mer p(tytcjh^%rjr j?i t. upop^ikis second 
««ffe iot\gitude of 

vkose^it^me^^ and sO ons the po^ 

Applytn||/i^^ expressums of 'b and 1 of Na 



m.the ditometidah Vome idaue^ is equal to tluu of 

. differentiid va- 

whits, lh« pmpose. Jet 


Mm 



m A coarMiSNTAiE^'pK^ . 

tan. p =: V (p® + q»), tan. f S'" ' ■': ■' '' ‘*'■■ 

Differentiating these, wc shall.have. . •' 'V > 

d p ^ p sin. ^ + d tj cos. it ; 

({ (1 _ P ^ ^ <1 s»n* . ' 

■" tiiiV p ' 

If wit substitute, for d p and d q, titeir values given by the Equations (C) 
of the preceding No, we shall, b.ive ’ ' ^ 

^=s (0, 1) tan. >' sin. (rf — ,(>’)+{0, 2) tan . sin. (A .i:- <")+&«• 

J J=r- r(0, J)+(0,?)+&c.J +(0, 1) oos. (« - 0 

In like manner, we shall have 

tl ^ • 

jj-j ={1» *^) tan. f sin. {tf — 1»)+(1, 2) tan. sin. [9 t- 

iiT=~ «)+(l,2)+&c.| + (l,0).^i‘:|. cos, (tf -ti) , 

' Sf *°** - ^'>***®* 

&c. 


Astronornejs refer the celestial motions to the moveable orbit of tlte 
earth ; it is in iiwc irom the piano of this orbit that wc observe them ; it is 
tiiereforc important to Jiuciw tiic variations of the nodes and the Inclina- 
tions of the orbits, relatively to the orbit of one of the bodies jit, A* '» &c. 

ior example to the orbit of a. It is clear that 

q sin, (n' t + r) — . p cos. (n' t 4 <' ) 


would he the latitude of;*' above Uie fixed plane it' it wa.e inmotlon upon 
the orbit of > The latitude of this moveable jdoiie uboye .the same 
plane is , ■ . > . •' 

q'sin.lu't 4- ») — p'cos. {n' t.+ /); ' \ . . 

but the rliflcrcnce of these two latitudes il very nearly ^ liU^tode of (t' 
above the orbit of/*; calling therei&re f/ ij»e iachn^mn^-.. Up.d .4/. tlie. lon- 
gitude 6f tlie node of /*' upon the utlMt sTuiB' h^^. by what 

precedes, . ' 


P/ 2S V (jT^ p) i 4- "(q' ' 

If we tak{^ fojt the' 'ffxed plane, fh^‘of .jH?is ert^atik|^v» ,^loeh; 
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tliaU ^v« at that «{)ocii p :$& 0« 9 sr Of but tfio diSbniilialad p and d q 
will not be Mn>$ ir? |baU have. 

4 p/ SI ^d p' d p) sin. 4' -f (d q ^ d q) e<Mv tf' j 

d i{ as ^ coi>. jr _ (d q — d «u C 

tain, p ■ 

SubatitvAh^foe d d d p'» d q , &c. tbeir v.'ilues giv«r<i b} (L t (|U 4 « 
tioaa (C) of’iihe pieteding No., tve slioil have ^ 

j-'J ss i{l, 2) — (0, 2)1 taa. p" sm. (f ~ /O 

+ r(l, 8} (0^8)J tan. o'' «n. {f — fl"') + S,c 

^ as f(l, Of + (1, 2} ^ (1, 8) + Ac.{ — ^0, 1) 

+ {{1. 8) ~ (0, S)| . fSs. (<•-«• ) 

+ -<') + &f. 

It is easy to obiain Aom these exprusMous tlie varisilon^ of the no<los, 
nnd iiiflISiiAtioD& of the orblu of the otlier bodies txc, upon the 

inovotiblo orbit of / a* 

528. The mtcgrals found abovee of the* diShrential e^iuatious tt'hich deter* 
imnc Uic vaimtions of the elomeiUs of the orbits^ are only appioxima^c, »\ljc 1 
tlic relations which they ghe among the elements^ only take plaeo on die 
oupposition that the exccntricitics of the oibits end their inclm'Mions nio 
vt ry biuiilla But the integrals (4), (5), (0), (7)p which (uc pivea in No. 
1 7 Ip give the same rdations whatever may be the excenti u itics nnJ in> 

« ® X cl V 

cluiatiima. Tor diis, we aball ob<«erve that — 


d t 


JJL'* t, JouLit tiie 


ares desciibed daring die jjpstaut d t, by Uie- prnjeriioii <if iltu tuilnis 
vector aftheplaoMtftapoa (bo plane ot x, y. In Uie elliptic motion, >) 
wc uegleot dm afias of tbe phmet as notbing cumpartd vvith that of ilic 
sun, taken fer unity, we riiall luive^ by the Nos 1A7, SA,, ¥el..t<vcty to tlu 
plane of aS orint, 


5 A . y .j p i i* « Vutf-n. 


In order to reier fbe area npOD die orljit to tbe fixed plane, nc imi i 
inuldply by die cosine of the iudisation e of the orbit to this plam , xv 
diaQ, therefore, have^ -with reference to this phtni . 
aedy — y4» _ 


cos. » ✓ tt fl — e») ^ *; ^ 
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In like manner 

Vd>' — >'(7— 
d t ■ “ X I +l-n.* 


'J hn-c vai.ies ol \ tl v — y d X, x' d y' — y' cl x'. Sic. may bw osod, 
iilK-ti'ictum Knv made ot tlic inequalities t»f the motion of the plaiieto, 
piovided we c<*nsi(l<T thfc elements e, </, tu. f', &c. js varjablftS) in 
\ut'i tiittic'n iLi inequaitiic^i. the equation (4) No, 471 will tlteio- 
fotc jiivi in tli.il o.iso, 

a (I — o ) , /.i' (I — e'*) , « 

^ \ 1 4- tan. > p ^ V 1 4" !*"*• * e' 

~ x; (d - d v) ~ (/ ) d cl xl j ^ 

ctiiig ihi'' la<t ttjje, which always remain^ of the order /»', we 
,liall have 

^ V 1 + tin.» '* V r^- tin.^ f 
'I liU'i, nhutever may be the ehangei which the lapse of time prcafuces 
ui the v.ibic> ol e, t . Ste. f, J, &,c by leaioti ol the secular samtionsi 
tJa'M \iJ>i«s ought always, to e,'ti>fy llu prttidtug eejuatton. 

It wf neglect the small quantities of theoiclcr o\ or c* f this cqua^ 
til n viU give 

c =- ft V a + / \^ X + See, — ^ V a fe* + tan. * p| 

■ - i '/ V cMt 1- «.m ’ ^ { — &.*’• » 

■iiicl coii->et,i,> lit!), i I e lugUcr the squares of i‘, y, ifcc. wo shall have 

ft V tt [- V S'' .t' 4- At*, vonst.iiit. Mh have s«.c<i .ibuvcj that if we only 
re‘ain the fii«t power o( Uie ])eitnibjag Ibicc, a, « , &c. will be scpoiatvly 
constant: the pi « < cdiog cpuitioii niJI Iheie'u.u give, neglecting small 
qiniitilles of the on’cr «■* or e ' p*, 
const, ss tf s' .1 Je* + tan. ® + ft’ V a W* + tan. * f } + &c. 

On the supposition ih.it Utc orbits are neatly circular^ and but littlu 
inclined to oat, aiioUxi, the secular variatiuus ore dcteimincd (No. 525 ) 
bymcMJis of (bdhnpiiul eqiwinns iodfpihdent of the indioatcons, and 
which isMiscqucntlf'ttre the same as though the prboti wtntht one plane. 
But i(^hi ltypoU)e*iis we have 

,a SB 0 , / s: 0 , Hr. 

the preceding eejuation tiius becoming * 

-I ccMiistaii^ ste e* ^ v' a 4 - e’* / o' a' f o"* i»'' V a<' 4 . fta. 
an equation ii> 1 if|ilji|ifl%i 0 ea in No. fiS 4 . 





srfeWTiQiiPs ■ 


■;IAT 

■'■■ ^P^'^-'iewW'viiriatioMof the «£'«!)« ’iri^ 

W^No: ^»y wiaaM oPdaRjnjirtW.^^,^ iadfepeiW^iii 

M ‘WJli'ck C0osfiique£^^^iir6 the., •gaii^'ani^t^oiygl^ thiy tHrj^'' 
bits WOTe di^eii|f(b Biit bi this h;poth«^ w« biwe ft is a' ss 0, ’&c; 
-'W^MCdbae , , , ', 

m bein pvea w- Nd.- S:^ ■ * ■ . .,.- ':',! -.pi^:;’:'.; 

as in d»e’ijiBt'N<v ■•'■■;,. .>ji' ,'. .■ .i. ',’ . -'■|»4'- 

^ ■ .. p tan. P’sm.')?}' (^.ar'too. fi’(^.#; , •>wV''- 

, it is «a^ to ppdvi that, the inclhiatkm orbit of /» to tbe phne of 
X, y beiog p, and the iongitude its iisi;sending ., node reckoned from the 
ftxfc of* being <>, die cosine oftho indinatioa^df tiiis orbit to the plane of 
Xf'i^'willbo 

-3 


V (1 + tan. 


Multipiying this iq^mUty by 
VC shall 'have the 'i^ue of 


xdy — y dx 


dt 

* d Z -r- ,* d X 

Tt 


, or by its valoe i/a(l — ; 


; the^adon ( 5 ) 

will therefore g^ve n^lecting qaaiitides of the order ft*, 

We shall in Ufce {nhnner, th^ the equation (6) of Nou 4? f, give* ,. 

. - f • p' J’r+.^fp^ t«'c- 

If m. these ivo'e^p^Uen^ vfc Q^lect qaa^i^ pf the order e* or e* j>; 

, they ^ b^daij*.:'^ .'^v., v;-/' '•'' 

'^ 1 ,' ’ • ^ 
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orbits coitsMItred vmisldei .iwpqiiltB^f.iirTlBy y aw^pairtBi^to- 

the time inoresse.'v^'d^y^ 
dents of the tune ^ in these in^^t^ehtii^ Bony^ hgeeboKe 
evidedt tha^ letfldniog l^/.tetrini'le^ 
tiering the drints as ^Hp^whdSd iHs^sert^^viffy by;S^iiBt^ 
the integrals (4), (6), (6)/ (7), <irN^ 471,'iriU;4tt^ 
between tlicse elements, already Ibund; becaitM the ton&»',bf the. twdeir 
tt p/ which have been n^Ieeted/i^dieac U]l^rBl% t^ obudn the retatioac^ 
have not fur divistHS .die <^4i4^cieats above-mentioned, or «t 

least they contain di«in;.4!?y .mtill^ed by a powyi; of the pertivb*' 
kig forces superior to t^t 'Which we ni^,eoauder)ng« 

589. We haTe^obwiTed alreadyt' diat; in die raoden a ^tem of 
bodies, there eidM) 'an.. inmiabN'' {dano^. tv. sadb; as! always is of a 
purallei situation, which it is.easy to ^d ataiiUtneS by dtis condition, that 
tiu! sum of the masses of die system* multiplied respectively by the prO' 
jeclions of die areas descril^d .by dto radiiis^vectors in a given time is a 
tneueimum. It is priitcipally in the theory df the solar system, that the re> 
search of this plane is iinpcatant^ when viewed with.re^caee to dm proper 
motions of the stars and of the edUpde, which make it so difficult to s4ro- 
nomers to determine precisely the celestial motions. . If vfe cidl y the 
inclination of this invariable plane to that of x, y, and n the limg^tude of ' 
its' ascending no<le, it is easily found that 


tan. .y sin. nss— ; tan. 


y cos. n ss — . : 
‘ ■ c 


and consequently that . 


„_/*V'a(i— e*)sin,psin.<i+MVa'(r-'-e'''^sin.p'sin.y+Stc. 
/tV a{T c*) cos. p+Ai'Va' (1 — e'*J cos. 


tan.y 


n(l— o*].BiH . pcos. — e'^iin*^ co$.y^+&c. 

S CO^ ■■ 'Sm .wwi|#»v i , i 

/iva (l-~o‘).oos.y+/»V 

We shall determine very easily, by’mcans ofthn^'^^^es, 7 

and XL: We sec tliat to deterinind the hivtoiigi^^ ^hhewe ought to know 
the masses of the comets, and the 



this poii^'tb.us. 
plane die 

evid^t by;‘dli ^ |l ^d^^ 

p,p',p;y| 
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4 ^ of No. 5 M «« uothiag ; tihe oooitoiMifMigat 
poor, by niKNp. of eqaations, from tba oi^pnMiMHr p» "•» 
q» q'. &C. ) ^ 

Let ue odOaSMT tbe motion of the two orbita, rappotii^ thmn 
to one another, by any ao^e whatever: vu siuil have fay No. $88, 
o' sain. ^ cot. < » A V *(J ( 9 ^. cos. ff ^ if *-• V*) j 

r''s8in.psm. a* ✓ a (ftlTt”) +sm. f . sin. /b' V** »' (l — V*j^ 

Let ns suppose that the filed plane to w^ch we refer the motfaMteif tlM 
oibiu, i$ the invariable plane of wlileh we have spoken, and by itiferenoe 
to which the constants of the first mcndicrs of these equations, ire no» 
tbiiifr, (ts may easily be shown. The angles p and ^ b^g positive, the 
preceding ct|uaUons give die fidlowing ernes : 

Ik Vir(l ~e*) . sin. p «/ ^0 • aio. p' ; 
sin. 4 ss iun. cos. it cs — > cos. 

whence we derive ^ 4. the smi circumference; the nvxlcs of the or> 

bits are consequently upon tie some line; but die ascendiug itode of the 
one coincides with the decentling n<nle of the other ; so that the mutual 
indination of the two ortdb. is (H]unl to p 4* p'* 

Wo have by^ No. SS8i 

• 0 =5 /» V tL {I — '••J . cos. f + y-' V o' (i ~ o'*) cos. f ; 

by couibining this equation with the preceding one between siu? p mid 
sin. p’, we sltoU have 

81UC.COS.P, _et)-.c*4.At*s(t-— e*) — *. e’(l— 

If we suppose the orlrits circular, or at least hfaving encentiicity so small 
that we may u^ect the sqaaros of their excentricitte% the preceding 
erjuatioo vfifl ^ve p emstaot : for the same reason ^ llfil be constant ; the 
inclinations of the planes of Ae orbits to the fixed plon^ and t«> one mio* 
ther, will dierefinv be eonstantf and these three planes will always have a 
common intersccdon. It dienco rcsulU that the mean instantaneous • a- 
TtaUon of this intersection is alwayii die same : hcrauac it can oulj he n 
fipicthm of these indiuMbns. When they are very i:niall, we shall easily 
i^nd % Nm fiS8y Phil ia snitutpof dte^ pieoeding relation betneou swi , 
and ai^. p'/thpt for die drae 1^ the mptSiicm nf this intursoedon is 

of dm iuTwdwble p£i^ to .which we refer the motion of 
' dm todly bovd^enuiimd instant whatever; fo 

T/ffllfi only dm nf dtp mtiiiHd hudinadou^Uthc oil<it> into 

jmtdt » vre h^ht dmjmaoeding equation be- 
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tween s.in, «in. p'. Desi^ating, therefore, ,thi.? inutual indinatfoU' 
liy «r, we shaU have ■ . . !-//■ , ’ 

_ / v''a?Tr-- ■ 

p -* ^vTirr-e*). ^ f,' , 

8EC0M> METHOD OV AWHO^aMATION THE C£LE«TML MOTIOXS. 

6ti(K We bftve seen tbni tbc coordinates of the celestial bodies, 

lotcrred to the foci .of the principal forces which aninlEte them, are deter- 
mined by diflerential equations of the streond order. We have integrated 
these equations in retaining only the principal force.?, and we hare shown 
that in this case, t]>e orbits arc cbnic sections whose dementsS arc thi 
arbitrary coirstants introduced by Iptegralion. 

The perturbing forces adding only s^all inequalities to tlic ellipdc mo-< 
tioii, it is natural to seek to reduce to the laws of this motion the troubltMl 
nuHion of the celcstiat bodies^ If we apply to the diiTerentia) C(]nritioiis 
of elliptic motion^ augmented by tlie small terms due to the perturbing 
forces, the method exposed in No. 51 S, w’c can also consider the celestial 
motions in orbits which turu into (aemselvcs, elliptic; but the 

elements of this motion will be variable, and by this method we shall ob« 
lain their variations.' HencC it results tliat the: equations of motion, being < 
dilforeiltiuls of the second order, not only their finite integrals, but also 
their inlinilely small integrals of the first order, arc the same as in the 
case ot invariable eliipscs j feo that we may diflijremiate the finite cqua- 
tun)S of <.iliptic motion, ih treating the elements of this motion as con- 
it also results from the ^ume methc^d that the differential equu* 
lion^ of lilt-: first ofcdor may he differentiated, by making vary only the 
eltMnciit?. of die orbits, and the first difiercnces of the coordinates; pro- 
vided thai jn 5 »icad of the second difierences of these coordinates, we sub- 
stitute only that part of tlieir values which is due to their perturbing 
forers- I'hese results can be deriveil immediately from;^ consideration 
of elliptic niotiou* . 

For that purpo^o, conceive an ellipteyjMistsbg tltrpii^ a pknet, and 
thi'ough the clomcnt of tbc cuv^a j^ foevk fc 

ooctipied by the stui. This diat Which thia [Sanet Wbiild Ifivari* 

ably describe, if the peiturbing fc«^ were to c^se to act nponr it Its 
eleiittSat^ to a>nstaut during <toe 

mstaWt tb another^ Let iherefinre V as 0^ iNj^^ td M iiv* 

voriabile^^eQipWt, .V being a function of did 4 



whkU Me fSn»^^ <^jtbe-dbiliilto of e^ip^ 
4c tap^nb.. I this elirnetit of the 

csum^dbssa^l^'W^skJ^ iTur!ngiheini^^.^t;:i%i1^^ = 0 

vUl'sf^tnatd' go^'l^t^^ first aitd last pbiiii by regard- 
ing e, ift tici as constant. We inayi therefi^' Ais equation 

once i»,ME^^4pzppi)i^ x, z, to vary, gi#e« ; *' ^ 

• at ( d X + ( Jy) d y (i) 

We aim see the reason why the finite isqdafiflins of iiie invariable el- 
lipse, may, in the. case of the variable elHpse, be differenfinted OHec in 
trea^g the parameters os' constant. For dhe i|a^e teaspn, cvciy. difier- 
entiid eqitation of die fir^ order relative to the Inyarlal^ ellipse, etpially 
holds gond fear the Variable ellipse ; for let V* as 6 he- an equation of this 

order, V' being « function of x, y, r, , ^-i, add the psx^eiers 

c, cf, &C. It ht clear that all tliese quimtiUcs arc tlio same for tlie varia- 
ble ellipse, as well as for due invariable ellipse, which for the instant cl t 
cotneades srilh if. ♦, 

Now if we cronsidey the pktn^ at end of the Instant d t, or at the 
cqmnusnceta^t of the fidl^ing one-; the function Y will vary from the 
ellipse relaUvn to the instant d't.to.tho consecutive ellipse only by the 
variation, of .;^.pannnetersi since the toordinotes x, y, z, relative to the 
end of the fitat instant ai*e the same for the two ellipses f thus the function 


V .beh:^ ntaludgj we have 
1 MVx 


f* ^ c dV + &c. {iO 


This equation nmy be dadtu^l frem the. e^iution V ss 0, by making 
X, y, z, yw^y -tc^^herj for if we take die di/Icrcntial equation 

(i) fironi this' dh^^ital, wc shall' have the equation (>'}. 

DifTerai^atmg tMdqdaeti<m'(^^^ shall haVO «;new equips; in d c, 
d c'. See, which with the equa'don; (i9 will serve to determine me paramo- 
ters c, .c» Jfce. if diat ^ gt^in^en^ wb^we^ first oc!etq>ied in 
thf tbgl^' tel^al peffdi^aiticin!), hc^r'delKV^^ the variations of 
the.pcMhs. aitd the htaiinadiini of'dio^c^w^^i^.m mayvsunplify this 
difiiwenriidien ja it;ianm 

Goaaidafgttfln^xdy diffiiMthd equllHtai of the- first .^der V' 0, 
aa ecpui^ wh^ eq«ali^;ta4>e dlipse, and to the in-. 

vaiPde eQ|^ whi^'^]^.Jhis^uK.d,q.'eOi^ with it» ||| the follow- 
ing k^at^'. t^jojptadoii 'also to ibii.fivo efi^i||e|ib with tins 

, vs*. II. . ' t ' 
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difioieucc^ df tau .4^. ' : 

cilipw, bat vary witli die yariabk bo<]otp«% - 

when the ellipw i$ .supposed invario’bH'wd fuoctum .- 

becomes in the ea^e of the varijBbl.e Vjft it to 

have, y we must change' in V\ thn-4«ewdiiHitjMvXi.;Ji . i, .‘w^icH • Mte'. 4 wla- 

tire to the cornniencmnem pftlmi6m^.ia6tant..dlr^ 

tivc to the commencement di' the seie^id instsiAt^dprei iBOsUtl^ apg^ht 
the first (lifierences 4 it, d y,; d 4 irttpmbrely hy dm qa<«Ktfti(Ss.d* x, S*y> 
d z, reiatirc to tlie invambie the ^cmmit d bmi^ 

supposed coiiAtant. ' .' .‘.,' 


In like manner^ to get V/,' we must change in V', the oootd^aies 
•<> y, iu those which are rchtUve to- dm commeiToemcnt of the .iieeond 
insUnt, and which are also thefsimje in the two ^‘p'ses ; we, must ^n 
augment d x, d y, dzr^peetivdy by the.^oadtiesd*x, d*.y^'d*z; finally, 
wo mast change the paptimeters c, c', &c., into c -f- d <j,y A d ; &c. ' 
The values of d*x, d*y, d*,z arc not the same id the' two dl^isea; 
ti'cv are augmented, iii U}e.case.;of the variable oHipsc, by tbe quantidea 
duo to the jierturbiog fbrcqt. We see alsd timothy two.'funictiona V" 
and V/tdillering only id this that in ^le sec^d Ibe parameters ^ c'v&c. 
increase by d c,. d c', &c. ; and'tbe values of d,* x, ‘ d * y,' d* .4 relative to 
the invariable ellipse, are aiigmentetKby quantities due' to die '^ftorUdg 
forces, Wc shall, therefore, form — V^t hy difibreatiating. V in the 
supposition that x, y, a are consboit, and that d zi, .d y, d.ss, ^ ,c', &c. 
are variable, providtd that in this dilTerentld we substitute ftW d * x, d * y, 
d* z, &c. the parte of their values. due sbldy.tu die d^arliuig.fbrees. 


. lli however, in .dm functipn V'^. V' we<^bsti^y;$ir;:d f x,! d* y, d * z ■ 
their values relative to elliptic n)^}d<m,.wd>8hidl(.ha^ x,.y, z, . 

d“f ’ df ’ ilf ’ the-ica^' of ja ■ 


nothing; this function is tlierelbro also iiotbJid^j»,^i^eilaa^ variable 
ellipse. • Wv evidently Iiave in this last 0,'Sinoe this- , 


alone to vary, provided that we,irob 8 tk 3 iHUt,^d^.'^.$^'^.i^^^^ 
of their values yd.'^Uye to the 'disturbbg'fdie^tN'^^ll^^telil^^ 

(be same as'lhdab wl^h.^ obta<.iied,:ib 

bna^ical ; ns to'.fbeir iinportann^'.; ' dpfn 'prechaf ' 

tben^ 'deduced’%w.t^'cm>^deratiou of -- ,i < 4-'- ''' 
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SSI. ti^t as xmatio the equations (P) o£ 5)3» 

<>=■3^*+”;.-+ O' 

* “ ij ■*• ” ’ + (Jf)-. 

If we suppose E =s 0, we diall have the o^ttions of ellqHic motion, 
whidi we l^\e lotegrAted ui (>IT8) We have there dtrti^iWKl the sMreu 
following hUegraU 

e - IL^yrzJAy. 

.^Xda — ads 

c j-j ; 

rt'- illriLiX, 

dy* + d7® t . ytiy.dx . ad/.dx.- 
o»f df”-- | + "~at^ + - dt'-’ 

0 « f + ,{2_ ^ 

0 = «”+*■{= - ' -f 


1- (P) 


Q = 


ni am, d X* + d y * + d s’ 


« t 

Tliese intc^als give dio atbitraiicv in fboctions of tltui dr^t d’lrcrtnccs : 

they arc oudcr a very ctaumodious forfla for deVcrminiug the vauatioos of 

these arbiti'sries. Ilic three 6ist integrals by diircrentiating them, 

and nuikiug varjl'l^ the ptecediog No. the paouneieis r, c', c", and th« 

first dilferences'inf the coordinates, 

j Scd*y — yd*x 

4 c 


d tf SB 


3>.d*j! — zd*x 

— “Tt 


’ -j « yd* 2 -.-2d*qr 

a 

SnbttitBtaig file d* x, d* y, d^lh the putts of their \alu(,s due to the 
pettiRihiBg fercost, estd whirh by the dt^hsmtial etioationa ( P) ate 

iaS 



A OK 






we slutU bftVA 


■*‘' = '"{'(f#)~*(Jr)}* 

dc"=d.{»('a)-y^«^}. 


We know irom47fl,4T0diatihepft(»meteni c. o', c/i detetmine three 
eJementh of the elliptic oilnt, tiz^ tfie incliBatnia f of thd (whit to the 
pi me uf jky y, and the longitude 4 of its usc^ding node, means of tlie 

t'(t” + c^») c" 


tan. f 


and the sotni>pniameter a (1 — e*) of jdie ellipse means of the eqiui" 

ttiin 


m j {1 — e") r: C* + c<* + e^*. 

'llic some cqaations subsist d>tO m the case qf the variable ellipse, 
pirxidcd we deteimmo ct c', c" by means of the preceding diffiitential 
tqu tionc We abJi thus have the iMrameia* of the variable eltipse, its 
inclination to thf li\ul plane of tc, y and the position of itv node. 

The thioc hret of tbe eqiutions have g^ven us in No. (479) the 
fuiite integral 

Oa!c"x — c<y + oz; 

this expiation subsists in tlie esse r*l tbe troubled ellipse, as also Its first 
difference 

Osre' dx — t/dy + cd^ 
taken In conndering c. c' con»tant. 

if we dilieieutiate the fouilb, the fifth and the ^th the integrals 
(p), jnehiiJg only the paiametets f", and the dififereticcadt^ d y, d c 
vary; if moieover, we substitute then for d ‘ x, d* y, d* Zy the quantities 

— di'i t* ““ ^ (St)* 

d f. ■» d y {y ( 4 ";- » (J—)} + d *{• 

4d(yd* — xdy) (^) + (z d»i-*d tt; 
d r » d » {x (J5) — y (J^)} + d « -y (J J)} 

+ (* d :p -i» y4 »> (If) + (z d'^ (If )j 


t 





KtWToirs'Pidlr^iA. les 


+ (JC d * <1 x> (^*) + (y d r. — a 

finally, the se^etith of tlie intcgfala (p), -dififotetitilited ia tha «ame 
manner, will ^re the TuSation of the smni^exibHlBi^ m, means of tlK 
etjuatkm 


d, s= g », 

ft 

die diffiirentlal d R b^g tdken rriair^ toddle com^ffiAates x, y, a alWM 
of the body ft. 

The valnes ^ f* P dcferroine the JoogStnde of the gjx^don of the 
penhdion of the orbits upon the fixed plnne^ and the ndaticm of the rx- 
centrici^ to the «emi*axiik«niajor{ f<» I being the loi^itude of this projee* 
tion we hare 

tan. I =5 


and e being the ratio ef dio exccJitrhUy to the 8enu*ex:»>'inigor, wh have 

me = v'ff* + f'» + r*). 

Tills ratio may also be determined by dividing tiio srmbparameter 
^a (1 — ■ e*h hy the semi>azis«major a * die quuliciit taken from unity will 
give the value of u *. 

The int^pxls (p) have given by elinuiuition (i7o) the finite integral 
0 ss ni'f — h • + f X -i- f' y + r'«: 
this equation snbsisU in the ease of the doubled elUpsc, and it deU-rminOs 
at each instant, the natura of the variable dllipse: We may difierentiate 
ib considerifig ^ f', P as constant; which gives 

9amd'{<ffdx>ff'dy*hPd2> 

The attni<axiMns|or a giviH the mean motion vt /t, or more exactly, 
that which in the troubled oibit, corr&ponds to the mean modon in the 


Livariable orbh ; for w« have (479^ n er a“ ^ V m ; aajreover, if we de- 
note ^ die mean metipn of g, we have in the invariable elliptic oibit 
d ( xs n d tt’Thh eqpiatleB e^^y h«i|i|b tfoed in the variable ellipse, 
•iqae it it a dilRitential cf the first older} ''^Pifferentiating we shall have 
d* { s d 11,4 1; iMft we haiw 


JtaMtfllbre’ 




H 


m 


4.7 # 4i'^i&lbi.5i 



A COMld^EKTART ON 




j(( 


iinrl iitti>gmtilig 

i:=S. //.»<!». < 10 . 

K 

tre hate seen in (Na 49-1) tbat the integn^ (p) are eqtuTalent 
to i)ut I»e diitiurt int<^gral«) and that they give botween the seven para^ 
mctn * c, ^ f" e^ the two equations condition 


Ors fj'- 

Oas “ + 
a 


- f o' + i" ©; 

f» 4.f^* + 




C» + 


tlo'se equatioDS subsist tboieforo in the case of the variable ellipse pruvid* 
ed lb it the parameter a»e detetmined as abose« 

Wu can easily TOnfy these statements a posterioru 
AVo iunc determined £vo elcanents of the vanablc otb((« viz., its inilin* 
.ition, position of the nodes, its Bemi*axis«ro8jor wliicli ^ves its mean nio- 
t'on. it "- 1 ..to nr I tv and tlio position of die perihelion. It remains for us 
to Cn.l thi sixth cbment of elliptic motum,— that which iu the invariable 
(‘otie«|)i>niU to the position of /» at i given qioth. For diis ptu^ 
poM It t n . resume the expression of d t (499) 

d t V m ^ dT(l — e')^ 
a f ’ ■ 1T+ * <>oCh —*•»)]** 


This eqoation de' doped nito series give«..(493) 
n d t — u V (1 + L *’ c s. ^v — •) + cos, P (v w) + 
lnt(gK*in!r this ^qustion on the supposition of e and * bmng con* 
stain, v>< shall hn\e 

KO) 

/a d t + » ~ V + t *> sin. (v •**» w) d- -g“ sio* 2. (v — w) + Ac. 


* biing .m .irixiiai''. This integral is rriative to the Invtrlablo ellipse: 
ti; extend it to rhe variable ellipse, in malting every CJng vary even to 
tilt arbii.iancs. t, > e which it contains, its diffinwatia] m ist onacide with 
the niecctbng cn ; wb • b ^ves 

d«=s *) ’“■ +^} 

— d w ) E cos. (i — w) tr cos. 2 (V'-»-> «) 4* Ac.} 

V w behig the tme anomiiy ef ft gteasui^ tgipn the orbit, ^nd <* the 
longitude of the perihelion also measurud upon the eribSu Wo have die* 
tejiiniBC<| above, the longitude T of the prq|eetiou of the peri^jtiUoa upon 
.« fixed plane. But (gr {|88) we have, in ct^pguig v into » and v^ ioto I 
in the e;xpre$si(m of v*— dMs No. ' * * 

w-r^ At# f i*- fan. • i p pin. • (I ^ + Ae. 



PooK 1.1 NEWTOlPS PawdPfA. Ifil 


Sapiwang next that v» are xero hi lliis aame^expressktfiy have 
0 ts; i >i> tatic I e sin. 8 # 8^ 


wherefora, 
which gives 


w ts; 1 ton. * J f . + nn. 8 <I 4) + &r.i 

d»sdX.{] -f-8 (uii. * i f coi. i (I — - <) + &C.1 
4- S (1 1 ) tan. ’ i yf i«:os. 8 # — t cos. 8 (1 — #) + htc.J 


Thus die values of <J I, d tf, and d f being detennfaied by the above, we 
shall have tbnt of d » : whence we shall obtain the Vahic of d t. 

It follows from tliencc that the exjuessions in seiies, of tl»c radins-vco 
lor, of its |irojectiou upon the fixed phme, of <Ue longiliule wheUier rj- 
ieiTod to the fixed phuio or to the orbit, and of the latitude whicli we 
have given in (No. In?) for the cose o*’ the invariable ellipse, subsist Kjual- 
Ij' in the tusi* of the troubh d ellipse, provided we change n t mtoyn d t, 
.ind wc detcrniinc the clement, of the variable ellipse l)y tbs* prerediiig 
foininla'i. Tor since the finite equoUtms between g, v, s, x, y, v, and 
y n d t, are the same iii^ho two case», and becausu die sluos of No. iSvd 
result from these cqnations, by analytical <^>iatioi>s entirely independent 
of the constancy or variabiluy of the elen.eut‘», It is cviiiant these expres- 
sions Bttbaist in the case of vaiiuble elements. 

When the dlipses arc veiy cxcentrie, as is tin* case with dm oibits of 
+Jm* comets, we must make a slight chai.yi- in the pretxdiug unulytii. The 
incluiation ^ of the oibit to the fixed plane, the longitude o of its ascend- 
ing node, die semi-axjs-mtyor a, the semi-par jineter a (I — c*), the vx« 
ecutricUy and dujt longi^e J of the perihelion upon die fixed plane 
may bo dctertaiiMd by mat praredes, Bnt the values of - and of d ■» 
being given In scries ordered accordtiig to the powers of tan. J fs in oi-h i 
to lender them convergent we must cbo<^ the fixed plani>, «o a« to in.’u' 
tau.^p mconsiderable} and to eSbrt this most simply is to take, fui tti< 
fixed pJan^ that of tb« orbit of ja at a jg^en qwch. 

The impeding value d t Is hy a series which is romergcul 

only in the ease whcite the exceOnlEtl'^ of the orbit is inconsiderable, we 
Gooimttliergfocotasdmneeof itln'^fi^oese. Instead, let us tosume ihc 
•qumtion ' 


✓m d y (Jt*-. 8^8 

^•1 V ,, |l d* eoo 3 ,{vC'^>J** 


) 



J6S 

i f we niake i 

(I 


\ [S6CX.X^if 

- > ' ' ■, , 1 . • ••' ^ ' 

e s ce, we jbave by (489) ia the 4|i‘. the mj)»i^ble 


I^T^r, 


2a^- 


— e *) J. , 




T being an arbitrary. To extend ’diis equati^ the var 4 ay«rel!t^' 
we inast diflerenriote it ly nuil^g vary T, the s^^(|Kuriunettt a.(l j^ e*)i 
«» ami Wfc shall tbcaim obtain a ’diflereotial .eqnatiim >vlii<di;«Ul de-- 
terjiiint T, and the fmite e||iAtion* wbich subsist in the case the in- 
variable ellipse, will still hold go^ in that: of thO vari.sble eBfpsci 
532. X.ei ns consider more parUcdlhrl/^^ibe variations of the elments 
cf/«-’s orbit, in the case of the orbita'.b^ng of small einjeuiricity and bat 
liiile inclined to one another, < We haye.ipv(;n iu No. hifi. tiie Jiiaancr of 
developing. B in a series of sines wd cosines of the {brnt ' 

a/ k <ioa. (f n' t,-“ i » t .A) '■ ■: , . 

k and A being functions of the excentricity and.incilnat^s of the orbits 
die positions of ihcir nodes anil perilieUbii^ thedongitu^esr of. Uie ' bodies 
at u given e}>och, and the major-axes. When the ellipses era variable 
aU li>c«c iiupntifies must be supposed lo vary eonforranbly to what, pre- 
cftdi'a. Wc must reort-over change in the preceding tern^ the angle 
i' n' r — i u t into I'y’n'' d t — i y n d 1, or which is tahtaihount, into 
i' r' ■: /, ' ' ■ 

* ‘ S' 

* bj ihe preceding Nu., we l>a^c 
jr 2/dlij , 

C:5:/Udt =|-.//Hndt.dR. 

The diPbrenci; d 11 being taken relatively' to tiie cootdniates x, y, 
oEihe body /«., wo must only iuoke vary, in the term ' v . . 

pMicos, (i' — iC'+ A). ’■ '■ : 

ex|n^ou df K developed into a aeji;iev.W^'^^totU Ae 

'vn/vliftWnf ihic firtitv « tnnv«>nvAr. T?. Kmriff m tfinTlA ^ 


m^dhof this body ; moreover* B being lijSiylBj..,,. 
I we ni|j! by l^o- 530, supj^esc (lio elaaM^i^ 



for the term of d R< which correspbods; 
whh lei^iwt 


^JWt’ to Ais tciTU only, 'lire have -, "-.iff . c 
* zsTi^-riit a. d' t . sin. i^X ^ ■*'' • ' 



MtumV} 


KSWTON'8 iwrcmA. 


l«i 




5 » k n* d f «iu (? r -*»'{; + A). 

17 tre neglect the iqnaores and pvodacte of dke pcrtoihfaig tnabbee» we 
tSfift in die integrals of die abi>To terms suppoae i3m» el<9neOi« i)f ellipse 
atpAan constant. Hence IxHroines n t and f } vbcMM tr« get 


I 

It 


S i_M* n k 
in (i' nf — Fn) 


cot, {i' tr t •»• 1 It t Hh A) 


, Si/a'an'k 

< ” — a \{f u>":LTky * «<i. (1^ ^ i a t + A> 

Hence we peficeire that if •^in is noi^MsNt, the^utllMlties »«nd C 
only contain periodic inequalities^ retaininif only ^ power of the 
perturbing fhtoe; bttt i and i'bdng whoie nuaibors the equation i n' •» i n 
s 0 cannot subrist when the ntetei tnotioni, of /» and >•>' are iueomtaen- 
snrable, which is the case with the phuocts and which can be ad w i it led 
geuerallyt since n and n' being aibtocary coD«tants aiuccpulde of eU possi<4 
ble TolneS) tbrir expet r^ation cf niunberto tmmber is not at all probable. 

We arC) Ihereibrey eondneted to this zemaikable result} vii., that ihf 
principal asa iMfi ^eauht and their meaft Wfrftont. rt»r onlp sufffert to 
poiodic ineqUB^kt ikpenitng m ^eir eb^i^aiion^ raJ that thus nt tie* 
gUctit^ thete their prineipai axes ere emstant and their wean 

mdhnita^unet enp/iU treeing toiih •mhet Mx atha^cise btcn found inf 
No. 581. 

Jf the mean ffiodoiM » t and n't* without being e*iu.{ly coamtensiirablc^ 
approach very neariy to the tmlid if s i» the divisor i' n' — i n is very 
small, and there may xtotdt in ^ ineqjtolfcd^ whUsh increering veiy 
alowfy, mey j^te xeasqn fcr ehserven to thippose that the mean motions 
of the two bodies /f are apt judfium. We theory of 

Jupiter and 8axmt i* fCtoaUy the case With reg»*A to these two 

jilanets : thdraeeq;modhtoiffhstAblhtotolcetttKtof Jupiter is veiy nearly 
equal to five tinMe^AfSMlitoj ^ that 5 n* a n is hardly the sutq^ 
Ibmth part of to 'Iltosmlli^'pf thh4iTltor,fendewTeiy senri 
tmm rf the e |i q |^e eto hy i ’"far.t> <li5(>etoKi>8 J“|P<»» 5 t — s « t 

aI»h<m^itto<jr«»«f4to,8*e«^'i,totrf'M toladveH to the 

exstotridOes and lodthtolMa hf idhe flhm «• 

Oltolitooediiigawiysif g^vtethe^Wl*^ uf inequalims 

lbr|lmya«totioarftlmtoaaaloi^jj^'*|^ 

tlto toriatioBB of the other idecMgate of t^tie niotim dQ>a>d onlj, on 

dlaei.iitt«greljQui only jteaHe of the emrtteriwm of the longitude c«a 

thenArehtov the Wfj co/wwihooily »«*» ®"V 



A OOHMENTAKY ON 


[Sect. XI. 


to tho&e temUf which* cansid^ing the anallnest of the divi»or onght to 
b( th<> more considerable^ it will suffice* in the expressions of the radius* 
victor, the longitude and ladtnde* to derhro frenn titoee teems* the mean 
lon^ttude. 

When -nc have inequalities of this kind* whicdi the acdou of pf produces 
in the mean motion of '<* it is ea^ thence to get the corresponding ine* 
quuiitte*! ahich the action of /* produces in the mean motion of pf In 
fact* it we have ngaul only to rhu mutual action of three bodies p and 
p ; the foimula (7) of (171) ffvea' 

_ d*' + dy* + dr*. * d x'* 4- d/' + d/*- 

const = M 2^21 + P' 

(/*dx + /a'dx')* + {A»dy + M'dy')*^* (/*da + Ao'd seO* , \ 


S_M p 3 M |(£^ 2 p p'_ 

Vx V(x^— x)* fi[y'—y)*+ (<--')’* 

Tiic lost oi the mtegrals (p) of the preceding No. ^tos, by substituting 

lot ~ the integral 2,/* d ll, 

dx* + dy® + d __ 2 (M + a) _&r.rn 

d t*~ ” 7x^+ y ^ 

If wc then call U'* what R becomes when wo rousider the action of p 
upon p\ wc shall htavc 

R' ~ ^ yjt 

(x» + y* + a*)3' (X'— ■x)'+ fy — 

^Tt' Vx''' + y'* + -« * •' 

the diflerential charjcterisLic d' only belonging to the coordinates of the 

bod*,.'. Sob>Muuog for ‘' ■. 1 ‘ . t j B „1 

the values in the eij^imtion (a), wc shall have 

,./dE+,.'yd'B'=co„.i_ 


a/tPR'i 


It' d x')*+o*dy4‘/*'^ 4y y*^ (i* 

» c.. ‘ 


p* - . p** 

+ V x^y ® + s * t vV»'T?* t ‘ 

It is evident that the second member of this equation oontajixl po ferius 
ol the order of squares end products of thof^ gf* isbieh have the divisor 
i* n* 91 relative* thsjre^ice* only to thtoe terms* are shall iUtve 


i pk 
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tbu% bjr oafy ottnsider»g dM tcnm whidi kaye the divisor of 
ve sltnll have 

bat we have 


ni 

iu)V 


i»(M + B/jTendt.rfU. 

/t' (M + jetO a u * ' ^*5 




^ .H + /» M + V * 

WQ tliercfore get ' 

(14 + /a') an ?;' + « (M + m) »' =» 0. 

Agiun, We have 

„ - ^(K t.^). n +_m'). 

w «- — t n «- • - — , — f 

a* a't 

negiecilng therefore /», (tft in comparUon with we iduill lutve 
M v' a . ^ V a'. 55 Q } 

or 

» — p V o!» ^ 

Thus the (nequalities af ^ wliuh have the <hvisor (i' n' i n)*, ^ve 
us tliose of which have die same divisor. These inequalities .iro, as 
we set , affected widi the contrary sign» if n and n' have the aaiue sign, or 
which amountl to the samc^ if the two bodies /» and </ ciiculate iii the 
sntue dliectiuQ j they are* uoreover» in a consttnt ratio; whence itfollovts 
that if th(^ seem to accelerate the mean motion of /*, they appear to re- 
tard durt of /*' according to the same law, 8.id the apparent acedcradon 
of fi, wili be to the apparoxt rdiitinu of/* s/»'\^afiato/*^a. The 
acceleratiuu of the meim saodoQ of Jopiter and the rotardadon of that of 
Satanii which the comparison of modem with ancient oiisctvations made 
known to Halleyt heiog v*^ nearly .m this ratio ; it may be concluded 
■ from the prccedmg theorem* that they axe due to the motoal action of the 
two planets; ao^ sanoe it is otmaHt* diat this action cannot produce m 
die mean modems mty sdtexatlQn,. Independent of the unidguration of the 
pl«uet$, it is y«ty f m ^bt ^ile that tbefii^ii|j!pta id the theory of Jupltn and 
Saturn a great pctrio^^jfni^ality* g lodg period. IQext, coii-uiei- 
tog that five timea the tne^inodoolbir minus twice thtt< o. .Ii.pi 

ter is veiy nearly tNpisl to aotbiitg^ trpty probable that die phe- 

ftoiaeiKm obstqamd by Hahsg^^'ptfe dukto'^n hiequahty dcjicudtng ujNin 
ftiswitguioenb The dattmtf^aihftt^ this inaqiial^y will vei.fy du tou' 
'Jectiite. ^ <•'' r.. < ^ ^ 

The pflcle^tir.lhlt atpa^^ j* if *’-*>*• i n t b^ -mppo^xl vei> iiijig. 
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csmt. xi: 


tbc clrments of the orbits and m* imdetge^ in tbit istott) temdtdn 

. inations, which must be taken into account m the d«MiUe integral 
f/z k n* d t* sho. (L' n' t — i n t *1* AX 
Fur that purpose wc i»hull give to the funedon k tin. (f n' t i n t H- A)» 
the form 

Qsin. (I'n' t — int + i'/— -if) + O' cos. {F n't— in t+ f » — i*) 

Q and O' being fiinctiun» of the elemeufa of dw orbits; time wc shall 
lure 

f/z k n* d t* sin. <i' n' t — I n t + A) s; 
n*BSin.(Fn't— int+i'* — »*) f r\ J^dQ 8d*Q I 

- - n7* \ ^ (I'n'IIS)® “■ (Tir-S)*a?+*®' / 

ii*acos.(iVt— int+i'« — ^i*) SdQ 8d*Q' ,-1 

(1' r£)* i^~^ran)d r 

The terms of these two series decaying very rapidly* wHh regard to 
the slowness of die secular variations of die elliptic eloiuents wc may* in 
each series, 'stop at the two drrt teiins. Then substituting for die cle> 
in*, (its uf the orbits tbeir values ordered .according to the powers of the 
tutu, ind only retaining the first pother* the double iategial above may 
1 h ttuisfurmed in one term to the lotm 

(P + E t) sin. {{' n' t — i n t + A 4“ W t), 

Ileladvcly to Tiipitor and Saturn* this expression may serve for many 
ngc . before and ; fior the instant from which we date the given epoch. 

The great inequdides above referred to, become sensible amongst the 
terms depr-nding iipim the second power of die peiturbing ibrecs. In 
fact* if hi the formula 

^ ^ ** r U + A), 


m 

we substitute lor ^ their values 
nt 


3 i a' a n * k . ^ . . . 

+ A); 


n' f ■ 


m ^I'n'— in) 

3 i M s n* k / 8 
m (i'lV— ia)*V 1? ’ 


sin.(i'n't — int + AX 


there wiH result among the terms of the ortter m** dm fidkriring ’ 

• itA/*a*n*k* 1^' a' -f iW* , 

in)** jn?V' •“* *• t— I nt + 4). 

contains the eorresponding term, whkh iS to dfS on* 
preceding hi die ratio V » : — s/ V' sf* vis. i* 

. />' V' a.' + Pm v' aj. J ai + A). 

h8Altd%ha|^w^timioeqoiihdesoftheincaintih3^ 



Hook I.J NEWTON’S PRINCIFIA. ITS 


moRt «9 UbU% are only to be finund enioog tenttt «lf tbf order of the 
njoares o£ ib* parturbing masaeb. If we comidMr A* t-\ i ' 

ctrcuktiRg aroond M« the expression of B reliSiT« lo MRina of this ui< 
der> win ooQtiun juieqoeUties of the torm 

k sin. {i D t -* i' n' t + r n"* t + A) 
but if we suppose the mean motions u (, n' i/' t sitek that in — i' n' 
+ if* of* is an extremely small frectiim ot n, dtere will lieitltAvety sensible 
uivfinality in the value of 'fhi» inequality tu^ render i^omiisly equal 
to zero^ the quantity in — i' n' -b i' n", and thus oataUi<di an e(|untiou of 
eonditkm between the mean motious and the mean laitgitudes of die three 
bodies /s /*•'» Ai". Hus very singular case exists in tbe tyitecof of Jupitet’a 
satellites. We snll give the analysis of it 
If wo take M for tliu msstfUmt and ne^ect it, m « in oon^nrison w th 
it» see shall have 


“* =■ n'* = n"* S5 


we have then 

. d s n d t} d ^ ss ft' d tt d SB n" d t; 

wherefore 








We have seen in No. S&9, tliat if we neglect the squares of the e\cen« 
tridties and hidinations of th|^ orbits, we have 

, const -ss /h V 1 + /. V af + fif' V vf*i 

winch gives 


1 . ._da', ,u«. , ,, I** 

^ *** ^ ’Va^' 


da' 


da" 


h>Dm them eovenid ntptadpn^ 


a 


tt 


4 da 
*1? 
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I ijuJly tlic equation 


m 


s= 2j d R 


r>f No. 531, gives 


- =: 2. d R. 

a'’ 


Wo have therefore only to deterufunc </ IL : 

IJy No. 513, nc^glectiag the squares and products df tlje iaclinstions of 
ihe orbits, Wfc Lave ■■ 

li = ~ cos. (y — 7 .t) — ^ y (f * — 2 g cos. (v*. v) .+' ^ 


+ jri COS* (V' — V) — y 

kf w'e ilcveiopc this function in a series .ordered accordlnjs .to tlia cosines 
of V — V, v'' — V and ibeir miilti|desj we shall have aii expression of 
this form , / 

H = ^- (^, g')^ 4 - y f') a) cos. (/ ~ V) + y (g, 2 (v' — v) 

+ (if if) ^ — 1 - v) 4 * 

+ 5 - (;» ?") t'O cos* , v) 4* fir'.' (g, g") W pos. 2 ( v" — v) 

• 4" y'fgjg'O^’co&.a (v" — v) 4- &C.; 

whence we derive 


fi."(g « 2 g g" cos. (y'' — V), 4- ^ 


I ‘-d 


cos. 2 (v' — v) 4- 


^cos. 2 (v" — v) + &C. ' ^ 

. I ('»' — y),d'2y feg')'»«in'.^/*~^)+BEC-\ 1 

"** t +^'''ig»{''0 'hsiii.(v'~v) +,2y'(^’g'9 +&;c. j J 


ifa'e> 
veiy I 

It residjts irom the expraripor pif - c^f v '43^ tbe 

.pctioii cir /^'iprodppes ip tlie riiditts«Ve^jr ppd[‘i)ill$e'loii^^^-of/itttTpry 

the — 

Tkn %:^iudqiiuUity ^ <r* 


, anu mat meir » n- j 

' is ineompmibfy ’ ^lalL^ theih. 

r^ripor of " At ifo.i.BlI', "i^t tfa 
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or (n 8 nO (3 Q ~~ 3 »nd <ljw Uiv$aw U very ti» u4l^ bteotue of the 
Moiilbeec tf tibe factor u ■— S n'. We also pemai/M^ by ^ com^oration 
of the save e]gMesdon% that the action of ft proda^ ia the radius^ 
▼odor, ood in flte longitude of an inequality dependiiiif (md d)e ai]gfn« 
meat (n' t — • n t + *^ «“ •)» and a>hiclt having the divUoa (n* •— »)•— 
or n (a — S tk% is vety sensible. We see, in lih* Stoanar, tltot JlM»acb‘o>t 
of ft" npon m' produces lo the same qtuntitMsi « obitsklentble inequality 
depending npoR the argument 2 (n" t — n* t O* finally* we 

perceive that the action of a' produces in the radtus^vedor and »i the 
longitude df 's" a considerable inequality depending upon the arganent 
n" t — n' t + i" — ». These inequalities were first recogniaed by dliser* 
vations ; Ure shall developc them at length in the Theory of Jt^ites^i Sa> 
tellttef. In the plwsent question we may neglect them* relatimdy to other 
inequalities. We shall suppoae^ therefore, 
ig ss f/'Ef cos. 2 (n' t — n t + j) ; 

8 V s* F sin. 2 (u' t — n t + •' — t) ; 

8 j' ss 2(n" t — n' t+»' -*t')+/*Ci«w*ln' t—nt'+./ — i) 

8 v' ■ss f" 8U1. 9 (n't — n' t+*'' — O+AtHwn. (n' t— n t+i^ — ») 

8 g" ss /»' G' cos. (n" t — n' r + — .') 

d v" « m" H' siu. (n" t — n' t + •" — «). 

We musty however* substitute in the preceding expressum of </ 11 for 
if v* V, i", v", the values ofa8{, nt + i + ^tr* a'+* fj n' t+ f +* v'* 
a" + 8 g"t n" t + *" + a V** and tetaitt only the terms whidi depend upon 
die aignment n t~.8 n' t + 2 tf'' 1 4- * — ^ s' 4-^8 A But it is easy to see 
that tlie substitution tf the values efa ;* 8 v, 81"* 8 V' cannot produce any 
such term. This is not the case with tlie siubstitutioa of the ▼sluts of 
8 i and^a v' ; the Uam a' (j* ▼ shu (s' ~ ▼) of the expression of 

d By prwooes the Sallowing^ 

^ F" (a, a')®} x 
4 4 — St' + */>. 


Ihis is theia^ mtfxtesliefil of the ]^||^iiid|idh exjKession of d R 
WWaUts. r1t%a<^pjre|slg!n^ Sff* applied to the 

upon git% JF«N9h)B4|i^%|gHms which have die divisor 

o' B chswtrisv dhtt mHhP% to i n'* 






fiw'' 







A COMMENTARY ON 


dSBCTi XI* 




r s= 





\ e therefore have 




tl* 


X sifl. (o t — 3 n' t+ 2 n" t+« — S *' 4*2 •")* - 

Substituting this value of ^ in the values of 
mj<king for brevity’s salse 

/3a*5E J #»>' + 1 /» A*" /•#*'} 

V c fiball havCf since n is very neaily equal to S and n" to 2 o'^» 

j ^ J •— 3 " d ss /3 n * SHI* (n t—— 3 n' t 2 n* t «{•• 8 2 $^^)} 

or more exactly 

d*t^ + =» s» *»“• (C--3 ? + r + — « •' + S'") s 

o that if we suppose 

Vs=^-.3?+2r + «~S^+3A 

wc shall Iiave 

d* V 


The iiiL.m distances a, a\ a', varying but Utile as also the quantity n, 
wc m <7 111 tl]i& equation cca^sider fU a constant quantity. Xntegratn^ 
ing, welioc i 

1 . ±dV ^ 

11 t = ~ ■ ’ ..1^ ■■ ' ^ 1 MS ■■{.,' W -tl' !,» IP f 

V c — 2i8n*c««. V 

c bdng an aibitr.iry conatutt The diffeieot vnluea of wMcK iMi 0M)> 
slant is stt$ce)>tible, pi^o rise to the ihr^ £>lIowin|{ cases. 

If c is po.itivo a'ld greater than ^ the aogli; V vill increase 

comthtualiy, and thi^ ought to bike places If «t the Origin of die motion^ 
(n-i-Sn' + 2u)*u greater than ^ S d n * {1 if! cos, “V^ die upjpne or 
lower signs bedng taken according as is posidve or negative. It is easy 
to assure ourselves of thi<!, and we shall jitardcularly In die d>eoi^ oT 
the sateOites cf Jupiter^ that ^ is e posidve^iipnntity rehtdvel^ to die dinjk 
first satdlitas. Suppoai^ therefore ^ w cs « — V,«lk<s)Dg thkaetai cbN 
CDBifeteitO^ we sludi have < 


dt as 


d w 


Frnw5 
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i:t 

la tfaviateml firam • a 0 to w s="^» the ndioiiil v'^lS+ 2^a'-r<A. • 

is greater than V S^n*» when c is eqnal ta groKMw^dien S n*; wo 
hava then(braia drie inimal « > u t V 8^. Thtu^ tha time t wbiofa tlw 

angle « emiittqrs in acri'Witg team zet o to a i less fitan ^ • 

The vdoe of ^ Spends upon the masses, ft, aft the iue^oalkies ob- 

served in tha tibree first satellites of Jupiter, and of whieh we spphe above, 
give, between fiKwir masses and that of Jupiter, relatians from whence it 

results that « undei two years, as we shall see in ihe theory 

of diese satefijtes; thus the angle # wbiikl einpli>y less then two years to 
increase feavn zero to a right angle; but the obseivadoils mode upon Ju- 
jdter’s satellites, give since their discovery^ « constantly *nothbg or inseni* 
sible ; (he case which we aie exaimning is not therefbto that of the three 
first satcilites Jupitm. 

If the constant c is less than + 8 ^ n*, the aHgta V will not oscillate; 
It will never reach two ri{|^t angles, if is* negative, htcause tlien the 
radical V c —I ‘2' 0 cos. V, becomes imaginary ; it will never be no- 
tliing if IS poidtivp. In the first case its value will bo altunstely greater 
end less tbm zero ; in fiie second case it will be alternately greaiei and 
less than two i^ht angles. All obsmaliODS of file three fiist satellites of 
Jupiter, prove to ns that thU second case tndoiigs to these bter» ; thus the 
value of j9 ought to be positive rdativdiy ta them j and soice ;iit theory 
of gravitafion gives poutitv^ we may regard fiie pbensanenon as a new 
confirmation of that tbeory., 

I^et ns resomo the hquatioi^ 

“ VTTvfn’ISX’ • 

yhe angle «r bdfig' ahrays veiysmalh ac(M«4h^ to the obscna'Jons 
we May ^j^posfi tfok W as 1 — ffih prseedhfg e^oafioo uul g.st. t>v 
itttegrafiM ,/'■ 

w ear X dh. (if* ^ ^ + 7 } 

X and ybdng two!arbitr«iy ephitaub wl»^ obierratuMi .luiu < ju < <- 
thftM. it has hettteaa're o aigitb ed, a bhrcamstanco \ In b pn»< ■> 

ittnltevei^a«Miftr , * 

Faom the prtnedin|| atud^is jflcShvin^ conse^aepccs ''i <( 

theastflen*^ ilft + * — i oscflhttee Ui.i c-m- 
times leas ^^itnuctiMn gaeater fimn sx^Ym* >tv nM-ni « •'«' i- 

VouH. " - . M, * 
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»qaai to two right angles; we $lifiU'c}ierefori$ jkve, rc^rcling oi% njieen 
qTi.'intiiies ' , ^ 

■ ii ^ 9 nf -f t^: Or y ^ ' •: >/■ ; . 

i ijal is to say, that the mean moikm ff ihrjlrsi ^^ three HHtei 

that f/ the itwndf jplm tmice that the tMrS^' ^ 'eadtify and conetmtly 
equal to zero. It is not necessary tl^t this equaliiy subsist excictly 

at tlie origin, which would not in the least be probable ; it is so0icient 
that it d\dt very nearly so, «iid that n — • 8 n' + 8 n" has been less, ab- 
straction being made of the sign, than^ h V 0; and then that the mutual 
uUractioii bus rendered t)io equality rigorous. 

We have next f — 3 s 4-2 c" equal to two right angles ; thus the jneau 
Ifjngiiudc of the Jim SfthiUlCj mzrm three times that of the ^cc&nd^ plus ^ice 
that of the thirds is exactly and anisianthq equal to txa^o rifht angles. 

Frotii this tlmorem, the preceding valr<c?i of h and of o v' uve reduc i- 
b!e to the two following 

I ^ Z^. (fA (j — - lE/^) COS. (rf t — “ li t + t* t) 


d v' =2 (/Jt H ~ id' F'') sin. (u' t u t + •^ — 0* 

''llie two inequalities of the motion of fd due to the actions of ,</» and of 
Afc*',ine»ge oonseqiiently into Oiio, and constontly remain so. 

It also results from this theorem, that the three first stiicllites can never 
bo ei at the tame time. They cannot be seen togethefr from Jupi- 
ter neither in opposition nor vu conjunction with the sun; Ibr the preced- 
ing theorems subsist cq<ial!y relative to die. synodic mean motions, and to 
the .synoflic mean longiiuile^ of the three satellites, as we may easily 
siitisly ourselves. two theorems Rubsigt^ notwUh$tinding the alter- 

ations which the mean motions of the aa^tellites undergo, whether Uiey 
ai-isc from ii similar to that wtiich mean motion of the 

moon, oi' whet lie** from the r^nsbtaiice jgf turejy rare medium. It is evi- 
dent rtmt these several Ordy re^&e that there should be added. to 


.fa V rP- nI' ' 

the vjduo of ^ quantity inf the fcrtn of , and which diaU only 

become sen/iblo by iutegrotions; V si and w 

■very small, the dlfforeniial equAtMin1& V will become. ' 

0 = f * + ‘ ■' 

The period of tlte anj[;Ie‘p f V /3 being a entdl nientber of 
ivbiUt the' qtwniiUeii o^tain^'m in^ 

in^.agos i b, !btegtatti$l|| 0e eqaati^'we $1)^ fi»vf ’V-^: 
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I*})) 

• » sin. (n t V /S + y) 

Thu* the value of * vVl ahrajib be veiy s^oalit #nd tl»c equa- 

tion* of the ntefn motion* of the three fijrbt mteUitev will alvi^ he oideiv 
ed bgr the amtuol action of Uieso starsi ao» that the secular equation of Ute 
fint, plus twice tliatof the third, may be equal to three times that of tite 
second. 

The preceding tfaeonme j^vo between the six constants n, i/*, 
(, • » •" two options of condition wbidt reduce these arhitrsrleb tmm ; 
but the two arbmaries > and / of the value of « replace them. This 
value is distributed among the thioc batellit*^ sot that coilUng p, p', p'' the 
coefficients of ain. (n t V ^ + 7 ) in the expres^ons of v, v', \", thcHe 

coi^ciditb are as the ptccediiig values of > ood moit- 

over we have p — 3 p' + 2 p" ss x. Hence results, in the muut mo- 
tions of the three first satellites of Juptt^, an inequality which difffits for 
each only by ite coeffiuents, aud vliich foims in these motions a sort of 
libration whose extent is arbitraiy. Obseivotioiis show it to be insen- 
sibicc 

a 

£31, Let os nofw consider the vaitaUons of Ute excentricitiea and of Uie 
perihehons of tho otbits. For this parjiosc, resume the ncpresblons ut 
d f, d ('i d found b 58! : calling g tho rodiuwector of /* piojcclcd 
upon the plane of x, yj v the angle wliich this pnyection makes witli the 
aad* of X ; and a the tangent of the latitude of a above the same plaa«^ we 
shall have 

X as. j cos. v;ys{sb. v;as-;» 


whesgio It is eny to hbtmn 
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tM<i JifTercndal eqnatioiii^ b f, f', f'^’isdU tfius I;}eooni« V \ 

df = _dy(^) — di{(l + ••jcoe.T (|S) 

■‘/■i'livl 

{.b, v(^) + 


— 'S C50S* V 


+cdt{cos.v(‘^5). 

ll V f fl 


g 

df"s: (lx ^(1 + >**) COS. 


\3^v/ f 'ds/l f xcTs*/’ 


sio. v /d K 

'~'g 

dR 


{ ! «». v{^) + < •!». rij^) } 


+ •*?{(' + •■)“"■ ’(It)— «•■ ) } 

+ c”.d.{.i,. .(--S)d.H2p(^K)_t!2^.(d^)}. 

Hie qttiintilies c" depend, as we have seen in No. 5Sl,-'upciB the iu> 
eUuatioii of die ortut cf w to d'^c fixed plane. In sneh a mminer’ diat they 
bMume zero wlten ihe inelination s 0 ; mori^ver it is easy to see by the 

actnre of R that ^ of the oirdw of the indinatioiis of the dri^; 

negleetiug thereibre tl^e ^squares and prodncti of these inelinodon *, the 
praieeding ezpresa^cW of d f and of d f, will become ' j\ 

. j R\ , w»».v /d R^ 


f * *“= ? ‘O + « ^ • ’ (|^ - ^ 0 )} ‘ 


%»£ wd have 


** ? * V S' “ i^.'7 *^'k' i* d », 

we l^drefoio get ' "‘''•.i ' ' ' 

d f a: rr id ; sin. V 4< 8j d.V |Tdvf «»• , 

^^\|d.e cos. v,^ d y/'ife.' ^ {^)' ,• 

"" I iequatiooa iure m(me''iHBa%’''^ tih 'faim 'ibr ieSLiim'af *. ■ «. 




('of 
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* ^ » X 

(bat of tbe oiUt of /i(> at a i^toq ^(kmA j'ibr -iJien e', c'^ and s ant oi^ Um 
order of dw perturbing forces; tbos tlm ^napdties wbtcb ae neglect, are 
of the Mder of tbc squares of tbe ))eitarbll)g forces, niuhipUcd by t(ie 
square of the respective iaelinatiiHi of the taro orbits uf js auri of ftf‘ 

The valnes of ^ d ;, d r, C^)* Whain ctoarly the same erbnU 

ever iathe positiod of the point from wbiifo tve reckon the longitudes; 
but in diminifehing v b} a right anglt*, sin. v iteceiaeB oos. v, and cos. v 
beotnnes sin. v; the expresbion d f ciiqngse oonsequcntly to diat of 
d f^; whence it follows that having dev^ped, info a aeries of sines and 
enrines of angles increasing proportioitaUy 'wf&i Uiw times, the value of 
d xc shall hare tbe value of d f by diniinialiiog in the first tbo angles 
I, s', «r, i and ^ by a right angle. 

The quantities f and f' deterntine Uie position of the peribelioii, and 
the cxcentrieity of tbe oilut: In fact xe Icttm fooni 5SI,that 

f' 

(an. I =: -T. ; 

I / 

1 being the longitude of the periiiciioit referred ui tbe fixed plane. When 
this plane is that of the priinitive orbit ol /«, we tinvc up to quantifies of 
the order uf the squares of the peiiurbing forces multiplied by tlw square 
of the respective inclinafions of the orbits, 1 s w, w being the longitude of 
the perihelion u^hmi the oibit: we shall therefore then have 

f' 

t9ll1e * :s g 




which gives 


f' _ f 

sin.t* s; j»3r -z. ; cos. w 5= •—ar—rssw.t-s . 


By S81, we fiieii get 

tn e = ^•F+'pfTT"*% f" = ; 

thus cf and d' being in the pnioedmg supposifiou of the order of the 
pcrtuibing forces, is of the seme order, anti neglecting iho terms of tho 
square of these foroe% wef bare , 

m e ss V r* +"1!?*. 

If we substitute for V 7*"+T% its value m e, in the expressions of 
sin. w, and of cos. «r, we shall bare 

tn e sin. <v ss T : me ooa. •> a f ; •< ; ' 

these tpo eqnefions will determtafe tbo exceutrlcity and ^pi|^ion of the 
perthhifoii, and we thence eatuly obtain 

.jn\ adeafdf+rdf; m*e*d»afdf'"»f'd£ 

MS 
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CSacr* Xf« 

T ibr the jiione of x, y Aat of llie orUt of ft; vo btitre fbr tho 
r of the invariable cHip&«‘a« 

a{l— e*) , ** d v.o.nn. (r*~«) 

* ■” 14 . e cos. (r — irj’ ® » (I — ev 

f*dvaEft’ndtV 1 *>— c*» 

'Tid by No. 530, these eqnatloaa ai^o subsist in the ra»e of the variable 
( fitpscs } the (xpresaiom of d f and of d f will thus bewme 

17 ® (2 V — »)} •( 


<lf = 


dl 


' a * n d t V J —’f~. sin. ^ 
a n d t 


- — C® '’+? e kin. *4- i v ««• (2 > — »)1 


4. a* n d t V 1 — e*. cos. v(^~ 


vl'ClifotC 

<*(!»=!: 


a n d t 
m V 

aS n (1 1 V 1 ~ c* 


s-ja 5 r?.-r sin* (v 2r) {8 -f* 6 cos. (v — tr)| ) 

I mmmm ' ll V / 


m 


cos. 


e JS . }2 <'(k.(v— •») + e4-ecos.*(v — »)}(^^) 

III VI — e’ ^uv/ 


dR. 


a* n d t 
in 


V 1 — e ‘ sin, (v — w), (^j^) 


Tins express \ai ol d c be put hito a more commodious foim in 
hoint rircuuistsiiices. For that pmposie, wc shall observe that 

(?if) = ‘'R -‘*^(dT) 

subftituilng ibr ( and d ( their pierediug valuer, wc Aall liave * 

;*d V. e.rin. = «{' — e*).dB — a(l — e^l dv 5 

but we lutvo ^ 

“ j*dv?=«*ndtv' 

d , » ^ I Vt,l£PS»-ftj=L;!^X; 

whrreibre 

a* a d t I e*. '•in. (v —• w). w 
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tfa« preoedinf «3q>rp»ion of d will ihoi 

,a. = 

We owi «rm« very ranply «t (hie fenaubit ^ foQ^ing nuunier 
AVe luTe by Ka 531* 

d c „ /d R\ „ /d Kn /d E\ . 
ar = y (d r) * (ar) ® "* 

but the same No. c =s a (i give* » 

, d o vTn a {i -i- e*i e d « V' m*. • 
a a v 1 — . e* 

(lieieforo 


and then we have by Na 53 1 


m d a . „ 

, sr — » w it. 

Q 11 » 


We thite obtain for e d e the same expression 8,> befinre. 

530. We have seen m 532, that if we negVet tlio squarea of the petw 
tarbing forces, the variationt of the principal axis and of the mean mo- 
ticm contai 1 only periodic quantities depending on the tionfigaration of 
the bodies /»> /**» f*'\ &c. This is not the clfso with respect |to the varia- 
tions of the exceutricides and in* liuations : their diifcrentiBi expressions 
contain terms iudependent of this configuration and which, if they were 
rigorously constant, would produce by int^jration, terms proportional to 
tlie time, which at length would render the orbits very cxcentric and 
greatly inclined to one auollicr ; tbu. the preceding approximations found* 
cd apon the smtdlness of the excoutridty and htdlnatioti of the otbit , 
would beemne insuiBcieiit and even fimlty. Bnt the terms appaieuily 
constant, wlueh enter tho difihrential expresaons of the excontricUies and 
inclinations, are iimedons of the dements of the orbits ; so that they vary 
with no extrebie slowness, because of the clumges they there iutioducc. 
We coaedve there ought to result in Uicse dements, considerable iucqua> 


lities indefiendsataf the mutual configuration of the bodies of the system, 
and whpsh peiiodt depend igion the ratios df the masses ^ tee. to ilic 
mass M. These jAaqualities we those whidt we lyive named icntlaf m- 
eqtta3itis% and wjUie^ have been considered in (520). To determine them 
by this metbod we icdhtme tb5 wdue of d f of tlie preceding No. 


d f ,jiJ( (2 coe ♦ + I e ces, w 4* } « *<»• (3 v— < 



i.n 


A COMMENTAHY ON 
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— a* n d t vnT— e*.sui 

W« bboll nfgl«>ct in tha derelopemant of tihis equatipn di« acpiara and 
piocliicts of the esccentridtiaa and inclinations of the otf>tts; and’amongst 
'lie Cunns de|wiiduig upon die cxcontrkilica and i-iclinadons, ire shall re- 
tain those only which are constant : we idialt then suppose^ as in No. 515. 
j =s a (1 + u,); ff ss a' (I + w/)} 

T as n t + < + r,} v* sr ii' t + *' + v/. 

AgBin» if we substitute for R, its value foond in 516; if we next con- 
biJei that by dio same No. we have) 



iu)(1 lastly if we substitute for u^ u/. v,, v/ their values — e cos. (n t+ »—»)* 
— e' cos. (n' i + i' — w), 8 e sin. (u t + » — ■’)> 2 o' sin. (u^ t + / — «•') 
f<iven in No. 4ii4',&c. by retaining only the constant terms of those which 
.hipend upon the first power of the cxrcntiicities of the orbits^ and ne- 
};|e« ting the squares of the excciitiicities end iodinationo, we shall find 
tint 


df - 

' ‘4 


4 /dA^x . , -/d‘A«>''.) 

‘-‘•"‘'’•'{“(lla ) + 

.f a* adt.e'.sin.V [ A «-?5 ’) 4 i a' + > (^a') } 

- aii»'udt.S^iA ^‘*4 i a I" '>«. ii(n' t — » 1 4 *) 4'»i 1 4- •}# 

the uilcgial sign belonipng as In the value of R of dl5, to all the whole 
positive and negative values of i, including al^o the value of i s 0. 

We sha^I have by the preceding No. the value of d by duninishing 
ill that of d f the angles *, w' by a right angle ; whence we get 

0 ( -ar") + j •• (■', ^•)} 

.-n/s'ndt. s'. W 8 ../ { A W4- i ) + i +^( 3 ®) } 

4- a,<*'ndti-JiA ‘’4- j a j-cos.^ (n‘t~>nt4*«<-^).f B t4-i}. 


Let X for the greatet brevity, denote that part of d ^ ll con- 
tained tinder the sign 3^ nnd Y tlie corresponding psot of d f'l Afake also, 
os in Na 622, . * * 
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4W* <9fcMry« ^Mtt iIk» coefficieni of 6' d t siyt. in tke «s^idca\ af d r, 
b s«due%)e *9 when we sofastitnte for Uio pwrtlid «hi&ni;ices in 


tli«ar wlaeai in putfad difiereiicet. ftlative to n; fOpliose^ «« io 517, 
thAt 


e du. w — )i , e' ^in. ST if 


e cos. w s t . cos. «/ B 1' 

wlucb gives by die piecediii^ Ko. f b in 1, P sr m b br simply f « 1* 
f' B b» by taking M for the mass-nnit, and neglAoting # with xyipird to 
M ; we ahal) obtoiu 


dh 

ar 


B (0, 1). 1 — 1' + a /a' n y ; 


Jj J B - (0. )). h + lO]. b' - a/ B. X. 

Hence, it is easy <0 conclude that if we name (Y) the sum of the tenns^ 
analogous to a n due to the motion of each of the bodies 5 h£ 
uj<on i*i tliat if we name in like tnauncr (X) Uie 'uiu of the terms analog 
gous to — a a/ Q X due to the same actions, and bnally if we maik auc»> 
cessively widi one dash, two daslius, &c. what the quantities (X), (Y), b, 
and 1 become relatiTely to the bodies /»', iif'i &e. ; we shall hare the foU 
lowing differential oquatJons, 

at' » 1(0, 1) + (0, 2) + Src.} 1 - O ^ 

|i «-{(*» 1) + (0. 2) + &c.i h + h' + l57sS h" + &C+ (X) ; 

^ « {<1,0) + (1. 2) + «tc.| P- + (Y') 

^ ss — 1(1, 0) + (1, 2) 4- &«.] h' + M »‘ + [53h"+aic.+(.V) 

ko. * ' 

To iotegtate dtese equadons, we ^bR observe that each of th< quanti- 
tii» h, P, ko. cotudsts of parts ; the one dcp« ndiag up m ttu> 
onMuid eondgdratitHi of the bodb* p-% S(Cii> tlie of bet indcpLiid nc of 
this ct>nigtiniitloi% and whith the secular varUtiuiis ol tl c->u qu.)n 

t^es. We shaR obtsih the fint pert by coostdeiiug that it au legird 
het^osw^^ lll^ordearof lAiei Hntuibm,! tPsi jnd 

JMmendy, Pkik h, flkU liWVe of the’Wd^ of the vjuaic^^ ol 
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tliciic niosiies. By ihetefore quantities (1^ afiir, ^‘4hatl 

nave " • , ''• ■ .* 

w}it;refi>r% 'i • , 

h »/{Y) d t| I =/(X) dirrh' =/(Y') d t; &c. 

Jf we take theae int^r^% not considering the variahili^ of the eie* 
nieuts of the orbits and nme Q what ■/ (Y) d t becomes ; by calling h Q 
the variation of Q due to tiiat of the elements we shall have 
/(YhU=sQ~/»Q; 

but Q being of the order of tiie pertorbing masses, and the variations of 
the eletneuts of the orbits being of (he some order, d Q is of the order of 
the squares of the masses; thus, neglecting quantities of this order, we 
shall have 


?» ^ = (X)f 


/(Y)dt = Q. 


We may, tlierefore, take the imegralsy* (Y) d t, f (X) d t, y (Y') d t, 
Ar. by supposing the elements of the orbits constant, and afterwaids con- 
sider the elements variable in tbe integrals ; we shftll after a veiy simple 
method, obtain the periodic portions of the expressions of b, 1, b', &c. 

To get those parts of the expressions which contain Uic secular ineque- 
lities^ we observe tliat they are given by the integration of the preceding 
diilarcntial equations deprived of their last terms, (Y'), (X), See . ; for it is 
idear that the substitution of the periodic parts of h, 1, h', &c. will cause 
these terms to disappear. But in taking away from the equations tlieir 
last terms, they will become the stune as those of ( A) of No. 522, which 
we have already cmisidered at great length. 

586. We have observed in No, 5SS, that if the mean motions -n t and 
b ' t of the two lK>dies ft and ft', are very, nearly, in the ratio of K. to i so 
that 1^ n' — i tii may be a very smoU quantity ; dic^/ inay .resnlt in the 
mean motions of these bodies very sensible inequalities . Unss^atiqn .of 
tbe mean motions may alsto.p^uce sensible miati^ in the .excentna- 
ties of the orbits, and in the positions of ; To ^teripine 

them, (hril resume the equation fotti^ ht 584rif - ^ 




m 




It results &QSi'V(hf^;}ias hem iq 

' fixed'’|)&ie, that'i^'i^i-.'qrbit-o^ >,'Bt a 







s<(Mi 1.3 vswTo^'raiiGatm. is? 

\u’ 

aUtbetermti 

of die B uc p row i afl R doptndhiig iiflw ^eii{g^« i' n' t i n t, wQl bo 
ooB^kriseduidieiblloviiii^feqD^ ; ^ 

k oo«. Ilf t — i u t + i* I- K ***-«•-. o' — g" f), 

i« i't &cf»g" being whole nurobere Mi di i w fti|ti>|<»b4ve0 s 
Tbooooffideatkbwthe&ctore*. g',g"}»6tsg taken 

poaitiirdljr io ibe ^ponenti : moreoterji tf we $SlfipoiA 1 e^ i' poejtdve* attd 
t' greeter then i; we lure seen in No.’ S|5r ^et the of R which 

depend upon dM eagle i' n' 'Of d(e,«>der or of a $a> 

perior ofdw of two, of four, . teldng into wceouiit therefore onl; 

terms of the order i' — i, k wil , T the fimnlijk «'-**’ (ttn, J f') Q, 
Q being a fnuctioa independent . , ctoKtottieftlee'end tlie iarlinatton 

of the <»bits. 'ilie numbers g, coniptwheaded ondw the syndud 
are then positive ; for tf oi ^^.hem, g dxr instenee^ be negative and 
equal to •» f, k will be of the on«r f 4> g* 4’ g'^i but the equation 0 s; t' 
— i — g~g' — g" ipves f4.g' + g"as»'--.i4Sfj thus k *5H be 
of an order ^uperioi to i'— ■ i, which is ccmtraij to the mpi>oshion. {feace 

by- No. 516, we have (^{^} ^ (^1^) that in this la&t partial 

diffmnce, we make i — « constant} the term of (^y) 


to the preceding term of R, is therefore 

+ e) h sin. (i' n' t — i n t + i' f i » — g f — g' o' — g" tf j. 

The coiTes]H>ndiiig term of d R is 

tt' ;S i n k d t sin. (i' n' t •— i n t + i' — I » — g »• — . g' w' — g" f\ 
Hence only regarding these terms add neglecting e‘ in comitailsoi. u i Jt 
unity, the preceding expresston. of e d e, will give 


d e 


'e hs’ 


. rin. (i' n' t — • I a t + i' i' •— i *— g • —fi 
0 




but W '6 " 

a 6 e»-«. e't'. (Wu i Q js (j*); 


integrating thereftsy »egol<. 

TIio sum ct tortai of B, however, wlucb depend on die >ngli' 
i' n' t { n q tielag top r ase n ted die Allowing quantity 
/*'. V sin. {i' o' t»w>S'si /wkrSfl+o' P'cos.^i' n't— i n t+ i'«'— i ») 
the coimpo 
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[Sect. 


'niis inequality tpay become vety aensiblet if the eoefficient i' n' — i e 
!<« very ainull, for it actually takes place in the theoiy of Jupiter and Sa> 
tuiii. In fact, it bat tor a divisor only the first power of i' n' — in, whilst 
the corresponding inequality of the mean motion, has for a divisor the se- 
cond power of this quantity, js we see in No. 5d8; 

being of an order inferior to P and P', the inoquali^ of the excentricity 
iiiu^ be considerable, and cxcii surpass that of the mean motion, if the 
(xceiitricities o and e' are vety will be exemplified in the 

theory of Jupiter’s satelHtcs 

Let Us now determino this inequality of the motion of 

(he jieiihelton. For that pnrfiosc' **’^*'*'if the two equations 

, fdf+fJf ;*d«r fdf' — Pdf 

ed. = =- -„i ' 

which we foiiitd in No. 6S4. These aputioiis give 
d f =: m d e cos. «■ — m e d w. sin. 
tiius with regard ouly to the angle 

i' n' t — i n t + i V — i f — g • g •/ — g'V, 
we shrli have 

df ss /.'.andt(^-^)co<i. wsin. (i'n't — int+ tV— .ii— ^w— g'*'— g''0 

•— m e d w , sin. w, 

RepresetUting by 

— /i'.andt j +K'|c«.(i'n't— iiit+i'*-— 

the part m e d tr, which depends upon the same angle, we shall have 

d f =• as', a n d » { ( + Jk'} sin.(T' n' t-i n t +i' /-« (g-l),wgV-g"<') 

^.^-.•‘yj^^k'sin. (i'n't — in t+i'*' — ii — (g + 1) •» — g' g"^)* 

]t is easy to see i«y tlic last of the expressions oPd ^ g^vaa u> the No. 
fi34, that die coefficient of this last sine has the fiictor e •+ •, (t*n» i f )*"j 

c) k 

kr is diere&re oi on order superior to tluit of l>y • thus, 

in ne^ecting it tu comparison to , we idmll hnve ’ 


^^'.^a^dt ^ cos.(i'n't— inn- iV— if— gw— 

fitf the tsnn of e d «, which corresponds to the tarat , 

At' It cos. (Pii't — int + Ff — i» — 11“#% 
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of coqprewicii of R. Honce H IbHowk of whicii «or> 

reqxjodsto^pwtof A'expcene^bX' 

M' t*(iln.(l'«'t— int+ + I»lk+ i' i" — i *), 

U equal to •*‘"4 

m(^CT5i* { ! 

vre shall tlienift>ro, thuS) aAar a vei^ aitfi|4e ibannar* find the mbtions 
of tlio excontricity and of the perihoUont 4^>ott<ling upon the angle 
i' u' t i a t i' </ •— i «. 1%^' MO ooaaoetod «ifh die Tambon { ui 
the corresponding mean motion. In aiwh • on^ diet the suriathm of the 
excentriclty is ' 

8 I n* vde.dt/* 

and the vaiiatimi of the longitude of the jieriheUoit i$ , 

i'n' — in /d^x 
“Sine • ^e/* 

Hir corresponding variation of the eaceentricity of the orbit /»', doe 
to the action of /u, will be 

1 /Jl^\ 

Vde'.dt/’ 

and the variation of die longitude of its pctUivlion, Mill be 
i' n' *<-»i n /d 
■” 8i'a?1?“ VdeV’ 

and i^ce by No. SS2, ^ ss — ^ the variations will be 

ii*_va /^*i\ -V.1 

8i'.V./a'^VH«rdt^““ Si'V.e'M' Va Me'* 

When the quantity i' n' •— 1 n is veiy snutO> the ineqnJily depenilLig 
npon. the angle i'a' t — i nt, produces a sensible one in tiio expii ^sion 
(he mem motion, amod|;$t tite terms depeudkig on the squares of the 
pertovb^fi maiaest we have ^ven fbe anailysla of this in Kok SSS. 1 ii* < 
same la^inati^ prodnoes in tiut eypreavon of d e and of d umt* of 
die iMvfif the squmca of di^ masses^ and trhich, being only functions of 
the^eteamnta of the tyrlltfnh 1**^ n M|uBile Influence upon the secular 
*miSatio(t;aif tfaete ^rt ng ny i t p In^ita insider, in bet, the expresvioa of 
jA «• fl q fwpi ^ ; «jn dm <^4 n t, 

% nhti ppMsMin^ 


■dp 



ini + f*^"“^*‘^ 


* «*+ f *^} • 
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Vy ;)3S the mesa mrtum n t, oogfit to be ang^ented by 

{ Pfos.{rn't~infrf f »' t-l n l+iV-i i)} 

and the mean ruotioo n' ^ onght to be oagmented by 

_ S '• * « . “ ,fp cos. {? n' t ~ U t+ r — i •) — 

(i'll' — tny*.m /»' V a' ' 

F stn. (i' n' t — i n t + i' i' — i *) J. 

In vh-tue oi‘ fhtsc augments, the value of d e will be augmented by the 

fUMCUOIt 

- UmW vVrl Vnr i‘ *1 {*■• (^) + ^ } ’ 

lacl the v'lluo ot d « will be augmented by the function 

fii like manmu we And tlmt the value of d e' will be augm^teJ by the 
tunction 

3 fi 0 \ ^ u • 1 ii** d t I* f M.M / # */ a/ t> \.« 

- li ™ . z (/ n'-. “H*’- (a (a-.-) /■ 

and that the* \.ilue of d <*' will be augJnentcd by the function 
8#*a\ a' .1. ill '.d t f , y . , V / , ft* fd P\ , Tv/dF\l 

nr.'Zc.'-z-in-)'../-'"' + ‘<•''“1 l^-(a-a>) + '^(jv)} • 

Tliese different terms are sensible in the theory oTJiipitet and Saturn, and 
III diat of Jupitc'r', stiiellUc^. The v.'rutions of e, o', w, V relative to the 
angle i'u^ i II t may a]»o introdu<*e some constant terms of the order ot 
the sqtisrc pf the poi turbing inasu‘b m the didvrcntials de, d o', dw, and d*/, 
and depending on the vnriaitoii-> of e, e', «, «/ relative to the same angle. 
Tills may •‘odiy be di->ctis&cd by the preceding analysis. Finally it will 
be easy, by oor .'inalyds, to daermtne the terms of the expressions of 
e» w, V, j/ which dej^iending upon die angle i'n't — ijit + i'*'— -i» 
have itot i' n' •» i u ibr a ditisor, and those which, depending on the same 
angle and the double of this angle, are of the ardor e£ the atpiare of the 
perturbing forces. Tlicse difTereni terms are soji&dtndy^eimiidmi^ in 
the theory of Jupiter and Satuin, fer os to notice thmn ; wi^ shall dere* 
lope them to the extent they merit when we come to that theotys 
537. Let us detennine the variations uf the nodes am} uu^nldoiM of 
the and for that purpose r«.ome the eqaadoiks of ftf]. 
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If we onl; notice the ac6<ka of /«'« the value of A of N(k f|hr<'9 

t (Jw'* + y'* + a'')^ yi*'tV * 

/il ll\ /d ' 

* v^x) ■“ * ^Ti) “ ^ (K « - X i) X 

f ' » , 

t(x' “ + y *+ / > ^ j^x' •—*)*+ {y’ — yjM - (»* — «yi^ ' ' 

* (ay) ~ y (]u) == “ ty' " ~y ''') ^ 

{ (X' ’ + y' 4- ^ y)*4 (*' ^ * 

Let however, 

c" t' 

C ■“ P’ c *1’ 

tht* two variables p and q wilt det(>ii.iiae, ll:^ No. C.)l, the tangent of the 
iiH^nation p of the oib't of /*« and tlio longitude ^ of jts node hy meana of 
the equations ** 

Inn. p sa ■v' p* + y ; »»n, I as ^ . 

CiJl p', q', ji", q", Skc, wl.nt p nod q become teSaUv«H to ibe b»«7i«i 
t-\ a'» &C.: we fckaU have by &3J, 

Z .r q p X j r as q' y — p' x*, 
llie piveediog value of p dnlpreatlated gtVes 
dp 1 dc''--pdo 

art 

Mibstituting Ibr d and d c" their values we gat 

^ X K»- <) J' j* + (f - p) '"'Ji X 

r' * y.t r 


k COmENTARY ON 


8 ict . I^ iI . 


f <*2 

+ / * + 1 ^!) ^ {(*r--x)«+(y'— y^*+(»'— 7)»J tJ" ’ 

It we substitaM for x* y« x\ -f th^ velues g a». v, g nn. t, / coe. f', 
^ sin. y'f ue Aall have 

C'lW) y / + <!»'■«**) 5= i <'• J®®*- “ «*** 

+ f f'* l“n (v'+r) in. (V'—r)]; 

(p'— p) X X + (q— q') X y' ss . t Jcos. (v*+v) + cm. (V— t)} 

+ * S U'“' + &in. (v^~v)J. 

N^lectwg the excentncidcs and ii)c1inatxo>is oi the oibits ve have 
f=s b. vssnt-**'} {'=.a': v'asn't + i; 

^»hirh give 

_J I J__ 

U'^+/*+a'0^ j(x' — x)* + (y'~y)'+ (/ — 7)’}^ " »"* 

1 

Ja' — • a 0 a' cos. (n' t — n t + «'—•*) + a^*{ ^ 

morcour b} No. BlBf 

— ^ Je B coa. i (n' t — ^II t+f^—l) 

{a* — 2 a a' co<». (n^ t— i# t+i'— f) +of *}" 

tb^ inteji^iai bign 'S belonging to all whole positive and negative Vaduot of 
ip iIk \aluc i ss 0 ; wa shall thus have^ neglecting t«^in)s of ilic 

Older ot iHl squaien products of the exeentiicities and uicimatiotis of 
the oib tS| 

if ^ ’*'08. (n't + nt + i'+ 0 — C08.(n't--nt+*— 0 } 

£_.^ (if t + n 1 4* (ii k n 

* c a 

+ B {cos.C{i+l) (n' ti*n 

— (It' ts-ft 

«y. p x'. s. B {sin.t(i+l) (n^ t— n 

' — «».[(< + 1 ) (n't -H* 

{vf t + n t +V + 
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loa 


+ . Jtin. (n*' t + a t+ »' +*) + (n' «)1 

C II * 

+ (*•'* • a', a. B ®'.{<os. r(«+ 1) t—n t+k''.— «)3 

+ cos. C(H J) (a’ t — n t-f*'— i) + *» t +8 •!!} 

+ . jtt''. « I?. S. B {sin. C (' 4* 1) (a’ t — -•)3 

+ 3n. [(i+l) (u'' t -n f) + 8 « t4-2 f3V 

The value i = ~ 1 give'a iu the eX]>rr‘S’>ion of ^ the i'oubtatil qUait-»' 

tity • A*'- a a' B j all the otlu t tt vms of the capiefision of j-£ 

nre periodic: deooting their sum by J^ ami olmTving that IJt-i) -5 JJU) 
by 516, we shall have 

At', a a'. Bf'> + P. 

d t 4 c 

By ihc same process we '^hull ibid, tliat if we deiuae by Q the sum of 
all the periodic terms of the expresbion j ^ , we biuU ha\e 

dq^E7P:.At‘.aa'.B») + Q. 

Cl t 4 c 

If we neglect the squares oi; the exceUtriciu^^s and Inclinations of the 
orbits, by 531, we have c ss V nHiT and then ^^uppo^ing rn s- I, we 

have n* C 5 1 which gives ^ ^ quantity ^ thus b**- 

a ^ sf n B 

comes tvliich bjr 528» is wpial to (U, 1 ) j hence we get 

sr (0, I). {< 1 ' -- q) + Pj 

. JJt*(o,j).(p-pO+Q. 

Hence it follows theti if we denote by (P) and (Q) the sum of oil the 
functioos P and Q relative to the action of the diiRmit bodies fl\ (if\ &c. 
n}^ ft; if in like manner wo denote by (P0» (Q^l* (P")» (Q^0» S’*’- '"’•'“t 
(P) and (Q) baeoine wbtn we change succe^sivtiy tiie quantities n i.uve 
to a into tboM which are relatiye tp &e. and ivciprucall^ ; w ' ^b:lli 
have for datennining the voriaUtf q^ pj q'^ p", q'’^ &c. the followiuji, 
lyUjtm of d&Ranntial eqaatwaSI^ ^ 

I) + *) ^ + <0. !)• q' + (». q" + f . 

v^u. . 



a’? ~ *** <’» *«-+(*^'); 

•J’f =- Un 0^ + (I, 8)!+ atcJ.i/-r;{i,<))p-r(l,2)p''~A:c.+(<y); 


&c. '■■,.■/■ ^ 

Tiui ftDalysis of 535, ^yes for tiie periodic parts of p, q, p|^ q', &c. 

P ~/(l^). d t; q a/{Q). at; 
p'=/(ndt} q'=/(Q'),dt; 

Stc. 

\^'c shall tljcu have the Si^ular parts of the seme quantities, by inte- 
grai4i»qtbe preceding dillerehtial equaticns deprived of their last terms 
(P), (Qa (P')j &«. ; and then we shall again hit oiwu the equatimis (C) 
of No. 52tf , which have been suificiendy treated of already to render it un- 
iitrc'ssary again to discuss them. 

538. Let us resamc the eqnatiom of No. 531, 


tan. p 

whence result these 


V c'"* +V''* 


j tan. i 


f! 

c 


C J, If ■ 

-- ss tan. p cos. f; - ss tan. p sui. #. 

Diflcrcntiatini^ we shall have 


d iaa. {d (f cos. < + d c" sin. # — d c tan. pj 

»U utj. p s= I id c*" # — d o' sio. f}. 

If we su'ostitute in these equals lor. ^ their values 


there lust quumities their yahies.giveh 58 i; if tpbreoyer we s^serve 
that s r= tau, f #»iri. (v — • iJ), wc isliall j' ; , ' 

d . tan. p ss . {f 


/d R> 


rdRy 


fd Rs 


(i±*'*)dt 


coa ;(v — 
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TbMe two difibrential ccjoadouf will doietikdiko diitetly the {ucUiMiticKi 
of tJie urbit and the motion of thu nodoH. 

They give 

sin. (v — ») d uiu p — d « CPS, (v — 4) tan. ss 0; 
an eejuation which may be deduced liom this 
e ss tan. f ein. (v — «'} ; 

in tliis lost equation bcjiig /initc^ wc may (ftftO) difilrcntiate It wh«< 
ther wu consider {p and 4 consiant or variable; so that Us diiKireatia4 
taken by otdy making p and i vaty, is notfuug; wheuuc iveults the pnf 
ceding dilibrential ecjuatiou. 

Suppose, howortr, tliatthc b>ed plane is iaclin''d extremely little 
orbit oi' /u, feo tliat wo may n''gleet ilie sipiorcs ot s and tai>. o. we mml 
have 

d 0 wn. p r= — ^ SIH. — tf) (‘Ij J 

by making therefore us before 

p s tan. p bln. ■) ; q c: tail, p coy. i ; 
we sholl have, instead oi the pri'cc'b'ng diiTuruntial cqnatioos^ the follow- 
ing ones. 



But we hare also 

a Cl q sin. v — p cos. v 

which ^ves 

/d Rv _ 1 ^ ‘ad Rv ad Rx _ 

C■aT)**HiCv*val^^ vds)“ 

where&re 


L. /dJi 

COb. V x3 1) /’ 


d {( e 

f- 


VO' 




We lUftV atm in 515 tbalsthe function R is iodqKndcnt o. the po. 
idtimi ^ the fised |>laac hf y ; sappoamg, therefore, all the angles of 
iia dm tnidtef u is ^id<u> (uat It riU be a 
«f and Am trespedire i*lHin.ipoiioitaoorbi*s«-'’‘ 


4uft nm 
iln^dh 




»8 
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infiiimijoa wo dcnoto by p/.. Let tf/ lie the^Wgit^e tile, 

o •'bit of (u' upon Uie orbit of ftiid supposing jtbat 

/a' k (Mn. {Pn' t-r-l »t ^ A— ’ . 

»s a tt rijj ol R depending on the anj^e i' n' t — i n ^ w« shall haves, by 
-^<>7, } '- 

tan. p/ . dn,; S/ p' tan. p/ cos. </ 3 ^ q' — tj 

v.'hHice we get . 

(un. ./} . .»■ <-n 

: a V- ^ I , ■ •• 

(un.p/) * cos.gVr:to.+:<yry>XT:fKtj!^^^ ^ ^ . 

M' iib resj)cci to the pi^eiccdiag term of we slndl have 


Q- ) “— g (tun. p/) «-:V' h . sin, |i' n' t— i n 1+ A~(g-*1) ^/i 5 

g(i#n* p/)*“Vkcos. Jf n' t - i n t+A— (g*-i) 6/]. 

It we siibstiUite tliese value^i in the preceding exf)res3ions of d p and 


d q, Uii! cbsurv’e that very mwly c =5 ~ , we shall have 

“ m (riJ i? t—i n t + A— (g— 1) i/} 

Substituting these Vjilues in the equation 

s =: q sin. V — g Cos. v 
we shall have 'J. 

— Tii J *'"• n' t— '0* — »+A--{g-l)«/1- 

This expression of s Is-tiie variation of , the latitude corresponding to, 
the preceding term of K: it is evident that, it is. the- st^ie whatever may 
be the fixed plane to which w refer the motions of ft. an4iyi ||r(n|Kled .thai 
it is but little inclin^ to the plane of the ^bits j we sh^ thus 

h.iVe that part hf the cjqiression of the lafithil^ which. tiie,^!BC^tbi^ of the 
divisor T n' -~i n ihay make sen^ble. Indeed the ,me^fUili|[t ^ the lati- 
tude, con^ioiog o^y the first power of!’^iS' di^»s|(;i^'^ degnm 
less sens&l^ than ;the corresponding, ihequali^. .pf :<tWjtiitiiit . 

which contifihs iim'^aanarB of tlie same divisoir ? 'o^i^ haiiA 


excentrioitr^ ^i^e.4 



Bmii’f:' : ’ TciSwroififEi^^iPur \, im 

citmjieoted i»iU» «ad pi^, '})y\\ 

my tdnipte relfttic^. . ' ' '■ '_. ■'■. • ' , 

•If. we .difiettenUate’ the pte^eding eatprewti^' of p and q, wid if 

values of j-E and ^ we augment the artj^ *» t jand n ' t by the wcciue- 

Utiesof thie meait motions, dcpraidii^’C^-tljie angle i‘. n' t — inti thoire. 
will result in these diflerentials, quandtiej.'^eli.aire.ihnctioha only, of ^ 
elements of the orlnts, and which niay in. jji sensihlo nhutn^, tlie 

seffUlar ' variattous of the ludlnatidns/aud npd& aitHongh of the mder of 
'the squares of the masses. ■ This is ahoiogouit lo wh4t was advanced in 
No. &S6 upon the scalar variations of the , eJtcentrimties and aphelions. 
539. £t rcihatits to eousider the vairiatioh' of longitude fol Uie epoch. 


By No. 531 we have 

d * =s d e I bio* {v — •) + i ') .**"• S (V — *)+&«• 


— d6-jE<'>cos.(v-i-^)+E S’cos.g(v~-V) + Itec.} ; 

for E'*', I>% See. dieir Values in series ordered according to 
the powers pf e, series which it is easy to foriii front tl\c general eitpres- 


sion of E <■' (413) we shall have 
^ § 52 3 d e sm. (V"^ *^) ■(“ g e d 'V cus. (v ■«— wy 

+ed e II +J sin. 2 (v— ») — e' dw + i e'4-&c.(cos.2 (v .-•■») 

— e* d e { 1 V &c.} sin. 3 (v —. w) + e M { 1 + &c.{ cos, 3 (v ~w) 


+ &C. . . . ' , 

If we substitute for d e and s d w.fteir values fpven in 334, we sltall 
find, carrying the approsimatioii ttf quantities of the order e * iuclu^ively, 

12 — 1« cos. (v — w) + o.‘ cos- 2 (v — v)\ . (-^) 

, — . — e . sin. J[y — •) {1 + |r e cos. (v ^ •)} . 

Tlie of d t contaioat^ms.of the form 

. » d t . cos; (i' n' * i n t 

and OBOsliulienijy tba'iflcjnreisionf Cjf ’i'cdn^n# terms’ of the form 

terms- are 'of the- same order as 
'* upW'ihe iaine angle. These 



A roMMENTAHY ON 


] M 
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l* I" fhe tmiJs of the eKpre^Mou of d «, v. Inch are sbU^ljrfuiHSfion of die 
i tMS of the oibits, ive substitute fi>r diese elemeflte die aeeular parts 
wi I c it Is evident that there will result constant ternis» and 

4 at to afi* ct^^d sirjco and cosines of angles^ upon which depend 

I * wonhi vauationsof tiio exrenfricities and indinadons of the orbiu. 

i tenns ^lil piodua% in the expression of terms pi opor- 

I I Ti ho tile lime, and which will merge into the mean motion /*. As to 

ilu u TIPS alK 1 1 ( d MiUi hme<i uua t^osines^ thqr will acquire by integration, 
V ' t t \{ lo^sion of , very diiiall divisors of the same order as the per- 
* uhiit hi'j a ; ^o that being at the same time multiplied and 

i h} *iu iiirccs, may hoc mv sfiisible, although of the order of the 
1 1 lie % and produii^ of the unjtiicities and inclinations. We shall see 
.11 ho iheory of tin plme»> lhal thcnc terms are there insensible; but iu 
th *! I oij ol ihc LH on in 1 of tho ^-aUHites of Jupiter, they aie very sen- 
•‘ibK, linn upon than diptii 1 ihe secular equation'*. 

^Ve nav( sfen iu No. K 12 «ihat the mean moticin of /s, is expressed by 

/ / a 11 d t . d R, 

niJ til It if wc r< f iia oiny d'c fin t pmvei of the peiturbing masses, d K 
\«i.l woutaiu iioiip but pci Iodic (juautitic-. liut if wc consider die Mjuaies 
«lj . pioducts of the hi& tllhcrciiUal may contain terms which aiu 

< i nns only ot ilie i 'onKiils of tiic oibJts. Substituting for the dements 
'i s( « lU r parts ot tbor valui s, tifeic wil) thence lesuH terms affected with 
'.111 (\>siaes of angio> depending upon the secular variations of the 
ol^l* T) CSC tenns w»il ucquue^ by the double integration, m the ex- 
pn Oil of ihc mean mtiiion, small tUvisor% which will be of the order of 
th( squiK'^ and piodurts of the perturbing masses; so that being both 
multiplied ffiid divided by the squares ond products of the massei^ tliey 
become s( p^iblo, altlioii!.’li of tin oulci of the squares and products of the 
oxccntiicities and inchn ition^ of Uit mbits. We shall sec that diese terms 
are insensible iu the thi'orj of the pUnet^i. 

510. The element ^ of « s oxbit i ring drterminod by what precedes, by 
subUituting thc*n in thr i «picssioiin of the radius-voctor, of the longitude 
and ladtodc winch we havf giv cn in 4S4., we shall get the values of these 
three variables, by means ol 'diuh imtronomers determiue the potnUon df 
tlie celestial bodies. Ihoa h cbicing them into seiies of sines and eiMiiiiea, 
we shalC have a series of iucquaiitieN whence tables being fmined^iwre may 
cauly dslculaia tb( position of ^ c* any gneii instant* i/ 

Tins meihpi^ fbmtded on the variation of the parameters^ ipi ^ery usefid 
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in tlw of InoqualUies^ vhit'b, by tbo relttiei)6 of the mean xnotioita 

of the boijias of the syatem, win aoqttire |;real diviaors, and thence become 
veiy sennbi*. This amt of iueqwdity principally afibcu the elliptic cle^ 
mentsof the orbits; dctoi mining, therefixe^ the variations which result 
in these elements, and substituting them in the expression of elliptic nio- 
tiou, we shall obtain, in the simplest manner, aU the inequalities made 
sensible by these ^visors. 

The preceding method is moreover taehtl in 0ie theory of the comet . 
We perceive these aUrs in but a Very small part of thetr courts, ami ob- 
servadons ouJy give thm pait of the eilqtse whkih cmnckles with the tire 
of the orbit debCribod daring dieir apparitions ; thus, in determining the 
nature the orbit consideretl r variable t-Uip^ we ahall sec the changes 
undergone by this oMipse in the interval between two con',erntbx a|q>ari.> 
done of the wune comet We may therefore announce Us xcturii, and 
when it reappears, cmnpare theory with observation. 

Having given the methods and ftnimilas fixr dctcrmlnutg, by successive , 
ajqitoximations, tbe motions of tbc centers of gravity of the celestial be> 
dies, we have yet to ajqily them to the different bodies of the solar system : 
but the dilipticity of these bpdies having a sensible influence upon the 
moduns of many of then, before we come to numerical appUcAtious, we 
mast treat of die flgmre of the edesdaJ bodies, the consideration of which 
is as intmesting in itself as that of their motions. 


S(TPP|-j:iitENT 

s 

TO 

SIBCTIONS XIL AND Xlll. 

ON ATTRACTIOira aMlk Tl(i(r|ue\|q' THE (EkXSriAL nonirs. 

a 

'' 541. Tl^ figure oCtho ofiesthd bodku^idcpeods upon t^e law ol gravi 

tationot eiitfiice, apet 'the itself being the result «r the at- 

tnctittMi|;Mf aU ]jiiieir part% ihgienfistipaii their figure; the law of 
ij et|i|i^ll^pi|dmvpf th^odipthd hodiss, and their figuio have, iherct<ne, a 
^trldt^lbadqip the hnowledge oQ|lie one necessary 
^ ^ The reseai^ is thuf vtiy iutiicate. 



A COMMENTARY ON CSrct, 

' * 

ttiuLifoiDs torrij^jiic avc};y pditiriilarfrortof jualyns* If tb€^|dM)cC8Mil 
I* int \\ tlicy ha^e any H|^urc nluteTer; botii^ tike itie rartlli 

lU' fin. led A* til a fluid, dll tliepartaof fluid oqgbttal>ed!5h 
pf/ id so .IS to b( m (qiiiii) Ilium, and die figui'^ of its exterior surikoe do- 
p no ijHdi tlKloP tin /laid i.\lrcli cu>en^ it. eod tlio foices ofaich act 
h^M i Jt Wt* s»lial* sMnf>»^c ;**^ncrilly that ^he celestial bodies are covered 
VI i' fid cl, and on Jiat byputbesis, vfaich subsists in the case of iheeaith, 
and which V oeuiis natural to extend tc« the other bodies of the system oi 
the voihl, ve «'lutll determine then figure and the law of gravity at theii 
'ltd muJysis which we propose to nse E a siogblar application 
d the ( denluv ot l^artial Difitiences, which by simple dUferentiation, will 
c< pdiK" us 1(1 very exten^he Fe*»iilts, and which with difficulty we should 
obtaui by the moll o I uitegralions. ^ 


AiTifAf IIONS lu lC«iO«t N VI -» S}*UEROIZ>S BOUI7pE1> BY SimKACVS 

05 Jiir siro*NO OJIOEIU 


The J ni r* )ft bodies of the sohu system maybe considered sfi 
lomi-J ol shells ooaily spherical, ol a density varying according tr 
ail} law winl<«vei ^ ind vc shall shoii that the action of a ^plierical shell 
upo*i a body . o) tO it, » tii * «^amc as if its in«is$ weie collected at iti 
certti. l''oi tl'Ht pniposc vo shall establish upon tHe attractions of spboi* 
u I »-oa‘e Ki I jiKipi sj luUb vhich will be of great use hereafter* 

Lit X, ; / be lae tin je c lordiiiatcs of the point attracted which wc 
rail let aLo d Al he die tleirmt ur molecule of the spheroid, aik! 

"fi ihc <oordinate<: of tins elemcut; it we call g its density, g being a 
fuiicuou of \\ y\ f' ind ']Kadeat of jr, y, z, we shall have 
d M ^ • d x' . d >' * d b' ♦ 

The If don of d M uj)oi} w dcoomposrd parallel to the axis of x and 
directed towards thtir origin* will br^ 

5 J ’x') 

Ux--X'}* + 

nml con tquemly it 1.III bt ecinul to 


railing therefi>r« V £he btrgiai ’ 

/* 4 d x' , 4 y' . d z' 

J yysrrr S ' ,, ; 

coctqBi^ to the rnthe mass of tho -w* 



801 

lbrA0lu«M ^dieMi4 ■ A wi ^j ji|» JMolved i>arall<$| |t» 

th« «acii «rx ittd «i«ct«d tMTU^ 

Vbftttcfnnciftfie dementi itf 0k divided Icy tWr rayw^ 

five di^tanties turn the point attndjmt t^'Wljll^^iliwetioa of theipba- 
roid i^n dils point, pnrellcl to enj Mhet ooneklrr V tfi 

a function oC three reetangubr eooni|M^ Oweftehidh is pereUe) to this 
stn^ht lins^ end <hfierentttte thie fuiwllen psifjtHMy to thie coordinate ; 
the coefficient of this differendal'tdltcit idth « tWlret}' sign, will be the 
expresdoR of the ettmetion of the tjthsrcid, psndWi to the given straight 
line^ and direrted towards tbcori|^ (>f tbocoonlinSite whidi is parallel to 

it. i 


If we represent by ^ the function f(x— x*}**+(y » 

we shall have 

V =://3.c.dydy^d?'. 

The integradon being only lelathc to the vatiablts v.\ y^, z\ it is evi- 
dent thffit we shnll have 


But we have 


+ } ‘ 




in like nannereve get 

/d*Vx . /d*V 


Ihis roraarkableetiaatioa will be of the greatest use in tin* th^or^ of the fi- 
gure of tbe cdbsdal bodies. We may present it under nioro coin'ncdious 
forms in diffirent etrcRilSkancest conceive, for example, fiuiu tin oi i m 
of coordinates we diww to the point attracted a radiut which wo call ^ , 
let 4 be the angle which dds makes wdtli the axis of x, niM «■ tin. 

angle which tlie plane itxrmed by f and this axis makes wS'h the j ^ me o* 
X, y; we ifoall have 

xastCOtbH; y s£eBin.<00s.«r; xs ; siu.tf sin. or, 
whence we d«8(vtt 

, bin. ' . 

tbiu Wfeli^ whtsilDi tho j pa^l tl diffiamwes mf ^ ^ fcbrnt to tl'.. 

Wes % j^'0, ♦ai ^etMJe tbe tWuos W (jj ( ,jpfj 


(A) 



:m'4 


A <30MM£NTA|IT ON Xll.iic Xllt 


1 ) paitial difF<>rencw of V telf^ive to the vwrnbles jh, f, «w Siuee we 
( fi.ea use these tiansforinations at pavtial ddfereneet, tt is ilsefiil here to 
•ajr donn Uie pnneipie of it. Considerh^ V M a fitnetion of the variables 
V, A, and then of the variables «r, we have 

' CJI) = (jy) (aO + (p) O + O (^- 

To get the paiUal differences (^), (jJJ , we must make 

X vaiy in the preceding expressbna of cos. i, tan. «; diff'erentiat'* 
mfi thirefoie UieiC expressions, we shall have 

\\hiclj glVU) 

(“or)- 

Thus »c iheicfore get the partial difference , in partial difler- 
r Kt» ot till iimctiou V, taken rclathcly to the variabks », t, <r, Differ- 
• iKunng tgain this v.duc of , we shall hate the partial difference 


J V 

(il \ t>artifll difftiences of V taken relatively to tin tariablas ^ 6, 

4 /d*V\ /d*V\ 

Bv the same process Iht values ot ®^“d (jj-j; b'* found. 


In this nay we shall Uansform equation (A) into the following one: 

.d*V\ 

„_/d^\\ . /d V\ , vdw*/ , /d* fV\ 

) + siuTT \di) 'sm': ‘T’ ‘ v~a7^)’ * * 


And if we in.iLp cos. t ss tn, this l&vt equation will become 

pi9» Su]>pose, however, that tbo spheroid is a t^ibericfd whose 
origin of oOt/rdinates is at the caiter; it Is evident that V will only de.< 
pend npon jk snd cotiiain neither m nor the equarioo {C} wilTriieidhre 
give 

whence iMb|gratieiB wc get 

Vs A 4- ~ s 
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A Uid B two arbitrary coB$bint% We 'ttieVf^Sxe Lave 



d V 

~ expresses, by wbat precedes, tlie aetioo, c^titc ^bericai shdl vpdn 

the point ys, decompoMKl along the ledtew' ( «od directed towards the 
center of the slieil; bpt it is evidmit thel %otal action of the sbeU 


/d 

ought to be directed along this radios; expresses therefore 

the total action of the spherical shell upon the pednt sk 
First suppose this point placed widiin the shell. If it Were at tlic center 
itselJ^ the action of the shell would be nothii^; we have therefore, 


wh«*n { =s 0, which gives B := 0, and consequently ■— > ~ what- 


ever ( may be ; whence it foltowa that a ;Kiinf placed in the interior of the 
shell, sutlers no action, or which comes to the saiue thing, U is equally at- 
traitod on all sides. 

If dte point ft is situated witliout the sphutical shell, it <i evident, sup- 
jioaiig it inflnitidy distant from die center, that the acdon of the shell 
upon die point will be the same, as if all the tna*>s of the shell were con- 


densed at this center ; calling therefore M the mass of the sheU, — ) 


or will become in this case equal to , which gives Bs: M ; we have 
therefore geuemlly relatively to exterior pdntSi 



that is to say, the shell attracts tbetti as if all its nuiss were collected at 
its Center. 

A s|di^ befog a spherical ^usU, the rfedius of whose interior surtbev i-. 
notiun^ we see that its attracdon, a pidnt placed at or above lU 
• surfoe% is the same as if its mass were et^ctal at its center. 

litis riisnlt obtaina for ^^dbes fonoedof concentric shells, h* 

density from tha center to d»e circumference accovdiiig to nn 1 iw ’ihat- 
ever^ for.it is utia for eaifo bf tbe'dudlst 4lR» unce the sun. t’u pi ivt , 
satellites way, fee eanshlered nearly as globes of this *n<ti.i. , Uuy .i*- 
tii#.ex|(ii^.bm^ very nearly «s if foeir masses'^iste <.»)'•*< u(’ i.ito 
tbsih' . This is ^nfotmable with wbat ii is l/*'i n iouud by 
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)Vi'-(‘rvatiuns. Indeed the figure of the celestial bodies dqiaifs a lit* 
i)< from the splicre^ but ibe diirei'encv is veiy little, and the error whicli 
ic-ults fium til,' preceding supposition i« of the same order as tins sup* 
jOMtion .I’ativcly to points near Uie Surfuce; aud relatively to distant 
points, the CM or is of the same oidcr as (be product of this difference by 
the square of ihi' rstto of the radii of tlie atfxacting bodies to their 
distances fioin the points attracted; for wv Know that (he considerap 
tiun uionu of the distance of the points aUraeied, renders Uie error of 
'ic ptecfdiiig supjxttttinn of the siune order as tne square of tllib ratio. 
'J'hc ceh'stul bodies, therefore, ntUact one another very neatly as if their 
ma'-ics were collected at tjicir < enters of p,tavity, not only because they 
are vciy disiant front one another leiutivoly to their lespcctivc duneasions, 
hut jl>t> ’('•uiuse iheii iigutc> differ veij' little froiu tlie sphere. 

ll*e propcily of spheres, by the low of Natiito, of tttracting as if their 
nut.t« N vvi'ifi condensed into thou centers, is very rcinaikable, and we may 
bt oil It us to ]c.trn whetiict it also obtains in other laws of aUraetitn. 
1 ' ji that purjwse wc shall oltetne, that if iHc liv of giavity t\ sudi, that 
> 1)0 n Moateoits upliOic attracts a point placed vriihout it as if all its n«iss 
vvtie etilhcnd at its center, the same result ought lo obtain for a spheiiral 
sh<‘ll of a coii->(.knl thickness * for if we take from a splicion spherical 
shell ot A constant thickness, we form a new splieic of a smalJer radius 
witi) the r''maliid( r, but whtcli, tike tlcc former, shall have the property of 
iittractuig ss it all itj mass were collected .it its center ; but it is evident, 
that these two spheres can only ha’ e tbr< common piojterty, nnless it tdso 
belongs to tbe sphciical slicll which foims their ddf neiire. The problem, 
therefore, is redmsal to detci inine the laws of aUniction arenrding to which 
a spherical shell, of an mfinltcly small and rouslant thickness, ottracts an 
exterior poiut as if all its mass were C<mdensed into its center. 

Let g be the distunre of the point alirar'ted to the center of the splierical 
shell, u the radius of the sKJl, and d u its thii ktiess. Let 9 be the angle 
which the r.*idiu8 n makes with the suaiglit line f, « the which tbe 
plane passing through the straight lines u. makaa with a fixed plane 
passing through t, the cleineut of the spherical shell wittbeu*du.d«. 
d il sin. 6 . If we then call f thedistance of this element from the pmnt 
traetc^ we shall have 

f * s: {* — * 2 f u cos. tf tt *. 

Represent by p (f) tbe Uw of attraction to the distaoqe f ; the^acHon of 
the she^s eieilittel i^n the point attracted, deco8i^pK»ed |M>rjillel to | and 
dinecticd towafds the center of the shril, wI0 be 



Mox 10 


NEWTON!0 mtHdPUi. 


m 


ttMu.d 


■^vW 


but we here . * t 

which ^ves 1» the preceding (hit fiMnpi ’ 

tt*dii.d«rs;n.4j^^f»(0| ' ' ‘ 

wbettiure if we deuoteyd f f (f) by whole ection 

of the epherical ehetl npou the point etUj^tetedf by ibeeus of the iutcgi'ai 
u' d uj'i <r d t, p, (f ), didereotiAtedTctetively to and ditidcd iiy 

d f. /. 

TIiu integrol ought to be tak^ relodvd^ to Wf from «r ss 0 to *- equal 
to the circumference, and after thia integrotiott it becomes 
2 u ®y* d i sin. < p, (f ) ; , 

If we difTerentiate tlie value of f relatively to 1% we shall hare 

fdf 


d i sio. t 


g u * 


ndn 


and oooseqneotly 

2 r. u »d ll/d < sin. . f. (f ) ss 2 «r . li^/f d f. p, (f ), 

The integral relative to i ought to be taken from 4 as 0 to 4 s; r, and 
at these two frmits we have f ss { » u» and f ss ( 4> o} thtot the integral 
relfttire to f must be token from fs; — atofs(«{*U! let therefore 
/f d f. p, (f ) := 'Kf )» ^hall have . 

— p- V fd fp, <f ) s: 14 («+«) - 4 (f-u)l. 

The coeiSeient of d {, in the dififawidal of tho second member of this 
equation, taken relatively |pi g, wIlFf^ve* the attracdon of the spherical 
shell upon the point attrected; and it is eaqr thence to oondude that in 

» 1 ' ' 

nature whMe p{t\ m thi# MtniedOn it eqoal to 

' ‘ , '' * * 

#* 

That it tol^ that i2 is the tome at if all the matt of the sphcriml 
thel] were eohtom'to Us eentett, fritnitlies a new denionsintdou .>t 

the pfopertjir tibiidy ei^h^ibed oKl^ attraedOn of spheres. 

diAt tb6 attraction of tho &ht.*U 
tt the liii^ ?|Uwt VMito, ^(Mdentod into itt ^ter. This n.ass 

It equal 1^ W ff chodensed into ia center, its actum 



?t)n 
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jpi)u tite point sttrected would be 4 ir. n* d u • 0 ({} ; tbaU dierefore 
have 


A. 

T.uda \ ^ ^ 




d t 




d«f (e); •(!>) 


iiUegraang ril itively to we eball get 

+ (e + «) — 4* (c — m) sa 8 f a/d ^ (f) + i U, 
n being a function of u nnd eonetants^ added to the integral 2 uy*d ^ ^(^)e 
If \e loprosent + u) — 4/ (f — n) by R# we aliatt have by different 
t ating tlie preceding equation 


rd» R 


4ti p(j) + Sen. 
d»Us 


dT 


/Ct- /d»U\ 
'du*/ ^ '3*11* / ’ 


m 


But wc have, b> the .....are of the function R, 

/d'Rv _ d» R 

V<ri*/ ” du'*’ 

whoiclote 

rhus <he til St member of tbi^ equation bemg independent of it and tlie 
iauciiou& of ft each of vU members tnoat be ei^ual to an arbitrary which wo 
sbalJ dc si^iute by S A ; we therefore bare 

4 ^ tt 

t ^ 

whence in mtegieting we derive ' t 

f S “ S ’i' ^ 

B being a new arbitral^ coQatant. AH the laws of attraction ui which a 
sphere acts upon an exteiior point placed at die distance ; fiom its centssv 
as if all the mass were condcnied into its cemteT) Are tbttc^Hre comprised 
in the general formula 

A f + ~ 

it is efityio aee in fact ihet this value satisfies emiatioia (D) WlMto<4r bu^ 
be A and J8*„ , ^ 

If we snppnee Jt se we ahali have the )aw of tiMibat 


8 A; 
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in tlie of lam which render KttvactiaB very smcil »t griti dis- 

tancesy tliat of nature it the only one in which ephereb have Sie pNjMSrty 
of itcung a9 if diehr masses were oondeOaad into their centeis* 

Thio law is cd«> the only one in which a body placed within a sidmlinal 
died, every where of an equal diickn«sS) is eqtndly attracted on all 
It results horn the pgrcceuing Hnaly&is that Sm attraction of the sp h lfttal 
shell, whose thickness is d u, upon a point placed, m its hitcrior, hua the 
expression 


U 


S e u*d o 



1 

e 


?•+ {« + «) — ' 4 (« — f)l 
-ffT 



To make tills function nothing, we must have 
f (u + e) — ^ (n — fi) ss e . II, 

lieing a function of u iudependent of and it is eaty to see that flda 


obtains in the law of nature, whcic f (f) s= — 5 , 


But to show that }t 


takes place only in this I iw, we sltall denote by 4^ (f) the difference tff 
(f ) divided bj d f, we slwil also denote byi]/" (f) the difference of sp' (f) 
divided by il f, and so on ; thus we shdl gel, by difGirenUating twice ane- 
cessivdy, the preceding equation relatively to g, 

•V' (n + — 4" (n — • g) = 0. 

This equation obtaining whatever may be a and g, it tbenre raMtfts 
tliat (f } ought to be equal to a constant whatever f may and ifaat 
therefore 4^'' (f) s= 0. Bi t, by what precedes, 

^/(f) f,f,(ll, 


whence we get 


^(f) =8p(f) + fp (f)j 

we therefore have 

0 sr 2 p (Q + f f’ If)} 
which gives by integration 

f (^) s= 


and eoase^piebUy the law of natttve. 

554* Jbet Its wakmte the, oqmuioti |(C} of Na 641> If this eqiudoii 
ooiilid genesidly he iofogMedi tve 4undd have an expre^n or V, which 
would otfObda two artdtmy fuDCtlqiii^ which we should dcteimmc !>} 
finding the nttvadion of n i^ihnro^iipoti a pdnt ntuated so as *0 fuc ui> 
lata ^ gtid hy'eomp^til^ thjp attraction with its general ns» 

presskn, ^ ^ n^nafioA (C) ia pjensfole only in some 

jymallfaitillfm ^ Attracting qpberoul is a sphere^ 

^^whi^ to ot^ ^ i/ K iy dUferency ; it is al« possible in 
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tlie cfi&e where the aitracting body is a cylinder whose base is on oval or 
cui ve returning into itself end whose lengtli is infmite. This particulai 
esse contains the theory of Satam’a ring^ 

Fix the oiigiii of g upon the same axis of the cylinder^ which we stmlt 
s^iiposc oi du infinite length on eadli side of the origim Naming g the 
distance oftlio point attracted from the axis; we sbalt have 

V 1 in 

It io evident tlial V only depends on ^ and since it is the same for 
all the points r<*lutivcly to which thedO two vandiioiis are the same ; it 
contain tlierefoie only m inasmuch as i<t a function of ihK variable. 



d*V\^ / d* V \ f 

dm®/ 1 ~1 d** Vdf •/ m*)^ 

Tiie ( (luation (C) hence becomes 



whcTii e by integrating wc g«'l 

V = cos, w + */ l sin*^} + cos. » — i I sm. wj ; 

^ (g) and ^ ) being arbitraiy functions of f , which wc can detetmine 

by stM king the otli action of the cylinder when » is nothing and when it 
5S a right anglo. 

It the baoc of the cylinder is a circle^ V will bo evidently a function of 
g independent of «r; the preceding equation of paitial chlFerences will 
tlnis bet ome 


which gives ]^) integrating, ^ 

_ 


H being 1 constant. To «letent)me it, ve (ball suppose ^ rulatiTely to 
the radius of the base uf‘ the cylinder extremely greet, ehich supposition 
permits us to consider the cyliuder as an infinite straight line> Let A be 
this base, .md z the distance of any pennt whatever Of the axis of the cy> 
Under, to the point uhere this axis is met 4|A aofion of the qi)in> 
der ctiDsidkred as concentrated or condcn8e4 upon itt axis^ IriS be^jpeiital 
lol to equal to 
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the behig taken fiom 4 s: oo tn a as aa| thi« t<Klncr<i the in- 

tegral to ; irhich is the ctcpresaiun of — (^■^) '»hoii f' K lerjr coti- 

ridertibte. Comparing this with tltd preceding one ae In-vc It a 2 A» 
and we see that whetcvei ^ , the action of tlte c^Undcr upon an e^tc'iioL 

point, is . 

If the atti acted point is aiihio a dnular'cylindrical shell, of a constant 

thtckatbs. will infinite length, wc nhall bayi* ““ ( j } * f ’ since 

the attraction is nolhing when die point attracted is upon th*' a\Ii> of the 
shell, we have H — 0, and consequently, a point pltu;rd u the interior of 
the shell i» equally otnact^il on ill sides. 

543. ‘Vj^ c huTi thus d >tcinmied tlie ittr.(Ctiop of a Sjjhcie and of a 
spherical >hell : Ut i'> now consider the nitiaction of sj b>'roid» tciniinauid 
hy buiiiuos of the >(toiid older. 

Letx, y, z be (he d ree ixtuignlnr cooidinaiti of an chineot of the 
spht roid ; desigiiatitig d ^1 this < lemuit, and ( il leg >01 unity the density 
ol the spheroid which we shall suppose hoiuogeiieous, we di ili have 
dMssdx.dy.di. 

Let a, b, c be the rei tangelar tooid na*' » of the jioiiit alti acted by the 
spheroid, and denote by A, B, C Uu attiacuons of the 'pheiciU upon 
this point lesolved paialld to ttie axes ol X, y, / and lueeteil to the oiigtn 
of the cootdinates. 

It is easy to show that wi hn\' 

(a — v) d X ji^_. d^^ , 


A = /// 

i 


f(a — x)-* H- t^b--y)‘ + (c - 
i 4^--yHa:.dy .d 7_ 


{(a 

C =a///- 


x)' + (b — y)‘ 4- fc- 
(c g ) d X . d y. d ^ 


z)-\' 


A > 

/)-P 


( a — x)* + (b — y)* + (c — ■*) 1 ^ 

All these triple integials ought to be axtcudeil to ilie entire m >.b oi t'>e 
sphwxnd. 'Ibc integradons under ihia form present gieat d.ihti luia, 
whidi wc cut often b put remove by ttansfornun^ du ihfiu> n»i u<:<> 
others more oonvenient. Tluf ^ the general principle of ' tli ti «s- 
formatioM. 

JLet us von^kf fte tSflecdttiaJ ftinctlon P d s . d v • d ’,1* httno «’is 
ftmotiou ' f ftaieynr of X, a. We may suppost s a Tu > 1 ' U of J and 9 
and of a pt let f p) denoic this u wt on m ‘ 1 . 'ast, 
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have, making y atul z constant, d x s iS. d p, j9 being a Pahction 
>t y, i and p. The j>i( ceding differential will dius become jS . P. d p . 
li f .({/.; and tv integrate it, we most sobatitute in P, Cor x, its value 
f (}» *'» p). 

in like manner we mi^ auppoae in this new diffi>rentiak y s; p' (z, p, cjh 
q being a new variable, and iff (7, p, q) being any function of the three 
viriablt... z, p and •{. 'Ue Uiull have^ considering a and p constent, 
(1 V - 3 d (|, V being a function ol z, p, rj j the preceding difiereritinl 
\till time take (bi& new form diffP. dp.dq.dz, and to integraie it, we 
must aubstitiite in /9 P for y its value ^ (z, p, q). 

lotstly wo may Mtpposr z equal to e" (p, q, r), r being a new variable, 
miJ t'' (p, <j, 0 Ining any function wlutevei of p, q, r. We shall have, 
con .ulcring p and q constant^ d / si 3^' d r, being a function of p, q, i ; 
iIk prcc« drijj ilidereutiai will thus become /?, /3'. |9". P . d p . U q . d i 
.iiid U> integrate it, wc mukt substitute in @ . ti'. P for z its Vtiluc t/' (p, q, rJ. 
1 ho proposed ditlerential function is thence tionsformed to anotlter lela- 
tt\ > to die till Cl’ 1)1 w variables p, q, r, which are connected with the pic- 
a >t og liy rh ‘ equations 

X ss c (y, V. p) : y ss j/ (z, p, q); z sr (p, q, r). 
it only rimnli.^ to derive from these equatiom tlie value* of ,S". 
Por tliat puiqiuse we shill observe that they give x, y, r, in functions of 
the variables p, q and r ; let os consider therefore the thice first variables 
as functions of the three Inst. Since t ' rs the coefficient of d r m the dif- 
ftrentlai of z, taLui by considering p and q constant, we have 



B' IS the coefficient of d q, in the differential of y taken on Uie supposi- 
tion ihat p and z ire omstant: we thlbll therefore have jS', by differen- 
tiatiiig y on the supposition that p is constant, and by diminating d r by 
means of the differential of z token on the supposition that p is constantj 
and equating it tp zero. Thus wc shall have Ute two equations 



whid) give 
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(IS 

Pbi41y» l3 i» tbe co^Bdont «f d |>, in the of x taken on the 

supposithm tbttt f and a an (X>nt)tant. Tiiu gives the three ibllowu^ 
equations 

*** * (dji) ^ 9 + (d D ^ 

® “ (Jp) + (Jq) ^<1 + *’5 

^ ~ (rfpi ** p + (a q) ^ +• (rD ^ 

If make 

■ = (d5)(f4)(i>)-(a^(a?)(l^) 

+ (:H)(l^)O-0^)(af) ' 

+ (a?) 0 0 (5p> 

we shall have 

which gives 

wherefin'e stt and the differential 1*. d x, dj*. d z is tian^finui- 

ed into «< P. d p. d q. d r; P beang here «hat P becomes wiun we 
substitute fi»r X| 7 , z then' values in p» q, r. The whole is thertfoie k. 
duoed to finding the vanahiss p» q« t suidi that the integrations h*'. 
come poddhle. 

laig ns htspsi^inia tile epordinaVSB X» y* z into the iad*ii<, drawn t'~otn 
ti{e^pdNtt atirected to d»e otolectflli^ and into the angles which this ra> 
dbut'makee^yritii gben itnd|^t lines or with given planes. Ltt r he 
this i^ndh^ Srhidi it forms with a stroigiit Jj^ue drawn thtough 

tiMtMtltilj|l4%^ JMillsil^ to the axis of x, and let q he the angle nhieh 
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its projection makes bn the plane of e the as^.of yt'we 'AaU 
liave '■ . , ■ ■ . • 

X = a — rcoB. p; y s b<^x‘^pco6.b;. E a C'-^rsln.p8»:i.4|. 

We shall then find i ss. 'i— r'* sin. p, and t^te differentisl d;ar^ d d a will 
thus be transfimned into -r ** p • d P . d q. d r : thia Is, the expires* 
sion <i( the dement d M, and since '^ta^’axpi<^ii;Qh to l^ .podttve 

in considering sin. d p^ d .q, d. r.its W must its s'^, 

which amounts to chan^gdtat.bf.vaiia to making f ss r*stnvK ' 
expressions ^ ^ C wilt dins become 

•' A'asj;)J^dr ’dp''dqy.Mn.'},'''cos:p;'- 
B ss^jiQQ^d r d p d q.^ 

C »Xf/i r.dp 4 5-'*w** P ®'®* 

It is easy to arrive by atiothor wa^^ at these expressions, by observing 
that the element d M may- be st^jtosed equal ito a rectangular parallelo* 
p.ped, whole dimensions ore dx^ r dp and r d q sin. p^ and by d^n observing 
that the attractim of die element, parallel to the three axes of x, y, z is 

dM dM . dM . . ... 

— -,-cos. p.t sin. p cos.qj sm. p sin. q. 


Ibe triple integrals of the expressions of A, B, C most extend to die 
entire; mass of the spheroid ; the integrations relative to r are' ea^, , but 
they are diilerent nccordiiig as the point attracted is within or without the 
spheroid; in the first case, the straight line which passing through the 
point attracted, traverses the spheroiil, is divided into two parts ^ diis 
point ; and if we call r and r' these parts, we shall have 


A ss//’(r + t') d p d q. sin. p cos. pj 
B ssf/iy 4- j-O d p d q. sin.* p cosl pJ 
C 4- r'jdp dq, sin.* p sin. q; ,, 

die integinls relative to p and q onght to be taken Stota p and q equal to 
zero, to p and q equal to two right angles. . . . 

.B) the seniond 0 . 180 , if we call r, the radiqs at' iti l^teri^.jlib ipheririd, 
and i' die radius at its fiirthcr surface, w'e shall have' ' 


A 5=./^ (X — r) d p d q . sin.' p cob. p\ ■ ; 

, B ssy/Cri — r) d p d q. sin.'*p.iebAW^ .. 

C tsf/ijf — r) d p d q . shb* C; f.';.;" 


Tbd limits bf the integrals relative to p 
points where ri -^'v a ■«, that is to say, , 

to ''the surface of 'li^i'.ipht^d. - . 
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•econd ordcTii Tiie generJ equatlom of difl^e surfiH»s» teferroil to die 
three ordiogonel coordmatts x, y, e t» 

0=s +C.y+E. /+f , y+I* y’+M. X a+N. y *4-0. e*. 

Hie change of the ori^n of coordioMCS introdueet dirce wbitraiiet, 
'since the position of this nevv origin rdating to the first depends upon 
three arintniry coordinates. The changing the position of the eoordi> 
nates turonnd their otigin introduces three ariutrary ^gles; suppodogy 
therefore^ the coordinates of the origin, and pontuni in the preceding 
equation to change at the same time* we iitall hove a new equation of the 
second degree whose coefficients wiU be functions of the preceding ooefiU 
cienU and of the six aibitraries* If we then equete to zero the first 
(lowers of the coordinates, and their proilocts two wd two, we shall dc- 
termuio these arbitiaiies, and the general equation of the surfiiccs of the 
second order, will take this veiy simple form 

X* + m y* + n /* ss k*; 

It is under thi<> form that we shall discuss it 

In these researches * c sliall only considei solids terminated by finite 
surfaces, which supposes m and n positive. In tliis case, the solid is an 
ellipsoid whose three &erai*axcs are what the sai tables x, y, z become 

when we suppose two of them eijual to zcio; we »hall thus have k, , 
V”n ^ three semi-axes letpectively parallel to x. to y and to z. 1 he 


solid content of the ellipsoid will be J" . 

8 V m n 

however, in die procedhig cq^tion wc substitittc for x, y, r. (hcii 
values in p, q, r given by the preceding No., we shall hate 
r*(cos.‘p +ra&in.*pcos.*q-f n »n. ‘ p sin. • q) 

— 2r(acos.p>ftn |i|,s!ti.p coi. q+n c sin. p siti. q) sk ’-a'-m b'-ii c*; 
so that if we suppose 

I as a cos. p 4- m b sin. cos, q 4* u c sin. p sin, q; 

I« ss cos.*p <4* ni mn,*pcos.*q 4- n 8Ui.*p sin.' q; 

B » I*+ (k* — *» — mb*--nc*). L 
sre shall have 


r as 


j±y B 

*'T 1 


, frhwiGe wa obtidiii r' Wy takhur’4'» «nd r by taking — • ; we shall thcre- 
Arshayc ‘ ^ 



Sii 


A COMMEKXAilir ON 


1 lencc relufiveljr u» the p6hiti| ioT ^ '■ 


= *// 


<t p . d q . F» no. p . coi. p ' ' 

■~1~ ... ■. » ! ■■ .1 '■ 1, 'n i I I A * 


B = gyy i ' ; ? 
o _ O /./.d p. d q.I. siiL*p. iio. q;: '< . - 

and relatively to thfe exterior poirits ''r\ 

H ^ g jy <^ p .d q . sm.2p ,cog. q K . ; > 

^ p • d q . P ^ ^ - 


Ute three last integrals being to be taken betwi^en the two limits whicli 
cpt'rt'spond to II = 0. 

a^T. The ettpressions relative to Ae interior points being Ae most 
siinpli*. we sliall begin with them. First, wc shall observe that the semi> 
axis k of the spheroid does not enter Ae values of I ian^b } Ae values of 
A, 13, C iU'e consequently independent; whence it follows Aat we may 
augiueut at pleasure, the shells of Ae spheroid which are above the point 
altraf-ted, without changing Ae attraction of^e sjAeroid upon this pohit, 
provided the values of m and it are constaiit’' Thence residts Ae follow- 
ing Aeorein. ^^X.' 

A jicfui placed withm an ellipiic tJtell v^Qse Verier and exterior sur^ 
Jaccs are iiniildr and similarly siitiatcd, is attracted on all sides. 
This Aeorem la an extension of tbat-^ich we have demt^istrated in 
54S, relative to a spherical sheU. y 
het us resume the value of A.' If subsfkttb)t.&r 1 ant) L Aeir va- 
lues, it will liecome -s' .y"- 


A o /•/>dp.d<j, simp. cos. p.(aco5.p4>mb3nn.pcioit.a4i.natin.psin.q) 

•T JJ ws. 'p -j-m sill.* pcos7*"q 4-*n sin.* 

Since Ae integrais relative to p and q, tnust .be 'telt^.^nill^^ 
equal to aero, to p and q ecjual to two right it » elear Wft have , 

geiierayy yP d-p . cos. p a 0, P Ijeing a ration^: j" ' 

of cos. * p; .becati»Ae value of p. being tak^ <k( 

8ndie.ss Ana Ae rigbt i^^e, the corresponAag:^ 
e<]ual and httve cbiitriBy signs; thus we have . 

* ■ _ « /• > . t . ' d P . d q . sin. p 

'A S S' H f wii n^ ■ ^ y V | ■ f ' ■■ -. ^. ii ru 'ii j j 
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If we iaHfpnK fi|d«tively ti» q frciib q si 0 1» q x: two rigiE aiq|^«^ we 
shall find 


2a* 

V^a 




dp*«tu p vos.*p 

r ■■ iiihjrnwrffA'iJ 


V 0 + - «»»•*?)• 0 + «w-'p) 

an integral winch must be taken from eost p =: 1 to cos. p x — 1. l«t 

cos. p ss jt, and call M the auire mass of the spheroid; ne shall have 

4wak^ 8M 

by 54 n 5, H 5# and consmjpieot^ ; we tlud) there- 

V in II ^ itt n 

fore have 

3a M / E* d » 

' / ■'■ ’ ' .■"nn'r i t i rn i- Tni"raM 

y //. . 1 — m 


A rs 


T5“ 


. X 


0 


J0+ + 

which must be taken from x ~s 0, to x sb 1. 

Intepradn^r in the same manner the expressions of B} C wc shall reduce 

them to simple intograts ; but it is easier to get these integrals from the 

preceding expresdon of A. For that purpose^ rre shall Ol^o've that this 

expression may be consuieied as a feiictiou of a aud of the sipiares k % 

k* k* ’ 

^ of the semUaxes of the spheroid, parallel to the coordinates a, b, c 

of die |)oint attracted ; calling therefi>rt k'* the vpiare of the Beini->C]ds 
parallel to 1% and consequmidy k* *. m, and k’ ^ n the squares of the two 

other seim-axes, B will be a similar function of b. k* k' * m, k'’* ™ , thus 

to get B we must ebange in the expression of A, « mto b, k intf> k' or 

, m into i , and n into , which ^ves 


B s 


3bM 


m X* d X 

y *1 ifr nr wnmu—prfuasawaawia— waM |BamailHUgrWhH#wm»sawfli^.aamiMt » 

fl + (m— 



Let 


X GS 


He shall baVe 




. n »bM 




t’dt 

T 


r 


an inhigtpd tptwbbah tqnst be taken, Ifice ^ ^(cgr.ii relative to x 


n A 



ms 




from t =: 0 ^ t s 1} because, a; is 0 9 tksi 1 

Hence it follows that if we suppose . . 


111 

we shall have 


n 




B 


If we change in this ei^ressibiiy-b into jicy'X:i|Bto X' ^jA t^pA^ocefyi we 

shall have the value of. C, _ . Ito .itfi^tlpwi IB^; the- p«f* 

allcl to its three axes «ret thus. fpwen.liy il*© ; . 

. SaM Ip abSl/a.ltFx. „ _ SfcM Vd/X^'K 
A = F, B « C =» 

We iTiay observe that these e:;^ress!oQa obtamiag for ail the interior 
points, and consec|aeutly for tho^ ^nitely. near to Ae surface, ^ey also 
hold good for the points of the surface. 

ITie determination of t!ie atirac^ibns of a j^heroid t)fu^ depends only 
on the value of F; but although this vahie, is only a de6oite. mtogral, it 
has, libivever, all the difficulty of indefinite integrals when ^ and >f are 
indetenninate, for if we represent this definite integral, taken from x ss 0 
to X = 1, by ^ (X«, X' *), it is easy to see that the indefinite integral vUl 
be X® p (X X *, >: • »■), so that the jSltist b^ng given* the second is likewise 
given* The indefinite integral is only possible Jn itself when one, of ..the 
qt^tUies >/ is nothing, or whto they aiv? equal ; in th^o two casfOs^ 
the spheroid is an ellipsoid of revoiuUbhi and k will' be its semi-axis of 
revolution if X iiiul V are equal. In (his last case we have 


F ^ J* X* X* x’^ tan» -* X}. 

/d , X Fv /d. x' 


To get the partlu] differences , (“g^, — )> ^hfajh enter the 

expressions of B, C. we shall observe that 

j t:* d X|^d • X d x'^d* X K\ T7>f^ ^ t 

d F = + 1? V inr)- 

bfiiit. when X si X'', wft have , ’ 

, /-(l.x'F^, dx^dx*;; 

wherefore ., 

for F its vali}^ w<i shall hkveV i 
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we duA tfcendarr heee reletieety to of rm^bdon, iASm* sewt> 

axis of letdStioQ » 

^ rri*)* 

548. Moer let as considt^r the etttaetbn^ a^eMdds upon an exterior 
pomt. Tlus researrh presents greatot: Affionlties then the f)M(eeAAg be- 
cause of the radicid Y B which enters the dififerential eqttessioni^ and 
nvhicli under this form renders the integrations impossible. We may ren- 
der them posdble by a suitable transfonnation of tlie rariaUes of which 
they are fouctions ; but instead of that method, let us use the &liowing 
one» founded sob ly upon Uie differentiation of funetimtS. 

If we d«.signate by V tfie sum of sU the elmnests of the qiheroid dhdded 
by thdr resperliTe di-taiicrs fimn the point attracted, and x, y, s die co- 
ordinates of the tlenunt d M of the Spheroid, and a, 1^ e dwse bf die 
point attiacted, ue shall ha\i> 



J V (a — x)* >f (b — y) » + (c — /) * 

Then designating, as above, by A, B, C the attractions of the qthcroid 
parallel to the axe-> of x, y, and directed towards their ongm, wc shall 
have 

-is r-n- l M , = _(JV). 

t(. — *)*+(b — j)* + (c-j)'i5 


A=/. 


In like manner we get 

® * c ® **(aT)* 

an was « .wr . II 


whence it fidtows dmC if we laiow V, it will be easy tbenre to obtain by 
differentiation' tdoiMh die attraction ot a sphermd parallel to any straigbt 
line whatever fay cauddering this stirsig^t line as cme of die lectangular 
coordinates of die pc3nt attracted ; a remark we have alieady made in 
5il. 

The preea^ng vttine of V, swduced into a series, becomes 


, , Sax4’dby4*dcs — x* — y* — ^ 
m •* + b* + c‘ i 

y j . • <«nx+*by.+*c*— I 

This sai^^AMHidSBg retglltpdj to <he dimensi^ of the spheioid. 


V =s 
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and descending relatively to the coordinator of llw point attracted. If we 
uidy retain the first term, wluch is suffident when the attracted pdnt is 
at s very great distance, vc shall have 

M 

M being the entire mass of the sphemd. This caepression will be still 
more exoct, if we place the origin df coordinates at center of gravity 
of the sphere} lor by tiie property of this renter we have 

/x. dM=:0; yy. dMsaO; y'a.dMssO; 
so that if we ronuder a very small quantity of the first order, the ratio 
of the diinunsions of the sphcioid to its distance from the point attracted, 
the eqration 

V 1- + 

ivi]] be exact to quantities nearly of the third order. 

We shall now investigate a rigorous expression of V relatively to elHp^ 
tic spLt^roidi), 

6 1*9. if wr adopt the denominations of 541*9 we shall have 
\ = —///^ d r d p d q sin.p zs ^ — r‘) d p dq. siri.p. 

»Sub«:tituting for r and r' tlieir vnlues found iii 51 we shall have 
V = 

Let us I'esume the valuer of A B, C relative to the muenor {mints, and 
given in h46, 

A — sin.^ cos, p V R ^ 

j{ — gyy d p.d q si n. ' p cos. c| V R , 

c — 2yy — ^ H 

Since at the limit*) of Utc ihUgrols, we have B s: 0^ it is easy to see 
tluit by tnihig the Qrsl diff«.iences of V, A, B, C relativdy to any of the 
six qusntitic.! a, b. c, h, in, n, we may dispense with regfoding the varia- 
tions of the limits ; so tliat wo have, for example, 

_ I V* H 

for the integral 

/ d p sin. p I R 


■•I’s-ir-y 



mkiv 


ws^Tom famspiA. 


2W 


is dMps illmH% very aeetJy pt«^<»doatil to wbicH r«a4eto 

^vwl to Mirf^ ito at these liouto Hetwe it is ea^ to set by 

diffbrentiatioa ibr breTHjr vre juakt 

> % A b B> 4* ^<0 o F} 

we shall have the four i|B|{i^itiea B» C, F, and V tite tolltoring 

equatioii ifpeftiii dUforsaiees, 

— k» (m — , k* (» -**« 1). (^) . (Ijf 

We may eUminato &om tUs equatton, the ^andties B» Q F by 
of theiir values 

^ (t ’ 

We shall thus get an equadon of pvtisl dilGLiences in V alantp Let 
therefore 

«)f 4 1* * k ^ 

V as I I , V = M. V, 

8 ‘Kmn 

M behig by HJK, the mass of foe eUiptie spheroid; and for foie ter i a b l y 
m and n 1<4 us lince inlredaoe t and w Vfaich foiaR be such tbrt we have 


#=L:^.k., 


.=i-=i . k' 


m ' n 

t will be the di£^eiioo of foe square the axis uf foe spheroid parallel 
to y and foe square of the tods parafod to x; w wili be the diflhtwure ot 
the square of the axis of ^Imnd the square of the axis of x ; so that if we 
take for foie axis of x» foe atballesi the foumi axes of the spheroid, V d 
and V wwiUbeitststoexfleniridfoS^ Tbonsro hare 

M* + *(I 0 + ”} ' 

V • 




^ V bsing doaridersd in fon'hrst tnMnbosf pf foosn equations as a functiou 

an^T bkhwnwWi^tnibtSr 

- 
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li «« mako 


0 = -( 3 -D+-©+‘(iD 


d 


/d V\ 


«e tihall have F s — M Q^aad we shall get the values of k 
(d I) » O ^ ™ preeedrag values of k (^) , {g ”) , 

(g^ )» V ™to — Q« Moieover V and F are homogeneous tunctbns In 


a, G, ky V «r of the second dimendioti, foi V being the btno of the 
elements of die spheroid, divided by their distances from the point at- 
tracted, and each element being of three dimensions, V is necessarily of 
two dimensions* as also F which has the same number of dimensions as 
V ; V and Q are therefore homogeneous functions oi the same quantities 
and of the dimension — * 1 ; thus we shall Imve by the nature of homo- 
geneous functions, « 


(d'a) (^) ^ (dl) +**• (j^) + 



uU eqikitiun which may be pat under thiv &.m 

a 


We shall have iii hkc maimer 


-(r^ +K^'?) +<?) +«(|?) +k(^?) »-«» 

dien, it in equation (1) we substitute for V, F and (heir partial diffbicnces; 

k* 

if moreover we substitute ^ k * +’^ 

0 = (..+ b'+c-)[,+ lQ-l{.(J-^+b(^) + c(Jfi)}] 

5A0. Conenve the Unction v eiqsAUded ioto a aeiiea ascending rda> 
lively to the dimen^ L, ^ V v of the iqpbendd, end oonsegneati^ 
imtnSatr ndadvdly fe. the guantidei a, h^ e> idkis ^«rSi wfll he cd'dict 
fiAomegfomt: « > > 

V »Co«+U»J + U'®+i;«+ft<s.; 

^ hoffi;;>gencous fonctioDS of Oi ^1^ '✓#,<✓«> go^ 

ho>n^geBeong>«^hitii|^ to the three to tho^ihe^ Sit 



'A 'w-s'. >. 




9it 


.. the tlia^skaii nij^Vet.to the three first.alKe^e 
^ &iBtesit«is relet^tii ^bk\ last increasing c<^ 
t*^^wUy*.i’I1t^;flwcticte=beingof the>$atife (tj^ebsion as v, are all of the 
dhi^ensibb-r^'lir**' '■. 

■ If ^ (g) fb^y its yreceduig expanded value} if 

we''Cw « 't^'-^ftpOBSh^^ and ponsequently -~ $ ~1 

its ih' a; 1^ c.} if; in like-'sa^ber .we aiBiDb e*' the dimension ef 

U9>n in^-^ if V in a^^ty 

ei if we tli^,ipoafiider.thath)r:^e btjii^aEehc^ functions «e 


A 




N , 


we shaU have, by rejecting the It, 

V w io that of tho term$ which we retain, .. C ' / . 

i (s + 1). fc *. (-J^) 

f:^_(^)•^.^■^'•‘(^ + *)• 

This ^nhtioB gives the yahM of .tJ.‘^+®/i»y of CT® ^md. of its 

partial dhGSsrtncesj twit we 'hawe..*; *’*''■' ■'•• *■ ,1- ; 




suvee, 


.mfiuniniiFt Antiv^diA ‘fiiw''Vynn^ /Jr itirjfc* AAir4 AS.;> W/mta JXhin/l in as. 


;■ ibimd in MS, tliat 

', '. --Sx* ^v'-. ' *i. " TtiKk .> ' J y 1 *■ .* ' 

. '■,- •■.^‘ V’W 'i~ '*v - . / •*■ ^ ''' . ' '-' -v 

■• - ■■• r: ■’■:.5^.'' ■ '• 

fi«nHn« fcmnuldg we 

have that of I? ® 
^ l.bf.ihm,ql^^tities contains k : 

OcmfMtting U^’*5 does 
^ n** contain it, and .>o 

is independent of k, or 
/^dvv fA^s 

vatnes qf j- ) , - <. j i,) . 
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— are therefore the name liir all elliptic ^herouls dmiladjr sl> 

lUtireJ, 011(1 which have the same excimtiiiatiea V ^ v'w; bat — 

-“CiS-MQ , express by attractions of (he spheroid 

parallel to its three axes ; therdbr* (he attractions of di&rect elliptic 
<>{>lieroids which have tiic some center, the same position of die axes and 
(he ^an]e exccntricitiei^ upon an exterior point, are to one another as their 

iijflsses. 

It li c.'i&y *0 see by formula (3) that the dimensfons of U'*^ U®, 
S.C. in Vi>nnd Vw, increnso two units at a time, so that ss:St, s'rsSi+S; 
I lotrovei wc have the nature of homogeneous funiTtions 

Oils formuia wli thi^refvirc become 


(J ' + »a 


(O i+|1 c « — K3 *+ 1). ffl + (2 i+ l).*l U <»5 


(4.) 


'(I'TT) (St i + 6) (a* + b* + c*)‘ 
nuons of this equation, wc shall have the value of v in a series vciy 
couvi igetit, whenever the cxcentricities V 4, w arc very small, or Hheii 
the distance v^*a*~+*"h*^~+ <*7* of the point attracted from the center of 
the spheroid is very great relatively to the dimensions of the spheroid. 

If tht sph(>roid is a sphere, we shall have 4 s= 0, and « =: 0, which 
give U ra 0, U '*> = 0, Ac. ; wherefore 

1 


and 


V = 


M 


V a * + b^ "ih c** 
whence it follows that the value of V is tiiC same as if uQ the mass of tiie 
sphere were condensed into its center, and that tints, « qitiere attracts a|i^ 
(Kterior point, a > if all its whole mass wahi condensed abto tta center ; a 
result aiiVady obtained in 343. * ' 

651. The properly of die function of -t, beiiqg; ittdtifWBd^f It^ 'iiliw 
nishes the laeim of reducing its value to thoAkast form at whidh it 
is snaocptible; fpr since we can mahe k vaiy at plamHor^ 1vilibott|^«hangillg 
this valu^ prorided the spbmxiid retain the amne V' i and 
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V w» WKf mtppOBA k such tliat; the cqpJbeti^ itiall bs ioSaiMljr §aika» 
tit *» to epntnreil thct its sur&e^ Jmus tbttfugh (be jiuiat sttnkcted. lit 
these two case^ die resesrdi of the attractions of the sphered is rendejMS 
more simple; biitdnoe we have ahraadjr determined the attraetbos ofel^tio 
spheiokla, npon points «t dm we shall now sopposo k sneb diet 

the smihee of the ^heri^ passes dird^gh the p<dot v( attraction. 

If tve call kf) toff vf rdatlTelp jids new spheroid what in 545, we 
named ks, n reladveljr to the spheroid wa>disrejix«sddert.d ; the e(mdh> 
tieo that the ptdnt atnrected is at fha sdrfisM^ asdi^ also a, b, c are the 
cOosdinates of a point of the sut&o% will 

a* + m' b* + o* h*} ' 

and since we suppose the excentricities V f*and V w to jemain the same, 
we shall have 


m 


whmioe we obtain 


m' 


.k'*ss(»; 



V« 


it 


k'» 

‘k'* 4 - w’ 


m p T ^ ^ 

we shall tlierefore hiure to determine P* the equation 

Ic'* k'* 

K ^ c* s: k 




/8 


(S) 


It is easy hence to oenclude lliat there js only one spheroid whose snr- 
face pesses ibrouj^i die point aUracted, i and « rfmainitig the sami^ For 
if we frupposo, which we always may do, that i and w are po&itW^ it is 
clear thatnog^enting in die preceding equal Um, k'* by any qtiamUy which 
we may consider an aliquot part of k'S cadi of the teims «f ^e dnt 
member pf dus pquadon, wilt inctease ill a less ntb than k'*; dierefure 
if in the first state of V*, there subsist en equafi^ between the two mem* 
bers of this eqqadmb tlus inequality will no longer obtain in the second 
state ; whence it follows that k'* is only susceptilde of one red and poH» 
tlve value. 

Let M' be the mass of die new spbennd, and A', S'* O' its attractiuus 
parallel to thb axes of «, e; if we mtdm 




ss y* 
x*d « 


by 5 ^ w«dtaSlk(«n . 

■ • 
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t 


CJianpnfr in these voiotv of A^» B', O', M' into If, we dull bcre hj 
the preceding Na, the vaiuest of A, B, C ndiitivdiy ie tlw first spheroid 
bat the equations 


m 


ss$; 







give 


being given by eijUation (6) wfaich *»ve may put under tiuB f(\tm 
U = (a*+b''+c*-- ^-«r) V*-^a*+c*) tf+(a*+b®)ir-^frj 

fve shall therefore have 

j. 3 a M Yj SbM/d.xl\ ^ ScM/d.X'F% 


Those values obtain rclativt'ly to aU points exterior to die spheroid, nnd 
to extt^nd them to those of the saifare, and even to the interior point: 
we have only to ch inge k' to k. 

If the spl'eroid is one of revolution, so that #;=:», the formula (5) 
will g5\c 

y =s a'+b'‘+c* ~ tf + v'(a*+b*+-c'‘ — r) *+4 a*, it; 


and by 5i7. stiali have 


A 


B 


3u \1 


it b M / 


— I'jn. 


tun. X 


■ r+“x*) 


^ ~ 9k''. > » V**"' >» — j ' 

Tiius we have tci in mated the complete tbcoiy of the attractions of dU 
liprir spheroids ; fvr all dial remains to be done is the int^atioa of the 
difierential expressioa of F, nnd this int^pwtion in the general sense is 
itupossibh , nut only by known methods, but also in itsdfi The value td* F 
csouot be evprcssed in finite terms by algebiaic, logaritliaic or drcuki 
quantities; or «hioh )• tantamount^ l)y any algebraic fbnctioii of quaaliiiei 
wboee exponents >ire constant^ nothing or variable. Functions of this kind 
iteing the only ones which can be expressed judepnndenify bf the ^finbol 
^ al) the int^sls nfaich taunot be rettoeed V> fimqfioiuft'are is^xia. 
jiltie fit finite terms. > , 1 * 

If tiie ell^c spheroid is not hmnegeneon^ and it B^*jsi ol 

d%>tic shtiOs vntying in positiem, 'exeentr&i^ wii4,^dNM{F''e!iM)Mdiiig to 
aii^ Inw whatever, we shall have tiie ittttactiim of cpi* #J^ ^ ti** 
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■ U»e dtff«renM of tii^ n^n^dicmf; oft two h^oge»icons 

lh« «««<% shell, \one of which shall 

have fojr f^ extoripr sut&ce of die i^eU, and thie other tiie in-* 

ter^ sarfitc^^iihs sli^.. ’Then sammbi^ tbis.i^iibretittat attravthmt -wo 
shaQ.^70 this .litlcnotioQ of tiio whole spWtokl. ' 

. .-THS .OXVEIiOX^MXjtT INTO Oir ^A‘X%it,CrJOtfS'o¥‘ ABir 

■ ■■ * ' ■ •' '•sPHEudiDS' waA^’i^tffeiii^-. 

•... ! .’• , ■ : .; . •-■■ '! «.'* ', . '.: 

I ' '*‘* "*^l'* 

&62. Let ns considcff geiierall; ittricticaw .of ittiy ttphcioids vrhal^ 
ever. We Imve seen in No. 547, that lUe j^r^on V of tlje snm of M 
elements of the spheroid, divided by ihtdr distances from the attra^ed 
pou;ts, possesses the advantage of giving by'fts diffcreiitiatton, the aitroc- 
tion of this spheroid parallel to any straight line whatever. We shall see 
moreover, when treating of the figure of the planets, that the atuaction of 
their elements presents itself under this form in the equation of their equi- 
librium ; thus we proceed particularly to, investigate V. 

Let us rebume the eqitatioa of Ho. SiB, 

y _ ^ . ^ 

/ V (a — ■xp''+ (b'— ^ 4r(c IT ip ’ 
a, 1), 0 being die cdWdtnates of the point attracted 5 x, y, z those of the 
clement d M of. the spheroid; tlie origiu of coordinates being in the in- 
terior of the spheroid* 'this integral imist be taken relatively to the va- 
riables X, y, i, and its limits ore independent of a» b, c ; hence we shall 
find by diiferentiation, 

: \ - (■) 

£.11 ns iiie txwrtlioAte*. ^ <plher8 -ixM^e coxomodious. For 

tliatpuipose, r be tii« dii^noe.'oif utinirted iroiu tlie origin 

-ol'-'coor^hiates}' jf'tbw angle wbi<^'.:tli« i^tts-r tn»ku« w'itb the a\I$ of a; 
w the angle which^i^e phni^ fociciisd by thtd radiuM and this axis, makes 
with th^ pUktii ofe, and of b';\H*« ahall have - 

whet tiif w become rclntively to 

• .ft sin. »b. 

■ • - 


ie equal a recttiogular 
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s^qtioDtly It is eqml U) ^ 1< . d K.d d bin. y, § being lu delisilgf t we 
bhall thus have 

V— /*//* ;?K^^lR•d d */ sin* y ^ 

JJJ — 2 r tt j^os. ^.cob. ^ iinT i cos. 

the intogral raUfivc <o II mu'if l*e takcai from K s: 0 to the vatiie of R at 
the snrtace of tla. sph *roid; the inugral relative to *r'most be taken ftmn 
9 =: 0 to y eijual to the U) cunifefenec ; and the integral lelative to y 
inu«*t be taken from y = to y oijiul to the semi-ciicumfercncc. DiflTer- 
eiitiating this ex| ress* m o*’ V nt shall find 




f.^Lr \ 

fo^. /aVx,Vd**/. /tl’. rVv 

bin. V d / shi. ' s \ d r " /* 


(2) 


W etpiatiorf which i* oul i<)uatIoii (ll in another form. 

If W’o iitakc (Ob. C 11 * we tnaj^ give it ihib foiiu 

0 • { n - » ( j J } ^1 (*r" r) d». r \\ 

Wc ha\c Aitcad) 'd .d tho*c $eveml cqiiatioTis in 541 • 

553. i'll St, Jet as siqij^iose the poii.t uiirurted to bt exterior to the sphe- 
toid. If wc \v*s]i to cx))<i[icl V'’ into a seiio^, it ought in thii casci to de* 
sceiid relatively to pi^werd of r, and cousequcntlv to be of this form 
iTov rif., ^ . 

\ — h yr + yr + 

Substituting this value of V in equation (3) of the preceding No., the 
ccmiparisan of the bomo powcis of r will give, whatever i may be 

„ ■XVr)}'^. 

" =V r,s ./+ -r--5-«- + ‘<‘+ *> ® 

It is evidia^ from tIk iiue^l cxpi>jssioii alone of V that U is a m* 
tiouol and enHiw frmclioii oi*ni, V 1 — sin. », and V I — m*. cos. •» 
‘depM^iug pp(A tbe nature of iho »pberoid. W’ltm i 0, fhia llinction 
b e< yi | »a 8Pl|^||uit; end in the r^e Qfi s 1> it /MMines ihe £wm 

V H' f ia.\ sin. •+ H" V it ~ m*. cos. »? . 

HI* H** w' bcanfj roDs^ts. 

To determine generally U call T the radicttl 
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Thb equation will stiU mbsi^t if we duuige into •r mio an^t 
c^roceSy ; bepaitee T U a similai' function of t, a and of ^ nr. 

If we el^Mid in a aeries descending relatively to r* A\e shall have 


TC- 


T s ^-+0 


a).^+Q». 




Q being, whatever i may b«', subject to tlit loikIiUoii tlia< 

dTi- " - - ) + +‘ (•+')■ Q ^ 

nnd moreover it h evitkiit, that Q ' 410 lationnl and entire function of in, 
and V 1 — m'. a>s. (■»—•): Q '•*'> tieing known, we shall have U *> by 
means of the equation 

Uf' =:/£ ll*+*'.d R.d*'.dtf .sm.(K.Q>». 

}low suppose the jioiut nttiactud in the interior of tbu spheroid : we 
must then devdope the hitcgiul expression ot‘ V, In a s<‘iics ascending te* 
lalively to r, which gives for V a series of the form 

V J3? V®’ 8c^** 

V ' being a rAtioiud and whole function of n», V IT^ ui'’ . sin. w a»\d 
008. which satisfies the same cqa.itiou of partiid diflerences 
that U '** does ; so (hat we have 

"Xfo.-; 


- ^ ^ - -y + j _ 


+i (i+l).v 


<« 


To determuie v sve > 1 udt’ expand the radical T into a series ascending 
acepiding to r, and we shall have 

Ts= + ^3+ &c. 

quantities 'bcitkg tlie some i>s above; uc shall 

therdore get 

ns ^ . d Ko d d lie iAn. ^ e Q 

V« s*/S 

But since the preceding eMpresshm of T is only convergent so long as 
R is equal to or greater than r, the preceding valeo ofV only lulates to Uie 
shells of the q^hcroidt which euetiUipe the point aturaeted. Ihis point 
b^g extffior, rststiv^ to ^ <*fltor shelis, we shall detennine that part 
of V wlddh w tsbtore to iitwaKT^'ih» of V. 

' pt 
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aSl, Fii-stl^.u#.consad«r thoMi sjpl)«roid(| .iiHucfai 
from the ^bere^ and determine die l^o^dns 17 ‘“i* ^ ' 

vO), &c. relatively to these spiieroidli. .Hiere -ekhtb, jC-.^ffer^tial 
etpaUon in Vj. which hoids good at thetr.ani&ct^' ' 

because it gives the means ofdetermini^ dii^^;||;tmdo^%IShad$ 4^ in^ 
t<‘gr<iuou. . ■ ' '■;••■■■■■■ 

Let lis suppose generally, that gravity is propordetaal to' a power n 
the distance ; let d M lie an eicraent of the spheroid^ and C its t^btaniw 
from the point attracted; call V the integralj^f >»+* d Jdy whtqh.sbaJI ex- 
tend to the entire mass of the spheroid. Iii^|iidnre we have n sa — 2, 

it becomes , and v-c have expressed it in Ifte manner by V in the 


preceding Noa Tlie function V tmisewes the advantage giving, by its 
differentiation, tlie attraction of die spheroid, parallel to any sU-aight Hne 
whatever ; ior considering f as e tiiuction of the three coordinates of the 
point attracted perpendicular to one another, and one of which is parallel 
to this straight line. Coll r this coordinate,' the attractiem of die spheroid 


along r nnc! ilirected towards its origin, will bey. f*. 



Con- 


sequojiiiy it will be equal to » which, ^.^e case of nature, 

liecomes — (*j p)> conformably with-' what has beeh already shown. . 


Suppose, however, that the splierold differs very little from a sphere of 
the .radius a, whose center is upon tlie radius r peip^dicular fb the sur- 
iace iff the spheroid, the origin of the radius being supposed tb be arbi- 
trary, but very near to the center of gravity of the spheroid; suppose, 
moreover, that the sphere (ouches the spheroid, and that.'tho p<nnt at-- 
tracted is at die point of contact of the two sur^^ces. The i^eroid » 
equal to tho sphei'e plus the excess of the spheroid above the. sphere ; but! ^ 
we may conceive this excess as being formed of W '^i0mte, twinber.of . 
molecules spread over, die surlace of the aphe!iK; tth^ molec.iiW ' being 
suppo^ negative wherever the sphere exceeds tHe 
.tbereibre have tho value of V by determinit^'tblu valiie, reladv^y tq - 
the sphere ; 2dly, relatively to the different ofokeules. ^ v y;. 

Relatively;^ to dm sphere, V is a function of a, whidt wed^oteby . ik; -' . 
if we name ii m one of die molecules of the ds^oem of tbu..spli!^id aboveS. 
the jqdiere, and f its!distantiU'&un) the pointhjibraiited ; '.tbie at, 
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* f ^ 

tito to iMs «>ccesd will bey. f “ + *. dm; we ibiA hawB^ for the 

ewriie valae of V, relative to the spheroid. "* ' 

V=5 A +/•f“-^^dln. 

Conceive that the pcwt attracted w elevated by an mfiuitely aniall 
quantity cl r, above the sur&cc of the ^phoToid and Uie <>phare upon i or a 
produced ; the value of V, lel itive to this new position of the attracted 
point, will baeonie 

A will increase by a quantity pioportionaf to d r, and which we shall 
present by A'* d r. Moreover, il* we ninie y the angle tbrined by tlic two 
radii drawn from the center of the sphere to the point attracted, and to 
the molecule d m, the dist^ni c f of this clcmeLt oi nioltcule fioni the point 
ittracted, will be in the first jiositiun of the point, ci]u il lo 

V 2 a* (1 -- cas». 7); 
til the second position it will l>c 

V fa + d r)^ ^ U a (^K + d cos. > + a*. 


or 


the int^ndy*. f »+'• d ni, will thuf. become 
we shall (htrefore have 

substituting (orj'. f*+‘. d ni, its value V — A, wc aliall b«\c 

©=a-_Ma + »^'.v,. 

In the case of uatferc) Uio equation ^1} becomec 

— (^?)=-“A'- 4 A+JV, 

The value of V relative to tlie spliere of ia(i(u<> a, is, bj 530 , eqii*i> »o 
svhidi gHea A ss 1 A' =s — we shall tiertmr* 

get 

. IS) 




S «. a* 


We muet here observe that t}il|t equation obtains, whntrvri ni be the 
poalHntt of straight hue r, and even in tlv Tthoio it ts not i>crp<‘n- 
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liKMildf to the surface of the .spheroid, provided diat it pass^ iic^ 

center of ^vity, for it h easy to see that the> attractioii of 

resolved parallel to these straight lines, aodvhichi as wt^ bava is 

equal i;t> — f ^ whatever may be tlieir posatioti, always the saiiHs to 

qnaiitilies nearly of the order of the square pt the exc^tldotty of the 
spheroid. ' 

555* Let us resume the general expression of V of 553, relative tb a 
point atliacteil exterior to the spheroid, . 

V = i^' + i^ + -^y'+% 

the fuiicuon IJ bcit]^ whatever i may be, subject to the equation of par- 

riai diiici'c rices . 


/'^d 

- 


{(1- 


,, /dU«\i\ /d» Ut'>v 

dm / \ — nfi* **' 


(i+l).U'\ 


iJv tliffeiLnljatiiitf the value of V relatively to r, vre bave 
^dVx 

"V d r ) •“ T“ + 


2 U'W ^ S U<»> ^ . 

+ * " V” + &C. 


Let us represent by a {1 + « y) the radius drawn from the origin of 
r to the surface of the .<plieroid, « lielng a very small constant coefficient, 
wliose square mifi higlu r powers we shall neglect, and y being a function 
of m and w depending on the nature of the spheroid We shall have to 

quantities nearly of the order a, V =; whence it follows that in the 

a t 

preceding cspressioii of V, 1st, the quantity U w is equal to plfa a very 

'^all quantity of the order «, arid which wc shall denote by 
d^y, that the quantities O are small quantities of the cader «. 

Substituting <i (1+ « y) for r in the preceding expressions of !V atid 
’/’d V 

•— ("jj")* Bi;glectiiig quautities of tlie order «*, wj: shall have r^il^ 
tively to an attracted point placed at Uie surface ' ' \ ■ - V v- • 


If- we suhsdtdte these values in equatbn (S). of thci'preoadq^-N^'Vfe 
shall have" ' '• '-a. • 


u<*>- 
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It 0MHM9 liftOows 8iat the function y m of thie fonit 
y m YW + Yw + Y»' + &v. 

the q^titioe Y<«, Y«, 8ic. as well as U <“>, l^D, stc; being subjeet 
to tbt eqmtUm of partial differences 


,=(li!L 




/a" y vu 


d m ' / I — m" 

this expression of y is not tlicrefure aibitrar}') hot it Is derived 6om die 
dcvclopeaicnt of Uie attractions of spheroids. Vl^e shaU see hi the ffiilow- 
ing No. that y cannot be thus deTeloped except in one manner only; wb 
shall tberoibre have general^ by cmnpnnng similar functions, *' 




<•». Y"' 


whence, whatetor r may be, we dctive 

fym, a 
r "* I Sr' 


Sr ^ 


Y»+g \ Yv«+&c.} ,..{%) 


To get V, therLfoje, it remums only to reduce y to the form above de> 
scribed; for which object wc shall gho, in what iullows, a very simple 
method. 

[f we had y s; Y the jiart of V lelatlve to tlie excess of the spheroid 
above die S)^erc whose radius is a, oi which is the same thing, itlativcto 
a spherical shril whose radius is a, and thickness a a y, would be 


4aTa‘ + ». Y«. 


this value would consequently be jaroportional to y, 


and it is evident that it is only in this case that the proportionality can 
subsist. 

656. "We may rimpliQt the exprevsioa Y + Y " + Y '* + See. of y. 
and cause to disap}Hsar the two ffisi terms, by taking for a, the radius ,4 a 
sphere equal in sd^t^- to the spheroid, and by fixing the arbitrary origin 
of X at the center of gravity of the spheroid. To show this, we shall ob* 
serve that the mass M the s(ffierout sup(Xto>'d bomogenrons, and of a 
density repr^muted by unity, u by 6dii2,ei|nal to y'R* d It d m d ir, or to 
4'7'R'’ d m d B-' briqg the xadias ft produced to the surface of* the 
spheioid. StdMfltuting for its value a (1 + • y) ^'a shall bavt, 

W aa ' sp a ♦ ^/'y d m d «•. , 


All (hat reomitM to be ‘done, therofon^isto subotitirte fer y its valiu' 
4- YW 4- fte> and dkett to make the int^iradons. For this puipose 
here a^gaiMal tbemKm, hi^il^ useful also in this analysis. 

1*4 
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« If Y<') Olid Z"> be rational and entire fuacditms of ni) V t — 

“ and V 1 —"m® . cos. •, wliicb satiafy the fcdlown^ eqttMioos : 

«u=r( ._L — +4l:^+i'(r+i) . 

wc Umll Ili'c 

“-7 \ ‘ • Z^*'" a d m d V =s 

« wliiHr 1 and i arc wjoiu positive "nuoilteni diflering from one another* 
the inte^ralb beug taKo«i from xn =s — I to m ss 1, and from w ss 0 
(o w r= nJ* 

'I o dch]oiidira*c this theorem, we shall observe that in virtue of the first 
c‘l il e i\ o pACiilii^g i'f]uations of paiiiiul diiTmenccs, wo have 


/ i \ Z^*'. d in il 


\ iTE- 

■i(r+i)- / — riTE^- 


But iiitpgrating by pans rolalisd) to w we have 



aiid it u donr that if wi: take tlie iiitcj(ral from in=$-—ltoms;J, th^ 
< aecond member of this equation will be leduced to its last term. In like 
inanner» integrating by parts relatively to •> we get 

/Zn (^^r) . a • s oenut + Z«. 0^^ 
and this second mmnbcr also redaces to iu iafst teem, wbed thb SAijgnl 
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BooK't} ; 


ns 


b t^bni tfom «90tows2«'> becatt $6 the Tiiloe$ of IT w, 

itf« Sm same at these two limits i thus ve tliall have 

y*YW.Z9^.dm,4ira 




d•ZM^ 1 


lU 


whence we derive^ in \ htue of the second of the two preceding equations 
of iMrtiat differences, 

/Y Z'»5. d m . d .y Y «». Z^’. d m. d w, 

we tbereiore have 


0 sr/yw.Z'^dm.d*, 
when i is diffiarent from i\ 

Ilcnce it is easy to conclude tliat y con be developed into a series of 
tlie form y*** + Y^*' + Y'*i + kc. in one way only; for we have 
generally 

/'y.Z">dincU ss/Yt». Z»dm.d*; 

If we ronld developc y into another seiies of the same form, Y/ *’ + 
Y/'> 4 . Yy®* + &c. we sboold have 

/y . Z 0) =i/Yy w. Z '*» d m. d *; 

wherefore 


/Y. w. Z'O. d m d » =s/Y«). ZW dm. d •. 

But it is easy to peneive that if we take for Z the most general 
function of its hind, the preceding equation can only subsist in the case 
wherein Y, ss Y w ; the function y c.\n thmrefore be developed thus in 
only one manner. 

If in the intv^d^^ d m . d w, we substitute for y its value Y'^> + Y 
4. Y<*> 4 Jjok, shall have generally 0 =ifY W d m . d w, i being 
ewal to or greater than unity; for the unity which mnlliplies d rn . d « 
hPromprised in the form Z^t which extends to every constant and qnan* 
tity independent of m end ». Tbe inti^eal/y d m . d » reduces tlicic- 
fore toy'Y^dni'dw, and caB«iqo<mtly to iwY**’; we have there- 
fore ^ . 

St m I* a* <4* 4<»ea*. Y*^; 

‘ thit%by taJdag for % the rdflitik of the sffoere eqnal in solidity to the sphe- 
Mtiud} bale Y*** e: 0 , the term Y® will disajipeai from the 
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Tbo difctance of tb* dement d «r R*. d B d m. d tb« 

plane of the meridtan from whence we measure the angle w, is equal to 
R V 1 ~ iia^ . sin. w; the distance of tlie center of gravity of die q^he* 
roid from dits p]aoe» will be thereforeyB’d Kdm.dw Vi'll-imX sin.«^ 
and iuicgradng relatively to R, it will be i/R'* dm . d» VI — m*sin.w, 
R' being tlie radius R produced to the ani&oe of the spheroid. In like 
manner the distance of the element d M ilom (be plane d* the meridian 
perpendicular to the preceding, being R V 1 m * . cos, w, the distance 
of the center of gravi^' of (ho spheroid from this plane will be | / R'* 
d m . d «r . V I >— m * . cos. ■*. Fiu<illy, die distance of the element d M 
from the plane of (he equator being ui, the distiuce of the center of gra* 
vity of die &}>beioid from this plane will be R'^ m. d m, d w. 'FLese 
liin< tions in, V I — in ■* . sji. •», V 1 — • m • . cos. », are of the form Z 
Z'' being .lubjcct to the equation of partial differences 


.('1 


(Ire 


‘si\ /d*Z«'> 


.+ 2Z'». 


If we conceive R' * developetl into the seiies N + N + }s ® + &c. 
N bemg a rational and entire function of m, V'f — n7» , sin. », 
V 1 — in * . ca.. Jr, subject to the equation of partial diffcrenctis. 

/d {ri -».),(« 5 1) IN d-*"') 

"“V— .re 

the distances of the center of gravity of the spheroid, from the three 
preceding jdanes. will be, in virtue of the geoerai theorem above demon* 
strated, 

d in. d ». V~i — ni*. sin. w, 

4yN<''. d m. d «r. VI — m*. cos.w; 
m. d m . <1 w. 

NO) is, by No. 653, of the form A m B V J ^~m "* . sin. 

C V* i — ^ lii*. cos. w. A, B, C being constants; the preceding distamSM 


will thus become . B, . C, ^ • A. The posldnn of the center of 

graviQT of the spheroid, thus depends only on the fiincdon N This 
gives a very dmple way of determining it. If the ori^' of -the radius R' 
IS at the centm': this origin being upon the three preceding planc^ the 
distances of the center of gravity from thhte planes entt be itothhii^*f'1^ 
^ves A St 0, B s; 0, C = 0; therolbre N'*' a 0. 
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TbMie rtvidts obtain whatever may be tho epberoid : when H it ttiy 
Hide dUfIsrent from a sphere, we 1ui\e R’ =: a (1 •{> « y)» and E>’* ai 
a* j(l + i y) ; ihus, y being ejjual to Y *" + Y'” + V* + 8cc^ wt 
have as 4 » a* Y'", the jbncdon Y ' (iisappearb, therefore^ fifixq the 
expresdon of y, when wo fix the origin of iV at the crater of gratHy of 
the qtheroid. 

657. Nov let the point attracted be in the int('tior of the tpherpid, we 
shall have by 653 

V ss V "I* r ♦ V r * * Y ^ r ** V 

„ /"d R. d w’. d sin. iT. Q'‘< 

Suppose tliat this value of V Is tciative ton shell whoso interior surduse is 
spherical and ci the radius a, and the radium of «vhu'>c exterior surface is 
a ( 1 — « j ) j the thickness of the shell is a a y. If we d«. note by y' what 
y becomes when wo cliange i, w into /, •r', we may, lU^hcting quantises 
of the Older a*, change r into a, and <1 R into a a y, in the integral ex> 
pression of v <') ; thus we sltali have 

V “) ss -,^^y / d . d 0 . sin, f. Q . 

Uelatively to a point ploctd without the sphcioid, wc iiuse, by S.'iS, 

V s= + ‘;'-r + &C.; 

U« =s/R*+» dR.d»^.dir. sin. iT, Q'. 

If we suppose this value of V relative to ii shell, whose iutorior ami ex- 
terior radii are reiqwctively a, a (I -k « y)« »huU Invo 

U a'+Vy'- d t/- d sin. Q ' 

wherefore 

V® = ax-=ri* 

We have by 666 . 

4 4 » a*"* *. y 


u» a 


dterefore 


"~ri+ r 


whkdt gives 


_ 4 a • Y «> 


V a 4«wft' 




To this value of V we aunt odd diet which is relative to the spherical 
ubcD of the thickness a — r width envelopes the afti acted point pm that 
wb^ & relative to the sphere clf taditis r, and^wtuch is fieIo« da same 
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pmnt* If niake cod. ^ =s m', we sli^ 
the twp p^ts of V, 

_ in ^ /• d ^ • Q ^ 

' _ ^ 'R*-» ..; 

an integsal which, lelative to m', jpust l^ep jT^ m' ss r-" ^ ^ ^ 

Integrating relfttive to 11, from R r to/ft ;&: i^,We sh^l.bave 

- 2“T 1®'* . 

But we have generally, by tfie tbeorc^ of the precediiig No., 
fd i/. d m'. Q = 0 when i is equal to or greater than unity; when 
i s=; 0, we have, by 55.% Q s: 1 ; moreovei* tile integration relative to 
V must be taken from V = 0 to =s 2 «■; we shall therefore have 
v<^> =:: 2T(a’'— r*). 

This vsiluc of is that fiart ol' V which is relative tso.the spherical shell 
whose thickness is a — ^ r. 

, ' The part of V which is relative to the sphere whose radius is r is e^ua) 

, to the mass of tliis sphere, divided by the distance of the attracted point from 

its centei’ ; it is con.scc[iiently equal to * Collecting the different 

parts of V,we slialt have its whole value 

V:»»*a*— ,»r'+4«*a*|Y«»+^yO> + g~Y «? + &c.|} . (4) 

S^tipp^ tbe point attracted, placed within a shell very nearly spherical, 
wliase interior radius is 

a + « 8 iY<«) + Y») + Y« -f &cl 
and .whose exUa-ior radius is 

. . a' + «a' JY'W + X'O) + Y'W'^h^C'} ' 

. The qiianlitiea » a Y ai^d • Y' ^ may be cennpri^ in the qnaiiti- 
Ues'a^ a'," Moreover, by Hxing the origin of Odordinattf.td the center of 
grat^ pf ^0 aph<^oid whose radius fs 

‘ - ■ a+ a.a {Y® + Y^'J + &c.J, . 

we iaay eMifse to disappear from the eitprei^c4'<^'i|% 

. then the iht^eff ra^s of .ihe shell will be etf r- - ' . C ' ' t 

laid' this ii^icterha' tadias be of the-ltAm,. , ' * • 

We the value relative toi , 

eDco dlf;.Se v^thocC V relative to two'.^d^d^’iH 
* ■“^•"'-iii»;of ite sariacf,!^l^.|’'-‘™--’ 

■■ H “V.-*Vva'i . . .V 
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the fonmtl hr the radius of its surfitoe; calUug tberefiiM a« V, 

what V bceotnes telatively to this shell, wc shall have 

AVs:Sv(«*W)'f I 

If vre wish that the point placed in the intOi-ior of the 8hell» should be* 
equally attracted ml all $idcS| As V must Ins reduced to a constant lude- 
jKsndenl of r, trj for we liave seen that the puitial differences of a. V, 
taken relatively to these variables) expre^is foe partial attractions of the 
shell upon the point attnicted ; we tliereforC) In this case have Y' ss 0, 
and generally 


=r ( 7 ')'“"^. Y 

so that the radia; of the iiit^'rior '>uiface bMng gl\en, that of the exterior 
surface will bo found. 

Wlien the interior biufico h <.Uiptic« w», b \\* Y '' = 1 ; 0, Y * =r 0, 8rc* 
and conscqiienlly 2 = 0, Y'^^' =r 0; the lathi of die two siii(aceS) 
terior and exterior) are therefore 

a }1 + «Y '1; y }1 + 

thus we see tliat these two smiaces me similar and ^imiUuy sitaated« 
which agrees with what wc (ouud in a 4 X 
558 . The formulas ( 3 ), (t; of Nos. 535 »and 537 , comprehend all the 
theory of the attractions of A^wcgcwer^is spheroids, dilleriiig but hitle fiom 
the spheie; whence it is easy to obtain that of hcteiogcneoiis spheroidS) 
whatever may be the lav of the variation ol the figure ami density o 4 their 
dhellb. Tor lliat puiposc let a (1 4^ a j) be the radius of ojv'ot ihi shells 
ol* a heterogeneous spheroid, and suppose y to bo of this form 
YCOi + Y<»^ + y») + &C. 


tlic coefficientb which enter the quantities Y'*^) Y^’h &.c. l^eing functions 
of a, and consequently variable from one shell lu another. If \vt dii!cr« 
entiate relatively to a^^the value of V given by the form (31 of No. SSo, 
and call § tlie density of the shell whose radius is a (1 + " y^* f being i 
function of a only; the value of corresponding to this shell will b**, roj 
an exterior attracted point) 

If . d a* + d b* Y»),+ 5 - . K f ’'f''*' + ' 

this vtJue win be^ tberefttfe, relatively to tlie wliolv* ipheroid, 

V*|^fd4*+~/fd{a»Y™+~Y«)+5“/,Y{»+^^^ . . {J) 


'^6 inte^al* b^g takea froiu a rs O to that value of a wliicb sultei'-t • «t 
j3k6 ctur&ce of the ^faeroid, and which we deuct^ by 
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' V'.* >' 

To get the part of ^relative to aia attract^ paiiK of title 

spheroid, we shall determine first the pgrt this ndue: relative ta att ^ 
shells to which this point is exierion This first part fifiyw Vjr foraula 
(5) by taJujig the integral from a s 0 to a s a, a ip the; 

shell in which is tlie point attracted* :We shall fmd the second p4^ of V 
relative to all the sbdlls in the interior of which is placed file point attract- 
ed, by differentiating the formula (4) of the. preceding No. rdatively to a; 
then multiplying ibis differential by f , and taking the integral from a =r a, 
to a sr o, the Sum of the two parts of V will be its entire value relative to 
an interior point, which sum will be ' 

V? d a’+-~7V . {a* Y «»+5-V(»+ Y««+8tc.} 

+ 2«'/fda'+4«*;/5rl. {a' Y«»>+?^ y«)+~ Y«+&c.}. (6) 

the two first integrals being taken Irom a =? 0 to a s= a^ and the two last 
being taken from a = a to n a; after the integrations, moreover, we 

; must substitute a lor r in the terms multiplied by «, and i-ITI for 

■ ' tt 


i .in the teitn t*— /V d • a*, 
r 3 r*' ^ 

550. Now let na consider any spheroids whatever* The research of 
their attraction is reduced, by 553, to forming the quantities U and v , 
by that No. we have 

U«> =/fR'+*.dRdin'dw.Q<«; * 

in which the integt^ must be taken from R s: 0 to its value at the sujr> 
fcce, from s: — 1 to m' s 1, and from t/srOtow'ssSfla 

To determine this integral, Q must be known. This quanti^ may 
be developed into a finite function of cosines of the angle « — and of 
its multqdes. Let P cos, u (» — »') be the term of Q depending, pn 
cos. II (w — •/), § being a Function m, in'. If we substitute for Q,^ its 
value in die equs^^ ^ partial difTerences in Q of No^ .$5S^ 
have, by ednq^iu^g the terms multipliini by c<m. ii (ar>T-,fK|f, tldr |^iuit^ 
of ordinary di^rences, . ' ‘ X 







”‘4* 

, iit the dm’elqiemi^f radicM 

> 



NEWTON*S PRINCIPIA. 


Book LJ 


SS9 


Tho teraa dqiMdiBil' cm ca». u (« — V), in tlie devdoimtusnt of this 
nkdicaV cftD only result from the pom.rs of rus. (*»•«/), equal fo a, n+S, 
n 4* ^ ^ i «>*• (»—»') havinp: tlie factor V~l — iii p must have 

^0 &ctor (I m*) Jt is Citty t« &cc, by tbc conkideratiou of tbe do* 
^elopement of the nuUed, that p K ot this turn 

(1 — in*)f . {A, m ‘ '‘+A» . '0.m*-'‘-*4.8cc.j. 

If we mbstitnle thb value in tlie diiFena^l t^quirtioo inP, the (vnnpari* 

son of like powers of m will give ^ 

* '*_ (i--n~ 2 s+ 21 . (i — n~)ah+ 1 ) „ 

A = .Aii-O. 

whence wo derive, by successively patliiig s ss I, s =: 8, &a (he values of 
A , A and consequently, 


3™ 2(2j- I) ^ V.4.(Ki-- l»<2i — 8) 

“j (M(i- u -1 Ki^2;(^-n-3](i-n -4)(i n^5) . - 

^ 2.4:6(3j— l)(2i-^8)(2i-- 5) 


5- \ 


/3=-A(l-ni‘)« 

g — as^l *— a* — a a — sj 

■■■(airri) i;2 r-^ 8) (a i 

A is a function of in' independent of in ; but ni and m' uitering alike into 
the preceduig radical, they ought to enter uuiilarly Into the cs})ressioa of 
B; wo have therefore 

A=r(l-m'*)S {niM-.. 

7 being a coetBcient indcpendmit of m and in' tlicrcfore 

7 >»w we see that fi is split into three factors, the €tst iridepcrdcnt of 
nt <aad m' t iha second a ftmeUon ttf xn' alone ; and the third a like frncUon 
of m. We have only How to detennine 7 . 

Por dutf pulpos^ we shall observe that if i «« n be even , we have, 
Sttppostng m 39 Q^^and sf «; (h 

f l. 


e 3s 




y, a. .,.1 — nj - 

1':. . (i — aS. (‘ii — . . . (i+n+Tit 


y. Uf 8. I).i.8.A...{i4n- J'H 

* - jjr 



240 A COMMENTARY OK [Sec^. Xlt & mil. 

If i — n is odd, we shall bavfjiin retamiag teily tbefiiistiiji^r of 
and in', • 

y.m.m; . ''.V 

~ (a. 4.V.". (I n ~Yr(gi^.l) (2l2:s)> . ,../iVn 42 )i < - 

T i . 45 - • • • ^ J )i-* ■ ■ • ■ • • • ■ 

The pi ecTdlsi^j; rnJicni liecoiro^ neglcctiog the blares of m', 

ir*-2 Ri‘co&,(«‘r/)| iTj "'+Rr.min»{r--2r Rco8.{tp-*^)4*R’^*“^ ; . (f) 
If we substitute f-'/ ( v S."isr ), its value in hnaginarv exponentials, 

and if wc call c the nuniUirr v Ifose hyperbolic logarithm is uiuty^ the part 
independent of in in', 




Ir-li.c'*' — 

Thu cuetfidcJii ui 

pTTi- • > or of ~ . cos. n (« — *') 

in tlte dev«>tojV‘men< of tlris iuncUon is 

£. ]. t, (i + !| — 1). 1. a 5 (i — n 1) 

'a %. «: . (I '.p nj 2. 4. R . . 7(5 — n7~ “ * 

This IS tlic vaiuf; of ^ whoa i — tt is even. Con.paring it with that 
whicli in tin; snnx- cjist wo have already found, we sliail have 

rh :J . . . (S i - l)v’ ^ i (i 1) . . . . (i — „ + 1) 




(i “f- 1) (i “h 2) , . * # (i -f- ii) 
When H — (>. we iMiist take only half tliis coefficient, and then «re 
have 

^ - / k a 5 . , ■ . 3 i 1\ - 
' ‘ V 1 . a. 3 ....r~ /; 

.In like manner, the coefficioiit bj' c«s. n (• — V) in the 

fanctiou (f) is 

1* ' * - *1 d" n) .1. 3. 3# . . . (i n) 

^ 2. 4. 67^^;'+7t“Tr72. 077:.T‘('f^^ 

this ,is the coefficieni ot m m' in the value of j3, when -We neglect' tho. 
squariat etf m, m', .and whui j — « is odd. - (^mjierutg. thik with the yac 
1«B already feaiul, wc shall have . *' 

o / E ^-6 (2 i — 1)\* i (i ^ : 

. V 1 . S. 3 . . . . t ) * '( 14 .. 1 y ( 1 ^ 8 > ; , ( 1 + n) V 

an expression which is the siiiue as in the case of i — • n tfe^.even. 

If n s 0, also hare . , - 



.Vv : - ir"': 

ht^\ 






I#) 

"'*'’ . ' ■ ' ■ ’ . '' . ■ \ 1. H * * \ 

■rw; .V 

<»f BKk. «''4' 'iIF- «».' li''ir, ii- 




. .•;. . ■■ l4^..v#:.:-i. ..“ ■lAaW i ■ . -nfj , i- u;i*'i.. '.'i* *».- ."•' •. .. .-: 

fit is oij^' to bya ;l^tibbal tod totire; fundito of ta» 

sad in this caWl^f li^ecjaS^g No., have 

.0 as A^> (1 — m 4- 

. A ^ being to arbitrary constant ; thus the part oi' Y dt^>endln|g^ to ' tbil 

'.' toglen «r,'is ■ -v. , "'' : 

(1 -r4n» •) in*-“-»ij.8c& | .'f A w sto 

' -ii-B^-itos. n *1 } 

A^*) a^ b^g two arbitnrHes. If we make succetdvdy id this fonc- 
tito^ b =3 Of ti St . If b = 0 . . , n s; i ; die siun of all the j^c^ons which 
tbenee-rtodt* >^111 be^-tjie general e^i^e^ou of Y tod dm topresslon 
will contain 8 i + I' eridtr^rieB A A *>, B®), Ac. 
I^to^w ton!d|^,r;A in^toiai^ ftocd^ S.of'thq order Sf 

jf'z^- ’ If wh'.irq^uresent' by. B the 

AimtiiwuUi-.i*£'^i 'Ad3iK<i^fat>^miA iW 'rtifiiai* frfim their' pr^bli 
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peiidcut of tr iwQl coritnfa f and H will therefore CNWMili (# + 1)* 
uuli terminate coustnuts. 

The function Y -f Y * + Y oontains in ISke meoner (a+ 1)* 
indetciminate c<mb!jrit-«« sir c tlw functioci Y cobhuns 2i 1 ; we may 
therefore put S lut ; a ('uk ho j this forni, and lbi& may Ue effected ns 
follows : 

From wh it pi c< ^ < c h ill learn the most general expression of Y , 

ire shall tdhc it ftoi i aiul i^aenmtie the arbitrpiies of Y so that the 
powMs and produiti of n* 'iPil V 1 — in* of the oidei s shall disa]^>pear 
fi im thf cliflnniKi S — \ ‘ ; tins difference a ill thus become a function 
of the oidei s •— 1 wlut h \ e shall denote by t}\ We sh«ui take the most 
f'f nc} il e\n**csaoii oi i ^ , lie shall subtiact >t bom and determine 
th« aibiiMiiC y so dial the powcio and prodmts of m and 

-/ I — 1 * if fii( t. I ma)^ disapnear fioni the difference 

fV - Y Ml pui ( d j ' we shall determine the functions YW, 

V *-‘5, Y - , 1 1 'lid ! lliL Mun is S. 

f>6l Hcmi Hi. 1 f 1 , di ♦ |u non of No 559, 

I = ii Q »>. 

Suppo'^^ il h* uooi. j* a', ami of a paiatucter a, constant for ad 
sholK ut ilu > n a ii lud laiMhlcfiom one diell to anotlior. The 

dilFercnci il 11 N ^ f tV a on the suppo mon i)i it in , i/ ate constant we 

shall halt 

d U =»'* d ♦; 

il / 


th«rcto>c 


H - -Ida .dm.d»-'.Q 

i ♦- 3 * ' d a / 

Let R * + be d « 1 into <t ei < • ol the form 

/ + 7 ' +&C, 

Z' bdiig whati I r t II ly oc, a ration^ and eating funcstioii of vx% 
V'*!* —15^. .ir. lid I — nV* cos wbicb satufiettlbe eqoadoQ 
ofpaitiol diOetiia v 


/jj ('i/ i) I \ 

““'V — ra';'--- T^s;^ + '(‘ + ’»^"- 

llie Z' "> (•lien irl «0 t^ to a* ^alilifSa abp eqnadcoif 

and couseqwKtl} it is of tlir s m r toim ; bjr the g/dfuemi dicorm of &S6t 
vt» ought therefore only to coM^der tbf^tena ill tho demlopeo^t of 
II' i”% and then sit hn\e ' ^ 

11 « ^ 



NEWTON'S PRlKCIPtA. 


848 




apheroi^ U Itoioogettetm* and difibiing bnt iitSe finm a 
t^Iinny wa nigr f s !« and R s a (1 + « yO • thi»i wa have, hy 

M n r eorer^ if trp auppoan ^ devdoped into a scrim of die form 
■ Y'^ + Y'^ + Y'^ + ltc., 

Y V ia/Ufyidf^ (Imi stdOM eqvntton of partial diiTcrcnceas Z' ^ ; nc shall bavsi» 
nei^ting ^jiiantities of order «*, Z'*" =■ (t 4- 3). a. Y'*'' ; vo 


fehdl tfaerefitra have 

/ U '»>*«. a‘ +»./Y' w. d in', d Q ‘ 

If we denote hyU what Y' '*> becomes when wc change m' and «' into 
m and « ; we shall have by No. 55i» 


UW Y. 

2f + 1 

we thereibre have this rcntaricablc rr<ult, 


/Y'O.dni'.d-r'.QWsslj^ <l) 

This equation snbsisting whatner may bo Y'®' we may condnde ge- 
nerally that the double Int^ation of the funcUvm y Z^ d m'. d «/. Q “ 
taken from m 1 to m' ss 1» and from «/3s0to»'=r2<T» only 


transforms Z'®> into ^ being what Z'*® becomes when vc* 

change m* and </ into m and we thetefinre have 

® (r+ 3^2 i +l/ «(^^)- ** 

and the triple igltigraduo npcm wldcb U ® dqieDds, reduces to one in- 
tegradon,on^ taken relalivety to a, from a ss 0 to its value at t]j«* surUce 
cd’dteaphen^ 

VmtiffiMi&mi}) paestptaa very rimply mefhod of integrating the <imo- 
th»y' Y^.Z 4«»* 4 w* from mss — Itoms 1» and from » ss 0 
ha* tx 9 m, ■ Iqi 'frwt, the part of Y depeuding on tho angle n is by 
^edurtf ^Dnteduai «f frrt fon® x {Aw sin. n w + Rw oods u *1, x being 


equal . • . 

,• ’ fA** rfn, B« «». n Vj ; 

l^vh^Vilhai adi«p.|i h tUmgai into in'. The part of Q «> 

n(— *')* 
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or ^ W X.(oos. n •. cos. n w' f sin. n «*. sin. n W}| thus ^tlpiirt of t2>o 
iiiU’grBiy'Y d III d Q ' which depends on tfaeisi^g^ ti Wf will be 
7 A. sill, n d tji'. cl j*'. sin. n V {AW sin. euk n V| 

7 \ cos. n arj'y' '• tl m'. J s', cos. V V {A “> sin. to cos. 

Ilaccutiug the int( <j**4.tioTw rebtve to that port hecomea 
y >. flf i A “ <*ins n « + 15 *0^ t 

but 111 virtm oCcqurri n (1), tlie etame part is eqi;|at to 

g e jA' ' .>ln. 11 V + cos. n 

wc liiercforc luive 


Now represonl by v lA'^* situ n w + cos. n •} that pari of Z 
wlurh ilcpcncls f n thf* angle n «. TOiw p<irt ought to be combined with 
the corrc3iv*iMJi*>^> p. H of Y because the toims depending on die sines 
and co^ine-s tU llu angk «f and its multiple^ disappear by integration^ in 
the function^ <’Y Z d in . d w, intrgiated fiom wsiOtowsrjJe-; we 
shall thus I btaiu, in rcgsrHuig oi ly that pai* of Y ' which depends on 
the angle n v. 

/y ^ Z ' d m d w rr 

y*X •• cl in . d ^[A si»\ n «r + 11 '' ^ n -^ + IV cos. n trj 

=S »{A A . 11 "'‘./A’dm=;^'j~'^j^.{.l'».A'W+B 

Supposing d. It* succesiiirely iu die last membei n =r 0, n rr J, 
n £= 2 . . 11 i • the sum ot *»1I ilu terms, will be the value of the in- 
tegral y*Y Z d in . d tk-. 

If the spheroid is onv* of revc'lution, so that the axis \viili which tlie ra- 
dius R ibrois the angle w', iji*’ hi thi a\^s i‘f iesohuion; the angle w wdl 
dissippear from the cxpitisioa o) Z‘*', which tlicn takes the following 
fonn : 

A ‘‘J being a fuortiaii of a. Call x th«‘ coefiRWetot of A in tbia ft(QO< 
tioto tb. jirodact 

/1.8.5...(fii— f, 

(— i:Esb.-.“-)-V-5^sT=ri^+*^}. ,• 

Jtt ' * '‘‘i ' 

is by the preceding No., the coefficient of in ib^ Alevi^kipeiaepi oS^ 
tlieiwdifiid , • ^ 

Jr ' — 8 K r (tot m*+ ^ l^mK V 1 -^nf* oos. (w 
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we A«a^ snj^se m uu<J oi' ecjuel to autty. 'fWs ceeBitjent is ♦ 
then etjual to t } we lucvc therefore 




tliat is to 




*»y» 


x* 
U® 


reduoet to uioty, when m ss t. We latTe iJiatn 
^ 4t>'» .ydA'J'x, 

® (r:rs).T2T+i) ur)^ *• 

Relativdy to the aad^ of revolatioo, m & 1, and conscqurtilly, 

4 « /• /d A \ , 

i -'^A d. 


U^'j SS 


(1 +S)(‘ii + !)• 
therefore if we suppose that n leiively to a ixant placed upoa tins axis 
prodiKed, we have 

V = ?-+4^' + ^”+&c.; 

we ahall havv he value of V jtsladte to niiothor point placed at the tucait 
distoaoe ftoni the origin of cuordinatos^ but upon a ratlius which iiiokea 
with the axis of revolution, an angle who,e cosine I'l tn; by wulti|il}iiig 
tlie terma of this value tesiiertiveh by xi*>, > % xi &o. 

In the case when the jiphcioid is not of tevohiHon, tins method will 
give the pat t of V independent of the angle • wc shall determine the 
other part in this manner, ^iupposc fur fin sake of Simplicity, the sphe- 
roid suck that it is divided into two etjnal tmd simdnr parts by the equa- 
tor, whether by tho roeridimi where we fix Uu oiigm of the angle w, or 
by tbe.meridlmt whioh is perpendicular to tht former. Then V will bt 
a fimodon «^in *, sin. * w, and cos. * w, or wlikh comes to die same, it mil 
be a fime^ of m*, and of du. cosine of die angle 2 w and its miiltipkb ; 
U will dMtcImw bs pojddngt when i is odd, and in the case when it is 
even» |he term whkfo depends on the angle 2 n w, wilt be of the forui 

O*®. (1 — in*“***"* +8tc»^^o*'' ^n w 

JEleIativel|y inf m atUMcted |m|^ in the plsnc of the etiuaioi, 
where mss ft, that part of V iWpends on this term becomes 
^0» 1.2, h,..(l««2n— 1) 

yg+ia -I. D ' ii j «» ■>■ t).. .ir.^rTr- ® ■' '= 

wlHmce it fiiUea|ijitlmtJl>Viiig detMlip|Md y ii^to a seties oidcred accji Jtng 
to fha cosines of the iin|^ S w its multiples^ when the point attracted 
Is situated in*^ to extend due valnc to any attimt- 

nd pobit wbateilSt, it wjU-^ snlAcleiit'in aunltiply the terms width depend 



246 


A COMMENTARY ON ISbci. XHi k XtXh 


. 2(i+2n+l^.(2i~JI) ,, 




VC shall hence ubtaiti^ tlicrefure, the m^xt tdbic of Y, vbon valtie 
shall he detcriuiitcil In a serie^} for tKe tmo casos where the psilrt attracted 
is situated upon poUr axis producedt and where !t ia situated in the 
plrUie of the cr|uat(>r ; this grtatly siroplifies the research of ibis value. 

The spheroid nblch we are considering comprehends the ellip&oid. 
Relatively to an uiiii <‘tpd ] oint situated upon the polax axis, which We 
shall «uppo')e n> ht. die axis of x, by 516^ we have b 6, c = 0, and 
dicii the cxpies,ioa of Y of No. h integrable rclatitely to p. Rda* 
tivdy to a point sifr/ it ih the ploixe of the equator^ we have a = 0, and 
the same cxpK^^si lU Vsull becomes, lijr known mctiuuls, integrable re- 
lativdy to ci nikiit^ ran* q r= t, In the two cases, the integral being 
taken )elativ\l> u> oiiV oi these variables in its limits, it then becomes 
possible relatively to the other, and wo find that M being the mass of 

V 

the sphorou), the > dt*e of is mdependent of the semi-axis k of the 


spheroid peipnndunlar lo t!ie equator, and depends only on the ex* 
centricitics of the cllip^'Oid. Mulciplving dicrefore the difiereut terms 
V * * 

of the valueb of ^ relative to two cases, and reduced into Se- 

lies proceeding according to the poYv<»ts of ^ , by the factors above men* 

y 

tiuned, to get tlie value of -q rolathe lo any attracted point wliateverj the 


functioii which thence resului will be independent of and only depend 
on the exiontiicities; thib famishes a new demonstration of the tlieorom 
alreatly proved in 650. 

If the point attracted is placed in the interior of the spheroidi the at- 
traction which it undergoes, depends, tis we have seen in Ko» dStif on the 
function i and by tlie No. cited, wc have 


m _ /•£ d K d ni' (1 Q 

V w a- y , 

an equation which we can put iiiKler tins form 

$npiio«e R *“ '.nJevelopeil Into a st tm tlie fetia " < 

' ' z"»+ 
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^coHj^ wUen wc m* into.tn, and 

,^us theiefi^t^;^1^l;0et tba axpr«iii»ion vf V relative to all the sh'etis of 
;4iejpheix»iil^^^^ faxe^w the point attracted. The value of V rehiiive 

we have already ghown how to det^ff 


ON THE MOt^E OP A PI.OID aOMOGEKEOUg KAgg IN EQtnUBBlUgtt . 
ANft ENDOWED WITH A KOTATOHY MOTION. 


562. Having exposed in the preceding Mds. Uic theory of the attcac* ■ 
tioQS of spheroids, we now prui'seed to consider the figure which they 
iBUbt assume in virtue of the mutual action of their parts, and tlm other 
forces, which act upon them. We shall first seek the figure which 8atis> 
fies the equilibrium (d* a fluid hoiur.^en«ous mass endowed with a rotatory 
motion^ and of that problem we shall give a rigorous solution. 

Let a, b, c be the rectangular coordinates of any point of the suriiice of 
the mnss, arid P, Q, H the Ibikaia which solicit it parallel to the coordU 
naies, the foiveg beirg supposecl as tending to diniinisli them. We know 
; when the. mass is in esquilibrium, we have 

*. ' • ’ Vs* . ^ as,.P. da + Q. d b 4- 11. d c; • 

proved in estliHatiog the forces P, Q, B, ><re reckon ihc centi ifugal 
force due, to the' morion ^rotarion. 

V 'ibesrimata.theae fcwi^^ we shall suppose that the figure of tlic fluid 
m^u^lg-riiat of riie.^psoid^reyclurioD, whose aids. of rotation, the axis 
itstdf;ef reyohitioii. If the fori^TV ^ It ^hlch result- firom this hypothc- 
sis, h> tbe'.p^ce^g equate of equdibrhnn.givt; the dtflbrui-' 

«n!ps^;sihe,pre.(^ing hyiiothcsii. is 
gatUfii^ the. equUibrium of the (iiiid 

.r ,Sig3pgie;^^j^.'8edgi,^-B»k4^ of revolution} the equaiior of 
» ell^s^.;Will be ef i$is form 
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the origin of the coordinates a, b, c'bcS^ et .^le Ot^ttteir «£:'^ dGpac^' 
k will be the sefiu«a3tis of revolution, M tl(e.;n^.<^ the el- 

lipsoid,. b^ 646, we shall have . , \ V ••., „'V¥' ., r 


J;,; ; . ?.lv. ■?., 

j being the dcaasity of the fluid. If tfee n^e lie in ss. >.•, we 

shall have m a T'T'T?* and consequently 

I -f- A * 

Mss-^k». (l + X*); 

nij ofjiiniion which will give the serni-uxis when X ig know'n* .. 

Let 

A' = (X~tnB.~‘X) 

B' ss }(1 + X“) tan.—* X — ~ X)} ; 

wc sluill luivc by regarding only die iitiniction of the fluid mass 
P = A'u; Qr^B'b; R B'c. 

If we cafl g, the centrilugul force at the distance ly from the axis of 
rofiitiou; thlis f.‘iVL: nt the distance V b* +^* from the same axis, wiU 
be g v' b'^ + c"; resolving this parallel to the coordinates b, c there will 
Tosnit in Q tJic tenn — g b, and in R the term — g c; thus wc shall hrfve, 
reckoning all the ton es which animate the molecules of the sur&ce^' 

P r= A' a; Q (B' — g) h; R =: (B' — g). c; 
the preceding expiation of equilibrium, will tlierClbre become / ‘ , 

0 s a d a 4- ^ (b d b + « d c). 

Tlie diflercndal eqnatioii of the vurtace of the ollipsfud.ls'i^. 

1 . ' ■ ' ‘'/'s 

tag for m its value ‘ 

. I + X ■■ -.-•■/ ’ 

by cboiparing thia with thv precediog on^' we SfeiB^ Jwftre r ' - 

if we subsdtute for A^, B' their vaJ^s, and if we 


bare 
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dMimunbg tbciefote ^ by thv o^ostlon trMch U independent of the o»> 
ordinates a» lb e, the eijosUoit of equilibrium eill eoiacide with the equa* 
tion of the mr&ce of the dllpsuid ; whence it ibUows, that the dlipttc 
gore satisfies the eqoihbriunb wbtn the motion of rotation is snch 

that the yalue of X * is not imaginary, or when being negatieei It is neither 
equal to nor greater than uitity. The case where X ' is imaginary wmdd 
give an imaginary solid ; that wbcie a« -s -> I, would give a paraboltnd, 
and that where x* is nr^tive and gienter than unity, would give a by* 
pciboloid. 

303, If we call p the gravity at tlu suiiai" of the ellipsoid, we shall 
ha\o 


p =r -t/'p* +~^* + iir. 

In the int.wior of the ellip-soiil, the iorcos P, Q, It, ai** proportional to 
the cnordiuaUs b, cj for we have seen m No. SIT, that tht attractioiu 
of the ellq 'd, parallel to those ooutdinatc,, eio respo< ti\<ly piojiorluiuai 
to tiiem, which etjo^ly takes plate for tiio centilfugal fuict, iuM)lri.d pa* 
jttllcl In the same coordinates. Hence it follows, thui tha gniviue* nt dif, 
lereut point& of a radius diaaii fiom the tcuter of the clhp&OKl io iU sut* 
&cai, hate parallel diiections, and ture propoilional to the iU»tuu<^ fiom 
the center ; so tiiat if wu know the gravity at iU burfacc, W'e ahail have 
the graiity in the interior of tiie spbermd. 

If in the cxprcssitni of p, we substitute foi P, Q, R, their valiieb givrn 
in the prea oding No., we shall have 

* p = t/T* a* + (B'— g) •. {W + V) ; 
whence we derive, in vutue of equation (1) of the praiceduig No. 

D — A' /tt* |i ^ * “i*-*:* . 

P - ^1.1+ 

but the equation of the suriace of the ellipsoid ^ves ~ h a", 

we shall thweforr have 




P 


A-V ‘TTx^ * 


a lb equal to A at the ped^ and it is ntohing at the equator ; whence '.t lol 
lews, that tha ifittntjr at the polo is to thu graiity at thi> uiu.>t' a, .ix 
^ to.usnQr, and consequently, as tlie diaioelci oi .1 <• rt, m 

, .js to the polsif'l^a 

Call i the ysstpendieular at*11tn soxfiMto of the clliptoiU, pao'lurt J to 
meet the tutis 4 ^ revolotiou, tto shall .tutva 

I* V (l (k» + xVa'); 
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wheielorc 


A't 

1 ’ = r+ / 


ibus gravity is propoi uoual to t 

Let 4/ be the compiuneot of the which t inaikes with this axis of 
revoduttun ; ■<)' will bu the Utltode of the point of the eat^MCii whkA we 
ate coneidciing} oiui by the nature of the elUp»e> we shall have 

, = . <' + 

V j + ^ * * * 4 ^ 

we therefore shall ha\c 

^ ^ V r+ X*eCOS. 

and substiiuhn/ ^t»r A' it& value, we shall get 

.... ( 3 , 

^ X ^ V I + > S cos. ^ 4/ 

this equation give« <iie relation between gravity and the latitude; but we 
must dcteimicie the constants which it contains. 

Lot T be the number of seconds in whicli the fluid mass Mill effect a 
revel utii>n ; thf n iliifng.d torce at the distance 1 from the axis of revo- 

luUon, will bu <<p>.tl to , ve iherclbre ha'c 


which gitfii. 




18 

-TJTr** 


4 <r e =s 


19 '* 


Iho tadius of ouivalurc of the eMiptit meridian i<i 
^I+x*)k 

1’ 


a 800 e. 


(1 *!• X * cos. * ' 

calling ihei^ore c the length of a degree at (he latitude 4'» We stwll have 
(1 bX 'l tk 

(1 + x*tos.» 4 <)i 
Yhis e^dalfoio eonibiued 'altli the pracfi|ifig«q^ £pvee 

thus we eheQ Imvc ^ 

tctlbetbeb^flaof tbe qmple peaA^RU 



mrn-WV 


£.4 




ii rBS^'-'tilii»5’i^..:*^ 


QSiiifc(iiufag 


, ♦ ^ ■ ‘i' r ■ '■ .'' '' ♦■ * 1/ •- •■■'>.;. . , ' 


■No.- wffl jj|^'--tba..'wd^ ■'’ 


<!f-Q.^n.4i^^;,mea^;^,tW:kBgffi i of 

i j I .■ '"v, *' ’ r, A ' y \’ "• , ■ '' ' ■'■■‘^-' ' ■. '.•’»% d'a** 

tude -v ^ . : . ' ^ 

SoppCMO 

'■J 'q (^^)‘ +>C‘i''- '■■ 


.J .1.^ 


^q-i:i|q*:-f »C *5 


obiismtioils g^ve, iu >re skdl «ee hfii-eofter, 
css lOOOObs Is 0.741608 { 
moreover ore ItOTO T ss 89787 $ ira-td^ duitobtoiit . 

Q se 0;008449fi7 ; ^^^A.60ee8767t > 



the ratio of 881.7 to 2S0.7, aud by vrW-^t^wf^ gmntiw at tlw 
pole and at the.Oqaator are in the same ratio.' ^ . 

We shall have’ the send polar aids k, by hieans d>e eqmdbn . , ; 

- i = = ■ 

«■ (1 + A ; ■ w 

'vthj^i^ves ’•' '•■' 4;.’ •■‘■'i-' 

;:.4'-» W 685S>8^4-,.^ .. ' ’ .. .> . . ''. 

, . iflte :ii^hictibn.c^^ «|]ihme^ whose Tadiiis..is 1^ 'esw oettsily any 
^b«|l oh^e Ihet « tyheii-et havhw^ die ted^'k ai^ density 
e. acta'oooft ai><^ p]te^.at' equal tO;|.w j. k, 

.J"'}'' •.* '/; '■'!' '', ^• ' ..^yy y * ft p ' jf^ ^ yj * 

and eona^bito^^ Jfi ’ 

.*« A P .being the gravi- 



ile. s^many real 
the .saaie motion of 
das'^tttloP has aeferal real. 
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roots. For thpt porpose, tall f tin ' f ' xi»» ' ^ 

wbioh bda^ eqMted to zero, prodMM It^s to ace, 

that by awlcing X mcreate from ze\n to iuSnm, Aa txpreMkNi of p bqjlns 
and onda by being positive; ditt% by ima^nblf A onrve idwiMt ebieinif is 
X Bod ordinate ft dun uirve wiU cut Ua aiv D^fiiKfXaa 0; dye oVflinatat 
tfill afterwards txs positive and incremrag; widil a»li«»d ttt didt maidf 
auu^ they will decrease; the curve will cot tlw apii a aeoDiid tine at a 
point whiob will determino the value of X ooi9tlMpi|fj|Pl^ to dn state' of 
equUibriiuu of the flbvl masb : the ordinates WflU Amo be iMgadve^ and 
done they are positive when > := » : the curve oeceasaiily onta the axis 
ft diird lime, whicli diteruunc* a second value of X whiidli mriffiiwt tbe 
eqoiEbriiuta. Thuc wc see, that for one and the tame vdue of q, or for 
cme given motion of rotation, there are sevend dgures for which the 
equilibrium maj subsut. 

To determine tbe nnmbci of these figures, we dudl observe, that we 
have 

.1 _ « ' * Jq ^* + (10 q — 8) X*4- 0 ql 
" (sx^ + dl-ril+TT"^ 

The supposition of <1 f 's 0, gives 

0 — q + (10 q — t>) X^ + D q; 
nbenco we derive, con»idenng only the positive values of > 

These values of x detenuine the mannut and rntnima of the ordinate f ; ' 
there being only two similar ordinates on the side of poddve abscissas, on 
that nde the cum cuts it« axis In three pomts, one of t he m K«»eg the 
or^n ; thns, tbo number of figures winch satisfy the«qailil«iuiB isndim* 
ed to two. 

Tbe curve on the side of n^[adve abscissas bmng exaedy the same as 
on the ode of positive abscissas; it cuts ita aids on aUe iu^corre* 
sppn^ag points eq^istantfrom tbe orf^ of coordinatto) diA negative 
ci X whidi satisfy die eipiilUmuoi, are thtawfiusf to the al{gn 
token, die sane to;)ha positwe values; which gisto dm d- 

^res, dtoce the sfuare ff X only enters the detoi^lttodinx 
it is useless theratofse tp oAisider the curva on tkf 
sdhsas. t ' ■* 

If wesi^^lq to^i^udi, ilnch taksB pMsa tor tk 
sadsfy^a^nadM (d) in dm two hodtodMtoAoif X 




B<x» 1.3 KEWTOWS PEI^lClfU. m 

I* 

sad «f X* bciii^ very great. Xa tin Sntt I9 tius pncedii:^ Ko.» ive 
iMm ' 

IVj get l3ie whie of X* in ilio secoad b\pot!hesi», we shall ofNHsrvQ that 


Aea X dlflbrs very lifUe ftwin | «. so that if we suppoae x es || 

» will be a very well etiglo of r/bich ibe { mgent is ^ j we diaU tha(w< 


fore bave, p. 27 . Vol. I. 


1 

<fc S3 - 


3-X» + 


ii A ' 


and consequently 
A ss 




J 






X ss . 

4 i| 

33 2 . 356 ) 95 . i. 

We have seen in llte pieceding Nu, 


54 \ , 

^ ) + 8.0 


. - j. ' _ 

2 A ' 3X* 5/' 

oquRtiun (2) of No. 5(>‘3, vill thus lieiurie 
9\4.Pq./ _ r 1 

l»4-3> "" 8 

whence by the reversion of seiios > .• »« i 

St 8 . Iq,, 64 
"”3 

— 8 5X6179 — ).i7«88o q + jtc. 

thai rehiti’flj to the csith, 
q S3 0.00344957 ; this value of q aub-titu^ui ip the preceding expll.^flo»• 
gives X ss 680.49. Thub the ratio of the tun a e*. itjuatOnal and j^ioUr, 
a ratio which U equal to V 1 + ^ '>■ tiic ca->e of a veiy thin bpluioidt 

equal to 680.49. 

TJtc value of q has a limit beyond which the equilibrium is impossihle, 
tlie dgnre being dUipde. Suppose, in tact, that the curvt its axis 
only at ite origin, end^at in (he other points it only touches, at the 
point of contact wc shall hate f s 0, and d p s 0: the value ot p will 
never dierefore be negative on the side of po-«Uvo abscssas, whu h irc 
the only ones wo shall here oousider. The value of q ileicnniucd by tlic 
two e^^tions psO, d psxO, wdl therefore be the limit of those with whu h 
thf equiOhsimn can tahe pUri^ so that a greater VcOue will lendut tu > 
eqadU)riuiB.hhpos«l>iet fi»r qbmng anpposed to increase by f, .h4> fui t- 

^hi£*piDer8eja*iiy dietenp thiu, the valu' ol v (on/ joml- 

h(g to ^ bdngnevrar negative wfadiever x may be, the sami- f in< tmn coi - 
+ fj h oiKMtant^ iKM^vc, and^rji iiciti Uc ne no- 
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thing; the equilibrium ic then tbeT^atW'bhiMissibte, It refnlte also Hieitt 
this snalysu^ that there is otHy one Eli# jieritive value of q, wUkb 
would satisfy the two eqnatio^ f tt ^^andi # ii ss 0. These equations 
give 

e>* 

^ - (1 + >'■) (dinji) 


„ 7?* + S0X» + 27X V , . 

^ - (1 4.'/, (s 4. K*y(» 4- X*) *•**• ^ 

The value of x whit b satisfies this last equation is X e: S.529S ; whence 
we get q ss 0,331007 ; the quantity V J' 4* X which expresses the ra* 
rio ^the equatoiia) axis to the polar axis» is in this case equal to S.7197. 

The value of q relatively to the earth is equal to 0.00S44>dhT. This 
vahw corresponds to a tiait of rotation of 0.d9TS7 days; but we have 


generally q sx ^ rtlafively to masses of the same densi^, q is 


proportional to the rcntrifugal toice g of the rotatory xnotiu% and conse- 
quently in the invu'se ratio of the square of the time of rolaUrm ; whence 
it followsy that relatively to a mass of the same densily os the earth, the 
time c^rotatieu which answers to q s 0.SS700T, is 6.10090 days. Whence 
result these two theorems. 

** Evety.homogeneous fluid mass of a density equal to die mean dentity 
of #IE earth, cannot be in LquiUbriura having an elliptic figure^ if the time 
of jteaiotatiQn is less than 0.10090 days. If this tune be greater, tinue 
wittbei^^T* two elliptic flgores and no more whicli satisfy the equUi- 


briam.'* 


**Iftite density of the fluid moss is diflhrent from Uiat of the eturtb; we 
s|n& have the time of rotation in which the equilibrium ceases to be posf 
lible under an elliptie figure^ by multiplying 0.10000 days 1^ the square 
root of the ratio of the mean density of the earth to that of the flttid 


TUs relntivdy to a fidid mass, whose densify is tuily a flwrth part of 
of the earth, whidi neoriy is the case with tiiOiSua, this time wiU be 
OillUM deirsi and if the density of the earth suppcMed fluid end bomti- 
l|p)|ieoas wmw about 9B times leas than ita anfud denstfy* the friUhti' 
i> satisfy its actual meticto be tlihlMt 

if all the elliptic tigum with wMdh the eqmlil>*^ 9M» |dw| |rti i , Tie 
densify being about flve tistel feu nttfli 

the time of j||te, rotation being 0.4tS77ds»jM SN Medmil ^mdstmtiea is 
in the limits of those of equilibrium. 



9aQit L3 mwtom 3W5 

be th<M|^ that the tin^ of ^ is flMlwitare the fluid would be> 
gintoflyoff byreasouefatDon^idBMi^Qfxip^ik^ but it is easy to 
be eonvktqed of the aoatr«i 7 » by obriMid^^d^'bjr tb« gmAty et 
equator of the eQfpeotd is to that at the gm ila fM n#io of ihe poter ai^ 
to tbet of the equettw^ « es^ which io Utis esse> is that of 1 to 8.710V i * 
the eqiflUbciooi ceases iherefiwe to be possiiiile, because wiflki a uiottou #lf 
rptstiou more jit is io^ossible to give to the fltdd masi^ an eiSfptie 
flgure endi that the resultant of 0» attracuoa and of the oottrlfiigal h>ro«^ 
may be perpondicular to the sui&re. 

llidteito we have supposed X* positive, which gives the spheroids flat* 
tencd towards the poles; let os now examine whelhcd' the eciaUibiinm eatt 
substsf with a flgure lengthened towotds the poles, or with a prolate qpbe* 
roid., Let >.*ss A*" must be iKtsitlvc and less than unity, ofltevwise^ 

the ellipscdd will be changer! into a hyperboloid. The preceding value 
of d p gives 



the ditfgral being taken fnxn X ss 0. Subsdtuting fl>r >. its value + 1, 

we shall have 

« - X j — r . 

(1 — 8“a'») ’ 

bat it is eindent that the elements of this last iot^al are ell of the same 
dlgn iirom X'* as <), to x'* ss 1 ; ihe function f oun therefore never bo> 
ceooi nofldng in this interval. Ihos then Ute equilibrluin cannot ubsist 
in (he case of (he predate spheroid. 

566. If die motion of rotation priiuiihely impressed upon tlu flnni 
mass, is more rapid than that which betongs to the limit of q, we must 
not Whence infer that H cannot be in equilibrium with an elliptic iigur4 ; 
flnr we mqy concrive^ that by flatteiJag it nrnre and more, it will take t 
rotatory motion less an^^ss rapid ; supposing tin refore that there exists, 
os in (ho case of dl koowlf fluids • force of tenacity bettveen its niolc- 
cnles, this mass, after a giuat number of oscillations, may at length umve 
at a vqtatoiy Motion, comprised within die limits of equilibrium, pad in.iy 
eonihnie in, (hot stnte. Hut (his possibiiity it would also be inti-rostinq to 
verify ; and h Irotild be eqplally interesUng to know whether (huro woi.M 
natbeensEfty |)|pis3de etates-of oqtalforinfai : for what we have sire idy de* 
M t M i fr s te d'jiqmn tbe^pofeil^ ty^ two states of equillbriuro, coni^qioiti'- 
ii^ to cn^bsMielon of ewadoi^ does not infor the possibility of mio sMe. 
of eqj l^^ ij ^ ^ l^ ^jimrresp^ndhg to 4i^.|M^itive foice; bcrniKt the fvvf> 
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states of equilibriwii relative to me fttotiton «( rQtMttol^^ toqoice veq fd- 
lultivc forrel, either Mifferuititf 

Cooridor idterefou a fiwd aMH| i(j^rjd |idlB||ji|rihrri^ l){]r «ny foroM what* 
eveis iMdllMn left to itbeli&«niiAqi ■fefWWjtrtiji.erf «I1 It* parte* 

* If tiirongk Uie center of gnN% hmM eX^potod unntovetftdt^ we 

coocMveftplanereiai^ely to<i|^^l|to4P>a(t<if ^dl^diMcHbed upon 
tills plaae^ by each molccnle^ imiidpUe^' reapeedhpi^ ihe otorespond- 
itig molecates^ i« a maximum at tiho ea^gjift tit tootio)li|[ 'diis plane will 
olways hare this prupertyt whatever Wff bo tka maiBier in which the 
mdleciiJes not upon one another, whether by their teaad^; by their attrac* 
tjen, and then nratua] collision, even in the way case Where there is Anile 
how of iDOtiou in an instant of time ] thus* whw ehar a great mnaba «f 
oeciUaihme, die llu<d mass shdl take a nnUbnn Totetoty modem abont a 
Axed ama^ this axis shall be peipendtenlwr to dm pliiae oboTe>ineutloned4 
whidi will be diet of the equator, and the modoti of rotation wiU be such 
that the sum of the areas described during die instant d t, by the mole* 
culos pn^ected upon this planer will be the seme as at die aorqthi of mo* 
lion; we shall denote by E d t this last sum. 

We shall here observe, that die aacis in qoesdun, is that rekdedy to 
whicli the sum of the inomuits the prhnitive Amies of the system was a 
maximum. It letains this property during the motion of the system, and 
Anally becomes the axis of rotadonj for what is above asset ted as to the 
plane iht maamunt of prelected aieas^ equally applies to the aaU ^ the 
gieateid monun/ ijffmie', , since the elementary area desciibed by tbe pro- 
juction of the ladiiis-vector of a body upon a plnnci, and multiplied by iti 
mass, is evidently piopoitional to tbe moment of the Anitc ioiOa of dus 


body relatividty to die axis pupendkular to this plane. 

Let, as eh(rv% g be the cenbifugid force due to die rotatory motion at 
the distonoc I fhom die oxib, v' g will lx* the at^lar velocity jflfcototion 
(p. 1A6. VoL L) ; then call k the semi-axis of rotadon of the Auid mass, 


and k 1 .f* h* thcjipiraxis of Its equatoi^ It is easy to show that 
the sum of die ar^ Ascribed daring die inatanC dt, by all the muiacules 
pn^ected nj^ this j^opf the equator aqd maldphed rtopcodwdy by the 
cmiwqwts^j pyi^^ 


we shall thereAutt 


itoW ^ 


x»)*, k*dt irg 




vsiiLi y 



iMx I.] ‘ lhSWTON*« '/m 

IW oiUli^ Mt UwiluKf «e shtdl luive 

+ M? 

th» qowMity which we have caite^'^ m Naf 505^ tbss becagy 

(1 + X*) \ 4(^nothi0 by the iuactioA The e^uH - 

ttoa of the Mune Mo. becoyies 


^ 4* h q' XMI -f 

9 4- 9i^ * - tin. X. 

Thh e<}uatao^ will detecmiae x , we ehall then lieve k h]^ aiewn of Jhe 
pteeeduig ex{»m^0ii of M, * 

Call f the ftmodon > * ‘ 


which, by tliO condition of (!i{ui1tbriiuii, i tight to be equei to eero t Ihia 
eqitetion by being po-itnc, wh<« a ie w*ry sizmll, and ends byb^big 
negative, when x is wfiqite; tiiei<’ cx.st> tberefoie between x s 0, ihd 
X » infinity, a vahie of x which render^ this fiiacfitHt uoUttog^ end consex 
i|ifR)tly, thete is idnayv, whatevri way be, an dbptic figure, with which 
tlie ilikid ntwv may be in equiiibiiuin. 

Hie vaioe of p tn^ be put undei lbi» intigral form 


/X*dx{H^+ J8q'-.iq^A'+ 18(1 +> *)^}} 

" / (» 4 . Sx'-)»(l 4- 

When it becomes aot|iiag tiio function 


boa tdrewi^ paa«e4 aero to become negative; but from the in^ 

etant when this fimefion begins to be ni.gi;U\e, it continues to be so x 

htcrCaseii, because llie positive part r 4* ^ decreases whiKi Uie uc- 

At 


gative|Mii Ax (qf X* 4* 19(1 4* itK!reitse&: the function e cannot 
(hetefhen tsfica beemne nothing; wbsAce U follows, that tiu re is but one 
redtndfNM^Ini^^Irrine of x whidh aatuTiea tbe equation <n iquilibnum, 
a>id tin* fUlid can be in equiiibruijtt with one elliptic hguie 



ass , . , 'A comm:sst^|1'¥;;0n ,cs*ct. 

UN THE mURE OP A H^Hi ROU) mFfEJ^|N435 |PRg|K;j^ 

A]$lp COVt UED VTtTH k ^ 

5^. \ViBr J|uvc already discussed ^ 

ftaiil mtus, and. wc lia>re fonnd lt^£ the tbU equilir 

t^ium; but in order to ^ a Gom^ilelB/sblutiob .of Vfe. must 

detarmiiie a / rili Oni Hgurt^ of eqQitil;>riut^^ 

that the elliptic is the only figure Wttf be- 

sides, it is Very p*oi»£.bl<i that the ceWUiid |)odieB bav^.inot boix^gehi^ua 
masses, and that tlii y are denser towarcU the t^eatelir, thatt at the surfai;e» 
In the rescarcl), tlierefore, of their figure,; M'^e ^ust ^t ^tJsatUfied with 
the casecof.hornogei^ciity ; bat then this pr^sehu' great difficult 

ticflu Happily it is sijiipIiJied by the cansudeinti 6 ii 
which exists bet ween the spherical figtere and those of ihe pleziets and 
satellites; by which are |>ernntted to n^lect the .aqhaTe ^ differ^ 
once» and of the qrruitilies depending on it* )fot!«ritfastaadti)g» the research 
0 f die figure cf tlie planets still very cdraplcXc To tr^ if w 
greatest generality, v, e proceed to consider the equilibnttm of a finiiS^ass 
ifbich covers a body formed of shells of^vai^jable density, endbWe 4 with 
a rotatory motion, anil sollicitcd by the aitractlon of other bodies. F<^ 
that purpose, we proce^*d to recapimlate the laws of equilibrium, fluids, 
as laid dcnvii in awki^ upon hydro'^tatics. 

If we narue ^ the density of a fiotd molecule, U the pressure it sustains, 
F, P, F^', the forces which act upon it, and d fi d P, d P' the. ele- 
metits of the directions of these forces; then the general equation of thi^ 
equilibriuiu of the fluid mass will be J ' C'/; 

=r F d f f P <J f ' + P' dr' + See. : ' . 


S\ippose that the second member of this equation is an oxa^ dfiffer^ce ; 
designating by d ?» this diflfereuce, ^ will nocessardy be a function of ri and 
of p ; the integral of this equation will givj^ fe a:|bncti^n of 11 ; we way 
therefore reduce to a function of Ji only, li^, which n in 

n fuuctioii thus, relatively to shells^ pf it .giveie^';odtiiUtUt density, we 


shells. iS vlw^ing, ^ 




.ffim 








£'mt)»i^tMilr^>e 



(Ji? djrMtiou ;6f tB'.pwf^ fk^tW* rfi^tenor 

3 l^y, !^e intei'ioi* o('ili<^ liiiaiiii ^'dSyi^Hiioia;; '^?- 

molecule fao ’^j^^culftr Vc> |ie.s»r||<^m't'^e sheila 

Since xyi#)njajr .Uiite, ia theifiterigj^^iiij^jirogeueOii?,^^ 
ididls wtsh .^r shells «)f a'cahj^tit di3i|^,:^e se<»i^ df iWo pr^t 
ceding (Squilibwoitin, is alWsjs smtl it b snfficieftt 

. the uqaiUbrmtn tHat tlse first ^tould be fiilttifi^ t- thut is to say,, 

■• 'i^nlt^t iortvs •whitdi nniinatc oit^ tnoieculo of the. '* 

snV&^‘,iwk^^'.'|^'^q)r,ndicn to the suri'hce/- ’ " , ' -V • ',/- ‘•'''• 

Sfit. In^jtto-theory of the figiiro of, the celestki bodies, the forces 

ar^i^i^ticed by the altraotioh of their uiolecuks, by t!ie ecnljditfc*. 
^ fpr^ c^l^iheir motion oi’rotathm, and by liie attraetioH c-f iiUtnnt., 
is/^y m V. certified thiit the diffcriEJtce f d f + F d f' 
b dt^'j^.O^s^Fbut we shull clearly iierceive thtt^ by the nuidysis whldN 
.: make of these difici’ent forces, in determiuiug that patt ^. 

the .^^rwj|*|^. d f + d f' + &c.) which is relntive to each of them, 

Ifw® any moiecule of the spheroid, and f its iliatence from the 

, ^olnt^ l|^ciC^, Its actiop, upon this latter wU* be Multiplying this 

■ ," ’ i’ ' i ' • ' ' ''* • 

the elemmit bf its divecnor, which is — d f, since it tends to 
dinti^ f* wo $ball haye, rdouvoiy to tlie actiem of the molecule d M, 

/F4 f = whence jt follows that that jiurt of the iutcgnii /(!' d f 

+ F d';f'' dr Si^.^’jt'bidh ,4epe^ on the nttructiun of Uic niolccah-s of 
the spheroid, fs’"^id to tnVfmtti rf 'sp these molmdes divided by their 
fespectlve distance Ji om tJio^olbnd& idttucted. We sludl rcju-esent this 
sum by y, as, wo'bayo'hlws^y^'^iioi^ • 

• Wu projKwi^ the thj^^.I^' j^o of’ the planets, u> d‘dc3TOin« 

gravity; 


conitnoii center of ^ 
tf) diF nioic- 
aomfiitt'd iw iiiiuo of 
L€ J»]pberoJd; but w know 
of all tbe ricti'fiis ujion 
‘e; tjS'yct of ill ’ altriiCiu^i- , ' 
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<>!’ thti spheroid upon tli<3 •r.dc4:nles «ttracted, we Itave aodiwg to iidd 
to V. 

To deteredm^ the cdcrt. <<t‘ the o«ntnfitgtd fitree^ we shall soppoee the 
IwsitioA of the motfH’ulc dHenrined by the three rsetangular eoorditistes 
y'l o', wh>ii>e origiii a* the center of gravity of the s]>hen)y. 

We shall tbon siip}>n>>L iluit the exis Of X' ib the axis of fittittion, nod dmt 
expresses the ceniri'u 2 .'til force due to the velocity of rotation at the dtB> 
tance f from ihe axii. 'i'iiis tb<ce will be nothing itt the diruoboA of x' 
and wjusl to j' u'ld g /' m the <Uiecilo»i of y' and of ; vmltlplying, 
thcreture. thc^c 1w'* l.'i r.ii\(*s rcspetti«fely by the elemcaits d y', d a' of 
their direciioiw, «< •.L"li Inve \ g (y'* + z' ') for that part of the integral 
/tFdf + F' d f-' A<.)i dirO to the centrifugal force of the 

rotatory inution. 

if wo (..ill, ns abuAc, / the *l>nrto of t}ic molecule attracted from tlic 
center of gr ivity of iin sjuit loid, tho angle which the radium r formb wjtli 
the axis ot x', and * au*jrif tin. ]>latie whioh passes through tin. axis 
of xV aiul through the nu^lt. nJ* , forms with the ilane of x'.y'; finally, if 
we make cos. d z:^ m, W(^ shall luivo 

i.'s:rin; / = i VT~pi ss' =r r . bin. » ; 

whence w€ get 

i g(>" 4 z") -- i! f 

Wc bh'ill put this I.ivt f|Maiint; umler the following foim ; 

i g — ) 

to assimilate Its terms t(« ihoso of the uxprc.'^blon V vvliirh are given in No. 
359 1 tlvsit i> to say, ro vhem the jwoperty of satisfying the eqaatiott ot 
parlia! ditferenccs 




»=v 


-y+T 


4-+i{l+ 


ill whidt Y W is a Tatl<>ijal and et.iire tuuclion of m, V 1 — ni* . Oos. 


and — Bi'* aifl> » of the dogice i ; for it is ch^ar that'tefcli of Ae t'.o 
ibeaa ^4 g i** wd I O’* ’ — 1) swtisfiea diy Y (be pwwding 
eijuatuto. , ' /il;,*;* 

It reih&lns now tor os to detennina thot tiho integral 

F‘dr'4‘ dec,) which results from (lut bmliea. 

Let H be tho^inasa of one of th( se br)die»| Fi|B 
Attracted, anti A its dbxBocefrnin the eeutor <d 

Mnldplylng Its ucdon by the j^ement •M»d f 3f>iM iutd* 



mWTOH^a mmsmA. -nh 

{Pelting ^tk- i* tH>t tk«lP'«f <li» 

/(S' 4 f + F 4 P + M) «^cU Is dittf ^ tt)»*etioit line lnn^eriill 
to tmnsferi in n oontnuy to tU maimie, tbitfiKiih 

upon the center ofgraylfy ofdie 8{^eroid., Ftnr tihat piuii^ cell v tip, 
single wludi k iijirm wi^ the sail <of oi^ 4* tbe pgiik>v‘]^Kih;fiil|4tf|s 
pasuug tiiroiigh this stir lut tbnit^ kite bodf ^ nskeo vid> jftlie Itlttp «f • 

X', y < f^e action of Of 4i8» Iwdy npou 4)e center of griMitjr of ttn 

bpheroid, reBotvei) pnr»lIe1-l04||Mt axes oi x\ y'« x\ mil piodoee tbe 4;^ 
following forms : v 

s s s * 

•^cos. ■('; ra)« V cos. 4; “ * sin. v sin. 4* " ' 

S S 

Tiaualoirrv^ them in a contrary direcdon to the molecule attfacled» 
which emouato^toprefocingto Hk'UI Ae sign — » tlien them hy 

tl^e elein80atk’4a^> 4y'. dz', of theur dhrecdonsi and inUgruting thp)» the 
sam of fha will ho 


•—.-•fx' aos* ▼ + y' sin, V. cos, 4 + a' ««• ■*■ ***»« +1 + const ; 

9 ^ 

the e»ni^ piat of the iut^raiy‘(F d f 4 F d P 4 &c.)> due to die ao- 
don of tlm bocly will therefore be 

s * s 

->*^{3C' COS. V 4 / sia. t cos, 4 4^ sin. v un, 41 4 const. ; 

. and shtoe this quautii^ ought tO lie nothing relatively to the center of gia- 
the spheroid, whidi we suppose inunoveaUe, and thar relitively to 
pis^|xiinh f hecontes $t amd x% e', are' nothing, we slitftl have 

* eoMt. as — — . * 

a 

H<ap««4 ^ ^ 

i(s coil v— »jr) *'4 (s. 8ia.''{tfeok,*‘4'-***7') * 4 (s sin. v sin. 4 — 
which g<ve% by sahmUa^fing •!» their preceding Values 

r“ + rt 

lf«OM4l»ailfiaiWldl^ *SIU,flaMiMla]^ rduMy to i>owcr» 









2«S . ■ 

d being equnl "it 

timt by 55t>, ^ •/• •'■ ’ ' ' ''- ‘'' '• 

.- ■■• / ' -/'^r :- ■■’■'■ ■■■■ ' '■■' 

• = I ‘.'‘'t ” ■ 

so that the ta^i of with those. 

ofV. TWs b^teg sh‘jwO|-’,^e^.'&^;/v.>;^- /-^V 

"Y ' f ' ^ (*^ '^* "* , ■+• V ^^1+ ** **** ''-**®*. 

If there were other bodies 
^ ''5 F'^ Ac- what we ha;^ catted P.^; 

6 , we shall have the parts of the ititc^'al jf (P d f + P' d;f Jkc.) due 
to their ueiiorv bj^ xuaridog with 011% iwOg daahesg the ICICI's s* v, 4 #, 
smd P in the prec^ii^ -expreasian .of that paitof th|s inte^^g, which is 
due to the action uf S. ^ - / '* 

If we collect, all the parts or this int^iiUt fin<l ,^)ce ' - ; ^ . .v -. 


1,^ * ;’V . 

xiles B% ;S", &'o. i 4efu>:tia£ t » *"> 


4^ « z< 
3 


+ |5i F » + &c.. f §')■«■• Z »• ' 
« 


&c. 


a l>esiig a v^rg sAiall coefficienit, because, the oon&tiett jhat the .sph^oid ii 
very little different .from n sphere^ requires that the forces which ^j^rbdoce 
tins difierctuxi sbofi^d |]ier^lyes be very smoli ; wo .shall ha^O' 
f(V d f + F df + &c.) V '+Vr * iz '«:+ z'^+ 1 55 .®+ 

Z satisfying, whatefer i mayb^ m 

dZi*' i-x '-^/avz/^ 

■*” * 'dm 

“Ti5 


J — 0» ' 




/^Hio general oqwtti^ of equilibrinnt wUl tb<9re^«.^\ 


Iftbeextnuicousbndles.al^-very'dtstant iibmi. the ,8ph«pindj;’ti^ ne- 
glecfti^quaptiU'es r 'Z »>, 

berome Veiy-sff&ill when ^ p^;'^et’ai^ 
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case subsiato tot tbe iriancts anti i>At<^it«» 'wttfav'jiiH<a eweftUgi^^ ui iSlititm* 
wliose ring w toft«ettr hia aiptiico lor ua to mn^bmk terms. 

In tb« theory of A« that }>Iane;t| jwoleaig the 

second member of vihirh the adv«9]pi^«f forming 

a series always otmTe^l^l and since then (haittiiamber of corpusclet ex* 
teriur to the apberoid It infinite, (he vslites of &«. tmt gtato in 

definite iategrala, 4^)and>i>g on Um figtiM' and Interior cottstittnion of the 
ring of Saturn. 

i>68. Tbb sfdieroid may be entirely fluid ; U atay be furiuod of a solid 
nurleus cover^ by a fluid. ' In both cases the equation { 1) of the prcccd* 
ing No. will determine the ilgore of the ahetia of the fluid part, Igr eon* 
sideling, that since H must be a flfncthm of g, the second member of thk 
etjuauoii must be constant ibr Ae exterior surface, and for that of the 
shdUs in eqtwbrium, and Aan ooi^ vary floni one shell to another. 

Tile two preceding oases rednee to one witeii the ^heroid is liomcgo* 
nious ; for it k indiflbieHC aS to the eqttilibrinm whether it ta etitirriy 
fluid, or contains.en interioi solid nucleus. It k sufiMeniby No. SS8, tliat 
at the exterior surfAce wc have . 

constant sb V + « • * JZ®*+ Z'*’+ r Z<^+ fitc.]* 

If we substitute in tliis equation fiir V its value given by finmnla (3) of 
Ko. 365, and if we observe that by No. 556. V Reappears by taking for 
a the radius of a sphere of the same volume as the spheroid, and that 
Y is nodiing when we flx^e orqdu of coordinates at die center of the 
spheroid ; we sltaU have 


««*»t =-if 2^+^Ji: {-fv+f,. Y» +,j‘,Y->+ &C.J 
Hh « r * + Z« + » z<« + r* Z<« + 

Snbtdtuting in the equation bf the surface of the spheroid for r its value 
at the aipface ll a y, or < 

a + o 4 {X^*^ + + YW + &c,J 


which gives ' > 

const as-^a* ^ f .p ^Y® ^..^Y <*' -f fi(c. j- 

We alft^idrtrrinine the aridtrary constant of the first member of tins 
cquatip^hif, *’***!'* ^ tKpiatioin, 

coi^ “"y * 6’ + « * * Z**' ; 

icf by CK^pm^lilwfhliCti^ ihat is to ssj, such as are 
' sal diflbrScov, 




X J i COiklftlENTAIiy ON tSwar. & Xtti. 

i hr itig groatcr tb'ui unjt^, . Tlte .j^i^cejSil^iiqaatkHi ttlay be fto^ under die 


orm 


Y w =• v-isi 55'W ^ dr 2 >» ' 

4 «■ , ,. ■ ■■ 'f -fir 

tli8 integral being tak^ tf> r s= ; ^ i^«is «.<l — ' « y) 

Ilf the surfatc of the siJberoid.WiU Httud bewrae ;• 

» « irim- i ■■ &C.|-: 


C I + 4-^425 ' 4 ' « z.® 




Wc may put this equation under « iintie fi>rtn^- by'eidoe^^l^.thM we 
have by the preceding No. r ' ^- 

« {Z^-^' + r Z® + Z»i + 

•s .'■ '■■■ S'-’ „ 

^ r*Vgt_3srA+^? s' rV » 
so that tlkC intcgraly cj r |Z^ + t Z ^ is easily found hy known 

matbodso , 

50y, The equatioii (1) of56t not only has the advantage of showing the 
figure of spheroid, but also that of giving by diifSerentiation the hiw of 
gravity ai its suifaccj for it is evident that the second member of this 
equation being the integral Ot\lhe sum of all the forces with wluch each 
molecule is ajumaK’d, nuiitlplicd by the eleinciits of their respective direc- 
tions, we shall huvo that pait of the resultant which acts along the radius 
r, by dilTerentiating the secoml member relatively to r; thus calling p 
the fiu'ce by which a nji>iecule of the siu'faps i$ solliclicd towards the center 
of gravity of the spheroid, we shall have 

P - _ (^) —a"? ^ + '* + >'’ 4- rVZ^ 4 &C.}. 

If we substitute in t^s equiitiou for iu valmi^ ibe.si^&ce 

2 V ■■•■ ■ 

kf* ® g^» e<iu«tion (S) of Nq. 654, and ibr ^veu 

l^e^cuHon (1) of No. 6tl^7; we sbelfbave 

p as — - ~ « a {ZW -j. a Z®> a * Z^ rf fc^j[. 
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mem- 
ber of diw equn^ Whkii ii\wij|*4>ifc reduced 

to» ftsite fbntition. ' "'i < « * 

p does not represent csned^ g»v%, tmt ei»ly tb«t pert i^U, nliidb i» 
directed towards tW amtar of gprarity of dm qplbcnnd, hf jafipoeb^ it ifo* 
solved into two forces, one dP wdudi is pcrpeodiealar to foo MStoa % nB|i| 
tbe other p h direoted eloog jlib mdiO«, ttie first of thesd twolwFCaSi |i 
evidently a small quantity of the drder »; detiodjig it therdbso faywy^ 
gravity wHl be equal to + «* yS * quantity whidb, ne^^eotia^ tho 
terms of the order « *, rcdnoes to p. We may thus c<in«id(r p as eKpr<!H> 
ing gravity at the snrfitce of foe <«phar6id, su that the cquetioas (t) dNi 
(3) of foe preoeding No. and of this, determiue bodi tiu figure oi fot* 
mogeneeus spheroids hi eqnilibiium, and foe law of gravity at fos# 
•surfaces $ they conteiA foe c(m)|dete theory of the e<]iulibriiinn of foSM 
spheroids on foe st^odfom foal fo^ difibr scry little fodm the qfibeMa* ' 
If foe extinneoiiai bodies S', (kic. .)>i> nothing, and fosMftiiie foe 
spheroid ii only ssdlidtod by the attraction of its molecules, end foe een« 
tiifiigal foreo of its rotatory tncAion, which is the case of foe Earth and 
primary pSanets wifo the exception of Saturn, when we ordy regard the 
jicrmauept state of didr figures ; then designating by » o, foe rsitio of 
the centiifiigal force to gravity at foe equator, a ratio which is very nearly 


equal to foe density of foe fphoroid being taken for unity; vie shall 
y a « 

find, 

«(l+oy)B:aCl-.lj^(m*~ini 


psa Iwaflx-iaf !»!■-> ^)|i 

foe spheroid is then foereforo air«BipM>id of levolotion, upon which in- 
vttmeots ct gtovity, «nd deopaments of foe radii, firom foe eqoatoi to 
foe poles, are very iwaily propordond to foe aqnare of foe sine oi tlic 
latitude m bfoig to qaanlltles pf foe toder a, iiqnal to thiv sine. 

a, by wbto prooedet^ is foe xadios of a qphere, eqnai in sulidiiy to tl 
spheroid I gtnifoy At foe emfotonl foil spbeto will be I wft; fom we lull 

have foApotoC <tffoe nnfooe offoe iqfoevdd, where gravi^ * the saou- .is 
at the swfocA wf foe ^phqee^iiy defonatoing m by die equation 

«.fn€ip- 



as A COMMEN'rARY OS [SEcr. XU. A Xl^ 

vr70. liiopiec*diiigft«a]yascoiidiiQ^ a* to tl)« of a bomoge- 

Mciius ihtui u) 3 s» in eqidlibriutao, witihoi^ emplog^iag o^iev Iiypotbcsos than 
that ot'h figipo differing very UttU from 'Ufs apbcre: it al^o ititons Uutt 
Uk ciliplK figuie nbicb Mtofies this eqdilibriui»y is tbo only figure 
%>l.ich <lor> lU Bat as the Expansion of Ac ndTms of Ute ^eroid into 
a swlis oi'tl'cftatn a fl 4 - * Y'®' + «yw 4 . Jtc.) may |^ve rise to some 
(I'flicuUies, wt' piocetd io demonstrate directty, and independently of this 
I ^)<a)lslco, that the elliptic figure is Ae pkily figure of Ae equilibrium of 
(I bomoginuous fluid mass endowed wiA arotetoiy moUtm; wliicb by c<m> 
funiing Ac i< suits ol‘(he preceding analysis^ wiD at Ao sanie time scive 
to lemovc un^ doubts vn. may entertain against Ae generality of this ana* 

1} SIN 

First sii]>p<ne the s]>heroid one of rerc3ution» and that its radius is a 
(1 + « y), y being a function m>orof Ae cosine of the angle < which tliis 
radios ui'ikes with the axis of revoiulion. ^ If we call f any straight line 
drawn from the extremity of Ai« tadius in the interior <af Ae ^pbcioid ; p 
the complement of Ae angle which Ais straight fine nuikes with Ac plane 
which parses through Ae radius a ( 1 -f a y) and Arongh Ae axis of rcvolu* 
tiun; I] (he angle made by the projection of t upon Ais plane and by the 
radius; finallyt if v>c call Y Ac sum of all Ae luolccnles of tlie spheroid, 
divided by Aeir Astances fiom Ac molecules placed at Ac extremity of 
Ae radios n (1 + « y) ; each molecule being equal to f *'d f. d p . d q . 
sin. p, we shall have 

V ss jy f'* d p . d q. sin. p, 

f ' being what f becomes at its (piitting the spheroid We inii->t now de- 
termine f' in terms of p and q. 

For that purpose, we shall ubservo that if we call F, the v<ilue of 0 relo- 
tne to Ais jroint of exit, imd a {I + «y'^ the coircsponding radios of the 
spheroki, f beitig a rimilar fuaetton of cos. f or of m' that y is of ni * it 
IS coaily seen that the cosine ot Ae angle formed by Ac two straight lines 
rood a (I 4 - ay) is equal to sin. p.cos. q; and therefore that in the 
ttiangle formed by Ao Aree straight fines f, a (1 4 ay} and a (1 + ay') 
‘we have 


4 «y)Ai.p.co8. q + fl'(4 +»y)*. 
This eqnaAm gives for f'* two values; but cae of them being of Ae 


order «* is noAing when we neglect Ae quantities of Aat ocdari the 
oAer beoomef ‘ ^ 

= 4 e*sin.»pcoB.*q(I + Say) 4. ^ t 



BooiLhI 

y rs B a^fip'^q wn. p {<l ^ ^',y) — yl|. 

It itf evident tb«t the inti^nU moetlle tAen p 4n'Vlfl» |>* ar «, ea^ 

from qss — latoqsE^a; wo 

Vs f ra«-^| «e>il«y q. 2aa*/4l||^,All.)r'«4u|^. 
y b«uig a function of ooe, we most dktonhft dtkt m « 
of p and q ; we may tb«r«for« in this dotertnUiation neglect tile qweMidea 
of the order <*, bhico y' ia already imd^Ued by « t henee we itedly fltal 
A cos. = (a — T sui.pee6.q) cos. tf + T dn. p.dn. q.dii. #1 
alienee we derive, sulMtitutiilg lor f' its value S a •'in p ros. q, 
in' s m cos.* p — sin. * p cos. (2 q 4- t). 

Here we impit observe, idadvely to the integral y y' d p . d q. rin. py 
taken telativdy to q fttm 2qs-^eto2qsT, that the result Wodi|| 
be the eame^ if this integral were taken from 2qs>--tto2q s 
because tlte values of in', and consequently of / me the same from 2tj| an 
■»>ffto2q£S-~>las fivni & qaB«t02qr:B/r->-^; &iq>)Kising there* 
fore 2 q + d as q', whith g^ves 

taf as m cos.' p — sin.* p eos. q'; 
we shall huso 

y?sjf«’a*<--|a«'a*y4'« a'y’y' dp dq' ^n. p; 
tl»e integrals bring taken from p a; 0 to p s «r and from q' s- 0 to q' as 
2 «r. 

Now U* we denote by a^ N the integral of oil the foixcs extrinsn to the 
uttractiqn of the spheroid, and multiplied l\< the eUmeuts of theti direc- 
tions j by 508 V e shall have in die cose of equilibrium 
constant as V q- u* N, 
and substituting for V its value, we shnll have 

const, a* I K # , y — «6y y' dp . d q' rin. p *— N j 
an equation wlimh is evldenti^ but the equation of eqiulibrium of No. 6')*’ 
presented under another fonip. This equation being iincari it ihetu c n siihb 
that if any number i of rudii a (I 4* <*y}? f (I + <* v), and sati>>iy it; the 

radius a { 4* y (y 4* T 4- S^.)i also satisfy it. 

Suppose that the eKtraneoQsforces arc reduced to the centrifix^al loicc 
due to the rotadMn, and call g this force vt the distance 1 fiuin the 't\i$ of 
rotation; we sWjlh Wv^* Iff aa ^gCI — m*); the ctuatcn of 

e<]ail)briuni «nllherufoM‘W . . ^ 

coast as f a « y — <l' «"• P "" ^ li 0 ~ 

XK9si«o«h(U|q|g three l)iigww|qpoes^ly> Tclatisely to ju, t rut ving 

that «) 

a c air"* 
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in' a XD 0Mk * p — aliK* {I no». ^ r 

wi bliaii liavc , , ^ t-^ , 

-/ d p d q' «»«• p Xr^aJ » 

f M ^ 

Imt vte liMo / (f p d q' Ma. p ea*.*p a we 4iKH(efinr6 pot the 

• » 

prcvi ding eipiatioa undtK tide fprto* 

0=/a i. d *j sin. p ctm.*p {^.) (|^)}. 

This equation biihasts wiiatever m may be; but it i« eridenl^ tliat 
ainong''t all the valnes between m a I ai^ m a 1, there u one nhich 
w( shall designate b} h, and whieh fo such dub abstraction bf ing made 

of the aign, each uf the values of (^[^a) teceed dint whidi is re* 

lative to h ; denoting tlierefote by H» tlds Utter valuer we shall ha\f 

0 sr/dpdq'sm.pcos.‘*p II — * 

The quantity J H — (^'^o) evidently the same sign as II, .md 

Uic fiutor sin. p . cos.* p, is constandy positive in the whole extiiit ol t'le 
int<H;raIt die dements of this integral have, therefoi*^ &li of them tlu 
s< UIC sign as II; whence it follows that the entire integral cannot bi no- 
thing, at least H cannot be so, which requires that we base generally 

0 a ^ *'* *'ce by integrating wc get 

y -el-p w.m -l-it.m*; 

1, m, 11, bdng arbitrary constants. 

ir we iix the origin of the radii in die middle of the axis of resolution, 
and tahe for a the half of thi4 aaci', y wjU be nothing when m a i and 
when m a — which gives m a 0 and u a — . ] ; die value uf y thus 
becomes, 1 (1 — m *}; substituting in the equatiun of eqaibbtmia, 
const a T y — ay'y' d p d q sin. p — igU — m*) • 

15 n 5 

we shall lind ala a a p being the ratio of the centrifugal 

fproe to the equatorial gra>}^, a ratio which is very ocariy equal to 
the radfus of the s}>heroid adi ihertibre be 

whence it follows that Uie iqiheraid is an tiBips<Aifif l|lf ^ 

cmtibrniable to what precedes. ' 
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Thus we h«?« fteteittiiwd direcd^ and iii|<{M»itdefMfy of snieB, the 
%are of a boinogetteous spherdd if tevoladom whirft turns mud its 
nxb, and we base shown dutf it can only 4>e that of an flUpswid which 
becomes a sphere when j» ss 0 ; so dwt the ^dtere is dt« only %tro Of 
levolution which Would satisfy the etjmlibriuiit au Inunotiidhic hoiQe> 
geneous fluid moss. 

Ill ncc we mny cundtide genet diy, that If the fittid muss is soilicited 
bi any teiy sinnil iorces, tlieiw is oufy ouc foswble Cgare of equflibriOBi • 
O', which conics to the same, there is ouly one radius a (t + « y) wldcih 
cm satisfy th< equation ot cqutbbitiun, . 

const, r- J K r . j — cy y' d jj , ti n sin. — N ! 
y being a fiuicticn of <* and of the longitude and j' lieing what y ho* 
comes wlun we ihongc d and w into d'ltud’^. Suppost, 111 iact* that 
thru ate two dJUtietit rayv a (1 4 * « }) tutd a (1 + * y + <* r) whidh 
suiisly this equation; wu shall lia>e 

cdiist. S3 « w fy + t) ay*(j* + ^') d p J ^ sin. p — N. 

T.i\ing the preceding equation from tliK we si. ill have 
toiiTt sr t * ^ d P d q sin. p. 

Thu c(|uat4oa h evidently lhatol a iioirogeu o<ts sjlm.nl m cqi-ili* 
biiuin whose xatflus is a (1 + « \)» find winch is not s* Ihcitid by any 
foru e\traii5O0s to the oitracti in ofits mob cules. 'Ihc ungK *. difc.n>pe t- 
inp in tins equatitm, the i idius i (1 + u v) will still s.itisfy it if l*« sue- 
CCS iVfly changed to a J* d •. sr 4* 2 d i», .vc.j whence il to'loss* tliat U 
we full Vi, v^, SkC, what v becomes in sirlue of these <haigi*s> the 
ladiu*! 

a{l 4-avdw4««vid«4'“Vj‘l«'4* 
or 

a (1 + d#-), 

wiUsatisQ die preceding equation. If we tohe the iiitegr.il d r in*iu 
«r =r 0 to w S3 3 «r, the radius P (I 4* d becomes tint oi « spin 
roid ol revnlutioi^ whicli, by what precedes, can ouly be a sph< 1 • ^e* 

the condition which results for v. 

Suppose that a is tlie Aoitest distance of the cewter ol grivuj ot the 
splieiuki whosantthis is a {1 4* w v), to the surface, mid f". dic .x>'i '>< 
oiigin of the atij^e i at the extremity of a; v will be iiotliu'g t tl..' pnl< , 
tud fio^we ereiy where else; it IrS} he the same £ i th'' niit dy ^ I 
Bul^ wince dta center of gravity, of the ^crend wIiom' i'>dinsi-.a (14^1), 
ii of the ^etu wjfiosor'iadios is n, ilns jwnnt v, II, ii> itke 

IdWaiihv he fhe owstet 'of gtiwiiy of the spUroia dose i.’dius is 



A ;35ltat ^lU 

.1 (] + a/v d »^)* diffeiwt ff^'^ 

iSu'c of Ih5<i l;wt . 5 pb€?roi(l are -if .v is not* 

)totbii)g; tlwre can oiily v =? 0; thus we. 

Jtani for a certainty, tlut a ho^^eofts sph^f^ iollieUcd by any smcdl 
forci.s wliuteviir, on only, be in equilibriufi^ in ^ ^wnen , . ' . j 

571. We have sup^jos^i that N is indej^^c^ciit of the %m*o 'lol 
the bpheroid; wbiish ja what veiy ttea^rly the forolss, 

extraneons to the action of the iluid. tnolepuie^ a^-e due to the centri- 
fugal force of rotatory nqHOtion^ and to tHe'^^t^actidn of bddie^exterkij: 
to the spheroid. But if we conceivo at the cetHx r th€^sphclml a iinite 
K)i‘ct? depeuilinr^ on the distaxice r, its action Cppii the placed iit 

il c suifaee 4if ihe iluid, will depend W the iuttut<t of itfe^ and 

cou’-ecsiirntly N will depend upon the 4\hottM)geneous 

fluid mass which covers a sphere of a density Hdiflereut 
fluid; for we timy cofcskLj* tliis splu^re as pf the aafoc the flu!d». 

or><i may place iit its center u force reciprociil to 0fo ifjukfe.of- tlie dls* 
tuDccs;. ao that, if \vc cull c the radius oC ttiC sphere;^ ai^f its dentally, that 
of iSie fluid being taken for unity, this force at thfe disj^n^ will be: equal 

to f cr ♦ • Multiplying by the element direction 


ihc iiHcgvid of the product wiil be y «'* — 


a cpiantity whirh we 


must add to N ; and since ot the surface we have r = a (1 + a y), in 
the cqujtum of uquijibrioii) of the preceding No., wc must add to N, 


Tills equation will become 

const. =r -y- { 1 + (.? -r- 1) • ^" 3 } y ~ a/y' d p . d q .sin. p N. 

If wc denote by a (1 + '^y + w v)* a u<-{xv expression of the radius of 
the spitetoid in eejuiribrium, no shall have to deterinine v, the equation 

f C ’’I '''' 

const. =2 f <r I + {i - - 1) p J — /v' d p d Cf $0^ p ; . : ' 

an equation wbicli i :3 tb>tf of (lie oquilibrnuo of ibe spheroid^ jliuppoaing U 
immoveable, and abstracting ovorycx ter. *al force. . ,, 

Jf die spheroid is of revolution, v will be a fuoctiofi of q^V 1 iV<^'tn onl}*? 

biit'ln tbi& case we, may dclcrmiuelt by the analysis, of the precf^b^ vM?" I 
for if we dilfei'cntiate. this equation i Hh 1 times successively' 

1 ^, vre shall have 




Bocmc LI 
but bare 


^ :iiewTo}r8 pmiscmA. 


w 


/d p'd ij^' rin. p w». *^ + * p sc g t 

the preceding eqoatioo mtty tbereibre be pat wider Aiti , ' « 

\Vc nioy fake i biich tl»at» abstmotioa bpiiig in^de of the sign^ wp have 

Siippobinj:, Ukcrelbrui that i i$ tfio bmdUestiK)bitivc Vfholo number |i4ilcH 
render^ this quantity grtaier than unity, wt^ may $ee^ m in tin* preceding KOi, 

that this equation cannot be aatiaficd unless we suppose ^9 

which gives ^ 

V = ni* + + Bm + Ai\ 

Substituting in the jnccctJag equation of i qudii^riuui for v, tliU value, 
and for v' 

u/* + A m'‘-» + Bm' + 3kc* 

nV being by the }ivece<Iing No. equal to m cos. * p — sin.* p Cos q', first 
^^e shall find 


3 

•1 • 3 i 4-*^ I • 


1 + 

wltirli sappobcs g equal 1o or less than unity ; thus, whenever a, r, tiud f 
aib not such <b> to satisfy this equation, i being a positive wiioie number, 
til j fluid can be in equilibrium only in oae manner, '1 hen we .Jia’l have 


AssO; Bss 


so that 


3(ai-"l)’ 


&.C. 


m' 


there a^’e, tfaei-eforc, generaRy two figures of eqnilibnniny suk > a v is sus- 
ceptible of two values, one of srhicii ii; giveu by the supposition of « = 0, 
and the oUter is given ilie suppositlou of v being equal tu tlu preced- 
ing function of m. 

If the spheroid has no rotatory iB6tiou» awl is not solhoitid l»v .<nv "x- 
truneous ibiei^ first of these two figures is a sphere, and the 'ituu! 
has for its meryian a corvn of the onier i. Tltese two cim ves < < i»t << m 
tbaeaseof i a Llyecause tbo ladhia a (i'4' *“') ‘ ' 

wR|^ the origin of foe mdii is at tJte distance » from ns VI nui ii.t hcii 

t»s«efoai | S 1, that is the spheroid la hom a is. lU 

i|pfii^W9fotM<>faeprece^^ 
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579 . When «re ham %ore8 of Mraldlitei ttrhieli 8aHM%<ll^ 4qiriKbiiSHto|^ 
It. u raev to obtain tliah^ Whidi iM *ot «f tscmiliitibtt fi>llo«h]|( 

mettuxl. Inataad of origin ^ eatrenii^ of 

the Axib of revflilittoiit nqpIKHta it at tho diataitbt 7 jletm Utts oxiramity, and 
tall (' tho distanca from aatne oxtralnit^ of dta point of tb« sorfiice 
whosf distance from the new origiu of the angle tia 9 , CaUt taoMoTtnv 
w — ^ the angle con^riaed between the twt» area # Had yi we shatl 
have 

006 . 4 ' s 000.7000.44* oin. 7 dn> 4 . 0 QOt (w — / 3 )s 

desigratiug therefore by r. (coo. 4 ^ the funetion * 

cos. • , cos.*-» 4 f 4. ato . ; 

^he nidius of the immoveable sphotoU m equiUbriumy v^bich we hav( seen 
i*^ tfqu*il to a { 1 + (c<w* 01> be 

a + an Fa {cos* 7 . co^j* d + $ui«/eM!^e <cog. ; 

aiul all bough it U a function of the angfe «r, {t^beiong9 to a solid of rev(w 
Intiori, in which (he angle A is not at the esetremi^ of the axis of revo- 

lulJOTi. 


biiice this radius 8atisfic< the equation of equillbriumt wbatevei' may be 
a, P, and 71 it will also satisfy in changing these quantities into /, 
« '> &C. whence it follows that tfiis equation b^ing linear, the radius 

a + « a T\ {cos* y cos* ^ +' si *** 7 *in* ^ cos. /? )l 
+ a'ar. Icos* / oosvS + sin* /sin. ^cos. (»■— -iS')} 

+ &C. 


will likewise salb*^' its The spheroid to which this radius belongs is no 
longer one of revolution; it is formed of a spheie of the radius and ol 
any number ol eihells similai' to the excess of the spheroid of revolution 
whobe radius is a -f a a r. (m) obove the sphere whose ladius is a, these 
shells being ]daced arbitrarily one over another. 

If we compare Uie expression of r. (cos. with that of P <*> of No. SOT, 
we shall see that these two functions are similar, and that they differ only 
by the quantities y and ft which in P are v and wd by a factor in* 
dependent of m and wf we liave, therefore. 


_ ^ ^ ^ 7 _ai» 


4^1(l4.Vr.(oofc4') 


It is eaty beoco to oondude^lltAtirwc Kpretebf by»Y«9iS^ futiH&aa 
« . r . fcoa. 7 006 , 4 4. 8ia, 7 stn. coi. f*- fc- !>} 

4> . r . {co*. 7 ' CM. 4 4 > ma. 7 ' mi. 4 , eoa. 

*f" 1 1 ' / 





MEWlOirS FElKOmJL 


X ^ ttt •» -Httkttttl aud antiru fiajctioB </t sh V i 

y i •v vlikluwiU tadsfy the a^iulfiMa vt partm) diflbr«llKdk»' 




— arsiT— '-y + ^ + ni+« v*i . 

ehoosiag fcr Yf^f dtere$)i<e, the mtnt g«neral firactioa mt dwt 
lancticm a (1 4* a Y ^0 mil be the luo&t ti;endral ej^preuian of tlw oqtdU« 
briutn of m hnmovc:d)lc ^eroal. * >*, 

We may ani\'« at the sania re^lt by means of the beries ibr V la ftSS) 
for the eguatiou Of eqidlibrtiuu being, by the preceding Mow, 
coDSl. « y Hr a* M t 

If we siqppole that aU the fbrees metraneous to the rcdprocal acdoouf the doid 
mpleciilesi are reducible to a single attiactive ion^e equal to ^ t, ■ , 

^ t 

placed at tl)c center of the spheroid^ by tnul iplying this force by tho ele* 
tnent — i* d r of ite direction, and then integrating, we shall h^ve 

^a«N; 

tu'd since at the sorfoce r s a (1 + <* y) the prcK'cding equation of equip 
Hbnum will become 

c ' 

const. =s V + ^ » »• — (1 — f) y* 

Substituting in this equation for V its sslne given by formula (3) of 
No. 555, in which we shall put for r its value a (1 + a y), aud tty &ub- 
atituting Ibr y its value 

yw + y » + y» + &r.; 

we bliall have 

0 * {(i-f)p'+*} Y<r+(i-e)^y'')+ 

+ 

the constant a being uiich, tiiat eanst =. 4 ^- 0 ”. TIu', cqaaUoii 

gives y'ojs 0 , Y ts y #t> ae 0 , &c» 4 iHles 8 the coeilicieot ol .tm of thtst 
quantitivi^ of Y ibr exumpie^ ia lutthhtj^ which gives 

, ,c* ill — 2 


i hmng a positive whole number, and in titis case all ineM' quaittiiie, > x- 
oepi nothing} We shall th^siort' have j sr Y whub . 1^1 cv 

w^ what k 'fiXiDd abovew ^ 

Yhjt we e«9t that the vesulu obtained by the t'xpanslbti yi V I'ao i oe> 
VnA. as s 
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A eO^ilJpJNTAaY 
W-'s, huvtioli po.%ibl« generality* and that no 

« scajx^d the analysis founded upcm dils exp|iaisioai vlutf 

; have seen Apriorh by die, analysi* of proved 

thfit the form witicb we have giv^ to the xiidi^ bf' is not arbi- 

trary blit depenrls upon th$. -oatnro itself of tltbib:' atp^Mtions. 

ft73. Let us now resiiine e«lpadon (J) of No. fl6^.., "If w thcf^ s*»b« 
stituteibr V its value (pven by formula (6) .of No. A68, we sImII have rele- 
tiT.elj lo the different fluid riiells 

=2v/edaH d {a*Y»>+~Y<PV^Y"«+^Y»+&c} 

+1 +-;-/fd {a* Y<''>4-|^Y0’+^.Y®+|v.YW.^&e.} 

+ « r* {Z'») + Z'-’J 4- f' Z® + r- Z® 4- &c.| ; , ... (l.J 
the differentials and integrals being relative to tlie variables; tbe two first 
inU grals of the second riicmbor of this eqiuatian must be taken from a =: a to 
a Ij a being the value of a, relative to the leveled fluid shell,; which we are 
considering, and this value at the surface being taken for unity : tbe two L*ist 
inU^gnds ought to lie taken from a s 0 toa ;;:z a: finally, radius r 
ought to be changed into a (1 + ay) after all the difTereniiatious and in- 
togratlonsv .f.u tlio terms multiplied by a it will sgffice to change r into 

a : but in the term d . a® wo mast subistitute a (1 + « y) for r : 

5> r 

which changes it into tliis 

—«?)./> da*, 

and coijscquentlj, Into the following 

I _ « Y® — « Y <« — a Y® — Sec,], ft. a a*. 

3 a 

Hence if hi equation (1) we compare like functions, we shall have 
Z*^ " = 2 d a* + * « »/f *1 (a"- Y®) 4- -^/f.d a * 

“ ViT d (8» y®) 4* a a* Z®f 

the two first iut^rals cif the second member cf this cquatioQ being taken 
from a s: a to a s )». the three oUier int^rals must 1^ fivoi st 

=r 0 to a s= a. This equation determining oeitli^ a nor . Y.%]bitti. oidy a,.: 
relation between them* we see that the value of Y®. 
be determined at pleasure. We shall have ,th^^i..|b(Wg' 
greater th:iu unity, _ . . . /'Z- ' 



Bo«t E3 ' ICKWTON’S !»R1NC)^1A.< m 

f» g d, (}4) ~ J-J-Y • /« ' 

die first intcgriJ being ttjmi bom a ss a» to a s; and the tx^o otli^ts 
beii^ taken fiotti a ss 0 to a s a« Tlw^ equation will gise the value of 
Y ^ idiattTe to each ffuid ihe!!^ when the law of the densities ^ sbatl bu 
known* , 

To reduce these difierent intcgials Hitliui th(* same limits let 

f ^ (a^*) + ^' ■= a iV T''^' ' ’ 

the iategnd being taken from a :r 0 ti> a I ; /' a ill I < a quAiitity ui* 
dependent of a, attd the equation (3) a ill htionii 

0*s{8i+ I)a'y‘*y;aa’+aa“+ 

-S/jdCa' + 'Y'O-Ja 

all the kitegmU being taken tioiu » s: 0 Ui a sr «). 

We nmy mukc the siign^ of integration ch-ajipcar b) tliflcrontintiig ic* 
latWely tom and we shall havt the difleieiitial equation of itu sKond 
Older, 

ly \ 

\ a* / t a" 7{ J 7 t d a V d a /' 

The integral of this equation will give the value ot with tvio arbt 
irary constants ; these constant) ate lanonal and entile fiincttons of ibo 
order i, of in, * sin* «•, itid cos such, that t 

[ueseuting them by tJ they wilisty the equation otjIAfSitial differcnies. 


«=(ii!L 


by CJ ' they MtUbiy tb^ eqontion 


I d w 
+ - 


'+^^+ D.U*. 


dm / ' 1 — m * 

One of thobc iunctionsv^l bo determinrd by iaeanM||f tlic frinction 
'// <** «huh di»appeait> by uimtentidlioii» and it is c THlencWlkt it wiU bo n 
multiple of this fitnctuHik A»M>tbe olbor futitiion, if we «up|Kisc that 
the fluid coven a solid iiuiditii 4 »^i will lie determried by nic<uis <if thr 
equation of the saiface of tbej|iilm% 1^ obsciviniir th.u the \aliic ol 
Y ntedve to ike fluid shell dewWi|||fas to this suit irc, w the simc a > 
thstoC the aorftcei IIiub thefigaiSar the spheroid dfjiuuK upon Uic 
flgenrof the internal nucleus end upon the foiccs winch solluit tli<' 
fluid. 

A9S. U die nans S eadr^dy Ihfldi nodiiog then detem mui one oi the 
nihltW|^-e«maMB^ seem that tfaeie ougfatlki In on mfinhy of 
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figures of equilibrium. Let us dasA^e tbis casA 

tho uiore Intcrcstbg. iiuisiuucb fts4t uppetUrs to lure .sufaaiited pi^oaL 

tivelv for the celestiul bodies. • , ' > 

] 'ir;>t, we shall observe that, Ah shells of the f^ImK^.obght to detresse 
in density from the center to the sur&ce; fov )t'^,(^(tr:;Aa^ if. a deiisw 
slioll wi’ic pii’.ced almve a fehell of less density, bs micde^l^ peso*. ; 
tiiitc into Ae other in the soipe manner that a pdaderotw 'boi^^j^lw imo 
n Iluid f^riess density; the fipheroid uot therefor be in bqiiilSndtiin. 
Ihit whatever may be its deJiaty at Ac cetiter, it tam only be re- 

ducing tliercfore the expression of g into a scries asG^idittg ^i^ely to 
tlie powers of a, this series will be of tlie form 0 i— y , a^ & 0 . ft 7 and 
«i being j'ositivr-; we shall Uius bavo ' ■ ' .■ ' . 


ny.a^ 


:/7<T:;'' = \-(T+S!r3+>‘' , ; 

and the dillerential cqiuiliou in Y will become 

To intcg.atc ibi« v!q«t.ition, stippose tbat Y « is developed mlp a series 
ascending according to the powers of a, of Ais form 

YO) rra’.U^ + a*-. U'W +&C.; 
the precediflg differenti"! equation will give 

(s +i+ S) (s - i -h2) a*~» U «'■ + (^'+i + 3) (s' — i + 8) a *'“® U'«+ &c. 


sr l(s + 1) a-*. U« + (s' + 1) a''-»U'<*' + &c.] . (e) 

(a + 3} p 

Comparing Lke powers of a, we liave (s + i + 8) (s — i + 2) s: 0, 
which gives a ss i — 2, and s = — i — 3. To each of Aese values of 
8, belongs a particular series, which, being multiplied by an arbitrary, will 
be an integral of the diffcreiitial equation in Y the sum of . Aese two in- , 

tegnk will be its completo iutejgral. In Ae present case, the series wbkh 
.answers to s =; — i — 3 must be rejected; for Aere thence results for a 
Y^, an infinite value, when a shall be infinitely small, which would render 
infinite .Ae radii of Ae shells which arc mfinitely near to the center,^ Thus 
of An two particular integrals of Ae expression of Y .whbh ttfiawm 
to s = i — 2 ought alone to be admitted. This e^tossit^ Ai^ dentil 
no more than one arbitrary which adll be determihod'by ' Ae firnetiWflBi*'* . 
1 ^ 0 ) being noAing by No, 667, Y ^ i*. Kkewisef 
..^{^ter of gravity of eaA. 8liell| w.ilt Ae center 



^ NfiWTOK'tS FE1MCX|>1A. |br 

jfilinSd, In jbet the difRmntial e(|tt»t{oa in Y w ^ tho inMMijEQg lio 

giw» 

b: Y»\ --..-I f “1 Y(.)_iL«X /1Y»\ 

^ / Um /f d. *»* * y7¥7ir** virr^;* 

We entisfy d^is eqMiaon by making Y ') as U<'' being indepw* 

dent of a. This valne of Y is that wbieh answers to the eqoatklin 
s s i-x- Si it is oans«quent]y» the only one which we ong^it to ailtnk. 
Substituting it in tho equation (S) of tius j^irecediug No.« and supposing 
Z s 0, ^ fuDctioo U disappears and conseqaently remains atbitruyj 
but tite cotiditioo that the crigin of Uic radios r is at tho center of grtriri^ 
of the terrestrial spheroid, tenders it nothing ; ibr u u shall see in tlic follow* 
Ing No. that then Y ' is uottung at the surface of cv^^ry spheroid covered 
over with a shell of fluid in equilibrium ; wc shall have, thereibre, in the 
present ^ssu U " s: 0 ; thus Y is nothing relatively to all the fluid sheila 
which form the spheroid. 

Now cotisulor the general equation, 

yv) = a* . + a** . U' '•) + &c. ; 

s being, as wo have seen, etjoal to i •<*> 2, s is nothing or positive, when i 
is equal to or gieater then 2 j moreover, the fuucticaia U U"‘', &»*. ftio 
given in U by the equation (e) of thit No. ; so that we have 

Y» = h. Uf j 

h being a function of n, and U being inde^tendent of U. If wc substi- 
tute thia value of Y^) in tlic difleteutial equation in Y wc sliall have 
d*h f • . t\ d j a* \ h dfo* dh 
J-ST= V(‘ + ^)~77d-.^^-/-T* ~7'fd7'a-'-*a-a- 

0 8 

The prodnet x (i + 1 ) is greater than > when i is eqtial to oi 

greater than 2 , Sre tbe fiaclion .. ;i . is less than unibr ; in ftet ii> 

. yjd.a 

denominator y f d . o * is oqtHd to ja' — ya® d j, and tiic qiwiiui;/ 
•x-ya'' d f is poddve, since g detoeases flrom the center to the surbiee. 

Hence it fiillows that b andi are constantly iHisifivc from the 

center to the surface. To Eiow tins suppose that both these quantities ai c 
positive in going (tom the editor t d h ought to beeoipc negative liciorc h, 
and it is clear that in hnder to do this i|t mnst pass tliiui'gh «ctu , but 
from the instant it is soiliing^ dAh becomes positive in virtue of the pre 
ceding equatkm, and cooanqnently d b begins to increase; it ran never 
beewne l|BgMive« Wtieoce it fonowstlint h and d h nl wa^ pre- 
, ha * 
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' -a*-}?!' , 

.-^i rvo the same sign from the center' to the wxfice* . JS&ff -k? 
f^nantities are positive id going from the center; fi>r hWte in'' virtue ol 
* (I(iatitjn (e), s' — 8 3.S •f n — 8> ^Usfa gj[)ite»y,!« I a — . 8 j h^uie 

'AcJiaVi' ■ “ 



i + 8) u' 3 5i!i»±ihLE^- 


(s' + i + 8) (s' 

tvhciice wii derive 

■ -ed^DyrUO)', 

wc bl'.nll ihercfore got 


(iT-f SJTTi + u + l)./?'' 


+ (n + 8)(8i+n+.l)/3 + ,^'''’ 

.-3 . 6(i-I)(i + n~2)y.a«>>->-' 


^ ^ - (1 *.la + (a+ 3) (2i + n+I)^ , t 

y, 0, 11 , lieing positive, wc sec tlint at the center h and d h are positive, 
wJieii i is equal to or gr«iater than 2; they are therefore constantly positive 
from Uic center to the surface. 

Relatively to tlie Earth, to the Momi, to Jupiter, &c. Z® is nothing or 
insensible, when i is cqiial to or greater than 3 ; the equation (8) of the 
prcceiling No. then becomes 

0 = ^‘la’^ + '/’fd (2i+l)a‘h/fda=’ + 3/gcl{a‘+3h)l.Uf«; 


the /ivi»t inlcgrnl iieiiig taken iroiu a a, to a = i, and the two others 
being taken from a 0, to a =: a* At the surface where a =: 1, thia equa- 
tion hccomcs 

0 = { ~ (SJ i + 1) h/^ d • a ^ + 3/,- d (a » + « h){. ''' ; 

an (?quaiIori which we can put under this form 
0 nr } ~ (2 i -- 2) h + (2 i + J ) h/a ® d S/a ^ + 3 ii . il U 
d is m^uUvo from tiie center to the siirfacCf atui h increases in the 
same interval; the function (2 i + 1) h/a ® d ^ — S/a ‘ ^ li d f is therefore 
jnngalivG in the same interval; thus in the preceding equation the coefS- 
rient of U '•> is negative and cannot be nothing at the suriace; U ought 
therefore ui be nothing, which gives Y i=: 0; tlio exjiresslon of the ra- 
dius of the spheroid thus reduces to n + aa + Y that is to say, 
time the surf icc of each leveled shell of the spheroid is elliptic, and coh^ 
quently its eirterior surface is elliptic. 


Z relatively to the Earth is^ by. No. 667,. equal to (m * 

V ' ■' ** ■ ■ " ■ ' ' 5 l . 

the delation (2) «f the pms/Bding Na gives therefo£$>,. . 



^ ■ ’'4 ' 


rnwroN-g ^Ncipu. 


'm 


; , — i Ta * 1 > ./|> d a * + f */ { d (a ‘li)) ^ ^ 

. At;tein»fli^-%iiie &cst integ^/; 4 h is not^^g; l»ve tluMfenis^ . 
tiii»;^ifii^s*«^‘i'.^-’l,, ; -V- 

‘ 1 ■ ■'* 
■•■'•• : «• ^"'*~** y; / - . . . ' ^ , 

.• ’.;>, ** h,J'( d . a “ — ^ ^J'e d (a* b)' . 

/ ' :J{<et; a^‘'l^'.ih 6 of the centrifugal hwce to tlie equatorial grBTit|)r.j. - 
«x{>t^si«i g^yity'. to quautities of the order a, being equal 
I */ 1 4 * ^i^ball bftve g s:.|f <r « f^/'g d . u^; whettibre ; 

V p w> eg 

B yj.a‘’da 

coBiprising dierefore in the arbitrary constant a, what wc have taken Im 
unity, the function 

^ vw ^ ^ 

SI. • 

B g • a d a 

the radius of the torresltial q>beroid at the surface will be . . - , 

, <»ho(l— u)*) 

‘■•■ SrilMEB ' . 

■ 6 /e.a*Ta 

The figure of the earth siqqiosed fiuidj can tbereibre only be that of an 
ellipsoid of revolution ; idl of Whose shells of cemstant density are elU]^<^ 
and of revolutions and in wliudi the eilipticiises increase and the densities 
decrease from the center to the sur&ce. ^The reladon betwemt the ellip* 
ticitiesand densities is given by the dinermtiar^uatioa of the second 
order, 

d*h 6 h/, i a* \ 8 g dh 

A^Tit/ /f.a^da ' Ja ' 


This equation is ndt int 


known methods exc^t in some par^ 
Ucular sttpptmtions of the detmUei |> bot if the law <4 the dlipticities 
were given, wc sho^ eaaljr obt^.i^'^ ^ ^ coiresponding densities. 
We have seen.that the ei^reasi(%,i7fli^-ipyj^ bjr'thb integral of this «qna< 
tkniGODtaui% arbitraiy, which di8appea]-s 

fr^ the (urecad^ 'Wiiw bf ti)«i^as,hi^'i:h« t^^ ; tli^^c is therefore 

le from a sphere, which is 



A COMMENTA,»T|.p- ' '...r. 


tltc of the Kpheroul is odilecteid.'St! its 

case where (his mass is homogeneous. S" ' 

The directions ol gravity from Di:^ poiRl sw^Cil 4a 

not form a straight lin^ but 9 eot^e whose ^uijSi^A.itrB/^p<^rpQnii^^ 
ihe Incit’d shells which they traViu^ : this- cdiwe’ ^ -pr^togi^iail tt^ 
Jcctoiy of all tlte ellipses which by th^ rBy<4u4ottJi^m' fliw4,4b^^ . 
detcrmiitu its nature, take for the asclA. i^^ radios dlA^n 
to u point of the surface, » being the angle which ihia,j^tts i^snhs' tilth 
tlic axis of revolution. We have just seen that (he gi&eral ex|>re^i^'<^ 
any shell of die spheroid is a 4“ h . a h . (1 — ^ m *), k.b$hig.lil4^«9M^t 
of a : whence it is easy to conclude that WO cab « jK', die ordii^to^tlat 
fail from any point of the curve upon its axis, have. : ' 

a y' = M a k.siu. 3 -Ic — 

c being the entire value of (ha integral J* « taken, from the twter to 
the suriace. 

575. Now consider the general case in which the sphei'oid always fluid 
at its surfiice, may contain a solid imcleus of any figure whatever, but dif- 
fering but little from the sphere. The radius drawn from the center of 
gravity of the spheroid to its surface, and the law of gravity at this sur- 
face have some general properties, which H is tiie more essential to con- 
sider, inasnmeh as these properties are independent of every hypothesis. 

Iho fim of these properties is, that in the state of equilibrium the 
fluid part of the spheroid must always he disposed so, that the function 
Y^- may disappear fnan the expression of the radius drawn from the cen- 
ter of gravity of the whole qiheroM to its sUrfiico ; so that the center of 
gravity of this surface coincides with that of tiie spheroid. ' 

To show this, we shall observe that R being supposed to represent the 
radius drawn firom the center of gravity of the spheroid to any one of its 
molecules, the expression of this molccuk will be > R". d R . d m . d «■, 
and we sliall have by 556> in virtue of the properties of the center of 
gravity, 

0 s=yf R *. d R . 4 mu d w, m ; 

0 ssJ’g 'B.*, d R/d m.d w. y 1 ~.m*. idn. wt ■ 

' • 0 s®y*f d R.d m.d w.' 1 / I — " w, : 

CtmceiTe the integral y^'R *. d R token relatively to R.iiviin.thopi^l^ 
bf Rie'siirfiice of tite spheroid^ and then developfedT .into, d .qf 

■ W ■' 

4. -N «>■-•+ N « + &C. ; • 
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Kt^tb(^ivhatev«r i may be, sttl^ect to tJwe faic$4 ^iik* 

cnct»» 


0 ts 


\ jns /+T=rEf 


+ »(i + l)N®^ 

we bhell hAve by K<». 536, when i is difiercat fiom uiiHy, 

0 s$y*N®,i&dni.d wf Q *yN®'.dm.d». V I'^BiVafabw} 

and 


0 ss/'N® , d m. d w. VI — in®.co8. ». 

The llirec preceding eqaedotw given by the nature of (he c<edwr of 
gravity will become 

0 =/N<'Jmdm.dir; 0 3s/M<*'dm.d ». V F-- in®. sin.*; 

0 — ^N'’'dm.d*r. V 1 ». dt 

N®> is of the lonn 

H m + V 1 — m*. siu. *» 4* II' . V I — 1 1 • co«, *, 
Substituting this \fllue, in those three erjuitiun-,, ve thsll have 
11 s= 0; I[' -r 0; 11" =: i), 

where N'*' s 0$ this i» the cdikLUou iieccsMiy d<Ht the tMigin <)f ft is at 
the center of gravity of tiie *>phercld. 

Now let us see, what N " becomes lelativeiy to the pheroids difTonng 
little from the sphere, and covered over with a fluid in iqiuUbtiiuu. In 
this case wc have K s: a (1 « y), and Uto inUgial . R®. d U, be- 
comes • I®* (1 + d *y)f> difiiTontial end integral being rela- 

tive to tlie variable a, of which g is a function. Substituting Ibr y its va- 
lue Y + Y “'+ Y •+ Sic., we shall have 
N<» s- •/•gd(8*yW), 

The equation (2) of No. 579 gives, at die surfact* wheie a s 1, aiut 
observing that is nothing 

Ad(a®yP')s: Y'Ved.a', 

the value of in the secimd mumbor of diis cquotion, being i dative to 
the surface t thus, Nt*> being norbing, when the origin of ii is '«t the o n 
ter of gravity of the spheroid, wre Lave in liLo maiinor Y -r 0. 

676. The permanent state of equilibrium of tbc cehstiul Usiu *».iKcs 
known also some properties of tbeir radiL If the planets did nut tn. n \ 
aedy, or at least if th^inniednot neatly, round one of theii tlu i c pi m ip il 
axes of rotation, there wotdd result in the position cf thi.*i s ,)i inm- 
tioiit dbanges which for the earth above all would bo seiisibK , nd -iiiic 
the most exact observaUons have not led to the discosuy oi iii^, wo in ly 
W^Stdade tfiot loQg shiee, sU the parts of the idcstiVJ hn*! e>, .ind puim- 
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ie..«xpfres»on 


paUy the fluid parts of tbetr 8Ur&oes» ki^ aA 

state of equiUbriiiiii, aod consequw^y 4^.. It. 


of osicplhii^^ik)^ 


in fact' very natural 
they must settle in < 

Let us see, however, 
of the radii oS the cele«Eiel hodtes.' 

If we name x, y, z the |tec«&l^iHr teordinkh^ol^ 
the ^heroid, referred to th|kft fuitfe^ Mxes, tboe^T^x bein^ the iucis 
of rotation of the spheroid; 1by the jwt^perties-j^^.diietoaxea as> ha 
dynamics, we have ' 

0 ssyxy.dM; 0 ss^xa,4Mi'''0ss:yy*»'d M; 
the integrals ought to be extended to entire mass of the spheroid, 
R bihig the radius drawn feoni the oxi^'.of coordinates to the mol^lk 
d M; being the angle formed 1^ R and by the axis of rotation; kod 
w being the angle which the plane formed by this axia and by R,' mokes 
with die plane formed by tiiis axis and by that of thnp^dpalaxes, which 
is the axb of y; we shall have 

X ra Rm; y ss R-V^l ~m*.C08. w'; z,= R V 1- 
dMs;R*dRdm.d«r. 


The three equations ^ven by the natdre of the piiiii^pal axes of rota> 
tion, will thus become 

0 =yf . R*. d R.d m.d w.m y .1 — ro*. cos. «r; 

0 ssyj . K ♦. d R. d m .d » . m sin. *; 

0 ssy{ . R"*. d R . d m . d • . (1 — -m*) an. 2 *. 

.Ckinceive the integral y g R* d R taken relatively to R, from R sa 0, 
to the value of R at the sutfece of the spheroid, and developed into a 
series of die form U '•> + U® + Uf*> + 8ms,; D « being, whatever i may 
be, subject to the equadon of partial diflbrenom^ . 


> m % sin. w ; 


®-\ dm I— m* 


) 


ti(i+ 


.. Wo shall have by the theorem of Nda 856, where ! is diffo^t freun 2, 
and 1^ observing that the functions m V 1— -m*. cp^w,-m.^ J»i^ffcSm.w» 
and (1 •rr |n*).i»in- ^ •• are comprised m the fotm W^l ■'* , ' >. 


0 syU®. d m,dw.m. VT 
0s5/U.»idro.d. “ 


m\ 
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Tbe tbieQ eqBftUtms relative to tlie nature of the «w of 1*01 

j^bejcome 

® d m.d <r,ia. V 1 — lu*. cm. »j 

• ® asyU'*'. »1 BJ.d m< V i — m*. sin. » ; 

® d m.d «». (1 — m*) erin, 8». 

T%eae eqoationa therefore depend only on the vuluo ot U : thia ▼tdoft 
ie of the form 

H (m* 0 + H' ni */ I — nr*, sin. w .f. 11" m cos. » •+» 

H'" (1 — M«) sin. a • + 11"" (I — m*) fos. a « : 
substituting it in the three pieceding eqitatious, we shall have 
ir = 0} H" 55 O; H'" =: 0. 

It is to these tiuco conditions that tlic conditions necessary U> make the 
three axes of x, y, z ilie hue axes of letation are irducod» and then U ^ 
w31 he of the Chip 

f 1 (tu" — ^) + IF" 0 — m ’) tos. 2 w. 

Wlien the tphoroid is a solid ddlcring bu* liuto fiom the sphittv and 
covered with a fluid in e(‘nilibrinn), we have 11 s a (I -f* ** y)» uud con- 
sequently 

/f li\ d R ss j/gd. Ja\ (1 + 5 ey){. 

If we substitute for y* its value \ + Y \ + Str . ; we shall 

have 


U'-'s- «/tfd(a‘Y‘’). 

Tlte e(]uation (2) of No. 579. gives tor the surface of the spheiuidj 

= S-tY Vfd.a*— Z*; 

Y ** and Z'^ in the second member of titis equation bmng relative to the 
surface; we hare therefore) 

U<*)=s ^ «YVgd-»’ — ^4^-^- 

V ^ 

The value of Z^* is of^e form 

— ■& (m * — J) + g m V I -— m*. sin. •• + g" ni V l"^’m *. cos. « • 

+ — ®*) »ia* 2w + — “**) cos. 2*; 

and that of Y ^ is of the form 

— h (ni*-.-^) -4- b' m V 1 — lA'*. sb.w4> h"m V 1 ^iu*.coj.» 

•+• h'". (I — m*y'ein. 8a + h""(l — m*) cos. 8a. 


Substituting in the iHreceding equation) these values, and H (m * — g) 
(1 — > m *} eea 8 *) for UiH; we ditaU have 

« ^ ^ ® n 7 ,r.a‘Ta* 
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Such are the eoni^tibns tvhidb resnlt ^tqtA Ihe- svqpftonttoja.'lhitt^^^ 
roul turns round one of its prin<^ai : 

determines the cohstantt h', h"i. If"' by mewis ^ the yiii^i^.- g't 
but it leaves indetenuiuhte ^.<^[^«ditie9 h. and .fiiitc&fiii|w : 

Y«',Y‘%&c. ..■■■'':•.■■ . .. . : ' 

If tbe Ibrves extraneous to the atttabtkm of thA -<^ 

roid nre reduced to the centrirogfd force due to Us rotiitfery aa^on f/vile 
shall have g' =: 0, g" ss 0, g"' » Oj "wherefore h' as'Oi *» h'" s=s,'^ 

and the expression of Y will be of the form ., . . ' - , 

— h(m* — J) + h""(l — m*)cos;2'w, 

577. Let us consider the expression of gravity at the sudace of the 
spheroid. Call p this force j it is easy to see by No. 569> that we shall 
have its value by difierentiating the second member of the equatidn (1) of 
578 relatively to r, and by dividing its difiercntial by — dr; wliidt gives 
at the surface 

P=j5r(<l-«’+i;r/«!. {.•y"'+|v’f"’+|?X»+fpY»>+Sc } 


— or iSZ® + 2Z'*> +3r.Z<*>+ 4r*. ZW + &c.l; 
tliese integrals being’ taken from a 0^ to a a 1. I'iie radius r at the 
surface is equal to 1 + « y, or equal to 

1 + « {Yf") + Y'‘> + y « + &c.| ; . 

we shall hence obtain 

p = d . a » — {Y <« + Y «) + y «i + &c.| /g d . a ’ 

+ 4 « Vfi i * Y ® + ~- Y «' + Y <« + &c, i 

— « 12 Z‘«) + 2 Z'*>' + 3 Z’^i 4* 42'"’ + &c,i. 

The integrals of this expression may be made to disappear by means of 
equation (2) of No« 57S» which becomes at the snrfacey 

g^,/gd.(a‘+=' ¥«').= |»y<Vgd-a^-55''-; 

supposing therefore 

P =r i */gd . a» — ^y W + 4 « Vj . (a ’ Y »0 — 8 « z"” ; 
weabaJlhave 

psiP + «P.(Y<9q.8yw + 3Y» + ...'+li— J)y«+&c.j 
4-»f6 Z® +YZ» + 9Z‘« + .. . + ('2i+l).Z®+Jtc.|. 
^ plKtervations of the leh^s of the seconds’ pteadulum, haa^.bera re> 
.pOgni^eil the V8riati^''!i^ gravity at surface of tbe eairU). 'Bj dy> 
.appears that diese let^^ are prqpppddj^i ■ 




NEWTOIPS :Piij4eil?U. 




bs trf' the 
iiftg equation will j^ve • 



. {5 +1 zw + .. . . . ■+ (2i+i},z?'«’|;' , 


Iti^ii^.^ the .^rth «Z(^) reduces by 66T, to — (in » i), «•» 

which comeeto the same, to - 1?. P, (m* — i), « p being flte ratio of. 

the c^titfilgal force to the o<|aatoiinl grqvily; moreover, Z'% ; 

arenotMng; we have therefore 

1 sr t + « L, iY<»> + 2 Y<») + 3 Y<« + . . . + (i— 1) Y«1 

+ I « ?.L. (m* — 4)- 

The radius of curvature of the meridian of a spheroid which has for its. 
radiils 1 + « y, is 



designating therefore by c, the magnitude of the degree of a circle whose 
radius is What we have taken for unity ; the expression of ttie degree of 
the ^heroid's mmridian, will be • 



y is equal to Y W -j. Y w + Y W + &c. ^ .Wo may cause Y^ to disap> 
pear, by (xm^ising it in the arbitrary constant which we have Uiken for 
the unit ; and Y by fixing the origm. of the radius at the center of gravity 
of the entire spheroid. This radius thus becomes, 

1 + « {Y w + Y<») f Y + &C.1. 

If we then observe tlmt - 





Y w. 


( 


’d*Y^\ 

r* / 


1 — m 

the expression of the degree of the meridian wiU become 

c— a c [6 y » + 11 YW+ + (i •+ i ~ 1) Y O' +&c.j 

. ^^^f/dyws . /dy w^ 


■* » 









i ' 


£86 A' aoMMBNTAat^- i8bct; ; 

If we compare these exptessioM of tlw 
of the pendulum} aud the magmtude 
sec diet the term « Y ^'V-of .the ei|u^e(idai';<cif the 
i — 1 , ill tlie expression of<dke of-^ pendt^^^jf^ligr I 

in that of the d^;ree } whence h ir|ulli^^.l|64|iig^Mia^i^ 

this term will be more iemnble. in ite 

pendulum than in that of the’horiadnibii.'iituranax';.^^^ 4^^ -ht 

proportional to theterrestihJ it titffl bfrst^'ineito'h^idUe in 

measures of degrees than in the leng^ pf the pe&ift^.V.;'$hA of 

it is, that the terms of the exjpressioh of two 

variations in the expresnott of;]he d^ptis;(^ ^ i^tHridiim; and dlf' 
ferentiation multiplies these ternii by ]l^ exponent of m, 

aud this renders them the more obndAeibl^.- In the explosion of tlie 
variation of tvro oteisecutive degsees .of the Itmridian^ &e terms of the tep> 
restrial radius undergo thrm coasetmtiya difierentiadons ; those which 
disturb the figure of the earth from that of. im .eUipseid^ may. thence be- 
come very sensHil^ arid the elliptidty obtuh^- by this .variation may be 
veiy different from that which the o^rveid ichgt^bf ^ pendulum give. 
These tlitee expressions have the advanta^ of beSn^ iodjependet^t of the 
interior cousUtudon of the earth, that is to s^, of .^jGl^e and density 
of its shells ; so that if , wp are- going to detiertnitia.-t^ |i»iiicdous Y Y 
&c..by measures of degrees of meridupis.and paxalhu^ we shall have 
immeuiatcly the length of the pendulum;, we may dierisfore thus asccitain 
whether the law of univei^ gravity acemds with ihe^^re of the earth, 
and with the observed variators of gravity at itt su^ace^ These remark- 
able reladons between tbe expressions of the d^rees of the meridian and 
of the 'lengtlis of the pendulum may alsO' serve to verify die hypotheses 
proper to rqrreseut the mmsiirra of de^ees of this meridian ; this will be 
percfiprihlo from die applicadoirwe now proceed to make to tbe hypothe- 
sis proposed by Bougucr, to represent tlie degrees . measured northward 
in France and at the equator. 

Suppose that the expression of the terrestrial radius is 1 + ® Y(®> + 

« Y and that we have 

= Y»=:~A(m»^^); YW = -~p(mVfw*+5* 

k is easy to see that these functions of m sadsty the '^oa^na of partial 
i^tferences whldh Y and Y«> ought to satisfy, , The variikum of the de-. 
Ilfrees of the meskUen witt be, by Wfeto precedes, : - 

- ' ■ « c {s A ^ a C ’ - ■■ 
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' supposes this vaxiatioti jwoportioiuA-to iite ibarth 

of wsU^tude^or, whicb nearly comes to tlt« ssaieit to 
iiMl^pU(4.% »** therefore^ being msdo M disaj^pe^’lrora the 
fejactitsb ’<tre sbeU have 


u 


jTr- 


thus, ia this, tjie raduu df-awa tVoni the center of gravity of the esaitlt.* 
at Its surfacCi^ be in taking that df the equator for unity, 

; I ^ / 1 »!■» 2 Ki V' 

" 1 — “34*' V* m - + m 


The expression of the length 1 of the pendulum, will become, denoting 
by L, its value at the ecjuator, 

Finally, the expression of the degree of the meriilian, vill be, callii^ c 
its length at the equator, 


We shall ol)serve here, diat agreeably to whnt we Imvc just siiid, the 
term multiplied by m* is three times more sensible in llie expression, of 
the length of tlie pendulum than in tliat of the tcnestrial radius, and five 
times more sensible iu the expression of the length of u degi-ce, than in. 
tb q t of the length of die peinlulnm ; finally, upon the u>ea» parallel it 
would be four times more sensible in the expresision of the variation of 
consecutive degrees, than in that of the same degree. According to Bou- 

• . 9,19 

gner, the difiference of tlie degrees at the pole and (xpmtor is 5 ‘® 


the ratio which, on his hypothesis, Uie meastircs of degrees at Pcllo, Paris 

105 

and the equator, reqni^* , This ratio is equal to •g'j* , e A ; we have 


therefore 

« A = O.OOS'Hri’r. 

Taking for uni^ the iengtli of the {tendulum at the equator, the x a- 
rialion of this length,..m any place wltatever, trill be 

OOOMm m‘ + 21 m ‘i + I » P . m *. 

By No. sear, wehave apssO.tWB'lSlIS, whidi gives Kp=:0. OOSda'iS, 
And the preceding formula becomes . 

^ . 0,006(l(6ta. mV— 0.0Q.SS796. in . < 
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At Pello, where m =s an. tlda fonimU 

tlie vnriatioii of the leng^ of tke peii^tili]:^ Aacor^bg.^^lie .HdMeri^. . 
tions, this variation is 0. 0Q44ti^A|ind <^s^ucntiy 


since the hypothesis of Bougtier.i^ 


i:econ<a}i^ wl^ 


made on the length of the pendttliii^''4tii h^inisinJ^''-h 

578. Let ns apply the gaseral ^ 

case where the is i^t st^^iid^f'hy any 

where it is composeki of elli^^ whose -eenter . of 

gravity of the 8i>heroid. We have that this ^e is the earth 

supposed to be originaliy’duidt It is abb the. earth hs. hypo- 
thesis where the figures of thb'ehelb in^ .t^lar. In fact) lha‘ equation 
(2) of Na 573 becomes at tbt sur&ee wh^.a.s.ly 

0= Y Vf «•«*«-- . 

The shells being supposed aimiUiiV the vahte tit Y is, for eatA of 
them, the same as at the surface; ^ b odnseque^Uy independent of a, and 
we have 


y n' d a >1^] 


3 


8i4 1 

When i b equal to or greater than 9 ^ Z b 

i + a 



relatively to tiic 


ti) 


earth; besides the factor 1 — -y— ~,a t isalwayapositive; therefore Y, 

b then nothing. Y •‘J is also nothiug by No. 675,, when we fix the.origin 
of the radii at tjhe center of gravi^ of the spheroid. Finally, by No. 677, 
we have equal to 

— ■ iv/f.a»da; Yi>m-~|..(a*— i)/fa*da; 
we iiavc diereiore , 




X (in»— D/f a»da . 

** /fa,^tia(l-.a*) * 

Thus the earth is then an elhpsmd of revolution. Let os .consider there- 
fmw ^^raify the ca^ wh^^ the figure of eabh b dliptie and of re* 
volatianf. . ' 

In thbeas^ by fi^t&ig'lihb oi^ of teiinstibl ' radii at the center of 
gravity the we have 

■" ; » 3; ,Y«.a:oj &C. ■, '* ’ ’ ' 



nbwton^ p^isojwA. 

of a; nwMTCDvar w» We »hi 




ss O5 « fij Z'^*^ ss 0; jibc« 

. » V ^ ~ V ^“***~ ♦^ * **' “** 

^ e^[^MoB‘i(fi)'ef Ulo. S 73 w® ftetefoiw ai dio * 

,-' ‘ 0 3t&/;d (a‘h) + . , , (1> 

This eqiHAkm coatains the lew iMt|^t to eaist to eoetalo the 

eqoUibriem b^eea die deosidea of tite dwHi of the sphcn/id and their 
elliptiddeit fdor die i«d(as <^a tMl beinga f IH- « — »h (i«* > 

if we eappoae^ as we niajrt diet a li, thit radins bocoiiaoi 
a(l— ^ah.^*)* and « h Is die elUiiticity of the shell. 

At the satfitco, the radius is 1 « h • » ' ; whence we sec that the de« 

ctements of the radii, fiom the equator to the |x>1es, are pto^toitional to 
f»*, and consequently to the Miuarc of die sines of the latitude. 

The increment oi the do^rrees of the meridian troni Uic equator to die 
poles 18 , fay the pieeediug No., equal to S a h c. '< *, u lieing the thigree 
of the equator j it is tberefoic *iIm> piopoitional to the square of the sine 
oP the latitude. 


The equation (1) showi us that the densities b<'iiig :U]i|>o<ul to decrease 
from the tenter to the snr&c^ tiie ellipiiiity of th>. sphooid is less then 
ill the vase of bmnogeneity, al least whilst Uie i‘l)iptiiitics do not iuurase 
from tile surfiwe to die center in a greater ratio tiian the inscise jiatio of 

the square of die distsnees to this center, tn fact, if wo suppose h “c 

we shall have 

/{dt.a*h) sr/fd'a'a) sr u/^d.a* +/(du.,/a’dj). 

If the elliptidties increase in a less ratio than ii iticrrases from the 

omter to the surface^ and gidiseqneatly d u i» positht ; besides, d ; is nc. 
gatire by the supposition that the doisities decrease from the center to tlie 
aorfitee; tbas,y( d nj’tk” d f) Is* negative quantity, and making at the 
W&CB 

Ytd(a*h) =a (h--f)/rd.a*, 
f w® Ibte * positive quantity. Hence eqaation (1) will gn<< 

. b f — 6 f 


* h win therdore be leas than — ^ 


and consequently it wUl be iesS than 


Vat^ 11 . 


T 


0 
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ill '.ito CISC o<'lioni(>g«n«ity, where d | equal to nod|teg^i^li 


!f. ro. ' ' ' ' ; ■' , ' 

T ti'iicc it follows, that in the pi^toUe hypotheses;, the . 


'hv .sclicniui i» less than it is .natural to 

<ji tlic >i)i)crotd arc denser towards th'e l«^er, the '^lif^ties 


Mi( I 'M-SO 


from the surface to the center it> a less rado then. ~j , this rttdo 


i\A iurinhc radius for sltdb mfinitely Tieaif to tlie center, which U 
.ibsuriJ. Theae suppositions arc the morc^ pi:obal)le, hiasinuch as lliey 
bccoiitf' necessary in the case where the fluid is originally fluid* tJjen the 
<!f‘iisrr siiclU tire, as we have seeni the nearer to the center, and tlm ellip* 
so tar fi'ont increasing froih the surfiice to the center, on tlie con* 


Inirv, flc.-Tease, • 

It' wc svipposc that the spheroid i? an ellipsoul of revolution, covered 
a luiuiDgi^ncous fluid nuihs of any . depth whatever, by calling a' the 
.ji'Mii-ininor i\!s of die solid elfipsoid, and d h/ 5t$ ellipticity, we shall liave 
jvt tilt surface of the fluid, , . 

i) :•=: h r*^ h' +/i d (a ^ h) ; 

dic. inli^rri fifiho borond member of tjiis equation being t^ken relatively 
t<> t\u' bU Mio! clUpsolri, frool its center to its surface, and the density of 
the JIu’m! whicii covers it l>euig taken for unity. The 'equation (1) will 
sivi; for the OApiesbion of the ellipticity a h, of the terrestrial spheroid, 

T^vrjriiTd'^ 5 

the IntegiMK- being taken froth a =; 0 to a =r a'* 

La us now consider the law of gravity, or which comes to the same, 
tliftt of die length of the |>cnduiani at the elliptic surface in equilibritim. 
llic value of I, found in tlie preceding No., becomes Ih this case 

1 =; L + « L If p ~hJ<mVr^i )5 . 

nioking, therefore, V^- h have,, in neglecUng 

quantities of the order a *, ■ . - , ^ 

M :=: 1 / + P~h)it*«; 

an equation which it tesolls that 1/ is the lengtli of the seconds’ 
peiidoitnh at tha jij|Qaior, apd that this length ihcmiaes from the equator 
to the ^es, projpottlqmdly to the square of the sine of tl^e latitude. 

If we call a « excess of.the Icngdi of the pendolitm the pole above 
its length at the oquaior, divided by the we AaU have 
- »f sa « (I 0— h).} . 



BtKik lU 


JPBIKCIWA. 


m 


*♦ + «**- s •*?» 

4 t ryttURlwIite Aj^aptioo between thn diUpticity of the eerth ut^ tfai( 'WM^ 
d<» <o£ 4tA Itttgik of4h« pradohuii IrMe Uie equator to die poka. lo dw 
dMl flli)0ll|«>|pelHai9* Mik «s 4 * ? > hence iu tins «aiw a « ss # h ; but ff 
tig fjtlmwd is a\ nmk asvhis ahtM or Ida/) | ^ 

aweii a f 0600 * ot liMgo ilte saim j, 

, S79. The phdu^ bcAng supposed «ov« red u tilt a fluid in equdibriniiit it 
ia secettarjr, in iha <Mt|natc of tbeir attraet'ou^ to know the attr n.uon of 
qibixtdtb sduM aor^ice ib fluid and in etpnlibuum* ue niajexpreM k 
eery bimpty in this uay. Beeuoir the equniuin (>) of Ko. flfifl; the si^aa 
of integradou nuy be ni'ide to disappear by inci ns of equudoo (V) No. 
S79^ which givea at the binfaup of the spheioid, 

* v'^“V fd.a»-Z ; 

thitt flxTng dte ori|pn of the rad^,'r at die center of giaviiy of the apheroid 
which makes Y disappear; then observing that uoth!ug,and that Y '*) 

h«ng arbitiaiy, v'»> may joppose^* Y^*)-— ss die eqnautal (3) 
of 538s '*dll give 


Vas 


4 r 


-g, /«<!•« • 3 r’t” • 

an tstpresaioB to which 



lu* 


|i to observe that ^/ e d . a * expresaea fl 

mass of the apheroidt sui<^ij|U|iB case of r bf^ QNItaite^ the tolue of V 
ia e(]nal to the maaa of the s^^id diiddod by - fUnce the tttractma 

of the spheroid pa|fallel to r vlWfa — - ry) ; the aftractioo perpendka- 

lar to dus radni% ia"^ pk(^g|^ 'the tpetidiaii«^ be 

attracdon to this same ru^us in tht 

diraetioa of die paiaUdi will be 

V^ V * 
r ' V i— !»*■* 

The eapoesAp of V. MhdM ^ adppoaed elliptic, betome. 


Vw:^ 
M Im^ Ai laassiol 
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A COMMENTARY Xlt'Axjii. 

-f ■ ' -■ ■ ^ 

HHO. Althongl) tlte law attrfustira » 

I>f the <lt«ta)K6 is th? nnl^ one that jot^es^ 

dfords ft tlctermumtioa s<it unt£j$'of the gravity at 

»eou5 spheroids in equilibrium, whaifisv^'ls the mqpdQ^'ef 

•hr distance to which the attraction is jprc^rtiouid^; '^‘%0iii^:Jkeir9 

omit it The attracUon bdng as anjr {Wer'ji'oir tite wa de- 

noit. by (1 m a molecule of aphetoid, .«nd t^'T&'ldihance from'.dhe 

point attracted, the action of dm ap^'thispoiotihaldlp^.hy the diement 

— d f of its direcdoQ, will f/k 'f'K d £ The.^te^;^ oH this qaa 9 tit]r, 

tiikrn relatively to f, is — > ond the.s*ro..<;d these integtrsda cit- 

teniUd to tljc entire qshcrold Is — J supposing, as in 654^ that V 

if the spheroid be fluid, homogeneous, and endowed: with roti>tory tno> 
tion, and not soiiicited by any extraneous^ force, w.e shall have at thet sur-. ' 
fa<’e, in the case of oquilibrmuJ, by No. 3flt, 

- V 

const. =s ~ + i g r* (I — m *)y. 

. t-.” ‘ 

r being the radius dra\v'n from th«i center of gravity of the spheroid at its 
sur&ce, and g the centrifugal force at the distance 1 from the axis of ro- 
tation. 

I'hc gravity p at the surfoce of flic spheroid is eipial to the differential 
of tht» second meinber of lids ct|ualion taUea rekliToly to and divided 
hy — d r, which gives 

1 1 

n + i N d r ) ^ ^ ^ 


Let ns now resume equation (1) of 554, which is reklive to t]ie sur- 
face* 

/d\\ ^ (n+ 1) A . (ti+ I)V_ 

^-37; * ^ + »a ■ 

this equation, combined with the preceding ono!$, gtvi^ 

p ss con^ + — ll g r (1 — m *). 

'At the sut&iM^ r is very nearly equal to a; by makiuigthem entirdy so, 
for tiie sake tof simplicity, we sliaU have 


21 ^3 

p ic const. + — g (!• ““ m *) 


Let P W. die gravity et the equator of" flie .il{dieroi^. and • f 



' NEWTON’S PEINaHJL • S9t 

ibtf Wo of Cto outtdfiigal force lo gmvi^ i(Hi fW ttqwMnrj ««f (AmU 

h«*o ‘ ' 

p ai P-|l + 2-^^^ « f.in*!' I * ' 

wlieace it iUkiwf jSifi, firotp the equator to the poi«a» varies es tW 

s^Bio of the idno of ^ iMitadc. In the case uf natoie^ whei« n 
we have 

P btP H + I tff .m*} f 

wUdi iqpees %tth whit we hare lH>foru ^Kind. 

Iktt it is resnerkaole that If ti =. 3, wc har«. p a Pt that is to say* that 
if the attraciiou varies as the cube of the dUtanr^ the gravity at the aur* 
face of hoioogeueoas spheroids is eveiy where the sainc^ whatever may be 
the anotion of rotation. ^ 

&81, Waliarconiy retained* in the research of the flgnre of die celestial 
bodies* qnantities of die order a; bat it is easy* by the prcceiiing analysu^ 
to extend die approximations to quantities of the order a ** and tu 3n|»erior 
orders, h'or that purpotc, consider the figure of <i homogeneous fiahl 
mass In equilibrium* covering a spheroid diilhriiig but liuh* firom a sphere, 
and endowed with a rotatory motion j wliich is ^u luv.* of the earth and 
planetsL The conriilion of equdihriam at the surfiico gives hy No. 357* 
the equation 

const, ss V — ^ r*(m* — i). 


The valoe of V is comimscd* 1st* of tho attxoction of the sphoMsd co- 
vered the fluid n|X>n ^e niolei nlc of the surface detennined by the 
cooriiinates r* <>* and *r; Sdly* of the attraction of Uie fluid muss npbn this 
molecule. But the sum of these two attiactitms is the same os the sum of 
die attractions* I»l^ of d spheroid stqipo&iii^tho densily of each of its ^h<’iIs 
dindnidicd by the density ofihe flnid; 2r]]y*of a spheroid of the same density 
as the fluid* and whose fstoripr surface is the same a» that of die fluid. 
Let be the first of these attrfM.'doiis and V" die second* so that 
we shall have, supposing g of the order « and eqmd to « g’, 

const, ss V' + V" — r*. (in*— i). 

We have seen in 593 that X' may be developed into a series of the fun.. 



lice. 


U ^ being snbject to the eqaatitfti,of perdal difihrences^ 



i+l;U 


It 



:m«l by the analysis of 

that may b« wished for, whea the of tte ijtherc^ k knoiW^ , Vy 

in liloi manner V" may be de^rek^p^;!)^ a aea^iei^^ the ' 


u (fl) u '•> ' UJW’V--. •■ 'i>'’ '. '■ 

X ^ r* -./y ;^,;; - . 

buirig subject to the same eqo^Uou i^'piith^'^^ietl^ ek tT 
wu t ike for tlie unit of density th^ of fluid* we by^Ml* ' 

y 1 +3 i,^.ing sup})oscd developed hito the setier 
ZW + ZC*) +.2!'w +&<!. '■ '■•■ 

in which Z'’> is subject to the sathe equation' of partial dl^rences, as U 
The equation of equilibrium will therelbre b^me 


is 


const. 


U<”’ U/*) . 

~ - - + + 2 
r r 


•p?p{v<' 


U(b +;;. 


4 fl* 


(rHr^(8^+ i) 


Z<^> 




J); . 

i bcin^^ lo greater llian unitjr. . * 

Jf iho iliijtriijce r from llie molecole attracted to the center of the sphe^ 
vo\i\ wetre iufinito, V woul<l be equal to tlie aum of the masses of the sphe- 
voiil iuul fluid divided by r; calling, thertfore, this muss, we have 
U'^’ + T//^" itt. Cariying the approximation only to quantities of the 
order a we may suppose 


r *l + « y + I 


which gives 


(iH.S) (iq-3), 


r'« = l + (i+3)«y+V*Xi:iv^«».y* + (i+3)««.y'. 


Suppose 


V = Y'» + Y,w + Y« + &C. , 

V = Y'!‘’ + Y'?*) + T»>''+ 9^ 

y"rs MW + M«) A- + ■&& 

Y *'••', Y' ® * and M being subject to the stOae cjquetianrfpiriShldUfer- 
ences as U ‘^' { vre shall have 


. Zfi ,(i + 3) « V <'• .?) «» M (*> + (i + 3) **T 

, '^^Then obsen'o tltat U is a quantity of the C^et o» oince'it 'woidd' be 
tiuflliitig if 'the spheroid a sphere} (has canying the a]pinro!jdination 
only to . terns of girder « *, U will be of this fonii » TO?'^ '+'«* U*" 

.Substit»tipgj,t^^M:^oi« dteee values in the pn^ii^ cquSft- 

briutn, and ttbrejdbttnj^g r fiitp 1 + « y + *' y'» w^^ididl.l;^;<^<|b^ 

iities' of the T. 



10 ' ^'8 }»WC1P1A. 

COMt. SB M U --«y + — »**y«| 

% U' *> + «• 0*' « — (i + 1) *• y U' 


m 


+» i 










Equating aep.trately to zero Ui« tenab of the onlei «, and thoae nf Hfil 
‘er •*,1 

{*-.. + .)T 


tnrder «*, we ahull have tlie Uo aiiiatioiH!, 

’ -2^+ i)Yf =»sU^w- f'lm*-- 

4' X (1^"“ 

^ \ WVai.x I 

‘V , 

2Cii+l)' 


>{ 


i); 

li+i)yU'^*’ 
(» + 


314. 1 y* 






} 


*— g'j(m*— t); 

O' being an aibl'iaiy eonstanu The lir^t ot these cf|nutioub dotpcts \ 
and conserpieutly the xa^ue of >. Sub>titating ut the tccond memlxY of 
die second ec|uabOiu> wc shall dcvclo{ie by the method of No. dOO. in • 
setiet of die form 

N<.*^ 4 N'*' + N» ' + Ki. 

N being safcject to die <>ame equation of ][ aitial diifortuum as U and 
we shall determme the constant C' in such a mauuci that N u> nothing; 
thus we fcbali have ‘ 

N«> 


Y'« 


/*■ 


4 m 

Vi V 1 


and coiiaequently 
Tss. 


Ndf 

"pTSi^t 


r + 


N-" 

V— f » 


N' 


-i"r + 


Tlio expression of the ndius r of the surfitce ol the fluid will thus bo 
dpterinioed toquauiddes ot die ardm « ’> and we tnay> by the sunie|)f(M«‘s», 
cany the api>roxuiiation as tor as we widi. We slndl not dwi.ll any hunger 
upim this object, whidi bos no other difiBoo)^ than Uic length of < ulcula-* 
lions; but we shall dflrlve Grom die preceding aiwlysts this impottani .poii> 
cIusioD, namely, that tee tnay affirm that the equiblhiuni is ncoiondy pos« 
»ible» although we caonet assq'o the ligorous Ggyre whh li x^uisKes it; for 
we may find a series of figuvess a^icb, butig substituted in tlic < quation of 
eqidffilirniai, kavo revudi^erwsiqieessiv^ smaller »id smaller, and which 
becoBO lew dum any given quantity. ^ 
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58S. T(i compnrc with obaervadoni Uieoijt w« i^yeabi^j^.do^r' 
we must kiiow the curve of the terrestri^ ttier^ans, R^'lb(^";$rhich .vir* 
trace by a series of geodesic operations^ ■. Z^:.(l|ii^u^;the..a^ of Mtaiion 
of the earth, and through tlie'i^nitb of a p^e at aur&ce. we intake 
a plane to pass produced £> the heavens'; thU piano trace e^ieat ei]>- 
do whicli will be the meridian of thepi’anb:' alt poTntt <i^(H!he^mi%ice of. 
tije earth which have their zenith ap6n tliia- drcumference, will lir under 
the Siimo celestial meridian, and t)t^ will form, upon tltis surface, a curve 
whir h will l)t; the corresponding terrestrial ineridian. ‘ 

I'o fictermiue tliis curve, repres^tiby u = 0 tlic equation of the sutfoce 
of tJ:<» cf'vih ; u being a function of '.three rectiinguTar roordinates x, y, z. 
1-et x', jf', z', be tlie three coordinate . of the vertical which passes tlirongh 
tlic pJ.wre im the earth's surface detehnincuby the cqordinates x, y, zj we 
shot! hiivu L'y the theory of curved surfaces, the tWo follotving equations,' 

rd n\ 




fd\ 3 \ 


Adding t)u' liist niultipli^ by the iadetertniaate X' to the second, we 


g<^t 




d uy 


da' 


(H) 


y' . dx' 


X d y*. 


This equation is Uit>t of any plane'parnllfd to the said vertical t this ven> 
tical produced, to inlinity outicfding with die' .celestial meridian, whil^its 
foot is only dislaut by a finite qitanlUy from the', plane of this meridian, 
may be deemed psiraUel to that plane. 'Hjv diflbrebtial equation of this 
plane tiuiy tliercforc be made lo rain^e with the pret^ing one by suited 
bly determining thd iudetemunate X. ' . ' . 

'Let' ;• ' ■ 

d z' at a dx' + bdyV ; 

lie i^,.:^Daticm of thefdaite i;€ tltecelesUal meridian; eulilparibg it 'with 
-thepn^di;^ on^'We - 

■ / ' , V . f-. (*? 

To wesl^ suppose idoviw ihc ’bbe^rdi^es' of 



KSWTOirs 'Ar, 

tlWi drt vertacal imndQU tti dw am of ^ 

^ ^I^Majlaoe #a tte gurfi^st. Si)3MlltuUog' tnocetsivcil)! tJMm eiwuB- 
aatei ^ ]|n!eceding equation, ve dtali have two eqioatioiub by laMoui of 
w^ieb ♦« shidi determine a nwi h. The prwe^g e^pntfoa eMntrined 
wi(hU«t«ftfaeforiaceu & 0, wiU ^ the imm of the Utrreatriid 
dien wideh pasaes through ibe given phane. 

If the earth were any «3Uptdid whatever, n wottld be a ratiooal en^ 
ctflire fimedon of die aecood degree in y, e; the eqaatimi (a) woeU 
Uterdbre (hen be that of n plane who«e intersection with Uto sorfiMe of the 
earth, woold form tiie terrestrial rouidian' in the general cote, dila me* 
ridian is a cutvo at double curratiirc. 

In (his case the line drfemined by geodede mmsiirea, ia not that of 
die terrestrial meridian. To trace (his line, wr form a dist hoiieoutal 
trian^^ of which one of die angles luts its mimmit at the of 

this coj^e, and whose two other summits aro any visible olyects. We do* 
tenaiue tbo direction <f tho first dde of die curve, reUUvdy to two sidia 
of the tnangle, and to its length from the point where it meets the aide, 
which jmns the two objects. 'We then form a second linrixontol triangle 
with diesc objects, and a third one sUll lardier from the origin of the 
curve. This sedond triangle u no( in die plane of tlie first : itba> tioth'ng 
in common with the fiirmer, but the ride formed by die two first objects ; 
thus the first aide of the curve behig produced, lies above the ptmic of 
this second triangle; but we bend it down upon the plane ao us alwavs lu 
form the same angles with the ride common to the two triangles, and it is 
ea^ to see tliatfitr this purpose it ronst be bent along a verticsl to this 
plane. Sucli is therefore the chanicteristic proi>erly of the tuive irarcd 
geodesic operadons. Its first sides of wliich tlie dirwtion nmy Iv 
supposed any whatever, touches the earth’s snrfnce; its secoml ride tx tills 
tangent produced and ||pnt vmtioafiy; its third is tbo tangent of the lu* 
cond side bent verdeally, and’so on. 

If through die point where the two rides meet, we draw in tlu' tTii;!;ojii 
plane at the aoilace of dio sphcipid, a line perpendicular to one oJ ibe 
sides, it hr clear t^at itwilllicpeipendicular lothe odicrj whence it folirw.,, 
that die sDia of dm side* is the shortest line whkh can be rlrnwn uix**' ./.t 
surface between Adr eatrewo pwnta. Thaa the lines trnred by gcn.irti‘ 
^fterodoiu, have the property <»f being the ahostest we ciai r'rrw 'ttiou f.* 
sarihee df the spheroid betwaeir any two of tbar imints ; .«ud <•. f. 

thrar WowM be {kacribed by a body nwvii^ unifbnujy iu tin' '-utU >•. 



* ■ y ■/ ‘ ' S' ' r-v-% 

Lei X, y> vbe tlie rectatigybir <if pttrt wb^0i^.|ioir-i|tt 

carve; x 4> dx» y + <ly» + d se Wi6,.W tfeows of p6iato uifiwNi^^rlb 
it Call d 8 the eicineut of the curvcj.' jind siqpp^ dus eleiamt prodveed 
by a quantity equiil to d 8j x 4* 9 (t ^ <iyf 2‘*f 9 WiU- be the 

eourainaic.s of extremity id* the curve tW jM$da§ed. By be^lfbg -it vtaik 
ticJly, the coordinates of tbis'^ramty'^^ beooi^x d*.x^ 

y +• a dy + d*y, z -f- 9 dz -f d?;z;'tlHls<^'4*^r^d*.y*'‘ifr4** 
will be the coordinuics of the venical, taken ite &fot; we.s]^l| ithete- 
fore have by the nature of the yerBcnJ, and . by 8 Qp|) 0 !iii% -thol -B-tt: 0 is 
the equation of the cartii'S sttr&de^ - ■ 


0 - ( 


d uv 
dx7 


d*^st 




equations which are different frcuntliosj^f dieleriesuiat meridian. In these 
(-qu.ations ds must be constant;' &r it is d^r tltat the production of 
d s meets the foot of the vttiiual at an injSAitely anall quantity of the fourth 
order nearly. , 

.f.et us sec what light is tltrown upon the subject of the/igiireof the earth 
by geodesic measures, whether made in the direcddlis of the meridians, or in 
directions perpendicular to die meridiatts. We niay always conceive an cilipo 
said touching the terrestrial surface at every point of it, and upqnwhidi. Urn 
geodesic iuciViuresof th.e lougildtke^iHl IatittKleifrdni tlte point of contact, 
lor a small extent, wonhl be. the same as at die surihee itself. -'If the entire 
surficti were that of an ullipsoid, the. tangent *eJljpsoid would every where 
Iw the ^ame: but if, as it is re.ison{4>Je to supjr^e; die dgure of the meri- 
dians is not elliptic, Uieu the tangent .cllipsoid.yaries froni one country to 
.^notiier, and cau only bo dctcrinined bj* geqd^ic uieasuresi made in 
rent directions, it woiihl be very interesting to know the osculating eltip- 
soids at .V great number of places on die earth’s surface. 

Let u S3 X * +*y* -h z* — I ~~ 9 aju', be the i^iiaidt^ to the, wriace 
of the spheroid^^ which we shall suppose very little difi«^t litbrn n sphere 
whose railius is unity, «o that » is a very small qu.-auity. whose sflBare may 
,be neglected. ; We may always consklcr u' ns n ftinoto of two. vjuriabl^ 
3 ^y ; for by supposing it a function of y, z, we may eliniinate si by 
jneanssof the equatiqu z =: 1 ^ x • — y , Ueinc% die tbr^.cqua- 

jiions :|&nnd above, reioiivoly tqqthe shortest line upon the cardt’t; niirw^ 
.biicouui"' 
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xdi*z -— 8tl*x S5 

y 4 » Z — . 2 d » y a d* *, 


m 


\ 0 i 


*1111* 1^ we shall eoU ihr> GrodCit * tine, ' 

('Sail r die xaditw drawn Irom tLe cuitw of the rattli to its auHheai i 
angle which this nuluu mdccs with Uiu dxl» of rutati(»i> whtdi we shdl 
sup^jose t(> be that of Aud f the angle whidi tho jilane ibrmcd by tlda 
axis and by r makes Hidt the jdoni. ol y ; wc shall hme 
X -t i sin.*.to‘».p! y » vsift. su). f , z a roo».4j 
wlitnu: ae d^iive 

«n.*tf.d f = X d y — yd xi 

— i*d# - (xdro-zdx) cos. p + Cydz — zdy) sin. p 
d s* a dx'-fidy+d f =dr*+r* d # •* |-i 
Considering then tt'» as a ftiotition of Xj y« and ilesigtiating by 4 the iato» 
tude ; we may sniipo'e in this fnnetion r s and -4 = 100o»> wiudh gisca 
X ss cos, 4* cos. f>; y ts cm sm. 9; 
thin we shall base 

0*+(^>r=(d>+ '■(n-:')"'’ 

but wc have 

+ y* sc ^ JSC tan* f; 

ivlic^ncc wu deiive 

d + = _i.'l:!+xai, 4, ± ». 

^ «n. ■4’ coe. sj/ * ^ X* 

Sabstituiuig these values of d d* tu>d of d p Lu the preotxiing dilihrentiul 
e(|natioD iu u', aiid compMUDg eepatnlely the oo«;fficieats of d \ ai d d y ; 
we shall have ^ 

Vdx/ siiu4 Vo4/ cos. 4 Vd /’ 


/d tt\ sin. » /<J nTv , cos. p /d u'\ 
vdy/"“ aSTJp’V^} cos, 4 


sin. • /d nf 


d u'\ 


wbidk give 
/d tt^ 


(Is.) 


’■/du'v 


ll wl 
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V , \ 

n>it iM gl< cting quondticy of tfaji ordar tre have X4l*7««-y<l’xs;0; 
and till, two uiuation? ' " 

\ d ' z — z d" X s: <ft f'h.^»-^zd*yss6t 

JMVt 


and 


{P^CS 


*•+ y* -jh *• p» I 


xd*x + yd*j 4 '*<l*r + d«*« 0 | 
sub<(itutiag for a d* r its piccod&qC^tiCt w« shdl have 

xd*x + yd'y ss — (x* + y*)<Js’ =* — 8*'cos.* *<{'» 

wbeififore 

Tiic /iibt of dfitations (0)» wHI thu« jgire by iulcgrstiou* 


r" d f sio,* # 35 c d a + « dzj'd 8 (^) 


f, 

c the j» oilrary constant. . 

'flic scioud ol cqualtons ((>) gitps 

d. (x d s •>-> ii d x) St ** 

but it is euji>y to soe by wbat precedes, that wp bavo 
d * a ss — d »*. sin. 

we bavo therWoro 

d(xdz — adx) sz —ta d s *(2“) •yJ 

in like n'luuncr wo base 


(P) 


d (y (1 z — f d y; as — «d 
wc shall thetpfure ham 

r • d ss 0 ' d 8 iin. p + c" d s cos. p , 

— » d s CP8. f/d s-^ (^-^)co8. f + (^^sin. p •4' j 

— ads Sin. p/ d s| P —(§’/)«»• P *"»• ‘+}i • 

'CtHTteider the case in wbieb the first side of the Geodeai^Jdtie is 

mitdbii to the corre^oding plane of jtlie cclestud meridian. Ijlt^is caie 

'dp is of the order «> as also d r ; we bare, tlier^i^ neglectm ^MtStidea 

.of the order «*, d s e ^ r d », the arit ^ beii^ stqpposed toj^srease Iritei 
" .* r 



ikHOi 10 NF-WTOWS JPBlNCfl^ , * 

the wfMitor to t]i« pdici. 4> eg pi rwrfng Wtodft ^ ^ to«» liwt 

we 1 sslOO* • 4 . --(yX), 1 ^*** 

dl ss —a 4, — 

«« iuvo dter^ore 


di=:d4«.{l + «tt' + 

Thus uamiiig < the diftuence in latitnde of die tiro ttdrraie poiidi of > 
the «rc 0» we »hjU have 


• a ( + « 




v/ being heie the t&Iuo of a' «t the origtn t>f 1. 

]f the etvrth weio a fcohd of tevolution, tiic gu>il«vic Lne woiild be iil« 
ways iu the plane of the tame meridiatij it depnrti from it if the potallela 
are not tudes ; the obbcrvetions of fhUr deQuetion n> ly thmfore dear 
this impoitant point of the theory of the earth. Renitne (ho eqaation (p) 
and observe that lu the {sreecm. CA’te, d ^ wid the oonstaut c of this equa* 
Uon ate of the order and that We nuqr thttre suppose ts;l>ds3:d->h) 
i a 100“ >« 'I't we slmlt tbos get 

d 0 C.O.H ^ C d 4^ + * a 4*7 d 

However, if we V the angle which the plane of the celtstial meii> 
diau mahes with dtat of itf y, whence we compute the oiigin ol tiic angle 
0 ; we shall have d x' a tan. V » d / j y*, / being the coordinates 
of tliat nierulian whose dll^iwntial equathnii as we have eeen in the piw> 
ceding N04 IS 


d e' sr a d s' -f b d >'• 

Gmtpanng it with the prccediag one, wo see that a, b arc inHiute and 
sudi that ;s tanr if, the equation (a) oi the preceduig No. thus 


ghres 


whence we deKve * * • 

0 a wWOrV — y-**c(j“)t 8 n. V+ *(jp- 


We nay aupfutse V an tb. dm hMUMf mnl%lied by «; moieover 

• ? At ^ 

^ssttpkpiw havcAerefinn^ 
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A OOMKCENTARlTcm C 8 >i 6 v.XlLaXUl. 


ci> 9 . COS, f ^tan. f •— ta]!i. V{ 


wliich gives 


«os.^eos. 

L# ■ 

«ob* * 4 * 


llie first side of the Gfodesk Unet biSfig stqpfKtsafi |imi^d[ to file plftnc 
of the celestial meridian^ the difGbrentiels of file ah^e end of file dis- 
tance (f — V) cos. 4 fiom the migin of the curve to the piano of the 
(elotial ueiidian ought to be nofiuttg Ml this origin ; we hnve fiieixfoie 
at tliis puiot 

a‘;p = (f — ' V) ten . 4 w - — ^84 — ^ ? 
and c<)n«eqaentl7y Uie equation ({i) gives 

tt, and 4 , being leferred fd tbe origin of the arc s. 

At the extreml^ of the mMiarOd aeO| the sida of the curve makes with 
tlio plane of tlie oorreiqiooduig celetfiiat raerifiiMk at atigle very nearly 
cqutJ to file riiUcrcntial of (^ — ■ V) cos. 4 » divided h^ d 4 > V beti^ sup* 
postwl cnnatanl la fixe difii.*eutiat!o& ; denoting therefinre fins angle by 
we shall have 


do * , 
• = a-+'»+' 

d f . 


(p — V) sin. 4. 


If we sobsfitute for its value o)>ii| b^ from the equation and k>i 
f - V, its preceding sslnei wu shall lhave 

file bitngtal Uafaig tak«i from the nti|Bi of the measured art^ to itsmetre- 
il^* ChU « fi}e difference in hiUto 4 bof it* two extreme pdnts} t beiog 
suiijpoeMl luffi^fiy smaU for s * 1 n l^r^ected, wp fiwU have 

^ t t * 




jIn wld(frfimvdaMiof 4 *(^)i M)d(g^^^iaiist be yefrr^ jdie 
<|pe8tercxuelmft;rini|minaldhlle<ffdmmeaautedHte» 'Rieanjf^w'Wniillie 



noon I.J Nl&WTOlPa PIRKCinJu ^ 


•o^bscd porittve, vlien it quits iho in the dirMtina of tlttln- 

cMimtots of ’ 

To obtain the difibrencn m loogiUtde of tbo two meridions cOfi'MiK'bii* 
tug to dio oxOremiHes of the see, we o})»em^ ihit u/» 

botog tbo values of V, «nd at dw first eNtrt:nuQi» wa bava 



but we have very nearly, neglecting the square of i, 


we diall have, tberefore, 




wbonoi' iwwtlts tbi<4 tcry simple cqiialton. 

^ V,) »3n. 4’, — 

thus wo may, l>j ob»t>mUtm alone, ami iiuJejietultirtly of thobnowlodga 
of the figure, (Icttrmitio die difliavt'ce m longitude of the merhliani co»s 
te^pomting to the extremities of the measured otc ; ftju) if tbc value of the 
angle w is such that we cannot attribute it to cniir. of olwcrvat'on’;, wc 
ahall be eertefin dint tliu eanb is not a s|)beroid «f rev ilntioa. 

Let us now consider the case where the first siJi of the lhi>‘ 

is perpendicular to the. corresponding plane of the celestial mori'l’au. If 
wo tfdte diis plane for that of x, y, the cosine of dm angle fornwd by thi, 

side npon the idnnei will Im dius this cf«int beiog no- 

thing Kt die origin, we have d x « 0, d * =s 0, whkli gives 
d . r rin. > cos, ^ ss 0 j , d , r cos. * ss 0 ; 
and roDsequendy 

r d 4 cs r n p sin. cos. i. tan. f ; 

Ixit w» have, to quanddi^ of the twder a*, d a w x d p sin. we "lidH 
hmre, therefixrc^ at dto origin, 

is,"* t 

Tha pottWwt of <|ie eqnadon (q), is equal to die value of x d / — 
, ir d 3t, at the origlil j M ** nothing, and tha aquation (o > «{*''«., .it 

ilia 

I-Js^^sin,#} 



we lAoU 


$o& /^^OOHMStiTARY ON [Sect, m » XUI^ 

wc lipve, tlioie(<>rc,i obierriiiig p ^inm of tile en^ t wA that |U» 
ncijlecting qunatities of ^ ardetr m\ «e fa«V»«la» f ss ten. ** 

e'asr^aei,#^ ^ > 

tli<' quantities r, and t, 1>e(t^ trekttfie tit tbe 0(%b»{ dMrofi»e> if et* epp 
sj<l»i that at due origin the ex^le f it what tffe tleibira ei^itld iUi 

h whose vflhie we IwTC Ihtfttd eqntdT th 

]iAve at tbia point , 

Vi- 44)^- 

71»e equation (q) then gives . ' 

<**''/ -52&4 Ji-..# 

but %vc have 

da = (r4)‘ 

we shall get thercfoie 

» (1 2 « «/) tail, -4, + *( 

Obseiving that at the 

* {ilsTd, ** cSST/i * 

the equation (p) jpves < 

c s shk. #,$ ' 

whence we get 

du/ ^ „/du; 

(1*^1 

T,^ 

and consequently 

w sw — w^-g^j — 

l^tonyptatkm 

s t 

IpThh b7««liii|dtis^^^ of^Biovder 

dependent of ^ ‘ 

+-■4, . 


get 

i* r^stOa#/ ^ Ti fiw, * ]f, casa^4/ * 


4 '' 


i%ldch|#' 







r..-' 


At wlhN-wJytiiJ 


t,t|»';two^«actiM 

■j; "3s-'iv^^^'|^'*“-'<^ + ‘t^)l;' 

if.ii_i^likiarfrtii^4^t^-^‘the saffife iMie-, measuared in' dtsp-'diiii^ioa'of.l^ 
mm«j^ tlH« fiinction, by what to • - j ft ^ ^ 

be deti^Roiaed iu two ways, «nd i4‘i^ bo able to >dgo wlietbct th«^ 

, values thus found of the differcnte.;fp:f latitudes, or of the /^it^n^ai' 
angle w» are due to the errors orbb^Sfwatious, or to the laccentricity of the> 

' t<9rr«l^ial pandlek. '. ■ .- -'T. , . •.'■%-'V.;'' 

R^huhingonly the first yiewertrf^- are •feaV'e’ ' ' '■••"i i-!:.- 

P rr P,.is not the d>%»»«Ke.ih;^ 1^ twd extremities rfthe »b« 

s ; tl^ i* e^ital toT. A*' V^t .baV l^c, what ^Mbe^fiasi ' 

’■* ■■■,.;*’: ''.'VtVv.-:;;-. ,■ . ''V '■v'.'S','? 


;,^'v 




whkdtgfye»‘. . .., 

' •• '' '' . co&» 

wherdforo 

~ '^'' *'<3%, +'- .'r }■ 


g^r to i^'sfiiue;,o#:-V —-V; th^ term 

» V ffod uj the hypothesis 




:w, A COMjpij^TAllY m [Sect. Xlt. A 

the lumtlian of tbo.bst cxtEcmUj; <3^ s^; ^ » ea^ to seib' 

civtHg of the tunmotliaf Migte is tRjoi^.'tP 1C 

like, coordinates x» to the plane oC‘t^ meridiiiiii; 

first, extreinity of the are; its side .b^g' wp^^(»>ed,'ptS3peh^^ 

the piiine of this tneridiaily we shall bare . . • ^ ' - . ' ' " 

wltercfote, retaining only the iirst powef of s» 

dx, d*x, jd« , d*iif 

r; - *• -JT*-' ■■jTs’ "dT*- » • '■■ ■■' 

but we have ■ ,,' •* 

x' =: X cos. (V — yj +'y sin. (V — V^)j 
tints V — V, b«in]^ by what preoedet, of the order a, wo shall have 
ti x' d*Sc. V 'rtr * «\dy. 

Apc^iri^ we h*Hve 

X s= r wn. ^ cose p; 7/p r cos; ^ ; 

\m lli«$refore shall obuiti, tcj'ccting (junntitics of tW otder a \ a&d pb^arx- 
d ^ ^ do 

ing lluit j ^ ijuaiitilies of the order «z> 

d»x, iHu/ . , , d*^L . . , dp* 

in^ « “ ’ “d7* +* *■' • d i * d s • ' 

Thence \w luivt 

/d* ti/ \ 

d • »/ /tl * »/\ d i,* /d u/\ d * (>, V d e ^ / /cl u/\ . , 

- a.i '=*(-<rf'^).i 'a5:)-a-^= ii»via: 7 ~drj:) “»•+-!. 

toureov'ur, d ,s s= sin. f . d ; we shall* tltercfore, have by substituting 
for r,, iff 1 and ^ values, 

'ds’^' 

Neglao^^.'^a iiowi^s .of' «, 'We Ipive^ ^.’^WQ-jleti, 

: flSt- ■.'::: vfe-': " 

a»Mi sa 





* v¥ 4 


^f7 


ia^lBIke abtaer Ore slodl find '*• *’’ ' 

01 ( 1 — • 0,0 do.^,— « tKii.*^., CO*. 

the eodoe of the i niumthri eagl«^ tt the eotrnmitjr of die are % <||j|^l^|iq|l|| 

be , * * 

♦ tan. 4v / 1 , /d uA *(if?OV 

H — «n, + e(^^)tah.N, — 

Thb odatne being very binall, it oukir ht* taken for the /coTnidemenL of 
the admnthal angles wlJih oonseqaeott/ it equal to 


100* — a tan. 


4 . •xr'-A. . 

(.'-••''+*(d + )“" •'--f. 7 . O, 


For (lie greater exocOH^ta, «*e niust mid to thh atiylc tlut port dagimd* 
ing on s*, and iudqicndcnt of «, wlurb we oblnm in the h^xithena of (he 
carth’fc splirricit;. Tiu» part ia equal to | s* d* tan.* 4v) tan. ■4',» llitui 
die fUBunutlial angle at the uctremKy of the arc a it (hiuuI to 

The mifiue of ctirvaiure of the C> odesic liitc^ foiming any anj^e arhat' 
ever niih the fdone of the n>cri(Jiau. a niual to 

il$* 

•^'romr-T* Jtor w ‘vn f -p tir'e , 

V (d‘ x)' + (u'y)* + /)* 

«1 8 being aupposed constant , let B Iw ibis radiat, Th<* equation 
X* q- y* 4 > a* ss ] 4 > 2 a u' givet 

xtl*x+y 4 *y + *^**“'*“*^a’ + «d*n'; 
if we add the square of equation to the stpaxev of Miuations (O), no 

diatt hare, rqjecdng tarnu of tba order <* * 

(x« q» ya + a*) l(d* x) *+ y) * + (d " 40 rtd a* — S «d 8*d*u' 
trhciteaind d^re 

R es 1 4.‘®u* q. « . 

In ihc dtiMlott of the meridian, wh hare 

d*'4i' ^ ^ /d* o\ 

•* XTI ** « Ui;v‘ 

‘ W)- 



tiiA ^ coMMg^xnTfm 

¥ 

III the (HreOton perpendicular to tki mMidlMi* «e‘^W* 
rt-des. 



n ill (hv preceding e^retsian of V — V,> we nidlce-^ s= s', it takes 
i)ik uiy «luip1o foiiu rehtive to a qphere of the radius R, 



'llie expression of the oximuthal an^e beccMues 

1(>0» — 1 / tan. |1 — 5 s'* (i -»• ton* * 4'/)|. 

(' (11 (lio angle which the first side of the Geddesir lim forms with the 
pi (lie corresponding to the celestial ineridiaO) we shall liave 



Ihit ‘.ijpposiiig (lu: eatth a sphere^ we have 

"r””' tow vv’ d cos 4>, * 

=: cos. r.; — siti.' >. tan. 4 '/J 


whorefore) 


+ 0^iv>+(f,4"/)c».x, 

the railms of cuivatute U« in the direction of this Qeodeiie line, ia tltere* 
fore 

{ df )'«.-x,+o } 

To abridge ihh^ let 


(^) 


K S= 1 + e»/— >!(, (^) + + A* (f;^) 





KEVi'TON'iJ PEUsfClPU. 


»=i-Mr*)4i5#+ld^v). 

Mtf^baU. twi\e 

U «; K f A vn £ >. 4. J) C(». 2 X. 

Tho obsovatioiib of 'i/unut)4iil lui^Va and oi tlu*4diiSuitfioa ot tito Ititi*'- 
tudes at Pic fllXfcwniitic^ oi th« two frc^<ie Ums wtc nn-Aturcd i*i tlt9' 
diiectioa of the menJiaa, and tiic otitor in the doccuon perpendientnr %)' 
the meridian, t^dl pivo, hj what (ireeedi's, the talae& of A, B and K t firf 
the obaervatious j^ivt the i.idr of uttrvaturo m thobc two direetious. li«i 
11, and R bt. lh«bc mdu ; we ,ii df have 

k ~ + R . 


and (ho value of A wiU be detcinuncil, • ilher by tlic iiidtnuUi of the etc* 
treinity of Ute ate laeobuied in (he dnecUou dT the mkndiau, ot by Uiw,^ 
difioteneo in letiiadt ot' the two rxtrenuties of tliv air ineawned in n di« 
rection perpendicular lo th>‘ uu ridion. Wo eliidi thiH |jet the mliui of 
cunaturc of the gtodeste /.«f, wbos' tirst aide any eugh* whatever 
with the meridian. 

If we call S E, an nngh' wlutse tangent » ^ 1 vie dull have 

It s= K 4- o' A • 4 jr , tub. A — a Ri, 

Ac greatest latlow of turvamre comwixindb with > ss Ti; tho toi respond 
ing geotlcbit Imc tmmv theioiorc i|.t angle K, Mitli tin pl.neot llKitne* 
ridian. The leabt r mIius tif curvature t!utrfb|iotHld wiUi / .e |tH)«4. E; 
let r bo the leobt latlius, a^id 1 the gieattbl, wi vhall hate 
B =. r 4 - {i' — r) os.’ ( •— K), 

X -M E being tho abf^ winch the errodw tuu cont^ponUmg U/ It, ionub 
with that which eorreviiunds with 1 ^. 

We have already observed, that at each ])oint of the roithN ^uiface, 
we Hay concave an rsuilatort elhpi^oid upon Which tne •hgiti , in all 
* directioua, are semibly tlin same to a tmall extent aiound the p >i> v "t 
cnlatioo. Ea|ueas the radina oi^i. elllpboid by tnr fiuntion 
1 — « sui.*4' {1 + h con 2 (9 f 

dhe hMtgittidH p being redceoed hrotti’n gh«n (.icrlihun. The cxpre^buxi 

UU 



- 1 0 A COMMENT^S^jWI'- 

(.(■ i^itT tevi-estrial meridian roeasor^d; in ^'fd' •. “ ttra/'inai^dian,'..; 

v\*i 1 h% by what ;t>rccedes, ' ^ '. >%, * ; .' 

> - {1 + *» ««*. 8 (« + + 3 

If O.i; measured arc is donsiderabl'e, md ' if W imyd;.o^tvfid, ns in 
Fiuuci-, I lie latitudes of some points WermeJiatfe;-^iw^:i' 
v>c dial) ha^e by these ineamrcS,' toth- tdtt^ iengtli'dfliho vadins taken for ., 
uaitf. !uui i,!ie value *«f « fl + h cos.;^ (f 4* |8)i.-' We tfien' Ijive^ by 

■•'lifit I'l'ccedes, ■• , ; . ' ■ . 


^ ~ 8 e h. . . 8 (p + /3}^ 

cos, y ' . 

ilic iibscrvatlDn of the azimuthal angles tit^e two extremities of the. art; 
will a! VO. a h sin. 2 (p + 0). finally, tJie de^ee measured in the direo- 
tio -1 piTiiendieular to the iimrtd:.an, is. 

*'•-}- 1". tt { 1 + i> 3 (p + /?) } (» K tan.. * 4* ®oS' 2 (f 4* p') ; 

the lucnsiire of this degree will therefore give the t'iloe of « h sin. 2 {f+0). 
'Jl'iius till' visculatory ellipsoid wIIJ be determined by these several mea* 
sure,!: it would be necckaiy for an arc so great, to retain the square of t 
in the iwpre.ssioii of the angle and this mure so, i^ .as it. Jins been ob- 
soi’Vt'1 m France, tU«i azimuUial angle does not va^ proportionaJly to 
the iiieastiml arc : at tbe luinic time wo must add a term of the form 
a k sin. 4* ees. v si«> (<f 4" '^')« to get the must general ciqircssion of this 
radius. 

.*588. The elliptic l^rc is the most simple sifter that of the sphere : we 
Imire scvai .shove that this ought to bu die figure of the ennli and jilanets, 
on the 3appc.shion of their being originally fluid, if besides they have 
rctfllni-d ihcir primitive figure. Ii wsss natural tiici-cfore to compare 
widi this ligure the meusured degrees of the meridian ; but this compari- 
$<in has given for the figure of the meridians difterent ellipses, and which 
disjjgico ror> umcls with observations to be admissible. However, before w'e 
renonacB entirely, the dliptic,. we in'ustdeienoiuctlmtin wliicli the greatest 
• of the mupsut^ ia snmilor than' in every other elliptic 

figure, and whc^cr it Im witiiin the limits of the errors of obserT^op& 
We arrive ut’t^ hy.tlie foi.idwngmethtd. 

' iifit a % a'f/, a ^ be the m'emured'deg*^ oiT the merill^ p *’*, 
p®, 3tc. , of die dnes of fte corre^pnhdli^^l^^ 

suppose diet id this'dlipse required, the d^pec cf dtomertduin'w^l^resBed 
by the forinuls s P X.« * '‘V.* ®‘V prrmfsilfflibwvaffi^ 

W:ehal| have the 

&c. tprm-'an ihcreasuig"pdg^t«>^<bb‘''.''. v” '; 



NEMmwS PitlSNaPU. 4^11 

, a'/ — * — pO'ysQ.xM ' ‘ ,’ 

aW y aJ jt«) . , , , , ^ ji4J .' . 

a<“> — / — p6«> 5 as x‘"> 

n bciog the xoRiber tif muisuti'd degreeit ^ * 

We shall efiininjte IVoiu tlicse tf}natioas the unlciK>wi) 4]CuihtltiMBAn4j]V 
«|id w« bhdll have n — S equatiuna of uniditUin* lietweeh tho fi dlw^i 
»®» . . , , , x iDirtt, htywevet* d» tenelne thatt,^)iteMii of uvenii 

in which the gieatei*', abstraction liein^ made of the sigm> w iea^ l9tta \ 
every other ^»teni. tj 

I^tst auppoae tlmt we have only one e^nation of ronditioni which ^ 
be reprosenud by 

a sr m v t* +• A X + j> x '* ^ &c. 
a being powdvt. \Vc bt H Inse tUe ^»tein of tlio ralnea of ***\ x*, SKlil 
which give% not itpjidiu^ signs^ tlie Ica^t vuluo to the greatest «f HhoDlt 
auppueuig tliem all nearly equal, mid to tin. quotu ill oi >/ dnrkleA by t)^ 
sum oi tlie uxiBueiitti, ui, n, }>, &c. tnicon poaitivily. As to the iJgn 
which inch qnaiiuty ought It) lime, it nnibt be the same As that of iU eta* 
effic lent tu the prupoi<ed equation. , , 

If we 1)8' u two equtitioiis of lombtlon hnwicn tin eirors, the eyatew 
which will give the tniallcst voloc |n>ssi1>h to tlm greatest of ibm will be 
such that, Mgns being abstracted, all llic eitcis wiU bo equal to one ano> 
tber, with Uic excopUon of one only which wiU be sninlW dian th< test, 
or et ieatt not gicaUr. Supposing ilicrcftirc iliat i> this ereftr^ wo 
shall datoiiiiinc it ui function * ‘ x<*V 8tc« by moans of one of (he proposed 
equations of rendition: th«*ii snbsUtutuig this value of x'^in the oUier 
equation of coudilion, ve shall h>im onebcisAtn xf''*, which re- 

present by the Ibllo'virg 

a ST m x**' + u x'"** + Ac. 

a being positive; wc iholl haves es abrvt', the values ot xi >. x’’', ACi by 
dividing A by tbe'vum of the coefficient, jn, u, See. takin positively, And by 
^ving gs^pccsdvely to tlie quotient the signs of in, n, &c. Tliese values sub' 
sthUtedin the expression of x in toiuis of x *«, x Sec. will give the value 

of and if diis value, abstiacting signs, is not greater than that of x 
this iiyttam cf vohies will Ise that wbich weniusl adtqit; butifgreatci, thou 
ilMijMtgpftN^titxs x^) Is the least aitor, is not legitimate, and we niu,! 
suooiwdv«|g‘X|ake the AAme sappositton as u> x x iic. until we arrive 
4( an emof >* 1? this sati^actory. 

If ym bAti«i[thfp> eqdgtions ^f|KMdttitm between the e> vort; (he aysteiu 
wididh witt give l&o tnodici^ frttbf pdrstblc to thq^i^Ost of diem, w41 h# 







b-.'cli, t)K»i, fibsiracling «gR9, the cirortS^ 
tuvc, which will be leu then the otb^te.' 

fruppobing therefore thet ere the## Iwo . dhiu* 

ri.'tte thi^iii from the. the equA^ons^ of ootifiwiun h^.jnittfw of the 

other ino, ahcI wesh&Il hlive at»«qculioo 

reproj.'oiit it by ■ '. '' 'Mi --' j 


a at • tft « +. tt ■■ 

n btiiig positive. \Vc shA iwi?e the Tolitfes'irf Jiqr ^ti^ing 

a by the sum of the ooefircicntjs ni, n, &et tfdwQ pbitiUTdys M by giving 
successively to the quotient, the ih ^heM values eiibstii- 

tutetl in the expressions of x<'V and of x* h».ter^s,of,x<*^ tviU 

give tlie vtiiues ofx^h, end of si \ hnd if these last val^,.«lb$trftcting 
signs, do not sutqvass x*;*', wo shnll have the, system of eriror^ which we 
ought to adopt;, bat jUT one of these values exceed x^, the Biippositioo that 
x(‘>, and x^i ore the smatlett c^ts is .'not le^lniate^ and ire must use 
the eamu supposition a|)0]a’anoth<ar oomhinatirm of errors jtc. 

tiikcu two and two, until «e arrive at a cowbinatioii^^m vrhidh this suppo- 
sition is legitimate. It is r.u>y .to extend this method to the case where 
we should have four or morc-tiijuations of condition, betitemi the errors x 
X*, &c. These errors being thus fcnovvii, U will be easy to obtain the 
values oi‘ and y. 


The method just exposetl, apjdioa to all questions .of the. same pature ; 
thus, having the number n of obvemti.ou.s upon a comet, we may by this 
uiestts deteruiine tlutt panibolic orhib in wHirii.. die igv^pst error is, ab- 
stracting sign. 4 , less than in any other purabolic orbit^ uid thewte recog- 
nise wlicther the parabolic ]i\pothc.«<B can represent these ohservattona 
Ihit when the number of observatiruiSt is eonnderablc, tiiis niellKid. hu- 
enmes top tedious, and we way in the presceit problem, easily mxlve at 
die r^tured system of errors, by the foilpwing method. . 

Conceive that almtra^ing rigu^ is the greatest, of .the .orrnrs 
X &&; we shall iirst oUverve,. that therein xnu^lexiri.tou^lh^en'oT 

eijual, and having a contrary si^' to x ^^.pdlerfise .W )!ll^^tl^hy 
nmddng a to vary piopevly in th^e cquatimi . ' { 


'■■ vvV "'', ' ’* x — p -‘V y . ;■ 

eivor x \ re^nhig to it the ; property of, 
(^^8t dip; hypodiesis. Npt we dtall 
and dte t W nsJltpiiie errors, one' 

r^ tbere ou^ 
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IV'xX ftom th« «^ai()Seft' ti(MrtM|io«^ to we 'liaii 

l»Te ' 

pttjij, y S5 x'’'^ —X®. 

'll!* secood BMOaber oT tliis equatfon is, aUtraMinii si|to^ the stun of 
the extreme n»n% audit is dear, Uiat in vasying y 8Hitably» may ift* 
nuni&h it, preserving to it tbo ^perty of bdng the greaUftt of the sums 
which we can obtain by adding cm aubtreeting the errors x xt®, &»• ' 
token two and two ; provided these is no third error x ^ ’ cqntd, khstmot* 
iog signs, to X ^ ; but ihc sum of the extreme errors bebig dlminishod; i> 
and these errors bdng made eqnai, by means of the value of s, eMGih 'Of 
these errors will be diminished, whidi is contrary to the hypothw^ 
There exists th/‘uforc three eirors x®, xt*>, x* '' equal to one another, 
ab&tractuig signs, and of dUEbrant signs the tne from the other iwa , 

Snpiiose that this one is x^{ thou the iiuinbei aill fall between tlib 
two nuinbcib i and i". To '•how this, let ns iHisgiii'’ iliat it is mot Hho ' 
case, and that i' is below or above both the numbws i, i". Taking th# ' 
c<|uation correspoiiding to K, successively from the two equations oorro* 
sponding to i and to i'', wo shall have 

o» — e"^--(p® — pU'Jly ss — x"'; , 

a'*) — p<'fJ) jr s • xi* . 

The wyond metuhers are eqw^J and have the same si^n ; these ar'* nho, 
alistractiug mgns, ^sooi of the exti^une c^tora; but <« i» ividuit, tl«.it 
varying y anitably, w« may dunitti'»h tach t^f llicse sums, biuce tin- < ouln- 
cient of y, has tiiesame sign mthotwo first mmbetsi niireovor, w. na.}, 
by vaiying x pniperiy, preserve to x**’ the same valm ; x "> ami s‘' wiH 
therefore then b<^ abstracting signs, less tlinu x^'> which will bc«i«n,c the 
greatest the ontors witboot having an equal; niitl in this cu-c, wp may, 
as wd have seen, diodnish the extrwuo etror ; which is eoniiuiy to the hy- 
potltods. Thus the nomhtsr ¥ ot^ to fall between i and i". 

Let XSMW dototnun^ which of the errors x *>, x fvC. arp the *. ’•tnu'c 
man.' Ihm purpose, take tfcp first of the cqaatiwi*. (A) saccftssively 

from fit* fidltfwuig opes^ and we AaH have this serie« of cqoatims, 
a»-toaO' — — p<t))y ^ x®*— x»’, 

*w — ^pW^pO>)y « X® — • x'*': . • *(1*1 

' ■* h -ftc. 

the fint a|«(Dben of these equations will l< ntga* 
ttvr^ ^doemf xfl?'/ijaiha greater than x x * . dtmm- 

* islditgyo8hlh*»»aUy»'meaMt*rt3tei^ 
ppdtfife on* qf the’fiwt iWdihtpm^'^Mh ajtWmg at this stato, will 
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Itc ijoUtinv To know wlitch of tlwBe iae^bw»flffat jbe BO <w w <Wjpw^ 

Wtt t'liiil] (oim tbe (juaritiUei, ' ^ 

a'*-— ^ 4 

»• p(»-=:p>J 

S P K 

li i)i K arc M uny valuer equal to al^l Aonaider tiiaft which cor* 

it> I ftp K to Uii iionibf^r r tlus gmiUUr^ / 9 W y» in tho 

(i ly ' of tlip equations {B)i x ^ wiU bi; cqilfl} fip» knd diminiAing 
), It fkiUbi < jUalto X ibe iii&r mentbtr of tlten becoming 

{ >*-iU\ . (be SUCCORS! ve duninttuous of Ibia n)oN)i^ will morease 
Tiore rapuliy tlian the fiiht munbws oP tbe etjufttuffw w^h pn*cede it; ^ 
tiiMs. fiiiu « It hcrotneh nything when tbp preceding ooea mo otiil nega* 
tiu, It lo dcK that, in (be anc<c$sive diminutious of y« it will n]«va}« Ik 
ttie vr‘*<*(est whu.h piove« tl»at X *5 will bo ooufrtaptly gmitcr tlian x**', 

% -* . . X ' " ' , wbei‘ y is les* than 

lliv iu-( uif tn'Kik of tbe eqtuitioiis (B) nbich follow tbc (r 1)*" will 
b« v't fiV't mj,«uve, uul whilst that lx tbc case, x'f + % x'* +*>, Ac. will be 
lesx thou N uid consequently less tbnu s *'), winch beccunes tlic gicalext 
ot all (ill t irois \ X . . X when y Iitginx to be Ic-x than p ' . But 
continuing lo diminiah y» we ahaU g«'t a \alue of it^ sitcb that some ol the 
ctiors x' **, 8tfi. begin to aued k*'\ 

To dtti i mine this \alue ut } we shall tithe tbe r<* of equations (A) sue- 
ccatiively boni tlie ioUuwitig oiios^ artd we sh<i1] have 

, 1 1' + • .... ^ w ._ ||) » e 1) ... p W| y as X'*" *■ '5 X (*' ; 

a — am... {pfr+w p‘OJ j g- «— x**!. 

I 1 icn we shall loiin the quuntiihs 

a'*-^' - a‘*\ a' +*' — 

p r-SH p"^’ p~» f-' -Tplij* , 

Call p’-*^ tbe greatest of Aese quaiitittes« and suppose diat it is 


* if ntauy tbesi qusntities are equal to 0 ^, di«i0^ suppose 

that f U tiiugrcntost of ib« aumbefs to which theycomupqmi. Thlpctif^ 
will be the greatesi of the cardrs x x'^ btc. <t.x<Msolongaayit«DRw 

ptisoil between aud P but wheaby diwtiilBlihaigy, ir»shi|{||itfrmo nt 
x'*" will begia to exceed xf^V^^d ^b^uoiae the gportast at the 
«mxsv ' ‘ .c * ■* 

SVs aetemuoo within what limits w e sbtdSl IbOp dm qwit>0H|»^ * 


Let be the nruitart ai Aam (onHsaiidas. mimI 
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Boole 


♦ 


BIS 


i 


a<« 

* “ Kvaal of Uie qaantUtes art etf lal lo #o duiO 

jxw Aat i"» the grealeitt of the untobera to ahich they eonetpoBid^ 
win be the gieete'rt oi .<11 the errors ftwn y ss to y w 'When 
y rs ^ theu bogm to be tiuV grrateat error. Ifboe yrooecUf^ **• 
^hell fixna the too t!>etics» 

j,'.,. it" 

9 >} fik*'} |S^' j ... . , , . . (C) 

TBie first iofijeates the t iron x “J, x^'', &c. which bceooM ittcc<»> 

nvely the greatest . the second series fonuei! of deneasing quauttfieii -llO' 
duates the hnnts o<* >, hetveen wlddi these eiiro»s an> the greatest; tituSt 
x^> is the greatest error Seota y sr e#, to y st ; x*** is the greatest ^ 
ror fiont y s: fi<», to y ss iS'lhe greateot error fWxn y se 

toy ss uul so oil. 

Resomo now the equations (B) and suppow y negutixu and infinite, 
nie fi. St nw .ubers ol these equations srill be pasitise, x'*> avU theitdore tlien 
be the least of die cirors x's x(*', &c.' aagmeiiring y «ontmurJiy, some 
of these members SiiU become negating, ana tiirn x a til crab" to be tbe 
least ol the errots. If sre apply here tlte reasoning just used ii. tbe cuso 
of the greilcstenors, we bhall see that il we tall tiio least of the 
quanltUes 


pr.j:^*d )5 
and if wc sqppobu that it is 


4 *'*— a'. — o 

p « — 

a't'— -a » . . 

Ww ' llpvt » ** wiOg M‘* greatest oi Ibe uaro- 
P ““ P 


bers to wbich c(XTebl>oiid$» if boreral of these quantlues are equal to 
xW will be die least of the eirors from y = — jci, u> y In 

Idee manner if are c.dl X ‘‘4 rite least of (he quanting 

a'*+i' — .ael — a *' 

and anqiposOit to l»e ~ bring tl«c greatest of the nuhibet ^ to 


srhidh corresponds, if soversl bf these quantities ore equal to > \ "• 

will be the smallest ot the errors firotn y a to y ss x'^>; and «o 1 nth 
In tide maniKr we shall ferm Uie two aeries 


XW; x'*>} XI'V; fcO" } .. . x'» 


’ ,-r- so; Xd>j x(Nt| X'-Jj . .. Xt*; f' ; .... M); 

lib* first bidicetee fibe tjrrofiikdi, xl**, x'^*, Sec, wl icli arc su. eebiivc ly 
the ieiirt I# aw Htgipeiit y : (he heoqiid series f()in.c(l c4 merf jsiug tmmv 
isfil^tqs thd limitb of thg veliie&.4)f JT between whn li ftub of thcbc enors 
.'Ml ' ' " 
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i$ f.h« least; thus x^*) is tlie least 
X "•' k the least of the errors, from if as 


rest. ' ' ' -j} 

Hf.nce the valoe.«f y tb the 

quantities 0\ |9<*V^ 

ij’ the two extreme errors oC .&c same these 

two errors Wmg then the ijtt>dAi^ Abey^iwi1itt.l^ jK^i x<W, 

&& ; and since one awl the 'ttme A«gr 

ought to be -eemse^Ts^ and whidh 'Wh»lilh«% cm ijonly 

be one oif the <|^fnatitiM iaiibM theabemua - cusk^ . 

at the same thoe he i^e etEde^ b9r: 0n<» oalj of 

diese qtipntitiev lltatt, hevi^er, ia^ ifleth^,of that of the 

qaantUiesd''^»^^*»^i^v,J^4^^'OMgbtt0^1^ •. ., „ 

(onctuve, for example, dmt,i8'*)^.)x.tiii; Valiie; then there ought to be 
found by what precedes between k<^ and a^ ewkr whit^ will be the 
tninihumi of all the firrfMiis iHaoeati^iaodx^**^ wiU l)q of these 

errors ; thus in Ute series .x^'\ .fomi etpe of tlic numbers 

% s', &c, will, be compri^ between r ami if, ■. 'iSoi^p^ it to he s. That 
may be the lost of the v^ne of y, ft onght-fo he.,€om|ui8ed between 
and therefore if is ciomprUed by these Itnuts, it wUl be die 
value sought Ilf y, and it w>U bo useless to seek others^. In fact, suppose 
we take that . of the equo^qiis (A)» which answers to k;* successively from 
the two equvatiims whic|i respo^ to and to k<^">; we sludl have 
*wj ^ n(») [p(ri ^ p *^|‘y as-x^' — X ; 

a I") — R tii -{p <rt p O.J y 5E — 5t '*'• 

All the' members oi' these equations' being positive, by .stipposuig 
y rs jj<*, it'is ek'nir’, that if wc ^meot.y, the quantity X'^ — x*’^ will 
incredsot; the sum of ' the extreme ettots,. ttdten .positiydy, will be there* 
ioM aiiginmited. If wq duninfth the qnantity x : x will be aug- 
mented, ami eohs^uendyalso the sum of Ihdr extremes; ft therefore 

tlte value of y, which gives the.Ieasf of these sums; whcnee.'ft.Adlpws that 
it is the rmly . one which Whiles the. prd^lein. ' 

We shall by in tlift way tlie valnes ot'^^*-', &x«, wbidi ft easily 

dbno by inqrcctiou; ahd if -we' a|tiye at a value wluqh ivldls thef^reced; 

- iqg .condi^om^ ire shall be assured of the vidue reqd>)ftd .uCy<;.> 

th^ yidues of p does net fidid <<beiB ''eqbi^f^^. i^etr thhi^'-. 




«w**.T ' Niinim>jir!8 F1I1I90IPJ4 W 

wUA wtt ^ • miuimm% mi «fcid» *« Ml giiiM 

**V ,Ms- Siq^pBW Uuit Hiii it # kiing 
oMOft/kti Utweea • and *'j X» WfiH ihatcfem to he ooropriMd' Wi 
mtmifif* «ad d«. If Ihe eaae, tba will he, a pmtfdiat X« it the 

tabnmqaiwdofy. W^dMdltfj'ihttsatt^MtMtaeftheaetiea ^ 

^w«l:c»i9totfaat«ludifti)fiktiheprecc<IM(^«Q«dUMMU<. ,. 

'WhcD ire iiluill have Unm detenanMd.'dM ealoe of we slnd} eeid^ ol»< 
tefattiMtofib Pur tbu^av|r^i«i}i|l^*t}i^lJie'nhic«fyy and that tlui 
^ne eMMino ortotn m x(^» ». (• ] tre tlMl luMw X W n uid 
c on oeqB c otly » 


wbenee wen^et 


j<s*— 

aw-,-~ g — — . IT-. - -jj-*' .y, 


thai we ahall have the greatest error t: '''* by means oi the aquatioft 

i at W w>i» Vm 




Mi. Tlie elttpse detetmined in the {Nreee^ltg Ko> semes to recogntHO 
whether the hypodn-su of an t)Ii|itie flgture it in the limits wf the cnors of 
ohsoivation!) ; but u b not that which the measured degrees ludicato nith 
the greatest probaluIt|y> This last ei%M^ U tecMt » shtmld fiillQ the 
loHowhig conUitiousy via. |Btt that the twn of dte errom ootnAiftO'd in dm 
mcasorbfcof tbeenUre im^asorid arctheiiMiMQgt Sd^y that the sum of 
these enorsy all taken po&ittvcly, tut^ be a mhumot, 'lltfui consideimg 
the eadM ones instead of the dcgrecw which have theace been deduccdy 
wo give to eadi of tlo degrees by so much the more iudipito epou the 
ellipdcity which thence resuits for the earthy as the Ooircspoodirg aic i» 
mmsklcraUt^ as it ought to be. The following Is a very smiple method 
of determining tlie cilipiHS wliieh tadsfias these two coadidoim. 

Sesumo the equations (A) of and multiply diem cespwtivcly 
hy the Botdbers which express how vmif degrees the mcnsuccd arev 
eontoiBy and wluch w« will denote by i®*y i **y A** TLet A lie tin. nm 
of die ^pnmdties etOy a^y ftc. divicM by the sum of die iinailH >•> 
i^y Bbo.} let^ In Bke mannory P denote the sum of tin quauutus 
|0h fto, pti^ divided by the earn of the t.nmbcn i(>'y i \ Ar. ; 
the cpiii^BdiaR thetdle snm etj^e errors xW, i**. x^y Ac. is imthmg, 

’ ®«A— g«*-P*y. 



8ia 
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If vre rake thia equatuin from ii^li of ^ equifienA.A of fbe {Wfeoe^ng 
No.| we iball bave eqlfetiona of tite iellowing ftmt 

sstfln 


b«> .<«>. q[». Jr SB **0 

•' at. 

b* b» li 


f ^a4%V'v * 


<p) 


1 1)1111 tht series of quotients Slfd. nod iSqpoStf dim SKSCOriliiig 

It) tlif>it oixler of ju8gintude» be^j^onbog with tbe fr«(i!tOs(j then muiUply 
the <.<£uatii>n6 O. to wfaiob they ceapoiid> by t'ho iM^ei^lMDtling nomben 
i ' , 1 '^, See . ; fioellyi dififioiO tbebe ths* miiltbdieA ia the ante order as 


the iiuoticnta. 

Tiu> first members of the oqiuiioit!i di^pe|<^ !ta this way, will form a 
tei lek of t( rnis of tho form , ' ’ 


hO'y—cW; h'*<y-^c'^'j h®’y«~t.f*>j foe. . . . (P) 
u) nhtcli we shall stqqrose h *’, h positivi^ by rhanging the sign of the 
tenns when y has e negative eoefiicient. These terms are die errori. of 
tlie mrasar<>d ares, taken poaitiv^y or negatively. 

Thra it is evident^ diat in making y infinite, each term ot this scries 
becomes infinite ; but they decrease as we diminish y, and end by being 
negativu~at first, the first, tJicn ihe secoiui^ aird so tm. Uiuinisiung y 
continually, the terms once beoonio native oontinue to be so. and de> 
crease without ceasing. To get the value y, which renders Uic sum of 
these terms eti t tke» poritirely a we shall add the quantities 

h k^, foe. os far as when tfarir sum begins to surpass the semi’sum of 
all these quantities ; thus cRiliqg F this sum, we shall determine r such 
dmt 

hw + h<« + hw + .... + h > 4 F; 
hu' + + bw 4- . .. . + < i F. 

We shall then have y at no that dm error will'he ondfing rcla* 

lively to the same dc^pree whicit norresponds to that of the equations (O), 
of which tbe first member eqolMnd to zero, gives fEhia vafifo' of y. 

To show ilSt, stgip^ t)^ We augment y hy timipiaiitily > y, so that 

4«<y UMy beoofflprisedbetwoooi^^-^aati^^. The (ir-> 1) first 

trnmte tite series (P)wiU be negative, as iq the caaq of y bat in 

ttkily dtem with die sign +* their sum wiS decrease fay the qiumtiiy 
< ,* |b<») + h«'>....ht'-«}iy. 



Book L] NEWT0K*S fBCKCIPlA. 'BUI 


^ The teim of ihb eerles, wldch it itotliiog vhcn y s; m* 

come posbive end equei to hW »yt theeami^ ^ torn and the£riUi»p> 
ing, which «Mi positivei inbteeto by the ^uaiitity 

{li«+ l,'^ + » + Bte.]»yi . . 


but by stt|)po«tion we have ' * 

hi*> + h'^ h<'’'»i<h'W + li(' + ‘> + aut.| 

the entuNo ouin dw terms «£ sodeg (?)• uU talfeu podtlvely* wi^ 
therefore he engroentc^ aud ii Is e^ual to the stun of the enen 
id). x<') >i- SbC. of Ut« etttlro mcatuml aics» all takeo w^i the 

+» diisinw sum will bo augmented bythesuppOsittoQ ofyscp^^^lFty. 


It is easy to proven in thu some 'wsy, that eognimtiog y, so as to he 

compnsed between aud , or between and -zT) » hw. 

the sum of the etrms taken with the tdgn -f will bo greater than when 
cf‘> 

y =* hw* 


iQ 

Now dimini^'h y by the quantity 3 y so that J” •“ * y ‘0®y be rumprihed 

l)etweon £— and • the sum of the negative terms of the series (P) 
will iiicrea<>c» in changing thdlr dgn, by the quantity 

•jh-'' + h'»> + ....h'M«y. 

and the sum of die }K>uti>o terms of the samo seiios will decrease liy tho 
quantity 

|bfr+*> q. h<H<» + 8[C.J «y! 
and since we have * 

ho> + hw + . . 4 . h« > bfr+V + h*+»> q. &c., 
it is clear tlmt the entiic sum of tho WtoA, taken with the sign +, will bo 
augmented. In the same manner wo dtoll ace tbat» by diminishing y, so 

tliat It should he between and or between rnd , 


d(c. the sum of the errors tdtea with die sign + is groater tli..n wiieii 
y xa this vafam of y is theMfbro that wHhich renders tliis sum a 
moinnMK. 
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A COMUl^ARY ON CSect. XIL A XllK 

The value of y gives ^ut of ft UMMM equation 

» =s A — P. y. i 

The preceding aiudysts iMtiig Saonded <li ^ ytHniillMof fhe degreet 
from the c(|uator to the pGiles» being p t ig gni ftoinl l^idke e^oMe of the rine 
of the ktit'ide, and this bar Sir frentyp it 

k clear that it appHes alM to eApBrTatM3tont|(|R6[ m length Oll^ (he seconds’ 
pendulum. . ' ' ‘ 

'i'hc practical app^oalidli fid^ establish its 

soundness and utOi^ Ibr asftple acope Isbibrdod by the 

actttal adbBesaarMMnit)i id* tuM «A hn eatth^ sodbee^ whid) have been 
made ae '(£0fa|!i^t times and in diflhretatoaiuBldnu Tabnlated below you 
have siii!]i resuhs as are most to be di^umded dm care in the observe* 
dons, andfbr accoracy in the calenlathms. 


J RtUuddi. 

t 

h 

fi 


c tiy whomipadi^ 

Oo.OOOD 

8553S*.83 1 

ibPettts 

J^iumera 

aT.OOM 

35666.66 

Cape of Good Hc^ 

LaOi^ 

4S .5556 

35599 <60 

Pennsylvaoia. 

Mason A Dixon. 

47.7963 

35640.55 

Italy. 


51 .3337 

35658.38 

France. 

l)elBiubre& Med 

53.0936 

35688 <80 

Auatria. 

Liesgantc. 

78.7037 

35883 

lAponio. 
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K 
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FlOUIUi: OF THE BARTH. 


585. t» ft body hftd no wotkwi al«out itt o\5s ftwi idl its parts weto 
at riat, it wnU pot on *o form of & «.phcw } for tho prebsures on all tlio 
ctdnmxu of fluid upon tbc oenUnl partkio would not be equal uu^ tbV 
were of ^aiQiti Itn^tb. If d.e cartb be supposed to bo o flusd body^ 
and to revolve round Us «aus» cech parttele* buiddcs Us graviqr, wiU be 
vtgitd by ft «*n*rttigal force, by wbuh it wiU h svt a tendwicy to recede 
from tlie ash. On this account, Sir Isaac Newton comloded tbet U>o 
earth must put on * spheroidical fonn, tbe polar diametmr bdng the 


1* 



shortest. I^et P E Q represent a section of tlio earth, I p tlic ft-vis, h Q 
the equator, (b m) flie centriTugal force of a part resolving at (b). Tt u 
force ia rtsolved into (b n), (n at), of which (b n) diaws flwit from (b) 
to Q, and therefiae tends to dimiliibh P O, and increjw'i. h Q. 

It must fiist be considered nbftt will be the fonn ol t le ettrve p» 

and then the ratioofPOtOOmay be obtained.' , 

-Vipa. II. 


A Q^HStglilrABY ON 


CBookIS. 



586. (.£M.^u, I.«t E A Qy e A q, be iuinilar. and ct^centric ellipses, of 
which llic intciiot is toiuhed at the extremity of ^ minor axis by Pa !■ ; 
Urow a f, a making any equal angle with a C ; draw ,1* F and P G re- 
spectively jmrallel to 'a f, a gj will P F -f , P G s= a f + a g. 
For draw. P K, Fk peqiendicular.to ,E ^ and P H,.k r perpendicular to 
P K, F E E K, H D = D r and PD =r E K, a.PH = Kr; 
also F n s: K v, if K k be joined, K k'sr P F; draw the diameter 
M C z bisecting K k, G P, a g, in (m), (s), (»). 

Then ' . 

K m : K n ; ; s ; P n : a* a 2 ; a C : : a g : a b. 

Km -f Ps: Kn 4- Pii::ag:ab . 
but 

Kn + n P=K P=2 P D=2 a C=:ab.‘. Kro+Pssag. 
.*.2 K in 4- 2Psst2ag, or P F4*P G^a g4>8 f. 

Con. P'H+.PI S5 2ei. For . , 

^F:PHt:PG;PI?jag:au . 

.vPP ^ P G * P H 4* P i t : agi ai : : 2 a g ; 2 a L' 

bttt . 

P F 4- P 0 Ag, .% P H 4- P 1,4 2 a L 



HiMB m.'i 
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5W. TIks attractitti of « jt.'irtiob: A. ttiwsr<& any pyiwuid^ th« attia ^if 
whose base Is indcfbucdy stna^, as laagtltt the Wigla A bchig and 

die attraction to caoh partidc Viujping as • 

For let 

a s. Aief (v xx'f) 

, ni a: (A z) 

\ s (Aa) 

Then section « b := ?.V 

(A a)* HI* 

.• f/. ottnetion « a 

^ m' X* 1*1 

.'. atbacttoii a 

m'’ 

.*. attractions ofiMrtides at vertices of shiular pyramids «e lengths. 

588. If two parttelea be situiiarly sitaated in respect to two similar sulids; 
the attrai Uon to the icJids oc lengths of sohds. 

For it the two solSds bo dividod into similar jiyramlJs, having the par- 
ticles in the vetUcSS} the attractions to ail the conwponiling pjiimiUls 
«. their lengths « letiglhs of solhl&» f>ince the pyramids being >>iiniliiiy 
fcitaoted in the two sioitlar fcdidsj tbcii* lengths mast lie as tlu* lengths of 
the solids: whole atIracUims « tjngtbs of tlia solid't nr ».s eny two 

lines similarly situated iu thedh 

Con. 1. Attraction of (a) to fto spheroid a q f : attiaotion oi A to 
AQF:;aCi AC. 

Con. 8. lliQ graviutioaflf twopartides Pend p in one diameter P C are 
proportional to their distmiieca fixnn die center. For die giavitatlon of (p) 
is the same at if aS the asattef* between the snr&ces A Q £, » q c, were 
taken awi^ (Sect XljU. Pnlp. XCX. Cor, 8.) F and p are tiimlatly si- 
tnated in unular solids, .*. attirnStim oa P and p aie prqiottlonal to 
P C and p C^ lines dtoilnrly dt^iited iq «mQar solids. 
589.idtpaittdraeqmdil|y‘di8taBtfrc^ %Q graviutt towards EQ with 

eqwd forces. \ 

* * 



3gi A COMMEN1^AEy• ON' 

For P G and P F 0 wy.|M Qoniudeired. As the deddei;^ , 

pyi.itr,id.s, contained. the plaite of the J^0ae and eAQth^. 

a very small-angle ^yitli .it.. In thA ea^. mannw.<^ 

..r (af) and (ag). Now ’4ie;greyi^ <rf',F'to •pjrxnniidsja as 
1' 1’ 4 - P G ; and w the dit^on P^.1 b as F H 

gravity of (a) to the .{^ni^taids. (a f), (a gl'W.as (® f + «‘g)» Ar di- 

irriion (a i) as 2 a i, j bnt P H 4- .P !'«« gravj^ of P iof'^.dix 

rt-ciion P d =s grrtwty of fa). in,the s8Bie ^ecd^.y . -. .v ; 

It is evident, by carrying the ordmate^ffg) nlohg l^trdii^Qeter ft'oin (b) 
to (a) ; die lines (a f), !,fa'g) Mill diyergc .&Cuib fa h)? and the pyramids of 
tvhich tlicsc lines are the axes, will compose the vbji^c surface of , the in' 
terior ellipse. The pyramids^ .of which P F, P G .ar^ |he kic^ will, in 
like inanner, compose the surface of tbo. exteifer tdlipse, ‘aiid tjus is trde 
for svery section of the spheroid passing tbrphglh P ip* .Ilehcetthe at- 
tmcilon of P to the spheroid P A Q in the direction P Id equals the at- 
u-aefion of ^a) to iho ii|)beroid (p a tj) in the directp?n'. . , 

590. AUrnction of P in the diirccdon P D t attraettoD of A iai.tite sante 
direction : : P |> : A (i. ^ . 

For the attraction of (a) in the direction P D ; attraction of A in ^e 
same direction : : P D : A C, and the attraction of (a) ss attraction of P. 

attnictiofi of P : attraction of A : ; 1* D ; A p. . 

Similarly, Uie attraction of P in tlie direction £ C : attraction of A in 
the direction E C :,j P a : E C. 

T ' ' 



. 59l.Draw G ]ptu'|>eii(Ucular to Uie ellipse at 41 ^ ia^'.iEe radlbs 
O' P describe the P n. , 

Then Q G 





NPWT^irs ^RmciFU. 


And 


ln>t 


OQ: OP :: O P{ OT 
O P* 




OT:OQ::OP*:QO»<. 
.•.OT:TQ;:OP*lOP* — OQ^ 

:; 0 P* 5 1 » Q*. 

n O P‘ : P Q . Q i» i : O : Q M‘ 
O T O E* 

■*T Q - OM’-* 

.’.QO* QO::OE*:0 r* 


Q G s 


OL' 

0T-' 


QO. 



«i9A A fluid body will ptifcrvo i*> bgnro if tltc direction of hv gravitji it 
evoiy pointi be pcipcndioalAr to its ; for then graTiOr cannot put Us 

sor&ce in motion. 


59S.lf'tho pirticks ot «i liomogencous fluid attract each other with flNToea 
varying as « tn)<l it rovolte round an ostis^ it will pul on Ac fl>r>n 

of a ^hendet. 



For if P £ p P be a flnUlk P p the aids round which it rwolves, then 
nu^ ^ ^[diitbid revolve in nuh a flme that the centrifugal force of any 
pord^ M comlniied with its g^nvity^ tta^ suiIbb tins whole force act per* 
peudicnlariy tb the awflicei Far kt £ ss atttactlon at the eqoator, 
P a; attraction at the |Kfla^ F cftittrifligtd Ibrcc at (be equator* 



S2« 


Thei>(590), ’ - ■'■ ^ 

a«rartionofMitttte,^^i^^'l^ -]^^;.^/Q;pj I^ O- . 

.-. attracdott of M in 'v ‘ ’ •' 

' ■' *. • - "• ' '' ' ■''■»», ■' ■ ■ '. ’'' ,>/ ,■ 'I I S -•■■. ' » ,.- 

Similaily, the attraction of M s; 

"J* A j'" - ' 

ht itqitf^ttlhes ce iled.. 


But the I 


^ “ T *:KTi. 

* 

- CF 

(and P being given) ot r 

.’. centrifugal force.of M a? r ’ ^^ - ' 

.% wI»ole force (d^M In the direcdon M O = 

Take Mr s= ^ j^-p > g = complete the paral- 

lelogram, and M q will l>e the rom^iound force j O E and O Pv. roust 
have such a ratio to each other that M q may be always perpendicular to 
tiie curve. Suppose M tj perpendicular to the curve, then, by Mroilar 
triajiglfts, q g or M r j M g ; : Q O : Q M. 

..P.QO (E — F)OR OE» 

: • "-p 0- ! E = • OT* * ^ ^ 

, P.Qb.OR_,„ OB OE* 

• p~^ (E~ 1 ) . . Q-pi . Q O 

•.P = (E~pi.g.® 

.•.P:E~F::OE:OP, 

in which no ]iiie.s are concerned except flie two axes; to a spheroid 
having two axes in such- a ratio, the whole force will, "at every^ points ,be ■ 
pei^endicular to the sorface, and A the fluid will be at yest - 

304. Tlie attracti<Hi of eny point M in the .i^ection MB .:?? 

.% ^ P be represented by P O, M It will represent the attra^ioh' iqff-MJb.. 
the t^rection ' M |i^; and. M T will represent the ,whc** “*****^“““ “-***“ 
peipyndicalarfy jfodie sortace. 




Draw (v c) pcrpi'udicnlar to M O. 
rhrti 

MO:Ma::M'v*. Me. .attiaction in the (luectiou Mv : MO. 

attraction lu tiie (urcction O r: ^ s SCi3 * STJ ’ 

By similar tiianglc^ T <) >, M v it, (Utu angl^ T O y Wtng equal to th* 
angle v M R.) 

T O ; O y . : »• M : M 11 

.•.TO.Mll«Oy.\ M = Ma.M> ^ TO.OF ss OI*'. 

5d5. Ko<|uircd the attiacuonot'anobiougqihcroid ou a particl* placed 
at die exttemity of the migor axis, the extent! iciiy being very bmall. 

LtA axis nuyor : axis minor : : 1 : 1 — n. Aitiaction of the circle 
N n (Pn^ XG.) 

, CL . . X 

* IfS * * Vn • + ( i — a) * ts » —0*0 

ft 1 — X ,-fa. {4ix«~ an*)] ^ 

« 1 — xU2x)“* + |.(2x)"^«.(4fl — 2n*)l 

A'» i*' — (4 x^ X' - 8 X » X') 

. a - • V''i fa /8x^ 

■ — r * -ryj-l-tf - v) 

' - 7*4 





S s: S E < > •=: &, 

Jl • "/tt 

S " 4 ' V .-2 . ' ■ 

2 8 n , ' 4.n 

“ 3 -T»- * V-TT- 




,»; ;vl#' 


.’. nliraction ot' the otdong s^l^old on E:altracl^.«f.4f ^cuin- 
vcrihod sphere on £:: (siiicc in ;^A'Bph^e li s '0r) ' ■ ■ ’ 

• » 1 fL® ' 1 •' 

Iloquircd the attraction of an oUate sphei^id on placed 

at tilt Atrouiity of the minor axis. 

Let axis minor : axis major ; : 1 : 1 + n. 

.•. A' OC X' •( i — seMBBgCCTaeii.ii i * ■ », ^ I I ' ll Mlirr f 

t V X* + (1 + n) *. (2x — x*)^ 

O’ x'j 1 — .. • T f 

t v'2x+4nx — Snx-i 
a X' 1 1 -- X ((2x) “ (2x) ^ 4nx — 2n x*) } 

, X ' x' . n X ^ x' n X ^ x' 


, X Jx' ^ nx^ 

« x' — ' — 

V 3 V 2 


2 V 2 


, v'"2 .x^.'V'S.nx^ nx'^ 

Accx~ g +— -3 q ;/2 

whole attraction 

^ ♦ ,4n 4»'2 8n ,j'4n . 

**- j +- 3 s + Ts«‘ + T 

attraction of tho oblate sphere on P : attraOUob of the sphere in- 

'i* n 

scribeJ on P : : 1 + : 1- 

Since th<.:sc .spheroids^ by hypothesis, approximate jto spheres, tli^ may, 
witliout sensible error, be assumed for sphe^s, ^dlh^i^tiilCtioDSwi^ Iw 
nearly proportional to their quantities of matter.- But ^loiiig , 

: oblate t : oblate : circnmscrib^ sphf»0» A Oi| |S^ A' 

of obUte on JS i s A' : A'' of circumscribed sphere on Ea 



Boo»pU 14 


mwsoisrs m/xmiA. 


«!«». oftAilftte ^h.oa P: a»^. <if huti*. sph. on P ( : I 4. 1 
al^. cf insc^. qili. on P t Mt^ofdlOlll)Me^tq>ll.on|E: r 1 : 1 4 > a 

att*.ofdvcuiB<>c<. sph. onE: attt*. of oblota Kpb. on £ :: 1 1 1— 

.*. attraction of the olilate ^Wre on P : attractton the oblato sphere 

onE::l+^5 :r+n.TI®l 

: . 1 + ! 1 + t : 1 + ^ 5 J neoriy. 

.* + V" 


11 . 8 n* 
5 +-§5 


: C : s I + 5- 5 ' ; 

but (593), P : E — F : • O E : O P 

;:l + u:l;{P + F;E neariy 
r+n. iir~F = P 

1 + n. £— -F — nFasP 
A r+nil* E— -iiFss P+ F 
and since (u) is veiy small* as also P compared 'aitii £, 

.% l"+'n', E s5 P + F 
1 + n : 1 : : P + F : E 

AP=rEiB^ 

P}E::I + n:l 

...E + + F a: E + n E 

. « ^ 4n E 

’~y" 

5F 


A 4Et 6Ft : 1 i ft 



380 A CQMMENTAi?fe4»» 

or “ four times the primitive gravity at fiy® 

fu^l force at the equator : ; one half pbler,ta(tt t , j' . , 

The centrifugal force ojqtoM^to gtavi^' « %»•* 



Let (m n) s= centri^g^ force at (m)» ?• ss eetttiriiR^gal ®f E> 

(n r) is that part of ihe centrUiigal finree at (tn) is opposed to 


gravity 

Now 


F ; m n : : O E j K m) P : n r 1 1 1> m » : * 

r ; : V* J cpciyjto. 

1 n ; n r : : O ra : K in 3 


m r CB cos. * lat. . ... .• 

5fl8. From the equator to tlic pole, the increase of the length of a de« 
gree of the meridian cc sin. * lat. 




nr;Ms;;ltG:MG::CP:CIli:l — n:l. 
n r =s 1 — n . M S s p' sin. < = 1 — n . cos. ff . < 

m r =: s t s p'* cos. tf ss — sin. tf. / . 
m r *. s sin. • < . * 

.‘.mn*a^ nt* -f 91 r* *sy* sin.*.y -j*. (Lf~n)*. coc.*!./' 
ss (sin.* 9 4.-1'^ ^ a.' wi*#),-. , , '. 

SB + COfc'^ P~fiB. 0(^*^ . 

~ 2 nl cofc*rf) 


.• • . ai I'., (I — n . cos. • ; 
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,% incsnMMtt s I' (1 t 4* «) ss . 

.*. ioCKOM « n SID. *0 ^ ' 

cc sin.* 0 , « 8iu«*]«(titado. 

090. Given the lengths of a degree M two ifina ktkadei^ TCfiiiMdlho 
ratio between the polar and cqnatoriel diaiBeters. ^ 

l.f>t P and p be the kngths of a degt«e at the polo and sf tiatl 

n the Icn^hs in latitudes whose sines are S and % and IMdMa C had os 
Then as length of a d^pcee ee radius of curvatures (for the ai« of (hi iao* 
iidian lutciccpted between an angle of one diegiee» wluc}i It oalled tho 
length of a degree, may bo sapjiosed to loinpide with the and# <lf cHirri|h 
luio for that degree, and will % k radios of cnrvatnrei) 

^ CD* 

Now at the pole C !)• become, A C*» and P F becomes B C 
length of a dogiee , * *[*; 

similarly the length of a degiee at the equator 


, BC’ 
Al; ’ 

b* 


a * 


b • a 


:: a’ : b» :t 1 : (J — n')*. 


Now 


m — p • n — p.(li98): . S* : s*, 
m — n ; n — p :: S* — s* ; S*, 
m-^n.S» 

.Mi~p 


but 


P — ; » — p ;; I* ; a* :: p — p : 


..P — p... 


■n 

rt» 


fimm 

n.i* 




se n • 


*.F4Pik< 




m — n.S* 


w«*a 


r'* 
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A COMMENTABY OB 


CBookIIT. 


nS^n»*-<-w ••+!> «• nS’’— m«* 

ffrmi «'1|rzriir'» 


„ . m— .n 

••*’ = P+8’^ 


nS* — ni8* + Jtt — n 

STzrp » 


_ m c* — n C* 

= 8* — 8* ’ 


.-.P 


P 


me* — nC* 
8* — 8* 


n S* — m 8* 
S»— 8* * 


;: me* — n C* : n S* — ms*:; I : (1 — «0* 
(mo* — n C*) i : (n 8*)3 : : 1 : 1 — 

600. The Tarktion in dio length of a i>enduluni a ^itu * latitnde. 

Lei 1 s loigth of a {lendulutn vibrating seconds at the equator. 

L length of one vibrating seconds at latitude t. 

Tlie force of gravity at the pole ss L •*> die force of gravity at the equator 
S' 1 — F> and the force of gravity in latitnde it (603) si — F. cot. * 

/. L : I : : 1 — F. cos. * < : 1 — F («jnce d « « d F) 

.*. L — 1 : 1 : : F. (I — cos.* tf) : 1 — F : ; F. sin.* e: i — F, 


L — 1 = 


1 F. sin* < „ 


sin. * i. 


From the iwles to the equator^ the derrease of the length ot a pendu- 
lum olnays vibrating in the same UmC) a ' latitude. 

Let 1/ s length of a pendulum vibrating seconds nt the jiolc, 

L* ; L : ; 1 ; 1 — F. cos • 

.*. L' ; L' — L ; ; I : P. cv's * 8, 

.*• L* — L or cos. * 8. 

601. 'Die increase of attraction from the equator to the pole ot sin. * lat 
Let 

OE : OP 1 ; I — n. p 

Let 

M O as a, the angle M O £ =; 4 

.% Up,* a ro E* - O Rl, 

or 

i*.siik*8as (I — n)*. (1 — a'eos.*^ 

sg — 8ii. (1— ••oofc*^ 

^ I — S». cos.*#! IP 1 — 8ii ' 
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Boas: IJlO 


, s ss 


1 l-*g» 

sin.*# f. cos. * < — <t ttl “ 1 — . i n. cos.* #* 

*-3*5. 

I— -n. (x>». # ' 

s 1 — u (1 — » cos.* #) a 1 •«> n. sin, * ^ 

— . , ■„ « 1 .1 n ^ *,n. t 4 ^ 

n fttn. # 




a I 4 n . Sin. • # a , 


*• a ■” 1 

bot(594jtlicaltraaiun m the ditcction M O oc 

attiaciioD in the diiecltou M O (A) : aitiacu<>n at K \ A ) 

: : 1 4 * u . sill. ' # * 1 , 

.••A — A' : A' : ; n . sm * # . 1, 

.*. A — A' a A', n . sin. <>, 

.*. increnso of attraction or ,ui. ' # or sin. * uUUidc, ^ 

€09. Ghvcn tlio lengtii'i of two pemluloms Tibrutinpt scownls ut two 
known latitmlos , (in<l tb< longth of poiidulums thst wiU vibrate seconds 
at die equotui niul polo. 

Let 1., I be tbe lengths of pendulums vibutiog seconds at tlic equator 
and pole. 

L', be the lengths in given I ititiulcs whoso sinus som if) s, cosines e. 

JJ — L ; 1 — L ; : S* : s 
.‘.L's‘--Ls*a I'b*- Ls’ 

.-. r*(b*-s)a I'S* — Us', 

Us* 

> s* 


..J-- -g. 


Again 

L' 


L' — L : I — L ;; S* : 1, 
-L a IS*~LS*. 

. . _ I/— L. (1 — S*) 

.*. I a M , ■ ' j, , — ' , 


U 

-W' 


(i'S*-.U8')(i--s*) 

*■ ■ 


US* 


US* 


U.(l 


—Us*— I'S* 4 -l'S* 4 *Us* — T/S*s' 

g^TS^rnrjij - — » 

■ 1 % 8 * 4 * 1 '. s*~ U. S's' 

- -- 


IT. Uc* -i'C* 

'"'■’’“gT'-Z'i* ■lb»~T* ' 
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CBpasIU^ 


003. (iivcn th<> Icngtlib of two pendnlunU vibrating awouda io two 
known Intiuulcs; mjuired the ratio between the equatorial and polar 
(Iiamutcrs. 

Snx r tiir 1< ngths « forces the timaa being the saaie> 

1. . i : . force at tlie equator : force at tlic pede 

. : : ( 10 ) J. ; ;; 1 - n ; I ; : O P : O E, 

O P : 15 - : polar diameter : equatorial diameter 

■: L: l::PS*~L's*: L'c» — i'C^ 

004. To ctiiiipare the space described in one second by the force of gra- 
vity ia any given latitude) with that which would be described in the same 
time, if the earth did not revohe ronud its axis. 

'llie space which would be described by a body, if the rotatory motion 
of the r-irtli were to cease, equals the space actually described by a 
body at tlie pole in the same time ; and if the force at the pole equal I, 
the forci* ai the latitude B (597)cqual I — F . cos. ® and since S = m F T *, 
and T is tlie same, .% S « F. 

.*• s|)ace actually described when the earth revolves : space which 
would hi described if the earth wer** at rest : : 1 — F. cos.* : 1. 

60 Lot the earth bo supposed a sphere of a gi\en magnitude, and to re* 
volvc round its axis in a given time ; to compare the weight of n body 
at the equator, with its weight in <i given latitude. 

centrifugal force = ~ =r — F equal a given quantity, 

since (i ; and P are known. Now the force at tlie equator = 1 — F, 
and the ibreo at latitude ^ = 1 — F # cos. * and the weight ^ attractive 
force 

W : W :: I — F ; l~F.cos.*^. 

606. Find the ratio of the times of ohcdlation of a pendulum at the 
equator and at the pole, supposing the earth to be a sphere, and to re- 
volve round its axis in a g^ven time. 

L « F T* but L is constant, .% T* « ^ , 

•% T» oscillatioii at the })ole : T. oscillation at the equator 
, : ; '/Toree atlhe equator : VTbli^irailhe]pofe 

;i V I — P : t 



BottKlItl 


Nswiwii ^igiNcapiA. 


m 

out ms m um * ov ihs tibia 

(k>7. If a ^plwrica} body st list tw acted spou by some other body, it 
may pat on die form of a aplwndd. 


F 



P 


Let P E p be the raiih at restj (S) a body acting upon it; (O) its cen- 
ter; (M) a particle on its surface. 

Let P =: polar, 1 ^ . 

E = ^uatorial, } ^ «•“»!»• 

Then the attraction on M is parallel to M Q a . 

U Jci 

Similarly the attraction on M is parallel to M R = • 

Let (m) =. mean additilious force of S on P. 

(n) =s mean addidtious force of S m E. 

Now since the addititioils force (Sect. XL) « distance, 

**. the whole addititioas force S on M s * 

and 

— addititioas in the dhrecdaQ M R i : M O : MR, 

additidena force in die direction M E is ss • 

Agaisb wtee 

m i n I : P O 1 B 

. ” — “ 

S V 

A wbt^baddidtipatfotwofBcm H as 



A commchtahy m 


.% (.dditittous fi>r«e In the dwecUua M Q 


ssA A commchyahy m i 9 oo % m. 

h.MQ n.OR 

*E15' “X??"* 

whole dKtuibing finxe of S en 14 bi the direction M Q s twlee the 

$ n O XC 

.idcliUtiuuj force in that direction, and is negative a; — — - * 

O A 

whole attraction of M in the direction M Q =: }£ -— 2 n}. , 

.'nil tht whole attraction of M m tlie direction M R ss {P 4* ml* > 

ORt 


g=|E~2n|.^-“) 
r = (P + n»i . J 


Take Mgs {E — 
M 


complete the parallelograin (m q), and produce M q to meet P p In G. 

Now if thp suiface be at rest} M G will be perpendicular to the sar> 
face. 

M r ; M g : : g q : g M : : O Q : Q M, 
or 

(Of . OQ fi? o I oil 


•. P + m.E — 2n::OE OP, 
tigure nij.^ be an ellipse. 

608. iieppose tlie Moon to move in the equator ; to find the greateiit ele> 
vation of tide. 


Ltt A B C D bp the undisturbed 
sphetc; M P nt & a spheroid 
formed by the attraction of the 
Muon; M the place to which the 
Moon is verticaL 
Let 



A n' 



Then since tiie sphere and spheri^ have the samo solid ocwlmih 
.4»,(AE)» 4w.EM.(FE)* 

.. ^ = g , 

g , 


• e 



^,iai NEWTON'S ‘m ' 

1 as 1 ^ 2 ^ a « ^ ^ j9* 

^ ssl+a — a^ nearly, (*) and ((9) bt^ng vwy tori!, 

**. » ss 2 ^ or greatest devaticN) as 2 X greatest dtfwearion. 
614. To find the greatest height of the tide at any place, as (n) . 

Let 

EPs8^-~4PEMaa« — « + /Ssa^saEM — EF»14 
.-.PN* as f*.sin.’tf sa^^.lEM* — EN*J 

Now |j hy actual clivision (all the terms of two or mote dimut> 

siens being n^ected) aa 1 — 2 . (« + ^) s= 1 2 M, 

••• P N * aa I*, sin.* i as (1 — 2 M). {1 + 2 a. — {*. cos.' 4J 

(smce2«a= s= ( 1 - 2 M) {1 + 

.*. e*. Isin.' <1 + (I — 2M) cos..^ r.* (I — 2 M) . (l +-^) 

, 2M , 2M 

... .* - ^8~ ^ "a 

Sin. * + cos. ^ (9 — 2 MTcosTM 1 — 2 M. cos.* 0 ^ 

1--^ 

■ ^ = (* + ^* ')• 0 - v) 

s 1 + M . cos. * ^ ^ » 

M 

.*. j — 1 a: M . COB. *< — „ asEP — EnaaPnaa elcvatum re- 

* ® 

quired. 

616. Similarly ifthcanj^ ME p aa I', .% K p as 1 •!. M cos.* f , 

... 1 — £ p a p n' =3 depression as ^ ' M . cos. * t 

* M — M.cos.»y — ^ aaMsin.^/— 

616. B H « a aa 

* B hi — P II as .pH. sm. * I »«*" "“g '■ 

ae If. to.*# «e sia.*9, 

If 



, A CX)MMEN1'ARY ON CB®<»K HI. 

t ^(.st I itvAti^n tf sin. * faorimnital angle from the Ume of f^dCt '* 
M,- '()) P n =s 0. 

. • M . < os. ' rf — . 

M 


M . 
i =*• 


M . cot, ^ ^ =: 


.% CIWJ. =5 


3 ^ 


vs' 

^ , 4r. 

Ha’iedo we have conbulereJ the moon only as acting on the spheroid« 
V hi Oie bHO also act, and let the elevation be considered as that pro- 
(I'K^d 1)5 the joint action of the sun and moon in their different positions. 

i i.s *-i'| po*-. fl spill and to bo Ibnaed by the notion of the sun, whose 
viui . \ s u ijor =r (I f a), iXib minor = (1 — b) 

Isf t i + h) =r sS -- the angular distance of niij place from the 
» 4 1(1* i<» whivli ihe ti Genual. It may be shoan in the same manner 
» ^ \ lb proVK* III the i la o^thc rnocu, thai 

S 


H . cos. ’ f < 


elcvnuon due to the bun, 


lid 


S S 


. sin. ^ f ^ =1 dtpresbion due to the sun, 

» tKiiifi lilt < jgu‘iir ill taiKc ot the plicc* of low water frim the point to 
whuli the siin i vojMv il, 

. vf , f Cl, ^ f S . coj. P ^ ~ compound elevation. 

o 


SiiiiDail}" M. bin.* / .f. IS. sin. f' — M + S r= compouii^d dcpies- 


bioii. 


dlO. JLct iht sii'i iiid moon b<' both vciticnl to the bame ^acc, 

/ ^ ^ 0, 


and 


* r « V 2 , 

M f S — -- ss -Jl + S = compound tluAatiuii, 

O 


tr St f' ss $0®, 

M + S — 1 . 5l + S ss 4 W+IS ts compound depression, 
u>ni}v>uud elc' ation + compound depresdon =s lir +~S = height ol 
spring tide. 

62(). Ijet till luoou be in tlie ijQadratiiru with the <un, then at a place 
under Uie moon, 


(t) s 0, and (f) ss 90®, 



n£V7tom>s pbMu^U,' m 

A 

jf \ 

V ,,,<,.4M«^Kiimd4dev4tion S ’ 

‘ (0 =s 00, and (j/) s 0, 

.'. oompound depression ss M -> } . !M'+ ?>, 

.*. bd^tof the tide «t die place under the moon ss 8 M — > M 4- S 

ss M -I* S s£ height of neap dde. 
GSaiUrly «t a place undei the snn, height of tide ss S — M. 

681 . Given the dongation of the sun and moon, to find the place of ooBb- 
pound h^h dde. 

Compound clevadonssM cos. 4 . S 
coa. * p •— ^ ss roaxiinttm at high 


water. 

.*. — 2 M cos. t sin. i — 
cos. p sin. p p as 0 , 
but 

(4 4 p) = elongation ss P. 

ss constant quantity. 

.*.4 4 p' ss 0 
4^ ~ — p^, 

2 M cos 4 sui. 4 s 2 S cos. p sin. p', 



M 


.% M bin. 2 4 ss S bin. 2 p. 


M : b . . ain. S p : sin. 2 4, 

*. M 4 S : M — S bin. 2 p 4 sin. 2 4 : sin. 2 p — sin. 9 4, 

: j tan. (p 4 <) » tan. (p — 4), 

and since (p 4 4) is known, (p — 4) is olitauied, and .* (p) and (4) are 
ibond, i. e. the distance ol the snn and moon fiom the place of compound 
high dde is determined. 

622. Let P be the place of high tide, 

I*' the place of low water, 90” distant fiom P, 

P m ss 4 — P’m I si90 44ss4' — Psasp — P's 


B 90 p ss p'. 

Now the greatest dqiression ss M sin-* / 4 S sin. * p' — | M 4 *' ^ 
but 


sin.* 4' ss sin.* (90 4 4) ss sin.* aQ|^e(90a- 4 ) ss cos .* «, 

and 

dn.*p' as rfn.*(90 — p) Bs cos.*ft 

ew the gr^ptast depression as Id eos.* 4 4 fi eos.* p » } 5^4 S i 
and .g^rasMt deration as li con* 4 4-8 cos.* p — 4 M~4 ik 
dtn gnmmrt dldk tide « dfe deeiMini 4 greatest depression 



940 


A COB{M£NTAET ON 




SS 2Mco6.*«4'9Sc<».*^ — M 4- 1%^ 
s; M {2 ««.*«. It <). 8(2GOi.*f— 1) 
— M cos. 2 f S ros. 2 f, 

6S.h Hoace Robistm's consfru'^oa. 



Lit A B D kS be a great circle, S and M the places to which the sun 
ir.d iiioo'k arc veriud ; on S C, as diameter, describe a circle, bisect S C 
hi (JK .nil tahr S •! ; <1 ,i : . M : S. Take tlie an»Ie S C M =r (f+t)p 
and Li C M cut the uoicr < i*clc in (u.), join (m a) and draw (h d) par* 
allei to it; tin on >h ^h) draw C li 11 meeting the outer cirrle in Hf thmt 
V ill » 1 liC the ]>lace of high w.ite . 

For draw (d p> p* rpendlcular to Oa a) and join (m d). 
la t tile angle IS C 11 js p, and die angle M C 11 s: 

Muce M : S S d : <! a 


M.I-& : M — S 


Sil + da*8d-— da 
diiidiD— ‘da 

, d<ini-f-dma ^ dam — dma 
tail. ^ : tan. ^ — 

^ Sdin ^ diim — dma 
tan. — t tan. g 


tan. S C M : tan. 


S d h — m d h 
2 


tan. 8 C M : tan. (S C H — 11 C M) 
tan. (f + t)'. tan. (f — f) 

H is die place of high water 621. ‘ 

Also (m aj cqtuds the h^lit of the whole tide. For{ap)ead.C(M.p4d 

zs $t cos. 6 d h sa *$. ooa.'E p 
and - ' 

(pm) 3s md. cos.p,md «:'lilcos.iii4ii » l£«ss«S4 





A 4 ktf «) « Ii^rHK ft m « IS. tew. 8 1 Hh & «m. 8 f » ha^bl «f dte tUt;. 

jfw siJr n. iw} ■'•«'->*♦ «^ «*•'«* 

WlMfn dN» taoim n in qaadisturai^ (m •) coiacidti l«it^ C A» 


.\t as Of pss 99*1 
... tide s M <— S sr neap tide. 

684. Tlie flnxion of tlietid^ i e. the increase or derrcaae in tl|i$ litjgbt 
al the tide « ff. (m a) « p'. {|d. cos. 8 4 S* cos, 8 But the son 
for any {dace i& consideied jb constant^ 

.*. t.in a) 9 C — M. «in. 9 4 . 9 1 'y 

ff, (m a) is a maxhuuio at the octants of the (tdc with the moon 

« — • M. sin. 8 e 
^ce al the octants 9 6 a: 00<*. 

The fluxion of the tide i<> represented in the figure by (d p). 

For let (ffl tt) be a given arc of the moon’s ^nodical motion, draw (a v) 
perpendicular on (m a), .*. (in v) is the ddfereuce of tin* rides. 

Now mn:mv:: md:dp and m u and m d are constant, 
m T oc d p and d p is a maxlmiun, when u eoinruleb with (d a), i. a. when 
the tide is in octants; ibr then 9 (m a d) s 80». 

695. At the new and full moon, it is high water when the snn aiul 


fl 


51 




S M 

f 

/ 


moon are on the meruflan ; i, e. at noon and midnight At the qnadra- 
tnres of the moon, it b high water when the moon is on ^ meridian, 
becaoae then (m) omnddes with C. 

For leCM. e0a.*# 4* d. <!OS.*f »• ss nuudmiimj then since 


hi qnadratiues (p Hh ^ 80*^ A # ss 9Q"»— 

M* eotb* J S. dm ■ « — I firTFA t^aduuitimp 

w% $1 JMte COIL (l3lXk^ 0* it Cm 9 dtt* ip C08a i * 




M ^ 8. itiL ^ nil. 8 « S3 0, .% sin. 20 a: Of 

^ 't^jpipK|pii ht oti 4hct mdridian. 


't2 



SiS . A-COMj^JJTAKY'W'.' 

Fru*a the xheiw moon to the quadrature^' 
tiile iailow$ tbc- moody .i* e» h westvrard of h ;. isiiic^ dw ij^Np^n ii^VeS' 
from %\t\st; to <^n.st^ troth the qihtdratures to the &ft’ bioony the of 
hi^li h before the hKion* There there^e souit^ place' 

U::4ance from the moon (^) equals a matioium; ‘ Vc 

f^ow (rj.*3:l ) M : S : ; sin. 2fi sin. 2 

••. M. sin. 2 4 zs S. sin. 2 p 
M. 2 Gos^ 2 4 2 coSb 2 f ss 0, 

cos. 2 p ^ Of ^ zs 45 ®. 

By (621^ M- sin. 2 ^ fc(. sin. 2 ^ 

M . co^. 2 r=: S • cos. 2 ^ 
but 

f ^ — e> .*. p' + ^ 2 = e'y as e' — ^ 

(e' — j/) M . cos. 2 = f'. S. cos. 2 p 

e'* M . cos, 2 ^ as p'. is. cos. 2 p 4* M . cos. 2 4} 

^ o \ M . cos. 2 4 

* ' ^ MT cos. 2 ^ + S . cos. 2 p * 

Nexts considering the moon to be out of the equatory its action on the 
tides wdi be affected by its dcdiiu^tion, and the action of the sun will not 
Ia: coDbidored. 

M 

By Aru (614) the ^-ievation a= M cos. ^ $ 5 - 

^ o 

elevation above low water mark = M . cos. * ^ -v + b 


now 

, a M 

b 2= ^ ^ 

r. elevation a))ove low water =2 M . cos. • 4 

=r magnitude of the tide. 

Let the aaiglc Z P M which measures the . time jfrom tbc xnoou’s 
ing the inerhiian equ/fl t. ^ a i? 

L<'t llic latitude of the place 
ss 600 P Z =i 1 
Let the declination 
90® — PM:^ d. 

ZPiia 

sill. Z-P?au,Z,M ,• 


'ONfe t. 


pass* 


eQs. 1 cos. d 

'. ■' '-'S 

^JL-' v ^ I .-aJ’-'J-k . • ■'? • .*• ' - . . .. I vv f' 




kfavton's 

’i^v<Qi«gfnit»d9 of the ti4e ss M. Jcob. ♦ oo*. 1 um» d Hh sin. 
vs fw ttio^iwne place aud dte same decimation ibt) moon, l})e Viagoi* 
tode c^m tide depends npou the •ealne of (ci»*. 1). Jfow die uttideti 
^md Inirt Talnci of (vw. t) an* { + 1) and (-* l)| and since the moon onljr 
it is high water when the mwii it on the mendimi, and the mean 

tide sr 


gitalf t =r M. } JO. 1 sin d 4 c.>s !(.«.«'{ 

Ic IM M } J •« I sill. *1 — c »s I C**S llj 

g^alest^j-Je,_o ^ Sr }M„. I M«K d i sU'u ‘ I LtysJ clj 


.% 4 bui 


2 sin 
2 s!ti 

I biP 
V coj 

^ tOn 


1 - 1 — cos 2 1 
^ il I ^ cob 2 il 
<1 r- I - }cl 21+ 00 ^ J( + 
1 (O) 2 1 + H 

* d 'T* c<i«!. d + 1 


o> i I c 2ci 


4 cn*'/ I fos, d i + (cos 2 I + iO 2 d' 4- • L * cos# 2 d 

, 4* f^in * 1 s'Q, il + »s. 1 cos. d| r 2+2 u»s ^ 1 t.os 2 d 

. m .n ude -r sm. 1 sin. d + co Me os. <1 
M I 4 co^ 2 1 i <l 


tvntn dm* pla lom Vili sp mu«<Uan tlu moon is OistHTit 
00 , /. ro*i. I -sz 0, .% ♦ )i ‘tn\ uaior 

SIP * sjci d . I . 1 

cos t r* — - - I r — tin. I Uai. il. 

< i U os. d 

WIkii I* + d) = 00 , .• t »ii 1 lut il •= < in. 1 un. (00* — 1) 

, rtTj 1 

■t: tun 1 i <K » v - 1 I 

un. 1 

. cos. f ■=: — I, ,% t =• •. tiih fioin Hit niooiis pQ«biiig the men 

dial, m iltio ct'si iqujls iauuibi imdci these circiuiisfanccs tiuu 

IS but one tide in tweiatj-lour hon»s. 

Wlien 1 js cl, .% 4’Ob. i r: tan * 

aud tba greatest elevation s: M Icos. t cos 1 tus. f\ + .»i. 1 sift- d] * 
(since cos. t js 1> ar M. {ws.* 1 + siu,* J( zz M. 

When d s 0, great(^»t elevation - M cos. 1. 

When 1 « 0, greatest elevHtion =:t M <o«. * d. 

At high tvnter t ss U, .% greatest eloaUon whm the niOfMi in th* 
meridian above tlic lioiiaon, or* the buiKtim tc L M 1 cu-. d + 
aiti. 1 fjn. dj* ST M ouS. • {i « d) sa* T\ 

For iibi^ in&rior dde ( af 18 n<^ .r. ooe^ t cs -- l 
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A COMMENTARY ON 


CBdoftBI. 


inferior tide ^ M fsiii. J sin. d -»• cos. 1 cos. dj * , , 

s M {~ i (cos. 1 cos. d sin. I sin. d)| • ** 

=: M cos.* (1 + d) as T'. 

{fence Rotusco’s oOnstrartion. 

With C P s; My ss a ndiius describe a drde P Q p £ r .‘prasentiag 


P 



N ..i 

P 


a terrestrial meridi.vn ; p, the poles of the earth , £ Q the equator ; 
(Z) the zenith; (N) tiie iiidir of a nlare on this meridian; M the place 
ot the moon. Tlien 

Z Q oj *‘‘f - n •. / M the zenith distance ss 1 — d. 

M Q dccli^rtuoi =. d ) 

Join C Mt cutting tlie ini cr circlo in A ; draw A T parallel to E Q. 
Join C T and produce it to tlu a M' is tbe place of the moon after 
hall a rcTOlutioii, /• M"* N = nadir distance 

= ME+EN=:AMQ+ZQ = l + de 
Join C 7t tutting the uuier circle in B; join B with the center O 
and produce it t D ; jtdn A D> B A D T ; and draw T K, A F 
peipeudicttlais on B ]*>* 

4«A1JB£:4>BC A^Z 0«— M Qcs 1»— d 1 R A n 

^ T D B « lb0‘— 4. T C B ssz. M CNal+ri} ^ ^ ® ^ 

B r Z are ri^^t antglcs 

BJ>;DA;;OA:DF~ 

•s; M cos.* (1 ^ ^ 



NEWtON^ mMCIPIA. 

B D ; BT : : D T ; t> K » s w 8 » *«. r?ii 

a M COB. 1 4* <3i s p^nt of tite inferior tid^i 
If die noon be in the zenidi, the superior tide equals tin maxidiaiiu 
For then 1 — d s= 0, .*. cos. t — d ss maximum, and B D s UPP. 

If the moon be in the equator, d s 0, .'. D F s: D K. 

The aoperior tide rr M cos. • (I ~ d) s T 
Thd hifetlor tide ss M cos.* (1 -f* d) s T. 

Now T > T', if (d) be pot>itive, L e. if the moon and place be boih on 
the same shle of the ctiualor. 

T < T' if (d) be negadve, i. e if the moon and place bo on different 
sides of the equator. 

If (d) r: 90» — 1, .-. D K ss Mcos.* (1+ 90» —1) = M cos.*9Q*aO, 
If (d) = 90® + 1, and in this case (d) be positive, ind (I) negative, 

D F ss cos.* (d — 1), M =. Mcos.*(90® + l~ 1) = M co8.*96®wft 




PAOBl. £M8 


roB 

VOLUME m. 


Pros. I The aUttude P K <y the 
jfde is equal to tJu. latitude ttffhe jfdaei. 

For Z £ metunires the latitude. 

s P R by talcing Z P from £ P end 
ZR. 

Pbob. 2. One half the v,m qf tht 
greater and least altitudes of a eir- 
fumpclar star is equal to ih altitude of 
thepele. 

The greatest and least altitudes arc at 
s, y on the meridian. 

Also 

xR+y R=:xy*f 2y Rs2(Py-4>Ry)a:2k altitude of tlie pole. 

Pros. 8. One half the difference of the sun's greatest and least meridian 
altitudes is equal to the inclination qf the et^ptir to the tOHatoi. 

Tbe sun’s declination is {j^eatest at L* at which time it describes tlie 
paraBd L r. < , 

L H is (he greatest altitude^ 

The sun’s decUoation is least at when it describes the parallel 
8 C. 

8 H is the least aldtude, 
and 

e4L8as Lfi. 

PsoBt 4. One hdf the sm tie mfs greatest and lean meiidian < U 

titudu is agmits Oe colatitude-tfdk ffktee, 

f 4^ • H) s i (H, C L H E ~ £ s) 
s HK. 
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Pros. 5 . The at^le tahiei'l^ is 

the colatitude =s E H. ' ' ' " ' ' • -f' 


PaoB. 8. When (lilt min 'dswrj&W 
b R in twelve hours, ho will describe e a 
iu six ; if on the meridian at a it be 
noon, at c it will be six o’clock. Also 
at 'I he will be due east He travels 16*’ 
in one hour. The angle a P x, mea- 
sured by the number of degrees con- 
tained in a X (supposing x equals the 
sun’s place), converted into the time at 
the rate of 15** for one hour, g/oes the 
time Jrom apparent noon, or from the 
sun’s arrival at a. 



Pros. 7. Oiwn the sun*s declination, and latitude t^Ae place ; Jind the 
time if risiti^, and azimuth at that time. 


Given Z £, .% Z P s: colat. ipven. 

Given b c. P b s codec, given. 

Given b Z se 90*. 

Required the angle Z P b, measuring 
a b, which measures the time from sun 
rise to noon. 

Take the angles adjacent to die side 
9<P, and complements of the other three 
parts, for the circular parts. 

.*. r . cos. Z P bscot. Z P P b 
or 



r . cos. hour 4 .sstan. lat. tan. dec. ' ' 

* log. tan. laL 4> log. tan. dea 10 as log. cos. boiir £. required. 
Also die angle P Z b measor«> b B, tbe arimuth refinrrud to the noriht 
and 

r i cOs. P b SB cos. P Z . cos. .!Z ■ ; 


. eoe z -- 

. . cos. £ 


,■ cos,' .boor 4 s 




nmme, 

• .1 i. ' ' '* 


FOR .w 

ht fNiR ibii^ from a Z P b cot, RmSSi 

w (rinctfZ t ** dince b ^ W** 

coa. b s; L. cot. Pk or oos. b «s tMkt|i.«ot]|^ , 
mtd tbe flti§^ P K b stay be aii^hdiy found; 

_ ir _ co«, P b — eos. Z P. eo$. Zb ^ , 

— snmnssTznB — 

cos. p ' 

cos. L* > 

PiiOB. 6. jPind the surfs aUttude at six rf(do^ id tends (^tha kdUhtie ^ 
and deeHnatioa. 

The Sim is «t d at six o’clock. The aii||^« Z P d » ri^t angtci 
Z p s colau P d as codec. Acqiured Z d (a: oouh.) 
r. cos. Z d s cos. Z P. cos. d P 


or 

r. sin. aldtode s nn. ladtude X sin. dectiasUon. 

PnoB, 9. JF!ad the time vAen the sun tomes to the prtme vertieo’i ^thaf 
vertical mhose plane u perpendiadar to the meridian at wdl ast ^ hwi‘ 
zonjt and hit altitude at that time, in term ^ the latUnie ai\f{ decltnation. 

Z P as eolatitade. Pg s codeclinaticn). Tbe anglo P '/^gasright angle. 
Bequind tbe an^e Z P g. 

.•. r. cos. Z P g as tan. Z P . cot. 1’ g . 

= GOU. latitude tan. 'aecUnatbn. 


Abo requind Z g equal to the coaltitude, 

r . cos, P g as cos. P Z . COB. Z g. 
r. riu. dedinadon _ . 

Pnolb 10. Given Ae latitude, decl ina^ 


Han, and altitude the not t *jind the 
hour and aatmu^ ’ ' 

I.et s be foe place. 

Gtvea Z P« Z Si P S' ^^d the smgic 
ZPs. 

Left ZP» Zs» Ps at n, Ci be gjimb 
baftnlB. . ^ 

si»lRcc|g^^X . 




PROllLiEMS* 


3lf0 


Also find C> ^ 


SIDs SS ‘ ' ’ '■ i • 

sin. a, bm. o 


(Or by Ir and fid AnaL) 


Sr 


bitoilarly, sin. A as situ ^ of position as - - - ^c — y 

^ blDs Do SlOo C 


P\on, I lo Gnien the error m the altitude* JPfnd the error in the time 
fT ti laUtude and artmuih^ 



Bih. 


7 X P — P 7t, s in, X Z P 

CO^S jjj“y 

1 ®. 11 X 


• V Z =: — — —4 

* * « COS. L. sin. azimutU 

Con. Sin. of the .vimuth i’** grcsitest when a / ^ 90^, oi when the sun 
IS on the piinie y z Icsisl. 

Also* the pupaidicuLir ascent of a body is quickest on die prime 
Yerticat, for if y z and the latitude be given, ii x x aziinutli, which 
is the gre Uest. 

PtioB. 12. Givin the latitude and ^ 

dechnatwn* Find thr ttnif is h n Mh^ht 




(Tiivilight begins iiheu the sun is 18 ^ 
below the horivona) 
h k IS parallel to H R and 18 ^ bebw 
HR. 

IVilight begins when the sun Is hi 
bk. 

•% 2 sas80^ +18^fi P 8 s:D» Z P&zoDlat 
Find ihe'sngle 2^ P a. 



A 


!k 

\ 7 




^ . K)R VOLVim 111. 

Pads. 13. tmtti viun Mtf 

lifparent 4mmi motiontfuji*e4 tUtr 
» perpeniki4iiti^i4jf)i»h»iii9a ^ 

the iahttie Oied 

Let a b ^ tfw ^Amaliel described by 
the star. 

Diaw a verticsd eirde tonchiog it ^ 

Sa 

s n the pkoe when (he oiotioa ap* 
pears perpendicular to H R. 

Z P» Pst'and i.ZH PsMPisgiren. 

Find Z P 8. 



Pnos. 14. y/nd the iim. ttf theskotlest i» terms ef the latittidi 

and deiUMtion. 

a b is parallel to H R IS** IxJow H R. 

The parallds of decltnadon c d, h k» P 

are indefinitely near caci) other. / / ^ 

The angles v P w, s P (^ nieasuie 'X 

the durations of twilight for c d, h L. *5*' ^ ' ji'' ' 1 vy \ 

Since twilight is shorteit» the mere- Hj 2* — JR 

ment of duration is notliing. yc|(k > L 

.-.vPworsPt \ / 

\/ 

and r 8 = t z 

and the angle ir r s s right angle 

=: W 7 t. 

titrsssewt, and £. Z w c s 90® — » z w t =: 90" — - Z w P 
^ z w t s: Z w P. 

Similaihy 

£. I V s =: Z V P 
A Z w P ss Z a P. 


Jr 

7^i¥ 


■ zwt=:90" — ZwP 


Take vc^at 90®. .Toin P e. Draw P y perpendietdar to Z c. 

the trian^^es ZPw, Pv^ Zw = er» Pwsr Pt, and the anglci 
stmed are equal** Z P s P e. 

In the trinufif* ZPy, Pey* ZPasPe* Py com : and th< 
angles y are ri|pt *i>gl^ 

.% Z e ia bisett^ in y. 

T t chH. PV (B cos. P y * mti. r y 
r.«os.Pe SB cos. P y* eoe. y e. 
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Gof . F V : oos. P e : : col v y t oos. y 4 >. . 

(but V y i'> greater than 90”, therefon cos. t y is negad'VL) 

: : COL (— compL y •) ; cM» y e 

: : rin. y e : cos. y e 
:: tan.y 4: ^ 

Igft 

sin. L.tan.ye * 5 - 8 iii.L.taii. 0 » 

/* COS. p =S S3 ■ -Si S 

* r !» r 

P Z is never greater Chan 90”, Z y is equal to 9, Py is neter greater 
than 90”, .* cos. Py is idwnys positive; v y is alm^s greater ihan 90”, 
cos. V y IS always negative, cos. P ▼ is negative the sun*s decli^ 
nation is south. 


Also, if instead of R b s 18^, we take it equal to S s equal the sun’s 
diameter, wc get Irom the expression sin. D ss the dme 

* wlicii the snu is the shortest time in bringing his body over the horizon. 
Pbob. 15. Ir'ittit the duration the sfuntest fmtighd- 
/.wPZssvPe, .‘.Z-ZresTTPa'. 

.*. 2 Z P e is equal to tlie duration of the shortest twilight* 


r. siu. Z y 3 s sin. Z P. sin. Z P y 


or 


sin. Z P y = 


sin. 90”. r 


which doubled is equal to the duration required. 

Pwun. (A). Gi\en the sun’s azimuth at six, and also the time when 
due east, h'liid the latitude. 


liom the triangle Z P r, 
r. cos. L ss tan. P c . cot. P Z c. 
From the triangle Z P d, 
r . cos. b s: cot L . cot. P d. 


tan. P c ss 


CO... L 

cot. Z 


cot P d 


h 

cot£i 




COV.L cot L 
c«. Z “ coTS 



.*. tin. L 


cot Z 

3S ■■ — 

Ope. h 



FOtt VOI.I.ME 111. 


PnoB. 16* Wini the diihmifion 
U is just twilight all night. 

Dee. bQxQR — bR 
- eolnt ~ 18'' 

sBs 1 -- 18' 

aTSv h 

pROB. 17. Gi\ei) til** ilecliiialion, 
find the latitude, the sun being due qasU 
when one half the time ba^ oln[)bed he 
tween his rising and noon. 

Given /L Z Pc, mid Z Pd = J ZPe. 
Given also P d = p, 
and 4 k P Z d right angle. 

••• by Nap. 

r . cos. h = t ui. Z P . Cot. p 

^ * r cos. Ii 
%• cot L :=: — - 
col. p 

If the angle Z P c bo not giten. 
From tin ti inijgle Z P d, 

, cos. Z P d r-- un Z P . cot. p 
Fiom the triangle Z P i, 
r. cos. Z P c =: Z P. cot IJ, 

or cos, h *=■ cot A. cot pi 
cos* 8 h s: tan cot. p j 




:-l/ 


«f 'n 


/« 






=r 8C0:». * h — I sr 2cot * >. cot "p — 1 _;?i: , 

^ unK*A 


tan ' cot. p 2 cot ‘ p — tan.* ?. 

, , till. * > o ^ 

. . tan. ’ A H 2 cot. p sr 0, 

cot. p * 

from the solution orwhicli cubic liquation, tan* > is tbund 


Prob. 18. Given the angle between 
two and tlirce o'clock in the hoiiaontal 
dial equal lo a. Find the longitude. 
From tfat triangle P U ii, 
r , sin. P R:=:tan. li n . cot 30 
sstan. 111 ). VS 
From the triangle V R p, 
t • sin. P Rzstau ft p . cot 43 
srtan R p. 

Vat. n. z 




FHOBLEMS 


tun. i\ p 1= tan., a ^ tan* Rp K it 
_ p — ta n. R ii 

r + tail R p . tanTl u 

ain. X (l ^3) aig. X. ( 8 — ? I) 
aiij. “X “ V' S + sin- * 


P«i>u. li). *11 what longitude is the 
betwern tlio hour lines of twelve 
iUiii t XiJi on tin; hon/ontal dial equal 
u) tv. ice the angle between the same 
I lour lines of the vertical sun dial? 
i'Voin tlie triangle R n, 
sin. A = cot- 15 . tiin. R n 
1 'rom the triaugic p N in, 
sin. p M =r cot. 15 . tun. N in 

Rn 

rs cos. >. = cot- lo • tiin. • 



tan. R n 
tan Ii n 
’2 


=: tan. X 


1 

\ — tan. ® - - 


1 i * 

1 — tan- * — 


Piiou- SsO. Ohen ike altitude^ latitude^ and declination of the sun^ Jind 
the time. 

, tv >s. Z S — cos. Z P • cos. PS 

sai. Z 1* . sin. P S 

— . sin. A — .sin. L . cos, p X j 

cos. h . sin. p \ 

, , I, _ cos. L. sin. p + sin. A — sin. L. cos. p ^ 

* *• 1 T* COSs 12 £5 — 11 L I li j_ i- ^ . . ni I O 

co«. L«smsp 
— sin, (p ~~ lj)4-tSn. A 
*” cos. sin. p 
or 

h 

^ 2 ^ "“x " 'LL ■' 

c(».,L.Bin.p 



FOU VOtUICft ku. ^ 


, €08.* j ss -J’-frli i^the form afoq[»ted to tb* 

gariduaic eomputation, or, see Ptob> ( 18 ). 


Pros. 91 , Given • star's right Ascen* 
sion and dedtiialion. Find the latitude 
and lon^^tude of the st.\r. 

Given 

}f'b^bS,z.Sb}> right angle 
find /L S 7 b and S y. 

4 S 7 a = S 7 b — Obi. 

5 7 is known, l S 7 a is known 
and S a 7 1$ a right angle, 
find S a — latitude 



7 ns; longitude 

Given ihc oun’s right asrension and 
declination. Find tht. obliquity oi the 
ecliptic. 

P S being known P 7 = 90 ®, 4 S P 7 
s R A, 

•. in the 4SP7,4S7Pis known. 
.*. obliquity rs 90 “ — - 8 > P is 
known. 



pROB. 82 . In what latitude doe« the 
twilight last all night i Declination 
^ven. 

(Twilight begins when the sun is 18 ® 
below the horixon in his ascent, and 
ends when he is there in his descent, 
lasting in each easu as long as he is in 
travelling 18 ®.) 

R Q s H E ss cblat. =s b Q 4- h R 
SB D 4. 18 ®. 
90® -—18 D 9 L 

9 W — D. 

(See Pnfo. 10.) 



>4 


4f 


4r 



cy PBomjEMS'^ 

jJ'lrKi th<. ^'cnenil efpwtion for the hoar ut which the twilight begUteit 



Let the sides P Z, P 8, Z S, be a b c. 


Then sin.* ^ rr - 


( Si Hh b + c \ - /a + h + c * \ 

b) 


bin. a. sin. b 


Of 


$11). 




, /colat. + p + lOfeJ** 
sin\ 1 

pin, cotaiL + p + 

X ^ ^ 

^ itin 


colat. ^ 

L^U 


108'' 


Prob. 24. Given the dilFcrcnce b«;- 
the times of rising of the stais, 
and their declinalions: re^juired the lati- 
tiule of the place. 

Given P «i, P n, and ibe m P ii 

hn'iuded. 

t'rom Kapier^s first and second ana- 
logies, the P m n is kiiowm> 

P in C = complement of P in n is 
kflOWCy 

P C isz 00^ P in is given, and the 
^ P in C is found, 

P R sr latitude is kuowTi. 

PnoBe 25. Given thtj sun in the eque*- 
tor, also latitude and altitude: fisid the 
time* 

Given 

Z P, Z S, P S =s 90^ fiiid the £. Z P S. 





FOR VOLUME Ul. 


m 


FlKMh 9t. Th6mn*»dechaation s SP 
mmA, nqnired dte latitude, iHtai he 
liies in idie soutli-eait point of the 
horixon, and also the rime of using. 

PSss90«d.6i>, ZSsM°, /lSZP 

as 4fi*> + 90”. 

Find Z Pf and the Z P S. 

Pbob. 27. Determine a pouit in EQ, 
thot the turn of the arrs thawn from it 
to two given places on the caith's sur* 
face shall be minimum. 

Let Af 9, be the spectator's situations, 
whereof the laritnde and longitude are 
known. 

LiOt E Q be the equator, p the point 
required ; a b as difiereiice of the lon- 
gitudes is known. Let a p ss x. 

p b ss a — X. Let L, LMie the la- 
titudes. 

In ^ A a p, r . cos. A p ss 
cos. L'. cos. X. 

In A B b p, r. coa B p ss 
cos. L'. COS. a — X, 

COS. L. cos. X + cos. I/, cos (o— X) 




.'.eos. L. -sin.x). dx + tos.L'. x 
sin. (a — x). (— d x) a: (h 

,*, — cos. L • 6UI. X — cos. L'. s n a. < os, x • cos. L'. cos. a. sm x 
Let sm. X s y 

,*, — c(w. L . y ai cos. L'. sin. a. 1 ’ L^. cos. a. y 

.*. transposiiig and squaring 

cos.*L. y* — 2. cos. L. cos. I/, cos,* y* + cos.* L'.«os.»a. y* 
es cos.* L'. sin.* a — cos.* L'. «n.* a y*» 
y* SB Sec. as n. and y as V n. 

Pros. 29. To a qpectatm tituated wlihm tlie tribes the suii’i a/i- 
nmth win admit nf a maxinium twice every day,iit)m 'die time of ius 1< av* 
ing the ^ Ids dedinatiUni-oaqQid the ladtude of the place. Rc> 

qiiiwdprapd 



PftOBLBMS ; 


35.^ 


From Z ii circle may be drawn tonch* 
ing the parallel of the declination till 
tins parallel coincides with Z. every 
day till that time the sun will have a 
niaximura azimuth twice a day^ and at 
that time he will have it only once at Z. 

(Also the sun will have the same azi- 
muuli twice a day, i. e. he wUl be twice 
nt r.) 

P»ioB. 2fl The true zenith distance 
ot'thc polar sto.r when it first passes the 
meridian is equal to m, and at the so 
coiiil passage is eqtial to ii. Required 
the latitude. 

Given b Z = m/a Z r= n, 

Z P = colai. £= ni + n. 

Prob« 30. If the sun^s declination 
E e, is greater than E Z, draw the cir- 
cle Z m touching the parallel of the de- 
cimation, 

R lu is the greatest azimuth that day 

If Z V be a straight line drawn per- 
pendicular to the horizon, the shadow 
of this line beiiig always opposite the 
sun, will, in the morning as the sun 
rises from f, recede from the sout h point 
H, till tlm sun roaches his grcniest azi- 
muth, and then will approach H ; also 
twice in the day Uie shadow will be upon 
every particular point, because the sun 
has the same azimuth twice a day, in 
this situation. •*. shadow will go l^ack- 
wards upon the horizon. 



: But if we consider P p a straight line or the earth's axis produced, the 
sun will revolve about it, •% the shadour will not go backwards. 


r, cot. Z P q. » toiu q- cot. P ^ 


of j . 

(time of the ^catest asimuth) ss tan, p. 

.;^li,the bodies in our system ivc elevated. 38^«add(|j|B4|*>. 

{landlax. 



FOR VOLUME III. m 

at their rite they will be dietant 6001 2^ 90 ^ «|> SS* »• ho r towta l pa- 
rallax. 

A fix d atar has no parallax, distance firom % ss 90' -f 99** 


Pbob. 81. Given two altitudes and 
the tine between tliem, and the decli- 
nation. find the latitude of the place. 
Given Z Z d, P r, P d, /. c F d. 
From & c P d, find c d, and ^ P d e. 
From & Z c d, lind ^ Z d c, ^ 
Zdp ss cdP — cd2^ 

From A Z P d, find Z P =r culat. 


Paob. 38. To find tlic time in which 
the sun passes the meridian or the hon- 
zontal wire of a telcsrope. 

J.iet lu n equal the diameter of ilie sun 
equal d" in space. 

V V : m 11 : : r : cosine declination, 


V V ss 


m n 


radius 1, 


cosine declination 
=: d". sicond declination ni se- 
conds of space, 

15" in space : 1" in time 

d" secon d dec. 

~lW' 


: : d" second dec. : 


St tune in seconds of passing the merid 






Hence the son’s diamctei in U A s V v = d". second dedinatioo. 


(n X =: d" ss sun’s diameter) 


V V = 


V v : m 11 : : 1 : sin. P n 
m n ’ h X : : r : sin. x n P 

V V ; n X 5 ; r*; sin. P n . sin. Z n P, 

r*. n X _ r* nx 

sin. Pn. sin. STii'P ■*“ sin. ttif . ml UTZ « 


r *. 

COS. sin. hinmoui 


— y *• 

^ ** liK > . sin. aaimuth 
honaon. 





3S0 PROBL^isIS.A’ 

PnoiK *J3, Fiamfead*s method (jf iBkUminiBg tie qf a 

star* 

Lemma. Tiie right asci^nsion of eUum 
]iassing tlic meridian at different thnef^ 
differs as the difference of the times of 
their {^as^ing• 

For ihe angle a Pbmeasiircs the dii& 
fyrciice of the tunes of passing, which is 
incasureil by a b s a 7 — by. 

Hence, us tfie interval of the times 
of the succeeding passages of aay fixed 
stur : 360 (the difference of its right 
ascensions btftweea those times) : : the 
interval between the passages of any two fixed stars ; to the difference of 
tiicif right a&censiotii. ^ 

Lei A G c bo tlic equator, ABC ^ 

the ecliptic, S the place of n star, S m 
n .se condary to the equator. Let the sun 
be near the equinox at P, whc:i on the ii\ 

morldiau. 

Tahe C T P A, the suffs de- G 

f lination at T = tlmt at i\ Draw PL, 

T Z, perpendicular tc? A G c. 

Z L pandict to A C. 

Observe the meridian altitude of tlie 
sun at P, and tiie time of the passage 
c^f his corner over the meridian. 

Observe what lime tlie star passes over the meridian, thence find tlic 
apparent diflcrcncc of their right ascensions. 

When the sun approaches T, observe his meridian altitude on one dxiy, 
when he is close to T, and the next day when he has passed througli T, 
so that at t it may be greater, and at c less than the meridian altitude at 
R, Draw t b, and e s, perpendiculars. 

vObserve on the two days ^fore mentioned, the differences bm, 5 m, of 
the sun’s right ascension, and dmt of tlie star, ^ ^ 

Draw s V. parallel to A O* 

Consjderingthe variation of the right asce|Vi^ai^d|^(^ 
ibrni for a short dme^ v b(clainge of Ummeriffian-altitod^ mone dayjf' sob 
di^renoe of the declinfations) : s sb (ss sm •«— ' bm) : J&h. Whence -Z K 
Add. or sobslract Z b to or from T tm Whence Z m. ^ . Ad^ dr 





FOR vouw m 

» 

«f, (tappiRliqg to cweaustoiMos]^ Z in» L wheac* Z X» 
gl*<s* A the nm’e right Mewnfawatthe Ume of Ui« ftmt 

observation. 

A L 4* 1« nt « the Stef's r^ht MMuion, Wbftneefhe sscon* 
sion of all the stars. 

Pbob. 84. Given the alUtades of two knottn stars. Find K 
Right ascensi«»s being knowoi .\ a b 
sa the difietence of right ascensions, is 
known, 

4 a P b is known. 

Front AsP^4saPij known, 
and « 8, 

EV<Hn aZ 8«, 4a«Zis known, 

Z « P h> known, 
from rt Z « P, Z P is known. 

PitOB. 85. Given the qiparent diameter of a pUnct, at the nearest and 
most distant points of the carUt’s orbit. Required the i adias of the planet’s 
orbit 



D a ^ jy nearest dmmetcr. 

D ! IP : : £ P : E' P 

;t E P — EC ; CP4 EC, 

D C P + D E C IP C P ^ O' E C, 

.jA'OFteEC 

*t 



38S 


ptmt^itSks 

Pnon. 38. Giveii the soii*« gr^task kuti M 

and too. Find the exccajri^ of the . 

D 05 ; the sun «t S, PP the eartkV oiiiit. 

rad. ' , 

100 ! 101 :j SP< SF i: CP — CS : CP + CS 
.*. 100 C P + 100 C S s 101 C P —,101 C S 
.-.201 CS= CP 
C P 

C S ss -Hfti"* the same scale of nototum* 

SUl 


Pkob. 37. Two places are on the same meridian. 

Find the hour on a ^vcn day, when 
tlte sun will have the same altitude at 
each place. 

Z 7/, two zeniths of places, Z Z' is 
known, S the place of the sun in the 
parallel a b, Z S = S Z''. 

From S draw perpendicular S D, 

Z D =s 7J D, 

P Z + =r P D, is known, 

P is known, jL S D P right 4, 

.*. z. D P S sr hour is known. 



a 


PnoB. 38. Find the time in which 
die sun passes the verticnl wire of a te> 

Icscope. 

Meridian = the vertical wire, 
the time of passing the meridian sz 
the time of passing the vertical wire. 

Takera n ss the sun’s diometmr s: d. 

V V : m n : r : cos. declination, 

. V - ^ ^ ■ 

cos. doc, -’ 

V V converted ioto thC time at the ' 
rate of Ifi' for F a? dietime requir^“‘^ ' 

Pnoxt. 40. If a man be in the arctic eirdb, die iia^ m .84 homh. 
tbe-idterUgst sc,0. ' 
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P Z s oibUquity S Q R, 

.% Z R s: P Q sr 90 
Z H a P Q a 90'> 

H R U the bcari/out and the 
oeMeet parallel totadies at ll» 

Rie day st 24 bouts, and the ftr- 
tbeat parallel touches at H, 

.% the day a 0 hours. 


PnoB. 41 , Given the sun's mendian 
.dtitude a 02", midnight depression 
a 22*. Find the longiludc and dedtna* 
tion. 


Qa a bQ 

orHa — HQaRQ— Rb 
a II Q — R b. 


H a + R h 

*'• 2 " 


a fl Q a cos. \ 


a 42^, >. a 48®, 

D a (i2 — 42 a 20. 



PnoB. 42.Given the •>un’s d<*clinatinn, 
apparent dtaiiicler, altitude, .md 
tude. Fil'd the time of passing ibc 
horizontal wire of a telescope. 

$ a the place of the sun. 

Take s n in a vertical circle a the 
sun's diameter a d. 

Diaw n 0 parallel to the horizon, 
Vv: 0 S;;r: cos di > 

0 s : u s : : r : sin. n s P, 

.•. V T ; d : ; r • . sin. P a sin. n s P 
: ; r * ; sin. 7 . P sin. P Z s, 

.». V V aim cos. x aii).«zuatt^ 
verted into the dnu^ tlv tbtte re- 
quired 



PHO^LEMS 


S6i 


pKU)j. 43. Given the longitude, 
right ascension, and sleclination of two 
stars: find the time vrhen bodt we 
on the same aztmuAal and alim 

of the azimuth. 

Given P S, P S', and 4 S P S' s: 
oliTcreiiCc of right ascension. 

4 P S S' is known, 

4 P S Z is known, 
and Z P given, and P S given, 

4 P Z S, is known ss mzimutli, 
and Z P 8 s: time for (bs first star, 
or (Z P S + S P S') s: time for the 
second star. 



PnoB. 44. Given the longitude and 
dediimtiun- Imd the time when the 
sun ascends perpendicular to H R* 

D must be greater than x, or a Q 
greater than Z Q. 

Draw the vertical circle timgent to 
the {larallel of declination, at d. 

P Z given, P d given, 4 P d Z is a 
right 4 , 

4 Z P d is known. 



Prod. 45. Find tlie Iciigtl) of the 
longest day in longitude ss 45*. 

Q d ss obliquity, 

P d ss t)0 — obliquity s= P c, 

Z P ss 45, 

Z c ss 90, 

•. 2 boars %l^wn. ' 




Fouvoti?M» m . 


4A< Fluid lii6 right 

and daclination of a star, vltan in a 
liae trith two known stturs, and also in 
anolber Uxie triA two other known 
Stan. 

Tha star is in Ae same line wiA S, S', 
and in Ae same line witli s, «y 
>*. in Ac intersection a 



Pkob. 47. The least error m Ae dme due to Ac given error in alAnde 
s li'^. Find Ae lon^tude. 
n X is Ae given error in altitude, / 

V V : m n : : r : oos. dec]uiaA>n, 

A n : n X t ; r : sin. x n P. 

Y T : n X : : r * : sin. P n rin. Z n P, 

V — n X r '* 

^ “■ sin. P n sin. Z n P ^ 


n X r* 

cos. A. sill, azimuth* 

V V is least whoi Ae ehi. arimuA 

is greatest, or Ae ariumA s 90**, L e. Ae prime Tmrtieal. 

. n X r* 
b ~ — — r*» 
cos. X * 





cos. X s 


Pkob. 48. Given two altitudes, and 
iwoaaimnAaof Aesuo. Flndthelongi* 
tude. 

ZSisknowD^Z S' ia known, z. SZS* 
SB Afihrcnce of Ae aainraA, 

•*. A Z 8 S' is known, 

A Z S P 9^ 6 S' — 90*ta known, 
.•.Z8P,ZSlSZP,knowii,- 



PROBLEMS 


since D 



PnoB. 49. Near the solsticef the decUnUk^n (x neail;. 

r sin. D s sin. L s^ y, ; 

r d (D) cos. D =: sin. y d (L) fot. L 
d (D) _ sin. y cos. L 

aitr *“^c5rir^ 

siti. y COS- W — d (L) 
cos. y ' 

may be consiclercid the measure 
tan. y sin. d (L) 

s tan. y d (L), since d (L) small, 

.% s constant quanti^, 

d (D) cc d (L) nearly. 

Prob. 50. Given the a{^>arent time T of the revoludon of « spot on 
the sun’s siiifacc, find the real time. 

Considering the spot as the inferior planet in inferior conjunction, 
P n 

1' s where P equals the earth’s periodic time, p equals the planet’s, 

.-. TP — Tp = Pp, 

TP 

•‘*P =* tTHP’ 

Pros. 51. The sun’s dedinadou equal 8 south, find the lalitnde of the 
place where he rises in the south east point, and - idso dte time of his 



■t.c-is 90<>, P c s 980, 4. c Z S s Ififl*, 
'''V'Mhenoe Z P, and 4. h \ 



Pbob. 6S. iiiaa( « BUMB be twM to see ibe son «t 





. — 4 » 


ZP s RQ. TakePd B Qb > - 

Draer X d to 1^ aitigem at d> . ? 
if tb^ petaoa be rau^ to Zx« beaii^, 
see tbe son at ib 

4.4 0bss WsaxCR, 

X C d.^ R C b measured by B, b. 

gw!». t 

in the reetiilinear a x d C, z. x d C 
. ss right angle* 

^ X C d being known from the dee.. 

' C d SI radius of the earth. 

C X being known, 

.CJ X •— 90Vor Z X is known. 

PaoB. 63. Oimi tbe ladtudei and 
longitudes of two places, find the straight 
line which joins toem. Ihey lie in the 
same declination of the drcle. 

V V t A B : : i : cosine decUnelion, 

.*. A B is known, 

and the straight line joining A, B, is the 
chord of A, B, si -8 dnlr . 

Pbob. 54. A clock being properly adjustM beep the sidereal 
required to find when 7 is on the meridian. 
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l^OBLEMS FO^WL. III. 

c.xy/:s: ri^t aogle ; 

K 7 y = I 9 being known* 

X y is known. 

Whence y / = time from noon to y bdng on the meridiaiiy or from 7 
being on the meridian to noon, whence two values, ^7 7 found. 

It the declination north and before solstice the^ value gives the time* 

after- < - 

If the declination south and before—— '18+< • 

^ ■ after— d 2 +> . 

(Thelwaih) ’ 

Pnoa. 55. Given the sun's decline* 
tion. and longitude* find his right ascen- 
sion* his obliijue ascension* his azimuth 
and amplitude, and the time of his rising, 
and the length of the day. 

7 C is given* from a c C d* c d is given ; 

1 . and right angle* find c d. 

C 7 s= R A, C d =5 oblique asc“. 

and C d measures z. C P c* 

. . 90® + C P c :s time of rising* 

2 (90'* + C r c) = length of the day. 




l*]lOULr.M<i. 


1«I 


A 

B 



Let A C un<l E be Mic rc'-pcctive place: of the object, eye, aiwl leflwtor 
at first, and B Q and I' ilioir places at any other ttmi*, or if K K .a* F Q 
= C E, K may also Iw tht place of the eye, ainl ‘•ince K 1’ always r:C E, 
and that 0 F is constant, K will trace out an ( Ilipsc by next problem. 
A1 >o by optics the anjrh- K F 1 1 — II F Q, and Irum similar tri'Oiglo-, 

K ir ; K F i KD ; K B. 

F F : B F : K D • K 11. 

K H + I) II : X r 4- n F : : K D ; K B, 
t r 

D Q : D K : : K 1 + B F : K B in « giver iali.>, 

Q tmees an ellipse. 

To doterniiue the quantity ot fluid issuing ihiough an <'rificc ti a 
given foim and magnitude, in the side of a rylimlrical vesstl, iup^^osed to 
be kept constantly full. 

Let 

S B = h, S A r= h', A F .i- x, 

PM =r y, 

.* velocity of the elllus so M N 
= ^ g (*»' + Jt) 

and the area of the lamina s 3 y x' 
and the time =; t, 

the quantity of fluid through M N 
m n s= area of the section x vel. x t, 

= a y x' V g (h'+ X) X u 
the quantity effluent through the whole area A m B t A r- sum ot 
all the portions effluent through MN ss / 2 y x' v'g Ir '+ x t — 3 1 
^ g J" V*" h'' X + C connected between the values x ■=: o, and 

X es b — h'. - 

^ _ f/y * v^(li^ + '*^ + C|* , ^ » . , . 

f = — K for mean height. 
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M O T E S. 


To show that (see p. 1 6>) 

2 X S.Af’— + 2.ittyX2.A^* — S./ax X 3 
Si •s.ij.fi/ 1 ( x' — x) (d y — d y) (y" •— y') J x) | ^ 

Not considcrin-; tl«e common (actor we have 
° d t 

2 . /* X 3 . /» (x d y — y il x) 

s= {(* + /*' + + . . .) (x dy — >y d x) 

+ ^' (X' d y' — y- d X') + (X" d y" — y" d x") +.8cc.| 

!= ^ * (x dy — y d x) + /*'* (x' d / — / d x') 

+ ft" = (x" d y" — y" d x") + &,c. 

+ ft,<*'(xdy — ydx + x'dy' — y' dx') 

' + ftM'" (xdy — ydx + x"dy" — y' dx") + &c. 

+ ft' ft" (x' d y' — y' d x') -f- (x" d y" — y" d x") 

+ ft' fl.'" (x' d y' y' d X' + x'" d y'" - y'" d x'") + &c 
+ ft" ft'" (x" d y" — y" d x",+ x'" cl y'" — y'" d x'") + &c. 
&c. 

the law of which is evident 

Again, ’ ■>■ 

3 .fty X 3 .ft dx — 3 ,ftx X 3 .ft dy 

= (ft y + ft' y' + ft" y" + ♦...) (ft d X + ft' d x' + ft" d x" + .... Jtc.) 
— (ftx + ft'x' + ft"x" 4- ..„) (ftdy + ft'dy' + /t"dy"4~ ., .) 

= — -f** (x d y ~y d x) — ft' • (x' d y' — y' d x') — &c, 
ft ft' (yd x' — X djf* + y* dx— - x' d y) 

+ /»/“" (yd x" — xdy" + y" d X — x"d v) +3t c. 

+ ft'f." (y' d X" — X' d y" + y" d x' — x" d'y') 

+ ft' (y' d x'" — x' d y"' +'y"' d x( -r- x " d y') + &c. 

^ « A 

\OU II. ;* 



N O T E S. 


IIotKc by adding togetlicr these results the aggregate is 
{X d y — y cl X + x' d y — y' d x' + y d x' — x d y' + y' d x — . x' d y) 
+ /t" (xdy — ydx + &c.) + &c. 

tj/ (x (1 y' — y' d x' + cl y" — y" d x " -{*■ y' d x" — x^ d y" 

+ y" d x' — x'' d y') + &c. 

&c. 

But 

X d y — y d X + x dy' — y'dx' + ydx' — xdy' + y'dx — x'dy 
=: d y (x ~ x ) + d X (y' — y) + d y' (x' — x) + d x' (y — y') 

=r. (x' — x) d y' — d y) — (y' — y) (d x' — d x ) ; 

and ill like manner the coefficients of /a' /x'", 

&e. are found to be respectively 

(x" — x) (d y" — d y) — (y" — y) (d x" — d x), 

(x'" — x) (d y'" — d y) — (y'" — y) (d x'" — d x), 

(x ' — x') d y" — d y') — (y" — y') (d x" — d x'), 

(x'" — x''j (d n'" — d y') — (y'" — y') (d x'" — d x') 

.lIoTice tiicn the sum of all the terms in it*' 

.u" /a'", fi ijf*'* U briefly expressed by 

2 . fijjf i(x' — x) (d y' — d y) — (y' — y) (d x' — d x)J 

and the suppressed coefficient J ^ beipg restored^ the only difliculty of p, 
16 will bo fully explained. 

That X . ( j = 0, See. has been shown, 

2. To show dial 2 2 . d X X 2 - /-* d * x) = (x . d aJ * . • , . 
page 17. 

5 , /i. d- X = .a d^ X 4- fi/ d* x' + &c. 

= d . d X + d . /x' d x' + &c. 

= d {,c d X + (i! d x' + 9lc.) 
s= d . 2 d X. 

Hcncc 

/(2 S ./* d X X 2 ./X d" x) =/3 . Sjt* dx X d.S d x 

= d X)3 


being of the form /2 n d u rr \\ \ 



N O T E S. 


S '- 1 

3. To fchow that (page 17). 

2. A* X 2*/t(dx* + iIy* + c!z*) 

— {(2 • A* d x) ® + (i' y) * +^(s . A* il z)*J 
= 2 .,« 6 y J(d x'-— d x)* + (cl y' — d y)* + (dz' — d z)*|. 

Since the quantities are siniilarly invohcd, for brevity, kt us tiiid the 
value of 2 . At- X 2 . .w. cl x * — (s . At d x) *, 

It = (ai- + + /«•'' + •— ) (a* d X* + d X = + At" dx"* + ..m) 

— (.«;dx + y dx' + At" dx'' + - 

Consequently when iho expression is developed, the terms 
(jt/^ dx'% fi/*" d &c. will be destroyed, und the remaining ones will 
be 

fi ,«•' (d X * + d x' * — 2 d X d (d x' — u x) * 

' (A A'" (d X = + d x" ® — 2 d X d x") s= A* a*" (d x" — d x) * 

AtV" (d x'* + d x" ^ — 2d x' d x") zr fi- fi/* (d x" — d 
At'/i."' (d + d x'" « — 2 d x' d x'") = / /u,'" (d x'" ~ d x') * 

At" (d x" * + cl x'" ^ — 2 d x" d x'") == A^" At'" (d X'" — d x") * 
&c. 

Hence, of the partial expression 

2 . At X 2 . /t d X * — (2 • At d x) * s= 2 t At A*-' (d x' — d x) ®. 

Ill like manner 

2 ./t X 2 .At cl y* — (2 .At d y)* = 2 .At At' (d y' — dy) » 

2 . At X 2 . At d Z * — (2 - At d z) * = 2 . ,<t At' (d /' — d z) * 

and the aggregate of these three, whose first members amount to the pro-' 
posed form, is 

2 . At AtM(d x' — d x) * + (d y' — d y) * + (d z*' — d z) *} 


4. To show that (p. 19.) 


nearly. 



X. At 


Sx' 

* 0 * 


It is shown already iii pikge 19 that 

3 4. 3 



N O T E S. 


Sx' , , . , . , V 

= /V".-’ — ^/ + y + * */)• 


e * (S ) ’ iSY ' w - -vy- 

Blit since = x — x', = y ~ y\ = z — z\ by substitution 

and lOiiitiplying both nieiiibcrs by /n, we get 

/IX ,«A X 8 x' . . , ^ , 3 x' 

"r ~ (/)■'■ . /* X + y' . /* y + 2 ' . z) + 

nearly. 

li^iiiiilarly 

= "0 ■ ~ ii')‘ •'“+?•• J +'•'•») + (j.p 

nearly. 

&c. 

Hence 

_A*x s.A*x 3x'^ j.\» ^,8*' 

^••p- = 2.A*x + y'2.A»y + z's.A.z) +^j?yr2.<*. 

But by tlic property of the center of gravity, 

N . /A X = 0, 2 . ^ y s: 0, 2 . /x z s 0. 

Ilciice 

At X 3 x' „ , 

T^~ (?F'^ 2 /-‘“early- 


5. Tu .show that (p. 88.) 

ti * X +-- 11 '}' + tl ' / =; d * » — j <1 T ® cos. * — g d <• * 

6 9 

9 - 

and liint 

X /d (K y /(] Qa z /d Qv _ /d Q\ 

7 VdT/ f Vd y 7 + 7' \ dTl •“ V d j ;• 

Fivfct, wc have 

xd‘x + yd*y + z d** 

=; d (.'c d X + y d y + z d z) — (d X * + d y * + d **). 
Out 

X* + y* + 2 ' 

xdx + ydy + zdzsfilf 

and bccaus.e 

X =: g cos. t X cos. r 
y =s g cos, X sin. v 
z =: g sin. 
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d X* + djf * =s {d (a coi,, f) . cos. V — e cos. « X d v sin. vj • 

+ 1(5 COS. t') sin, V + g cos. d v cos. vj** 

= (d , ( cos. <?) * + g* d V ® cos. 

d X * + d y “ + J / * = (il . g siji. ® + M * g cos. * 4 ^ d v® cos.* • 
= dif* + g*drf* 4- g*dv* cos. 

* Hence, since also 

<1 . f d { = d a * + { d * f, 

^jlL’sJix^y+jiiL" = d’ t ~ j d V’ cos.* j d i «. 

S 

Secondly, since o is evidently Independent of tlio implies* <> and v, ilie 
throe oiiuatioiis (1), g^'e iis 

/ll Xx , X 

^ j = cos. <• cos. V 




Cri) = 


s)n. 


f 
% 

«? 


Hence 


;(!?)+■ (i>) +’,(■:>?) 

= Gi'Xai) + O0 + 


~ vj\> 

But since Q is n function of e (observe llic eijuntiohs 1), and » is a I'dnc- 
tion of X, y, /, viz. Vx * + y * + z. 

-«= 0‘'.= (1i?) X +-“&)} 

= ^-0(aD 

But 

and like transforniation* be efiected in die other two terms. ' Ckuise* 
quenlly we have » 

*« = ■>« 0 (r?) + - « (If) ^ « (I-:) ^ a?)- 

Hence and from what was before proved, we get ' 



N O T E a 



(5. To show that X(l*y — ycl*x = d (j * d v cos.* tf), and that 



First, siiice 

X d * y r; (1 . X d y — d x d y 

y d * X =: d . y d x' — d x d y, 

/. X d * y — y d * X = d . (x d y — y d x). 

i it lW)!ii i*{|iuuions (1), p. 29, 

i\ y .*=: sill. V . d (o COS. ^ COS. & . COS. V d V 

i < V . (I {s cos. 6) — g cos. ^ . sin. v d v, 


, , Cl (f*COS.®(0 , , . - - , 

X ii y =r jjiri, v cos. v . — ^ + f cos. * 1 } cos. * v tl 

t d (?* cos.* 

V d X rr sin. v cos. v . — ^ — — f * cos. * sin. * v c 


iik> difference of which is 


g* cos." ^ X d V. 


Corisequeiilly 

X d * y — y ci * X = d . • d v cos. * t^. 


Seeoadly by equations (1) p. 29, we have 



Bui since Jiriding ihe two first of the equations (1) p. 22, we have 

=r tan. V, IS a function of x, y only. Consequently, as in the note pre- 
ceding tliis it may be sh«u\n tlmt 



NOTES. 


8TS 


C) = (a 0(3?) + (K)® 


d x\ /d Qx 




Hence 


d y 

a V 

d t 
d i 

r*'-Qr. 


dQ> 

dV- 


dt — 


7. To find the value ot‘ jin terms off, v, (see the last Hue but 
two of p. 22) 

Since C is a function of x, y, z, we have 

Cj?) = (a?)(:n) + ( 3 f)( 5 ’.) + (a?) ( 3 :)- 

But fi om ccpiatioris (1) p. 22, we get 

Cab) “ — 

CdD = — esiu-^siii. V 

CD 

lloncc multiplying the values of 

fA Q\ fi\ Q\ 

V'dv/’ Vdza^’ 


(t?) 


VIZ. 


(sac p. 22), 


d * X d * y 

dT* ’ d t ‘ • 

by the partial dillci cnccs we get 

(^?) ~ ^ y • f ^ sin. V — d ® X e sin. 6 cos. vj 


Now the first term gives 

f cos. . d ® z ss f Jd * f siiu 0 cos. /^ + 2 cl f d ^ aw. ® P 
+ f cos. • d " <? — f d ^ * sin. & cos. 

and the two other term.s gives when added, by means of the cquaticuis (1) 
p. 22, 

“ coirJ a * y + X d ' X) = - '2 \ W (y d y +x <i k)-(<J ^ ” + d y *)] 
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NOTES. 


But 

d (y tt y + X d x) = i d .<d . x^‘+ y*) ss ^ d* (;* coi.*^) j 
= d cos. ^ d cos. 4){ 
ss (d . I cos. <) * + f cos. < d * (f cos. tl) 

and 


d X *‘ + d y ® ss (d . { cos. <) * + g* cos. • tf . d v *. 


Ucnc'i 


Mn. t 
cos. i 


(y d* y + X d’ x) 


=r — fj cos. ^ d* (f cos, <) — f ’ cos.® < d v'} 

= — g sill, t Id * (g cos. i) g cos. < d V *1 

— g sin. < Id * g cos. rf — 2 d g d sin. # •— d * tf g sin. i 
— dtf* -f.dv“g cos. tfj. 

Adding this value to the preceding one of the first terni} we have 


(-jyj = X Ig d* + 2 d g d tf + g d V * sin. S cos. 

, d - . d V * . 2 g d g d < 

= « -HTi + f .T77 * 


the value required. 


8. To developc 


, in terms of llie cosines of t and of its mul- 


1 + e cos. i 

tiples, see p. 2.'j. 

If c be the member whose hyperbolic logaritlim is unity, wc know that 

1^- 1 g — » V - I 


cos. 4 ss 


which value of cos. i being substituted in the proposed expression, we 
Iiave 

1 „ 2 c“*^ 

I + e cos. 4 ■" e c'*®"''***' +’'2"c * + e 

2 c : <s- 1 


^ t * v-l JL + 1 s 0 

c 


But since 
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give* 


■ y r -r — - 1 + 


and since, if vre make 
1 


— ' * t* I I I __ f ^ V^l— -e^x' 

e — Ve*"”^ VT+ T"/ 


- (1 — VI — = X which also = njTTTZ?* 

we also have 

±(l + Vl -e*) =r i ; 
the expression proposed becomes 
1 2 c < 

_ , w 

1 + e cos. 0 e 


(J» iT-r ^ X) (c‘ v-i + 


a*- y 

“ e (I + X c^ v-ij ( 1 '+ X c-* 


2 X 


c (1 


_ X ( X 

U + Xc»'^“^ 1+Xc~»v~i; 


But 


e 1 + V i — o*’ 
and 

h~x*= 

1 + VI — e*’ 

1 1 f 1 Xc-» 

*'l + ecos. tf V(l — e*) \.J + Xc‘^-^ 1 + X c*-~» 

which when = » — « is the same expression as that in page 26. 

Again by division ' 

r^rxcsC^= 1 — c » + X* c* • V^i _ gtc. 

and 

x ' c X c - » — X* c “* » '^=>’+&c. 

Taking the latter from the former, we get 

= 1 -X (c* + C-* V->) + X* (c*» V'-u 

ss 1— 8Xcos.<<f1ix*cos.2tf — ^x* cos. 3 < + &C. 
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nnd substiiutinj for i tbe value v — we get the expression in page 
83. 


9. To (Icnioiistrate tlie llieorem of page 88. 

Let us take the case of three variables y, z. Tbja our sjrstein ot 
diHerenliul ccjtialions is 

0=H, + G^ + Fj;?i 

- „ , ^ d z , „ <1* z 

0=H. + Oj-^+Pj^f, 

in which F, O, llj are symmetrical functions of x, y, z; that is sui h .ns 
woiiKl not be altei-ed by siiUstitutin^ x ibr y, and y for x ; and so on for 
the other variables taken in pairs; for instance, functions of this kind 


v'x * + y * + * + tS (x y + X z + X t + y 2 + y t + z t) 

(x y z + X z t + y z t), 

log. (x y z l) and so on. 

Multiply tlic first of the equations by the arbitrary a, the secoiul by jS, 
ond the third by 7 and add them together; the resuk is 

b = II(«x+^y+7z) + G («^ + + '/d {) 

, „ / d * X , - d * y , d '• z\ 

Now since a, / 3 , 7, ore arbitrary, we m.ny assume 
ax+/ 3 y + 7Z=0, 

which gives 

d X . A - d y , (1 z ^ 

d * X , _ d * y . d *11^ ' „ 

“rii + 

d * X d * X 


ng forx, » their values hence derived in the first 


and substituti 
of the pro|}Osed equations, wc have ^ * 
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— jf + rtn) --r(*af' + ’’to) ^ 

■(h7 + O ^ + P _ r(„ z + o t + =■■ 


fl 

a 

0 


X 0 


X 0 =r 0. 


« * ct :j^' 

In the same U will appear that 

+ 0y f yz :=: 0 

verifies each of the other two equations. It is therefore the integral of 
each of theni^ and may be put under the form 
z = a X 4- b y 

in valuing only two arbitrarics a andb, which are sufficient^ two arbitra^^ 
ries only being required to complete the integral of an equation of the 
second order. 

In tlie equations (€) p. 27. 


~.=r II, G 0 ttiid F = I 

and g* being r: (x^ + y * + *')^ symmetrical widi regard to x, y, z. 
Hence the theorem here applies and gives for tlie integrul of any of the 
equations 0 

K = a X + b yi 

see page 28. 

Again, let us now! take four variables x, y, u ; tlicn tlie theorem pro- 
poses the integration 'of 

d X . d*x 


OasHx + G^f^ + F 

0 = U, + G^f+F^f 
0=llz + O^ + F^ 


d t* 


d u 


d* u 


Multiplying th^e by the arbitraries tt, 7* i And adding them we get, 
as before 

0=:H («x + ^y + 7Z + 3u) 


tfttN 
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A&sume 

ax + 0y + yx + SusO. 

and upon trial it will be found as before, that this equation satisfies each 
of the four proposed equations, or it is their integrals supposing them 
to subsist simultaneously. As before^ however, there are more arbitraries 
tlmu are necessary for the integral of each, two only being required. 

Hence the integral of each will be of the form 

x + y + /z + ^“ = 0* 

This form might have been obtained at once, by adding the two last of 
the proposed equations multiplied by y and i to th.e two first of them, and 
assuming the coefficient of H s 0, as before. 


In the same manner if we have (n) differential equations of the i>th order, 
the order involving the n variables xb), x (*)... . and of the general 
form 


0 = Hx' 


we shall find by multiplying i of diem (for instance the v wherein first 

s = 1, 2 . . . . i) by the arbitraries aO, a adding these results 

together and their aggregate to the sum of the other equations ; and as> 
suming the coefficient of H =s 0, that * 

«/) xtb + els'' x^'*’ + .... « W X W + X ‘+* + xH* -f. ..... X “ s= 0 

will satisfy each of the proj^sed differential equations subsisting simulta* 
neously ; and since it ha» an arbitraiy for every integmdon, it must be 
the complete integral of any one of them. 


This result is the same in substance as diat enunciated in the theorem 
of p. 28,, inasmuch as it is obtained by adding together the equations 
whose first members are x x he, and making such arrangements as 
are permitted by a change of thtt arbitraries. In short if we had multi- 
plied the i last equations instead of the i first the arbitraries, and 
added the results to the n — i first equations, oufr assumption would have 
beem 

K (0 +x ..... +« x(*'^*.+ «-f« W X .... x"=:0.... («) 

tvhich is derived at once by adding together the a — i equations in page 

2fi. 



If we wish to obtain thcte n—i ^qnatfoiia from the eqil«tkfi'''(a^ fH 
may be effected by making aswimptiona <(f dm feared form, provIdedBy 
so dmng we do not destroy tbe arbittniy natdre <0. Thi 

necessary assumptions do, however, endfently still leave them MbltiiRfi; 
Those assumptions are therefore legttimate, and will atve the formisid 
Laplace^ 









